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Centrifugal effects on the dynamic
characteristics of high speed
hydrostatic thrust bearing lubricated
by low viscosity fluid

Lei Wang and Shuyun Jiang

Abstract

The effect of the centrifugal force of the fluid film on the performance of the high speed hydrostatic thrust bearing

lubricated by low viscosity fluid cannot be neglected. Considering the centrifugal inertia effect, concentrated inertia effect

at the recess edge, and the misalignment effect, the thermo-hydrodynamic lubrication model is established by using the

reduced Navier–Stokes equation, the energy equation, and the bulk flow theory. The effects of centrifugal forces on

dynamic performances of the high speed thrust bearing with different supply pressures and rotational speeds have been

analyzed systematically. The results show that the centrifugal force reduces the axial and angular stiffness and hardly

affects the damping coefficients; the centrifugal effects decrease with the increasing of eccentricity ratio and misalignment

angle.
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Introduction

Fluid bearing lubricated by low viscosity lubricant,
such as water, refrigerant, and so forth, has been
used in high speed rotating machinery.1,2 With the
increasing of the rotating speed, the centrifugal effect
of the fluid film on the bearing performance cannot be
neglected, for example, the centrifugal force can lead
to sub-ambient pressure and may induce lubricant
cavitations for the fluid bearing. Several previous stu-
dies have shown that centrifugal force has a remark-
able effect on the characteristics of high speed thrust
bearing, and Navier–Stokes equation was simplified to
obtain the momentum equation with centrifugal force
in laminar or turbulent flow regime. The load capacity,
flow rate, and power loss in high speed thrust bearing
including centrifugal effects have been thoroughly dis-
cussed.3–14 The following review details some import-
ant investigation carried out for the thrust bearing
with centrifugal effects.

Dowson and Coombs3,4 first introduced the theor-
etical and experimental analysis of the centrifugal
effects on hydrostatic thrust bearing performance
for isothermal lubricants. The momentum equation
was simplified in one dimension, and the thermal
effect was neglected in the theoretical analysis.
Furthermore, thermal effect was considered in the
analysis of the centrifugal effects on performance of

hydrodynamic thrust bearings by Pinkus and Lund5

and Dareing and Chen.6 In the thermo-hydrodynamic
lubrication analysis, Pinkus and Lund5 and Dareing
and Chen6 established two-dimensional momentum
equations with the laminar flow regime considered.
And then some researchers proposed the theoretical
models considering coupled centrifugal inertia and
turbulent effect,7,10 as well as coupled centrifugal
and misalignment effect11,12 to analyze the perform-
ance of hydrodynamic and hydrostatic thrust bearing.
Other studies have focused on the effects of centrifu-
gal forces on the performance of the thrust bearing
with surface roughness effect13 or the two-phase
flow.14

The above studies have been instrumental in build-
ing a better understanding of this area of research.
However, most of these studies only investigated the
centrifugal effects on steady state performance of
thrust bearings and to the best of the authors’ know-
ledge, no attempt has been made yet to study the
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centrifugal effects on the dynamic performance of
thrust bearing considering the turbulent flow regime
and misalignment condition in thermo-hydrodynamic
lubrication analysis.

In this study, an analysis is conducted and solu-
tions are provided for the effect of centrifugal forces
on dynamic performance of high speed hydrostatic
thrust bearing lubricated by water. Considering the
centrifugal inertia effect, concentrated inertia effect
at the recess edge, and the misalignment effect, the
thermo-hydrodynamic lubrication model is estab-
lished by using the reduced Navier–Stokes equation,
the energy equation, and the bulk flow theory. The
effects of centrifugal forces on the dynamic perform-
ances of the high speed hydrostatic water-lubricated
thrust bearing have been analyzed systematically
under different supply pressures and rotational
speeds.

Theoretical analysis

Geometry of hydrostatic thrust bearing

Figure 1 shows the geometry of the hydrostatic thrust
bearing with four recesses and feed orifices.

Turbulent Reynolds equation

1. The Navier–Stokes equations with centrifugal
forces for thrust bearing are given by15
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where u�, ur, and uz are circumferential, radial, and
axial velocities and ��z and �Rz are wall shear stresses.

Bulk-flow velocities are defined as the mean values
across the film thickness, i.e.
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where V�,Vr are circumferential and radial velocities
of the bulk flow.

Integration of the governing equations (1) to (3)
across the film thickness (axial direction) leads to
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The moment-flux integrals in equation (6) are

I� ¼

Z h
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u2�dz ð8Þ

2. The inertia terms I� are calculated in the manner
suggested by Constantinescu and Galetuse,16 i.e.
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Figure 1. Geometry of the hydrostatic thrust bearing.
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Then

I� ¼

Z h

0

u2�dz ¼ V2
� � hþ � !rð Þ

2
�h ð10Þ

3. Based on the bulk-flow theory,10,17,18 the wall shear
stress in terms of the bulk flow velocity components
are as follows
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where the turbulent flow shear factors (k�, kr) that
depend on turbulent shear parameters at shaft and
bearing are given by10,17,18

k� ¼ kr ¼
1

2
kJ þ kBð Þ ð13Þ

where the turbulent shear parameters at shaft and
bearing (kJ, kB) are defined in terms of the flow
Reynolds numbers relative to the rotating shaft and
stationary bearing surfaces10,17,18

kJ ¼ 0:066Re0:75J , kB ¼ 0:066Re0:75B ð14Þ

The flow Reynolds numbers relative to the rotating
shaft and stationary bearing surfaces are10,17,18
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4. Substituting equations (11) and (12) into equations
(5) and (6), the averaged momentum equations are
obtained as
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From the above equation, the Bulk-flow velocities
V� and Vr are obtained as
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When equations (18) and (19) are inserted into the
continuity equation (7) and the terms grouped
together, we obtain
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The above is turbulent Reynolds equation, con-
taining the effects of centrifugal forces in the fluid
film.
5. The Local acceleration of fluid film from a deep
recess into the film lands cause a sudden pressure
drop in the high speed condition, the pressure at the
entrance to the film lands is modeled from Bernoulli’s
equation as18
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�V2

�,r

2
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where Pr is recess pressure and � is empirical entrance
loss coefficient.

Note that the entrance loss coefficient � is expressed
as the empirical (edge) entrance loss coefficients and
the entrance loss coefficients in the study by Arghir
et al.19 are used in this study due to good agreement
with the experimental results.

Energy equation

The energy equation for adiabatic conditions under
turbulent flow regime is obtained as follows20,21
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where Cv represents the heat capacity of lubricant
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The water viscosity is considered to vary with tem-
perature according to the following formula22

� ¼
0:001779

1þ 0:03368Tþ 0:000221T2
ð26Þ

Mass conservation at a recess

The continuity equation at the recess is defined by the
global balance between the flow through the orifice
restrictor (Qin), the recess outflow into the film lands
(Qout), and the time rate of mass changing due to
squeeze effect (Qj). The recess flow continuity equa-
tion is expressed as

Qin ¼ Qout þQj ð27Þ

where the flow through the orifice restrictor is

Qin ¼ A0Cd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð ps � prÞ=�

p
ð28Þ

where Cd is the discharge coefficient of the orifice
restrictor related to the pressure drop law of the ori-
fice, and Cd of 0.8 is chosen according to the recom-
mended value in the literature.23

The recess outflow into the film lands comprises
two parts, the flow across axial and circumferential
boundaries of the recess

Qout ¼ Qouta þQoutc ð29Þ

The time rate of mass changing due to squeeze
effect is determined as follows

Qj ¼ Ar
@h

@t
ð30Þ

Global energy balance equation at a recess

As is shown in Figure 2, the energy leaving the bound-
ary of a bearing recess must be equal to the energy
flowing into a bearing recess

Ein ¼ Eout ð31Þ

1. The energy flowing into a bearing recess comprises
two parts, the carry-over of hot fluid from upstream
to downstream of the recess and the fresh fluid from
the supply source into the recess volume. The energy
transport produced by pressure gradient can be neg-
lected due to uniform pressure and high speed circum-
ferential velocity through the recess24

Ein ¼ QinTs þQleftTleft ð32Þ

2. The energy leaving the boundary of a bearing recess
is expressed as

Eout ¼ QrightTright þQupTup þQdownTdown ð33Þ

Boundary conditions

The boundary conditions for the hydrostatic thrust
bearing from Figure 3 are as given below.

Pressure boundary conditions:

1. The pressure at the inner and outer bearing radius
are specified as

p rinð Þ ¼ pa; p routð Þ ¼ pa

2. The pressure in each recess is equal to pri at the rth
recess

3. Fluid inertia at the recess edges is treated through
a Bernoulli-type relationship

4. The supply pressure is equal to ps
5. On the 360� extended film land, the pressure field

is continuous and single-valued in the circumfer-
ential direction

p r, �ð Þ ¼ p r, � þ 2	ð Þ

Temperature boundary conditions:

1. The temperature in each recess is equal to Tri at
the rth recess

2. The temperature of bearing recesses and edges are
obtained as described above, i.e.

Tright ¼ Tup ¼ Tdown ¼ Tri

3. The supply temperature is equal to Ts

4. On the 360� extended film land, temperature field
is continuous and single-valued in the circumfer-
ential direction

T r, �ð Þ ¼ T r, � þ 2	ð Þ

Expression for film thickness

Figure 4 shows the relationship of the film thickness
and angular misalignments. hxz and hyz are adopted to

Figure 2. Conceptual description of global energy balance at

a recess.
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distinguish different h-s in both views. The film thick-
ness including misalignment of the thrust collar
(Figure 4) can be defined by the expression as
follows25

h ¼ h0 � t� h0 � �� r sin � þ 
� r cos � ð34Þ

where t is eccentricity ratio of the thrust bearing,
t ¼ �h

h0
, �h represents the axial disturbance of the

thrust bearing; h0 is nominal film thickness; and �,

are misalignment angle in XZ-plane and YZ-plane.

Perturbation analysis

The dynamic characteristic of the thrust bearing is
modeled as an equivalent spring-damper system;

the perturbation method is used to solve dynamic
coefficients.

Consider the thrust collar to undergo small ampli-
tude axial �z and angular motion �� and �
 at a
frequency ! about an equilibrium position h0, �0, and

0. The film thickness and pressure are expressed as
the superposition of 0th and first-order fields describ-
ing the equilibrium and the perturbed fields,12

respectively

H ¼ h0ðr, �Þ þ�zei!t � r �0 þ��ei!t

 �

sin �
�

� 
0 þ�
ei!t

 �

cos �
� ð35Þ

p ¼ p0ðr, �, z,�,
Þ þ pz�zþ p���þ p
�


 �

ei!t
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Figure 4. Depiction of shaft collar with angular misalignments.

Figure 3. Grid and boundary conditions for finite difference method.
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where pz, p�, and p
 are perturbed pressure along the
axial and angle directions.

Integration of the pressure acting on the bearing
surface gives the axial force (FZ) and the restoring
moments (My,Mx), i.e.

Fz ¼

Z r3

r0

Z 2	

0

p0rdrd� ð37Þ

My ¼

Z r3

r0

Z 2	

0

p0r sin �rdrd� ð38Þ

Mx ¼

Z r3

r0

Z 2	

0

p0r cos �rdrd� ð39Þ

The represented impedances arise from the
dynamic collar motions, i.e.

Z�’ ¼ K�’ þ i!C�’ ¼ �

Z r3

r0

Z 2	

0

p�h’rdrd�, �, ’ ¼ z,�, 


ð40Þ

where hz ¼ 1; h� ¼ sin �; h
 ¼ cos �; kzz, czz are axial
dynamic coefficients; and k��, k�
, k
�, k

, c��, c�
,
c
�, c

 are angular dynamic coefficients.

Results and discussion

Based on the above theory, a finite-difference scheme
with variable mesh size is implemented to solve the
nonlinear differential equations, and the mesh size in
recess is twice as the film land, as is shown in Figure 3.
A computer program has been developed by using
MATLAB tool, and the program flow chart is given
in Figure 5.

Model verification

The developed model is verified by computing the
load-carrying capacity corresponding to different
film clearances (12.7–101.6 mm) and the dimensionless
flow rate (with respect to NrecCdA0 0:5�Psð Þ 0:5) versus
the dimensionless load for a six-recess, orifice com-
pensated, hydrostatic thrust bearing lubricated by
R134a refrigerant.10 The geometry of the hydrostatic
thrust bearing is shown in Figure 6, and its param-
eters are list in Table 1. As is shown in Figure 7, the
theoretical results of this study are found to be close
to those in the study of Luis,10 especially for the low
supply pressure (Ps¼ 1.9MPa). The difference
between this analytical solution and that of Luis10

may be attributed to the fact that the convective iner-
tia force is not considered for the developed theoret-
ical model.

Dynamic characteristics of the bearing

The parameters of the hydrostatic water-lubricated
thrust bearing are listed in Table 2.

Fluid film pressure (P) distribution. Figure 8 displays the
pressure fields of water-lubricated thrust bearing. The
pressure distribution in the alignment condition is
shown in Figure 8. Note the sharp pressure drop at
the downstream side of a bearing recess due to the
combination of concentrated inertia effect at the
recess edge and the centrifugal effects. Meanwhile,
Figure 8 depicts the pressure distribution in the mis-
alignment condition (� ¼ 
 ¼ 2� 10�4rad). It is
observed that the pressure distribution is not uniform
at each recess fields, and the peak pressure is gener-
ated at the downstream of one recess fields owing to
the hydrodynamic effect.

Fluid film temperature (T) distribution. The temperature
profile of water-lubricated thrust bearing is shown in
Figure 9. It can be seen that the temperature distribu-
tions of both the inner and the outer film lands are
roughly similar without considering the misalignment
condition, in details, the temperature rise is gradual
along the radial direction, and the maximum value is
at the outer edge of the water-lubricated thrust bear-
ing. This can be attributed to the fact that the centri-
fugal force increases apparently along the radial
direction of the film land. Figure 9 also shows that
the temperature rise of the water-lubricated thrust
bearing is not uniformly distributed at each recess
field under the misalignment condition and the max-
imum value can reach 40 �C; this can be caused by the
combination of hydrodynamic and turbulent effects.

The axial stiffness coefficients. Figure 10 shows the axial
stiffness coefficients of water-lubricated thrust bearing
versus the eccentricity ratio under several rotational
speeds. The results show that the centrifugal forces
reduce the axial stiffness coefficients; when the bearing
runs at the rotational speed of 40,000 r/min, the
reduction of the axial stiffness coefficient is about
15%, and the centrifugal effects decrease with the
increasing of the eccentricity ratio. The axial stiffness
reaches the maximum value when the eccentricity
ratio is 0.3; this can be attributed to the fact that
the bearing has the optimum value of recess pressure
with the eccentricity ratio of 0.3. When the eccentri-
city ratio is less than 0.15, the axial stiffness corres-
ponding to the rotational speed of 20,000 r/min is
lower than that of 40,000 r/min; however, as the
eccentricity ratio exceeds 0.15, the axial stiffness of
20,000 r/min is greater than that of 40,000 r/min, espe-
cially for the high supply pressure of 3MPa. The
authors think that this variation is dominated by the
hydrostatic effect for the bearing having a small mis-
alignment angle (�¼ 
¼ 1� 10�4 rad).

The axial damping coefficients. The axial damping coef-
ficients as a function of the eccentricity ratio are
shown in Figure 11. It is observed that the centrifugal
forces reduce the axial damping coefficients, and the
reduction of the damping coefficient gets larger with

6 Proc IMechE Part J: J Engineering Tribology 0(0)
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the increase in rotational speed. Moreover, with or
without considering the centrifugal effects, the damp-
ing coefficients increase gradually with the increase in
the eccentricity ratio.

The angular stiffness coefficients. Figure 12 depicts the
angular stiffness coefficients of water-lubricated
thrust bearing versus the misalignment angle. Note
that the centrifugal forces also reduce the angular
stiffness coefficients and the centrifugal effects
decrease with the increasing of misalignment angle.
Meanwhile, the centrifugal forces affect the direct
angular stiffness apparently rather than the cross-
coupled angular stiffness, especially for the small

Figure 5. Program flow chart.

Figure 6. The geometry of hydrostatic thrust bearing.10
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Figure 7. Comparison with the results of Luis.10

Figure 8. Pressure distribution for water-lubricated hybrid thrust bearing.

Table 2. Parameters of hydrostatic thrust bearing lubricated by tap water.

Bearing radius (mm) Nominal film thickness (mm) Recess depth (mm) half angle of recess (�)

r0 ¼ 30r1 ¼ 33; r2 ¼ 39; r3 ¼ 42 h0 ¼ 20 hr ¼ 1 � ¼ 30

Orifice diameter (mm) Supply pressure (MPa) Eccentricity ratio Misalignment angle (rad)

dc ¼ 1:0 PS ¼ 1:5, 3 t ¼ 0:1 � 0:5 � ¼ 
 ¼ 1 � 3� 10�4

Rotational speed (r/min) Viscosity (Pa) Inlet temperature (�C) Discharge coefficient Entrance loss coefficient

! ¼ 2 � 4� 104 �0 ¼ 0:001 T0 ¼ 20 cd ¼ 0:8 � 	 0:5

Table 1. Parameters of hydrostatic thrust bearing lubricated by R134a refrigerant.10

Bearing radius (mm) Nominal film thickness (mm)

r0 ¼ 89:13; r1 ¼ 102:21; r2 ¼ 113:89; r3 ¼ 126:8 h0 ¼ 12 � 101

Recess depth (mm) Half angle of recess (�) Orifice diameter (mm) Supply pressure (MPa)

hr ¼ 0:508 � ¼ 24 dc ¼ 1:7 PS ¼ 1:9, 2:4

Rotational speed (r/min) Inlet temperature (�C) Viscosity (Pa) Density (kg/m3)

! ¼ 1 � 1:6� 104 T0 ¼ 38 �0 ¼ 0:000198 � ¼ 1210

8 Proc IMechE Part J: J Engineering Tribology 0(0)
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misalignment angle (�¼
¼<1.5� 10�4 rad). The
results also show that the direct angular stiffness coef-
ficient k�� remains relatively constant when the mis-
alignment angle is less than (2.0� 10�4 rad), while k��

increases rapidly as the misalignment angle exceeds
2.0� 10�4 rad, the authors think this is caused by
the strongly hydrodynamic effect of the bearing.
Furthermore, the cross-coupled angular stiffness

Figure 11. Axial damping coefficients versus eccentricity ratio.

Figure 10. Axial stiffness coefficients versus eccentricity ratio.

Figure 9. Temperature distribution for water-lubricated hybrid thrust bearing.

Wang and Jiang 9

 at PENNSYLVANIA STATE UNIV on September 12, 2016pij.sagepub.comDownloaded from 

http://pij.sagepub.com/


XML Template (2014) [26.5.2014–12:43pm] [1–12]
//blrnas3/cenpro/ApplicationFiles/Journals/SAGE/3B2/PIJJ/Vol00000/140049/APPFile/SG-PIJJ140049.3d (PIJ) [PREPRINTER stage]

coefficients increase gradually with the misalignment
angles, which are smaller than the direct angular stiff-
ness coefficients.

The angular damping coefficients. The angular damping
coefficients as a function of the eccentricity ratio
are shown in Figure 13. It is observed that the
centrifugal forces also have an influence on the
angular damping coefficients, and the direct angular
damping coefficients are always greater than the
cross-coupled angular damping coefficients. The
trend of the variation of c�� is similar as that of
k��; in other words, c�� increases rapidly as the
misalignment angle exceeds 2.0� 10�4 rad; a pos-
sible explanation is that the water film squeeze
effect becomes greater with the decreasing of the
local film thickness.

Conclusions

Considering the centrifugal inertia effect, concen-
trated inertia effect at the recess edge, and the
misalignment effect, the thermo-hydrodynamic lubri-
cation model has been established using the reduced
Navier–Stokes equation, the energy equation, and the
bulk flow theory. The effects of centrifugal forces
on the dynamic performances of the high speed
water-lubricated thrust bearing with different supply
pressures and rotational speeds have been analyzed
systematically. The following are the conclusions:

1. The centrifugal inertia effect, concentrated inertia
effect at the recess edge, and the misalignment
effect significantly affect the pressure and tempera-
ture distribution of the high speed hydrostatic

Figure 12. Angular stiffness coefficients versus misalignment angle.

Figure 13. Angular damping coefficients versus misalignment angle.
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thrust bearing by low viscosity fluid; meanwhile,
the centrifugal inertia effect leads to the tempera-
ture rise in the radial direction.

2. The centrifugal forces reduce the axial and angular
stiffness coefficients and hardly affect the axial and
angular damping coefficients of the high speed
hydrostatic thrust bearing by low viscosity fluid
since the centrifugal forces increase squeeze effect
of fluid film to a certain extent.

3. The centrifugal forces have more pronounced
effect under higher rotational speed and lower
supply pressure. Furthermore, the centrifugal
effects decrease with the increasing of the film
thickness ratio and the misalignment angle.
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Appendix

Notation

A0 orifice sectional area
Ab bearing surface area
Ar recess area
Cd empirical orifice discharge coefficients
Cv heat capacity of water
Ein,Eout the energy flowing into the recess and

leaving the boundary of the recess
h0 nominal film thickness
h film thickness
hz, h�, h
 1, sin �, cos �f g

My,Mx restoring moments on thrust collar
pa ambient pressure
pr recess pressure
ps water supply pressure
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pz,p�,p
 perturbed pressure along the axial and

angle direction Nrec number of the

recesses
Qin,Qout the flow through the orifice restrictor

and the recess outflow into the film

lands
Qoutc,Qouta circumferential and radial mass flow
r0 bearing inner radius
r1 recess inside radius
r2 recess outside radius
r3 bearing outer radius
t eccentricity ratio
TR drag torque
Tr the temperature within recess and

downstream edge
Ts water inlet temperature
Tleft temperature in upstream edge
Tright temperature in downstream edge
u�,ur,uz circumferential, radial and axial

velocities

V�,Vr bulk flow circumferential and radial
velocities

�,
 misalignment angle in XZ- Plane and
YZ- Plane

�h axial disturbance of the thrust bearing
� empirical entrance loss coefficients
�, r circumferential and radial coordinates
�0 dynamic viscosity
� fluid density
��z, �Rz wall shear stresses
��zj0 turbulent wall shear stress at shaft

surface
! rotational speed

Subscripts

B, J bearing and shaft
r bearing recesses
s the supply condition
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