A Distance and Angle Similarity Measure Method

Jin Zhang* and Robert R. Korfhage™
School of Information Sciences, University of Pittsburgh, 135 N. Bellefield Avenue, Pittsburgh, PA 15260.
E-mail: jzhang@sis.pitt.edu

This article presents a distance and angle similarity  uct, Dice coefficient, cosine coefficient, Jaccard coefficient,
measure. The integrated similarity measure takes the  qyerlap coefficient (Frakes & Baeza-Yates, 1992; Korfhage,

strengths of both_ the distance apd d|_rect|on of mea- 1997; Meadow, 1992: Salton, 1968, 1989), the spreading
sured documents into account. This article analyzes the

features of the similarity measure by comparing it with activation similarity measure (Jones & Furnes, 1987), and
the traditional distance-based similarity measure and  some probability-based similarity measures (Croft &
the cosine measure, providing the iso-similarity contour, Harper, 1979; Kwok, 1985; Robertson & Sparck, 1976; Van
investigating the impacts of the parameters and vari-  Rijishergen, 1979; as well as Robertson & Walker, 1997).
?b'es on the new similarity measure. It also gives the 0 them the most popular are the distance-based sim-
urther research issues on the topic. o .
ilarity measure and the angle-based cosine measure.

Each similarity measure has its strengths and weaknesses
Introduction in practice. Although much research has been done on
similarity measures, the combination of different similarity
measures is rarely considered. Research on the combination

ument matches a query, or to measure the similarity of tw@f different similarity measures has the potential to provide

documents. In other words, the similarity measure allows & new and unique approach to similarity research. The

user to arrange or exhibit retrieved documents in decreasingis‘t"’mce and angle integrated similarity measure attempts to
rganically combine a distance-based similarity measure

order of similarity with respect to the query; to downsize a h th le-based . to take advant ¢
retrieved set by removing the documents with lesser simiV! € angle-based cosine measure, 1o take advantage o

larity to the query; to measure discriminative value ofthe strengths_ of both and to make similarity measurement
indexing terms; and to dynamically adjust the retrieval o€ scientific and accurate.

strategy by adding more terms with high similarity and

discarding the terms with low similarity. Furthermore, sim- d tal. Feat
ilarity measures can be applied to construct visualizatior!:un amental, Features,

interfaces to facilitate information retrieval. To better understand the rationale of the proposed dis-
A good similarity measure is an important factor thattance and angle integrated similarity measure, we should
contributes to satisfactory precision and recall ratios ingpalyze the strengths and weaknesses of both the angle-

information retrieval. . ~ based cosine measure and distance-based measure, from
Different information retrieval systems usually take dif- \yhich the new idea shall be elicited.

ferent similarity measures. The distance and angle inte- The angle-based cosine measure is a direction-based
grated similarity measure introduced here is a vector-basegimilarity measure. It measures the similarity between a
similarity measure. reference point and a document based only on the direction
According to McGill et al. (1979), there are more than 60 of the document in the document space \igisathe refer-
different similarity measures. These include the inner prodsnce point and the origin of the coordinate, ignoring the
impact of the distance between the reference point and the
*To whom all correspondence should be addressed. Current addresg.ocumer_]t' The cosine measure can effectively identify doc-
Jin Zhang, School of Library and Information Science, University of UMments in a vector document space that have the same
Wisconsin—-Milwaukee, 2400 E. Hartford Ave., Milwaukee, W1 53211.  indexing term distribution within the each document; that is,
they have the same indexing terms, the same proportion of
weights of any pair of indexing terms between two docu-
Received July 17, 1998; revised March 8, 1999; accepted March 8, 199J.nents' Th_IS characteristic Cfin be emp'°¥ed to identify (_jOC-
uments with the same subject but at different levels in a
© 1999 John Wiley & Sons, Inc. document vector space.

The similarity measure is an essential concept in infor
mation retrieval. It is widely used to judge whether a doc-

and Analysis

" Deceased.
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SupposeR is a reference pointDi, Dj are two docu-
ments:
D3
R(Xkl! XIQ: e !an); b2
Di(xil! Xi21 LR !Xin);
DI
Dj (le, X2y « - ,Xjn);
0
Xy = C*X, (r =1, ...,n), cisaconstant. _ o
FIG. 1. Three documents with the same direction.
zrzl Xkr * Xir
cosingR, Di) = N 12 N, vz @) same distance to the reference point shall have the same
> X > R similarity. This approach can resolve the inherent weakness
of the cosine measure that is that it cannot distinguish
documents that have the same direction, but are far from
an Xy * Xy each other in terms of distance in a document space. Al-
cosinéR, Dj) = ”11/2 ™ though two _dpcuments s_,hare_ th_e same direction, itis argued
(En x2> <En X_z) that the validity of the high similarity of two documents is
o =1 reduced to some extent when they are far apart in terms of
distance. For example, there are three documbitsD2,
n andD3 with the same direction in a document vector space
E Xkr * C % Xir i
. _ -1 (see Fig. 1).
cosingR, Dj) = 172 7 Because documents in the same direction wssathe
(E” x§r> (E” c? * xﬁ) origin of a document vector space have the same keyword
=t = distribution with proportional weights, the differences

_ ) _ ) among these documents are reflected the extent to which
cosingR, Dj) = cosin&R, Di) (2)  they address the same topic. The similarity betwBérand
D3 is the same as that betweB2 andD3 in terms of the
Therefore, ifDi and Dj are similar toR in terms of the  angle-based similarity measure. Similarity between two ob-
cosine measure, and if the weights of the indexing terms arg.cts should be measured by both the topics they address
associated with the frequencies of the terms in the docuand the extent to which they address. It is clear that docu-
ments, the difference between the two documents will onlyment D2 should be more similar t®3 than D1 because
be affected by measures of the lengths of the documentgocumentD2 addresses the same topic in more detail than
The essence of the cosine measure is that it can identify thocumentD1. Obviously, the farther apart documeii4
documents in terms of the indexing term distribution. andD2 are, the b|gger the difference should be. However,
From the analysis we know that the direction of a doc-due to the inherent weakness of the angle-based similarity
ument in a document vector space does affect its similarityneasure, ignoring the impact of the distance on the simi-
to a certain object. However, it is not the only factor that Can|arity, it cannot discern the difference in measuring the
influence its similarity. similarities of a group of documents with the same direction
On the other hand, in the distance-based similarity meam a document vector space.
sure, the similarity can be transformed from the distance |t js possible that two documents are quite similar in
between the document and the reference point as followsterms of the distance-based similarity measure but they are
absolutely not similar in terms of the angle-based similarity
s=a" (8)  measure.

Once a query, a distance-based similarity measure, and a
whered is the distance, and is a constant whose value is document are selected, a contour is defined and documents
greater than 1. within the contour are more relevant than that document.

The distance-based similarity measure follows the phi\We can get a nice, symmetric “mountain” of relevant doc-
losophy that documents close together are likely to baiments with the most relevant nearest the query. What
highly similar. In this case, all directions are consideredmodification by an angle-based similarity measure dose is to
equal. contour the surface of this mountain, depressing it more in

The distance-based similarity measure takes only theome places than others, because it is quite likely that a
impact of the distance into account, regardless of the direcdocument within the contour is less relevant than that doc-
tion of the document. In other words, documents with theument in terms of angle-based similarity measure.

JOURNAL OF THE AMERICAN SOCIETY FOR INFORMATION SCIENCE—July 1999 773



If Dp is any point in the circle, the correspondings:
D
Ein:l Xai * Xy
R Y pp a = arccos 77 7 (5)
(30 4) (3,0
h =1 i=1
d Dm
whereDp(X; 4, Xq2 - -« + X10); R(Xo1, X0, - - -, Xon); @NAN iS
) the dimensionality of the document space.
FIG. 2. Change of distance-based similarity measure in a document The new distance and angle similarity measure is defined
s as follows:
pace.
The above analysis demonstrates that the two traditional s=a "% ck (6)

similarity measures partially reflect the similarity of the
compared objects, and they are complementary with respeghg effect of the parametessand c will be discussed in
to the distance and direction. detail later.

The complementary feature of two measures suggests
that it would be useful to develop a new similarity measure,
taking advantages of both and discarding the disadvantages. k =
It is this aim that the new distance and angle integrated Cmax
similarity measure attempts to achieve.

Once the distance between a reference point and a doc- S0

oo C D Xgi X
ument is fixed, the similarity vis-gis the reference point is i=1 1
also fixed with respect to the distance-based similarity mea- K = &rccos i 2 * arcsirr/h)
sure. In fact, the distance and the reference point will <En Xfi) (Z” Xgi)
determine a hypersphere in the document space: the center ! !
of the hypersphere is the reference point, the radius is the
distance between the reference point and the document. In DU Xy Xy
this instance, each document in the circle has another sim- | _ ... =1 « 1 @
. . RS . . S H
ilarity measure, vis-ais the axis, formed by the reference d=h arcsir(r/h)
point and the origin in terms of the cosine measure. The
similarity of the documents on the circle varies with differ- In fact,a " is the distance-based similarity measu'eis a
ent positions; in most the cases, they are not equal. Whenmaodifier, wherek is defined in Equation (7).
document is located at the intersections between the axis To maintainsin the 0 to 1 range, we require9 ¢ < 1.
and the circle (there are two such point®8-andD1), the  The effect of the parameteesand ¢ will be discussed in
cosine measure of the document reaches the maximuatetail in the section on The Effects of Parameteamidc on
value 1. The minimum value of the similarity depends onthe Similarity Measures.
the length between the reference point and the document Note that in Equation (7) the angles rather than cosine
(see Fig. 2). values are used to express the impact of the direction rather

The phenomenon suggests that we could use the changgan their cosine values, which reduces the complexity of
of the direction-based similarity measure when a documenthe computation, and simultaneously keeps its basic char-
moves along the circle to modify the distance-based simiacteristics. Because the document space vector elements are
larity measure so that the new similarity could reflect notnonnegativeR is always in the first quadrant in the vector
only the contribution of the distance, but also the contribu-document space. We assume that sufficiently small that
tion from the direction of the measured document. This isthe circle lies entirely in the first quadrant.
the rationale for the combined distance and angle similarity Equations (6) and (7) show that the value of the new
measure method. similarity measure shall be between 0 and 1.

In Figure 2 is the radius of the circleR is the reference Because the new similarity measure takes the angle and
point, DO, D1, Dp, andDm are the documents in the circle, the distance into consideration, the problem discussed in
his the distance betweddandO, d is the distance between Figure 1 can be avoided. If documeit4, D2, andD3 have
Dp and O.« andp are the angles formed BiyOandDpO,  the same direction in a document vector space, their corre-

DpR, respectively. sponding anglea should be equal to zero in the new
OnceDp is selected and the values oaindh are fixed,  similarity measure. It suggests that the similarity measure is
the maximum value o# is: s = a " when measured documents have the same angle
with a reference point. It means that the similarity between
Omax = arcsir(r/h) (4)  the document®l1 andD3 is different from that between the
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1 1 Notice that whem changes, the maximum and minimum
S values of the similarity measure, and the position of the
cosine minimum value in theX-axis also change. The smaller the
distance based value ofr, i.e., the nearer the document to the reference
similarity ‘ e point, the higher the similarity value, and vice versa.
distance and )
aiglg ﬁ“,la,m} The Impact of the Parameteron the Similarity Measure
0 o | | | From Figure 2, we have:
) 1 2 3
0 B T r+sinB=d=*sina (8)
FIG. 3. Relationships among angle-based, distance-based, and distance- r*cosp + d#* cosa=nh 9)

angle integrated similarity measures.
From Equations (8) and (9):

documentsD2 and D3 due to the different values. The :
. S sin 3
difference between the two similarities depends on the I cosf +r * — % COSa = h
distance betweeB1 andD3 as well as the distance between sina
D2 andD3. In other words, the extent to which they address
the same topic is reflected in the new similarity measure.
Now consider the features of the new similarity measure
in detail.
To illustrate the impact, the entire circle should be dis-From Equations (6), (7), and (10):
played. However, for simplicity of the display and due to
the symmetry of the circle vis-ais RO,only one-half of the S = a " % clarcaising/(hn—cos)amad (11)
circle is displayed, that is3 ranges from zero ter.

sinB ) (10)

a= arctar’(h I — cosp

The impact of the parameteron the similarity measure is

illustrated in Figure 5, wherk = 5,a = 1.11,r = 3, opax

= 71/6. The four curves are associated witk 0.2, 0.4, 0.6,

and 0.8, respectively. Notice that wher= 1, Equation (6)

becomes the distance-based similarity measure. Figure 5
In Figure 2, when any documeBip moves fromDO to  indicates that the smaller the value of the greater the

D1 along the circle the similarity varies with different influence ofc® as a modifier on the similarity measure, and

similarity measures. For the distance-based similarity meavice versa. Each curve reaches its minimum value at the

sure, it is a constant, depending on the distance bet@gen same position. They have the same maximum value

andR, (See Fig. 3); for the cosine measure,ls moves

from DO to D1, it decreases from DO tOm, then increases

from Dmto D1. The minimum value is cos[arcsin(r/h)], the

maximum value is 1 (see Fig. 3); the new similarity measure Equation (11) yields Figure 6, where valueshofr, and

has characteristics of both similarity measures: first, it is¢,,, are the same as above= 0.5.

changeable; second, it has a minimum value at the same

position as the cosine measure does. This value is smaller

than that of the cosine measure; finally, its maximum value

is equal to that of the distance-based similarity measure (see

Fig. 3). In Figure 3x-axis is the angle ang-axis is the =1

similarity.

The Relationship of the New Similarity Measure to
the Distance-Based Similarity Measure and
the Cosine Measure

The Impact of the Parameteron the Similarity Measure

The Impact of the Parameteron the Similarity Measure

Suppose that changes, but the center of the circle is
stationary; in other worddy is fixed. 0
Equation (13) is used to generate Figure 4. 0 1 2 3
In Figure 4,h = 9,a = 1.11, andc = 0.5. 0 B n
The four curves are associated with= 1, 3, 5, and 7,
respectively, in Figure 4. FIG. 4. Impact ofr on the similarity measure.
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S | :
S
Oee™10/3
c=0.2
O =4
¢=0.4 O, =TS
c=0.6 Q™6
¢=0.8
| ! ! 0 ‘ ' '
°% 1 2 3 0 1 & 3
B B
b9

o FIG. 7. Impact ofa,,,, On the similarity measure.
FIG. 5. Impact ofc on the similarity measure.

The four curves are associated wétl+ 1.1, 1.3, 1.5, and
1.7 respectively. The smaller the valueapfthe greater the s=a " clarctaising/(hn)-coss)Jarcsinr/n} (13)
similarity, and the greater the difference between the min-
imum and the maximum. Eachdetermines different min-
imum and maximum similarity values, but the position at
which the curves reach their minimum points is same.

The four curves witth = 3, 5, 7, and 9, respectively, are
shown in Figure 8, whera= 1.11,r = 2,¢c = 0.5. As value

of h changes, the positions at which the curves gain their
minimum values also change, the corresponding values
The Impact of the Parameter,,, on the change, but the maximum value does not. The smaller the
Similarity Measure value ofh, the larger the minimum value; and vice versa.

Suppose ag,,, changes, the center of the circle does
not move, i.e.h stays the same. The change®f_, will

then affect the radius r is a function of thex,,,,,; thus: Iso-similarity Contour Analysis

S = TS . clarcs (s coBansl (1) Iso-similarity contour with respect to the parameter c

From Equation (11):
The four curves &, = 73, #/4, @/5, and/6) are pre-
sented in Figure 7. The parameter values lare 5, a

= 1.11, andc = 0.5. logs=log(a™) + arctar< sin ) e log e

When a,,,,, changes , the positions at which the curves h/ir — cosp QXmax
achieve minimum values vary with the differemy,,,. The
smaller thea,,,,, the smaller the minimum value, and vice C = 1 0femar* log(s* ) arctarsing (W)~ cosp)l (14)

versa.

o The four contoursg = 0.1, 0.3, 0.5, and 0.7) are given in
The Impact of the Parametéron the Similarity Measure Figure 9, wheréh = 5,a = 1.11, a,, = /6.
When the value ofi changes, the radius of the circle does ~ Figure 9 shows that the smaller the valuespthe lower
not change. The change would affegt,, [see Equation the iso-similarity contour; and vice versa.
(4)]; therefore:

1 T T 1
S h=
h=
a=1.1 . L
,,,,,,,,,,,,,,,,,, h=
a=13 e B
. M e -~ h=3
a=1.5 \\ """"""""" . e - o
— - S e T -~
a=1.7 e 1
1 | 1 0 ) ! |
°%0 1 2 3 0 1 2 3
B T 0 B T
FIG. 6. Impact ofa on the similarity measure. FIG. 8. Impact ofh on the similarity measure.
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Iso-similarity contour with respect to the parameter

o —— .

FIG. 9.

Iso-similarity analysis of.

From Equation (11):

The four contours withs =
exhibited in Figure 10, where = 5, o, = 7/6, ¢ = 0.8.
Figure 10 indicates that the smaller the valuesothe

a = E % C{arctar[sinﬁ/((h/r)70058)]/amax}
S

a _ 1O(]_/r)*|og(s*1*carClﬂlmeB/(kh/r)*COSBH)

higher the contour.

0.1, 0.3, 0.5, and 0.7 are

The Effects of Parametessand ¢ on the
Similarity Measures

The parametera andc are artificial, affecting the display
of similarity. We note thaa is related to the distanag and

St
a=1.7
a=l5
0.5 —
a=13
a=l.1 . . e
,,,,,,,,,,,,,,, B
0 b |
0 05 1
c
FIG. 11. Effect of ¢ on the similarity measure.

According to Equation (11), the four contours wigh
= 1.1, 1.3, 1.5, and 1.7 are generated in Figure 11, where
=5, ana = 76,1 = 3, B = @/3, andc from O to 1.

Figure 11 shows that for a fixea] whenc increases, the
corresponding similarity value increases. The lower the
value ofa is, the more the similarity value increases.

The effect of parametearon the similarity measure when
a changes is as follows.

According to Equation (11), the four contours with
=0.2,0.4, 0.6, and 0.8 are given in Figure 12,where 5,
Umax = 76,1 = 3, B = «/3, anda from 1 to 3.

Figure 12 demonstrates that wharincreases, the simi-
larity value ofc decreases quickly to zero.

Figures 11 and 12 show that there is a ranga ahdc
values that will yield this similarity value. The user’s choice
for these display parameters will reflect his emphasis on
distance (lowa value) or angle (higle value) as the dom-
inant similarity factor.

cis related to the anglg. The two display parameters are Conclusion

restricted in rangea > 1, and 0< ¢ = 1. When eithern or

The distance and angle similarity measure presents a new

¢ is set to 1, the similarity measure is independent of the,pproach to integrating both a distance-based similarity
associated document parameter. To show the interactiofeasure and a direction-based similarity measure. It takes

betweena or ¢, we assume a hypothetical query and doCu-ne effects of the distance and direction of documents on the
ment, thus fixing the parametehns r, and .

Let us discuss the effect of paramedson the similarity

measure whew changes.

5=0.1
s=0.3
s=0.5

s=0.7

a ] T ]
2 \"‘--_____---—-*'-‘_'_-
N =
f— . . — o —
1 —_—— s —
L | |
D — L]
0 1 2 3
FIG. 10. Iso-similarity anaysis dd.
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similarity measure into account. The contributions of both
the distance and angle to the similarity value are adjustable
by controlling the corresponding parameters.

S 1
¢=0.2
0.4
"""""""" 06— ]
06
c=0.8
0 —— o L
1 2 3
1 a 3

FIG. 12. Effect ofa on the similarity measure.
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The analysis of the parameters suclaas, o, I, and  space in Fig. 2), it is increased rather than decreased by the
h in the similarity measure tells the users how to apply theangle-based similarity measure.
similarity measure appropriately: the parameteould be Directions for further research include integrating other
used to control the strength of the direction of the measuredistance-based similarity measures with the direction-based
documents. The effect of the direction on this similarity similarity measure, for instance, substitutiag’™" for a™"
measure is based on the strength of the distance of thia the distance and angle similarity measure; coordinating
document. The parametaris applied to adjust the strength the use of the different parameters, etc. This article only
of the distance. The parameterwhich is the distance from focuses on discussing the properties of the new similarity
the origin to the reference point, is indirectly associated withmeasure. It is necessary to conduct an experimental study to
the impact of the direction. The parametewhich is the investigate the performance among the distance-based sim-
distance from a document to the reference point, influencetarity measure, the angle-based similarity measure, and this
the strength of both distance and direction; it is one of thenew similarity measure in future research, allowing people
key variables in the similarity measure, as it also determineto understand the new similarity measure from a different
the maximum and minimum values of the similarity mea- perspective.
sure values.
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