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Abstract. For a finitely generated A-module M we define the dimension fil-
trationM= {Mi}0≤i≤d, d = dimAM, whereMi denotes the largest submodule
of M of dimension ≤ i. Several properties of this filtration are investigated.
In particular, in case the local ring (A,m) possesses a dualizing complex, then
this filtration occurs as the filtration of a spectral sequence related to duality.
Furthermore, we call an A-module M a Cohen-Macaulay filtered module pro-
vided all of the quotient modules Mi/Mi−1 are either zero or i-dimensional
Cohen-Macaulay modules. We describe a few basic properties of these kind
of generalized Cohen-Macaulay modules. In the case A posesses a dualizing
complex it turns out – as one of the main results – thatM is a Cohen-Macaulay
filtered A-module if and only if for all 0 ≤ i < d the module of deficiency
Ki(M) is either zero or an i-dimensional Cohen-Macaulay module. Further-
more basic properties of Cohen-Macaulay filtered modules with respect to
localizations, completion, passing to a non-zero divisor, flat extensions are
investigated.
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1. Introduction

Let (A,m) denote a local Noetherian ring. For a finitely generated A-module
M with d = dimAM and an integer 0 ≤ i ≤ d defineMi the largest submodule of
M such that dimAMi ≤ i. Because M is a Noetherian A-module the submodules
Mi are well-defined. They form an increasing family of submodules. We call
M= {Mi}0≤i≤d the dimension filtration ofM. In the first Section of the paper we
describe inmore details the structure of the submodulesMi. It turns out, see 2.2,
that they are described in terms of the reduced primary decomposition of 0 in
M. For further investigations we introduce the notion of a distinguished system
of parameters x = x1, . . . , xd, d = dimAM, see the Definition 2.5. It turns out
that Mi = 0 :M (xi+1, . . . , xd) for a distinguished system of parameters x =
x1, . . . , xd, see 2.7. Moreover under the additional assumption that SuppAM is
a catenary subset of SpecA it follows that the dimension filtration localizes for
all p ∈ SuppAM, see 2.5.
Suppose that the local ring (A,m) possesses a dualizing complex D·

A, see [H,
Chapter V] for the definition and basic results. We normalize it in such a way
that D·

A is a bounded complex with finitely generated cohomology modules and

D−i
A 
 ⊕p∈SpecAEA(A/p)

for all i ∈ N. Here EA(A/p) denotes the injective hull of A/p. For a finitely
generated d-dimensional A-module M the homology module

Ki(M) := H−i(HomA(M,D·
A))0 ≤ i < d

is called the i-th module of deficiency. Moreover K(M) = H−d(HomA(M,D·
A))

is called the canonical module of M. This is the generalization of the canonical
module of a ring (A,m) introduced by J. Herzog and E. Kunz in [HK], see also
[S1, 3.1] for the generalization. The basic property of the dualizing complex
says that the natural homomorphism of complexes

M → HomA(HomA(M,D·
A),D

·
A)

induces an isomorphism in cohomology for a finitely generated A-module M.
That is, the 0-th cohomology of the complex at the right hand side is isomorphic
to M. Now there is a spectral sequence in order to compute the cohomology of
this complex, see Section 3 for more details. In particular, it induces a filtration
F = {F−i}0≤i≤d on the A-module M.

Theorem 1.1. Both of the filtrations M and F conincide, i.e. Mi = F−i for all
0 ≤ i ≤ d.
For the proof of Theorem 1.1 see Theorem 3.4. So the dimension filtration

M occurs in a natural way as a by-product of the duality of the dualizing
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complex. Note that the initial terms of the spectral sequence are deficiency
modules of the deficiency modules Ki(Kj(M)) of M. Note that the deficiency
modules Ki(M), i = 0, . . . , d− 1, measure the non-Cohen-Macaulayness of M in
the sense that M is a Cohen-Macaulay module if and only if Ki(M) = 0 for all
i = 0, . . . , d− 1, as follows by the local duality theorem.
There are several approaches to study generalized Cohen-Macaulay modules

from different point of views. We add here another one saying that a finitely
generated A-module M is called a Cohen-Macaulay filtered module (CMF for
short) whenever all the qoutients Mi = Mi/Mi−1 of the dimension filtration
are either zero or an i-dimensional Cohen-Macaulay module. Since a Cohen-
Macaulay module M is unmixed it is a CMF module with M = Md,d = dimAM,
and Mi = 0 for all 0 ≤ i < d.
Examples of non-Cohen-Macaulay CMF modules are approximately Cohen-

Macaulay modules, see Section 3 for the definition. It extends the notion of
an approximately Cohen-Macaulay ring introduced by S. Gôto in [G]. In Section
3 we describe some basic properties of CMF modules. Among them their per-
manence properties with respect to localizations, completion and passing to
a non-zero divisor. In particular it follows that a finite direct sum of Cohen-
Macaulay modules is a CMF module. For more examples we refer to Section 6
of the paper. There we prove also by an example, see 6.1, that in general the
CMF property does not descend from the completion M̂ toM, whereM denotes
a finitely generated A-module.
There is a cohomological characterization of CMF modules in terms of the

modules of deficiency. This is another main observation of the present investi-
gations.

Theorem 1.2. Suppose that the local ring (A,m) possesses a dualizing complex
D·
A. Let M be a finitely generated A-module. Then M is a CMF module if and

only if for all 0 ≤ i < dimAM the module of defiency Ki(M) is either zero or
an i-dimensional Cohen-Macaulay module. Under this conditions the canonical
module K(M) is a Cohen-Macaulay module.

This result will be shown in 5.5. Note the following: While the Cohen-
Macaulayness is described by the vanishing of the modules of deficiency the
property of being a CMF module is described in terms of the Cohen-Macaulay
property of the modules of deficiency. Moreover it turns out that the canonical
module K(M) of a CMF module M is a Cohen-Macaulay module. Note that if
K(M) is a Cohen-Macaulay module, then in general M is not a Cohen-Macaulay
module. So Theorem 1.2 provides another sufficient condition for K(M) being
a Cohen-Macaulay module.
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In Section 6 we conclude with the behaviour of the CMF property under flat
base extensions of the ground ring. As a basic reference of all of the unexplained
terminology we use H. Matsumura’s textbook [M]. For the results about Cohen-
Macaulay rings and modules see also [BH]. Furthermore, a short introduction
into the theory about dualizing complexes the interested reader might found
also in [S2].

2. The Dimension Filtration

Let (A,m) denote a local Noetherian ring. Let M be a finitely generated A-
module and d = dimAM. For an integer 0 ≤ i < d let Mi denote the largest
submodule of M such that dimAMi ≤ i. Because of the maximal condition of
a Noetherian A-module the submodules Mi of M are well-defined. Moreover it
follows that Mi−1 ⊆ Mi for all 1 ≤ i ≤ d.
Definition 2.1. The inreasing filtration M = {Mi}0≤i≤d of submodules of M is
called the dimension filtration of M. PutMi = Mi/Mi−1 for all 1 ≤ i ≤ d.
As a first part of our investigations we give a more detailed description of the

modules Mi. Note that M0 = H0
m(M), where H0

m(·) denotes the section functor
with support in {m}. In order to generalize this observation let 0 = ∩nj=1Nj

denote a reduced primary decomposition of 0 inM.That is, 0 �= ∩nj=1,j �=kNj for all
k = 1, . . . , n, andNj is a pj-coprimary submodule ofM such that the prime ideals
pj are pairwise different and AssAM = {p1, . . . , pn}. Hence M0 = ∩dimA/pj>0Nj.
Both of these representations of M0 will be generalized to Mi,0 ≤ i ≤ d, in

the following result. To this end let

ai =
∏

p∈AssM,dimA/p≤i
p.

In the case that {p ∈ AssM | dimA/p ≤ i} = ∅ put ai = A.
Proposition 2.2. Let M be a finitely generated A-module. Then

Mi = H0
ai
(M) = ∩dimA/pj>iNj

for all 0 ≤ i ≤ d. Here 0 = ∩nj=1Nj denotes a reduced primary decomposition of
0 in M.

Proof. The equality of the last two modules in the statement follows by easy
arguments about the primary decomposition of the zero submodule 0 ofM.Now
let us prove that Mi = H0

ai
(M) for all 0 ≤ i ≤ d. Clearly we have SuppH0

ai
(M) =

SuppM ∩ V(ai). Therefore it follows that Mi ⊆ H0
ai
(M) because any element of

Mi is annihilated by an ideal of dimension ≤ i. By the maximality of Mi this
proves the equality.
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The previous result provides information about the associated prime ideals
of Mi andMi respectively.

Corollary 2.3. LetM= {Mi}0≤i≤d denote the dimension filtration of M. Then
a) AssAMi = {p ∈ AssM | dimA/p ≤ i},
b) AssAM/Mi = {p ∈ AssM | dimA/p > i}, and
c) AssAMi = {p ∈ AssM | dimA/p = i}

for all 0 ≤ i ≤ d.
Proof. The two first equalities are obviously true by view of 2.2. Note that

AssA H0
ai
(M) = {p ∈ AssAM | p ∈ V(ai)}.

The third equality is a consequence of the embedding Mi ⊆ M/Mi−1 and the
short exact sequence

0→ Mi−1 → Mi →Mi → 0.
Here we use the containement relation

AssAMi ⊆ AssAMi−1 ∪AssAMi

for the associated prime ideals of the corresponding modules.

In a certain sense the quotients Mi,0 ≤ i ≤ d, of the dimension filtration
M = {Mi}0≤i≤d of M are a measure for the unmixedness of M. Note that the
A-module M is unmixed if

dimA/p = dimAM for all p ∈ AssAM.

In this case Mi = 0 for all i < dimAM = d and Md = M. So the filtration is
discret in the case M is unmixed.
More general letM= {Mi}0≤i≤d be the dimension filtration ofM. ThenMi = 0

for all i < depthAM. This follows by 2.3 and the fact

depthAM ≤ dimA/p for all p ∈ AssAM,

see [M, Theorem 17.2] for this inequality.
In the following we consider the question whether the dimension filtration

behaves well under localizations.

Proposition 2.4. LetM= {Mi}0≤i≤d be the dimension filtration of a finitely gen-
erated A-module M. Suppose that SuppAM is a catenary subset of SpecA. Let
p ∈ SuppM denote a prime ideal. Define

M ′
i = Mi+dimA/p ⊗A Ap for all 0 ≤ i ≤ dimAp Mp = t.

ThenM′ = {M ′
i}0≤i≤t is the dimension filtration of the Ap-module Mp.
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Proof. First we mention that there is the bound

dimAM ′
i ≤ (i+ dimA/p)− dimA/p = i

for all i ∈ Z. Next we recall the following statement about associated prime
ideals

AssAp Mp = {qAp | q ∈ AssAM, q ⊆ p},
see [M, Theorem 6.2]. Now let 0 = ∩nj=1Nj be a reduced primary decomposition
of 0 inM,whereNj is qj-coprimary. Suppose that qj ⊆ p for all j = 1, . . . ,m and
qj �⊆ p for all j = m + 1, . . . , n. Then 0 = ∩mj=1(Nj ⊗A Ap) is a reduced primary
decomposition of 0 in Mp as an Ap-module. Therefore, by view of 2.2, it yields
that

(Mp)i = ∩dimAp/qjAp>i(Nj ⊗A Ap).
Moreover by the localization of Mi+dimA/p we get the following equality

M ′
i = ∩dimA/qj>i+dimA/p(Nj ⊗A Ap).

Because SuppAM is supposed to be a catenary subset of SpecA we get that

dimA/qj = dimA/p+ dimAp/qjAp.

First this proves that d = t + dimA/p. Because of the above statement about
the associated prime ideals it shows finally that M ′

i = (Mp)i for all 0 ≤ i ≤ t, as
required.

In the following we consider a variation of the notion of a system of parame-
ters of an A-module M.

Definition 2.5. Let x = x1, . . . , xd, d = dimAM, denote a system of parameters
of M. Then x = x1, . . . , xd is called a distinguished system of parameters of M
provided (xi+1, . . . , xd)Mi = 0 for all i = 0, . . . , d− 1.

In the next result let us prove the existence of distinguished systems of pa-
rameters of an A-module M.

Lemma 2.6. Any finitely generated A-module M admits a distinguished system
of parameters.

Proof. First we show the existence of a parameterxd ofM such thatxdMi = 0 for
all i = 0, . . . , d−1. To this end note that dimAMi ≤ i < d for all i = 0, . . . , d−1.
Put b = ∏d−1

i=0 AnnAMi. Then b �⊆ p for any associated prime ideal p ∈ AssAM
with dimA/p = d. Therefore there is an element xd ∈ b and xd �∈ p for all p ∈
AssAM with dimA/p = d. Whence xd is a parameter with the desired property.
Now pass to the factor moduleM/xdM and choose a parameter xd−1 ofM/xdM
such that xd−1Mi = 0 for all i = 0, . . . , d − 2. Then an induction finishes the
proof of the claim.
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It turns out that whenever x = x1, . . . , xd is a distinguished system of pa-
rameters of M, the elements x1, . . . , xi generate an ideal of definition of Mi.
This follows sinceMi/xMi is an A-module of finite length. Therefore, whenever
Mi �= 0, then x1, . . . , xi is a system of parameters ofMi.

Lemma 2.7. A system of parameters x = x1, . . . , xd of M is a distinguished sys-
tem of parameters if and only if Mi = 0 :M (xi+1, . . . , xd) for i = 0, . . . , d− 1.

Proof. Let x = x1, . . . , xd denote a system of parameters of M such that

Mi = 0 :M (xi+1, . . . , xd) for all i = 0, . . . , d− 1.

Then (xi+1, . . . , xd)Mi = 0, i.e. x is a distinguished system of parameters.
Conversely let x be a distinguished system of parameters. Then

Mi ⊆ 0 :M (xi+1, . . . , xd) for all i = 0, . . . , d− 1

as follows by the definition. Moreover there is the following expression for the
associated prime ideals

AssA(0 :M (xi+1, . . . , xd)) = {p ∈ AssAM | p ∈ V(xi+1, . . . , xd)}.
Let p denote an associated prime ideal of 0 :M (xi+1, . . . , xd). Then we obtain
p ∈ SuppAM/(xi+1, . . . , xd)M and therefore dimA/p ≤ d − (d − i) = i. That
is, dimA(0 :M (xi+1, . . . , xd)) ≤ i. Because of the maximality of Mi the equality
Mi = 0 :M (xi+1, . . . , xd) follows now.

3. A Supplement to Duality

In this section let (A,m) denote a local ring possessing a dualizing complex
D·
A. That is a bounded complex of injective A-modules Di

A whose cohomology
modules Hi(D·

A), i ∈ Z, are finitely generated A-modules. We refer to [H, Chap-
ter V, §2] or to [S2, 1.2] for basic results about dualizing complexes. Note that
the natural homomorphism of complexes

M → HomA(HomA(M,D·
A),D

·
A)

induces an isomorphism in cohomlogy for any finitely generated A-module M.
Moreover there is an integer l ∈ Z such that

HomA(k,D·
A) 
 k[l],

where k = A/m denotes the residue field ofA.Without loss of generality assume
that l = 0. Then the dualizing complex D·

A has the property

D−i
A 
 ⊕p∈SpecA,dimA/p=iEA(A/p),
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where EA(A/p) denotes the injectice hull of A/p as A-module. ThereforeDi
A = 0

for i < −dimA and i > 0. The following modules were introduced in [S1, 3.1],
see also [S2, 1.2].

Definition 3.1. Let M denote a finitely generated A-module and d = dimAM.
For an integer i ∈ Z define

Ki(M) := H−i(HomA(M,D·
A)).

The module K(M) := Kd(M) is called the canonical module of M. For i �= d the
modules Ki(M) are called the modules of deficiency of M. Note that Ki(M) = 0
for all i < 0 or i > d.

By the local duality theorem, see [H, Chapter V, §6] or [S2, Theorem 1.11],
there are the following canonical isomorphisms

Hi
m(M) 
 HomA(Ki(M), E), i ∈ Z,

where E = EA(A/m). Recall that all of the Ki(M), i ∈ Z, are finitely generated
A-modules. Moreover M is a Cohen-Macaulay module if and only if Ki(M) = 0
for all i �= d.Whence the modules of deficiencies ofM measure the deviation of
M from being a Cohen-Macaulay module. The canonical module K(M) ofM is a
Cohen-Macaulaymodule providedM is a Cohen-Macaulaymodule. The converse
does not hold in general, see [S2, Lemma 1.9] for the precise statements.
For an arbitrary A-module X and an integer i ∈ N let

(AssA X)i = {p ∈ AssAM | dimA/p = i}.
For the proof of the next result see [S1, 3.1] and [S2, Lemma 1.9].

Proposition 3.2. Let M denote a d-dimensional A-module. Then the following
results are true:

a) dimA Ki(M) ≤ i for all 0 ≤ i < d and dimA K(M) = d.
b) AssA K(M) = (AssAM)d.
c) (AssA Ki(M))i = (AssAM)i for all 0 ≤ i < d.
d) Let M be a Cohen-Macaulay module. Then K(M) is also a Cohen-Macaulay

module.

As mentioned above for a finitely generated A-module M the induced homo-
morphisms of the cohomology of the natural map

M → HomA(HomA(M,D·
A),D

·
A)

are isomorphisms. In order to compute the cohomology of the complex at the
right hand side there is the following spectral sequence

Epq1 = Hq(HomA(HomA(M,D·
A),D

p
A)),
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see [E, Appendix 3, Part II] or [W, Section 5] for the details about spectral se-
quences used here in this section. Because Dp

A is an injective A-module the
corresponding E2-term has the following form

Epq2 = Hp(HomA(H−q(HomA(M,D·
A)),D

·
A)).

With regard to our previous notation it follows that Epq2 = K−p(Kq(M)). Now we
have to prove the following basic observation.

Lemma 3.3. Let M denote a finitely generated A-module. Let p ∈ SuppAM be a
prime ideal with t = dimA/p. Then there are the following isomorphisms

Ki(Kj(M))⊗A Ap 
 Ki−t(Kj−t(M ⊗A Ap))

for any pair (i, j) ∈ Z2.
Proof. First note that there is an isomorphism of dualizing complexes

D·
A ⊗A Ap 
 D·

Ap
[t],

see e.g. [H, Chapter V, Proposition 7.1]. Now by the definition of the Ki’s write

Ki(Kj(M)) 
 H−i(HomA(H−j(HomA(M,D·
A)),D

·
A)).

The localization functor · ⊗A Ap is exact, i.e. it commutes with cohomology.
Moreover let X denote a bounded complex of A-modules whose cohomology
modules are finitely generated A-modules. Then there is the following isomor-
phism of complexes

HomA(X,D·
A)⊗A Ap 
 HomAp(X ⊗A Ap,D·

Ap
)[t],

see [H, Chapter II]. Putting together all of these ingredients the statement of the
proposition follows now.

Let M denote a finitely generated A-module with d = dimAM. Let us return
to the above spectral sequence. Consider the stage p + q = 0, the onliest place
in which non-zero cohomology occurs. Then the limit terms Ep,−p∞ ,−d ≤ p ≤ 0,
are the quotients of a filtration

F0 ⊆ F−1 ⊆ . . . ⊆ F−d+1 ⊆ F−d = M
of M. That is we have Fp/Fp+1 
 Ep,−p∞ for all −d ≤ p ≤ 0. The natural question
about the filtration F = {F−i}0≤i≤d is its relationship to the dimension filtration
of M. This is answered in the following result.

Theorem 3.4. LetM= {Mi}0≤i≤d be the dimension filtration ofM. Then it follows
Mi = F−i for all 0 ≤ i ≤ d.
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Proof. By the construction of the spectral sequence the term Ep,−pr+1 is the coho-
mology at the middle of the following sequence of A-modules

Ep−r ,−p+r−1r → Ep,−pr → Ep+r ,−p−r+1r .

The term on the left hand side is zero because it is a subquotient of

K−p+r (K−p+r−1(M)) = 0.

To this end recall that dimA K−p+r−1(M) ≤ −p + r − 1, see 3.2.
First of all let us consider the case of p = 0. Then also the term on the right

hand side is zero since it is a subqoutient of K−r (Kr−1(M)) = 0, r ≥ 2. That is
we get a partial degeneration of the spectral sequence to the isomorphisms

F0 
 E0,0∞ 
 E0,02 
 K0(K0(M)).

Moreover the local duality theorem implies that K0(K0(M)) 
 H0
m(M) = M0. To

this end recall that

HomA(H0(HomA(M,D·
A)),D

·
A) 
 HomA(H0(HomA(M,D·

A)), E).

This proves the claim in the case p = 0.
For an arbitrary p the above considerations provide the following chain of

inclusions
Ep,−p∞ ⊆ Ep,−pr+1 ⊆ Ep,−pr ⊆ Ep,−p2 = K−p(K−p(M))

for all r ≥ 2. By view of 3.2 this implies that either dimA E
p,−p
∞ = −p or Ep,−p∞ = 0.

Note that AssA K−p(K−p(M)) = (AssA K−p(M))−p for all −d ≤ p ≤ 0, see 3.2.
But now we have

Ep,−p∞ 
 Fp/Fp+1 and E0,0∞ 
 F0 = M0.
Therefore dimA Fp ≤ −p and Fp ⊆ M−p for all −d ≤ p ≤ 0. In the final part of
the proof we have to show equality.
We proceed by an induction on d = dimAM. As mentioned above the case

d = 0, i.e. M0 = F0 is shown to be true. So let d > 0. It is known that (A,m) is
a catenary local ring since it possesses a dualizing complex, see [H, Chapter V,
Corollary 7.2]. By 2.4 it follows that (Mp)i+dimA/p = (Mi)⊗AAp for all prime ideals
p ∈ SuppM. Next we want to prove a corresponding result for the filtration F ,
i.e. Fi(M) ⊗A Ap = Fi+dimA/p(Mp). Here we refer to F ·(M) resp. F ·(Mp) as the
filtration induced by the A-moduleM resp. by the Ap-moduleMp. By 3.3 it turns
out that

Epq2 (M)⊗A Ap 
 Ep+t,q−t2 (M ⊗A Ap), t = dimA/p,
for all pairs (p, q) ∈ Z2. Because of the exactness of the localization functor
· ⊗ Ap and because of the functoriality of the spectral sequence this finally
shows that Fp(M)⊗A Ap 
 Fp+t(Mp) for all p ∈ Z.
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Now let us finish the proof. Because of the spectral sequence we know that
Fp = M−p for p = −d. So let us assume statement for p in order to prove it for
p + 1. To this end consider the injection

0→ M−p−1/Fp+1 → Fp/Fp+1 
 Ep,−p∞ .

Note thatM−p−1 ⊆ Mp = Fp. Because of the induction hypothesis and the previ-
ous considerations we have that M−p−1 ⊗ Ap = Fp+1 ⊗A Ap for all non-maximal
prime ideals p ∈ SuppAM. Therefore the module at the left hand side of the
above exact sequence has its support contained in V(m). Moreover by the spec-
tral sequence we get that

Ep,−p∞ ⊆ Ep,−p2 
 K−p(K−p(M)).
By virtue of 3.2 we now have the following inclusion

AssA Ep,−p∞ ⊆ {p ∈ AssAM | dimA/p = −p}.
Since M−p−1/Fp+1 is by induction hypothesis an A-module of finite length it is
in fact zero, which completes the inductive step.

It is worth to remark that in general the limit terms Ep,−p∞ of the spectral
sequence considered above do not agree with Ep,−p2 
 K−p(K−p(M)). It would
be interesting to find an explicit description of these modules.

4. Cohen-Macaulay Filtered Modules

LetM denote a finitely generatedA-module, where (A,m) is a local Noetherian
ring. LetM= {Mi}0≤i≤d denote the dimension filtration.

Definition 4.1. A finitely generated A-module M is called a Cohen-Macaulay fil-
tered module (CMF module), whenever Mi = Mi/Mi−1 is either zero or an i-
dimensional Cohen-Macaulay module for all 0 ≤ i ≤ dimAM.

Note that any Cohen-Macaulay module is also a CMF module. This follows
because under this assumption Mi = 0 for all i < dimAM. Conversely an un-
mixed CMF module is also a Cohen-Macaulay module. Let M be an A-module
such that depthAM = 0 and M/H0

m(M) is a Cohen-Maculay module. Then M is
a CMF module as easily seen. For further examples see Section 6.
Related to the definition of a CMF module it will be useful to have the notion

of a Cohen-Macaulay filtration.

Definition 4.2. Let M denote a finitely generated A-module with d = dimAM.
An increasing filtration C = {Ci}0≤i≤d of M is called a Cohen-Macaulay filtra-
tion whenever M = Cd,d = dimAM, and Ci = Ci/Ci−1 is either zero or an
i-dimensional Cohen-Macaulay module for all 1 ≤ i ≤ d.
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The following proposition is useful in order to characterize CMF modules. In
fact it shows that a Cohen-Macaulay filtration coincides automatically with the
dimension filtration.

Proposition 4.3. Let C = {Ci}0≤i≤d be Cohen-Macaulay filtration of M. Then C
coincides with the dimension filtration.

Proof. First of all it is easily seen that dimCi ≤ i for all 0 ≤ i ≤ d. Moreover it
follows that

AssA Ci ⊆ {p ∈ AssAM | dimA/p ≤ i}.
With the definition of ai – as done in Section 2 – this implies thatH0

ai
(Ci) = Ci for

all 0 ≤ i ≤ d. Now fix i and let j ≥ i be an integer. Next consider the following
short exact sequence

0→ Cj → Cj+1 → Cj+1 → 0.
Since Cj+1 is either zero or a (j + 1)-dimensional Cohen-Macaulay module it
induces isomorphisms

H0
ai
(Cj) 
 H0

ai
(Cj+1) for all j ≥ i.

Therefore Ci = H0
ai
(Cj) for all j ≥ i. Because of M = Cd this finally proves the

claim, see 2.2.

Let uM(0) = ∩dimA/pj=dNj, where 0 = ∩nj=1Nj denotes a reduced primary
decomposition of 0 in M as considered in Section 2.

Definition 4.4. A finitely generated A-module M,d = dimAM, is called an ap-
proximately Cohen-Macaulay module whenever M/uM(0) is a Cohen-Macaulay
module and depthAM ≥ d− 1.

This is the extension of the notion of an approximately Cohen-Macaulay ring
introduced by S. Gôto, see [G]. Note that a Cohen-Macaulay module is always
an approximately Cohen-Macaulay module. Next let us describe the relation of
this notion to that of CMF modules.

Proposition 4.5. Let M be a finitely generated A-module. Then M is approx-
imately Cohen-Macaulay if and only if M is a CMF module and depthAM ≥
dimAM − 1.

Proof. First let M be an approximately Cohen-Macaulay module. Put d =
dimAM. By [M, Theorem 17.2] it follows that

d− 1 ≤ depthAM ≤ dimA/p for all p ∈ AssAM.

Therefore Mi = 0 for i = 0, . . . , d− 2 and Md−1 = uM(0), see 2.2. Now consider
the short exact sequence

0→ Md−1 → M → M/Md−1 → 0.
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Because M is approximately Cohen-Macaulay it follows that M/Md−1 is a d-
dimensional Cohen-Macaulay module and depthAM ≥ d− 1. So the short exact
sequence implies depthAMd−1 ≥ d − 1. Because of dimAMd−1 ≤ d − 1 it turns
out that Md−1 is either zero or a (d− 1)-dimensional Cohen-Macaulay module.
The reverse statement follows the same line of reasoning. Hence we omit the

details.

Before we shall present in Section 6 a general construction method for CMF
modules there are a few results on permanence properties of CMF module. To
this end Â denotes the m-adic completion of A. Note that there is a natural
isomorphism M ⊗A Â 
 M̂ for a finitely generated A-module M.

Proposition 4.6. Let M denote a CMF A-module. Then the following conditions
are satisfied:

a) SuppAM is a catenary subset of SpecA.
b) Let p ∈ SuppAM. Then

dimA/p = dim Â/q for all q ∈ AssÂ Â/pÂ,

i.e. A/p is formally unmixed for all p ∈ SuppAM.

Proof. Because M/Md−1 is a Cohen-Macaulay module and

SuppAM = SuppAM/Md−1

both of the statements follow. For the first statement see [M, §17]. The second
is a consequence of [N, (34.9)].

Note that a CMF ring A possesses a small Cohen-Macaulay module. That is
a Cohen-Macaulay module X such that depthX = dimA. This follows since
A/Ad−1, d = dimA, is a d-dimensional Cohen-Macaulay module. Consequently
for a CMF ring A all the homological conjectures are true.
Now we start with the permanence properties of the CMF property.

Theorem 4.7. Let M denote a finitely generated A-module. Let x ∈ m be an
M-regular element. Then M is a CMF module if and only if M/xM is a CMF
module.

Proof. First note that whenever x ∈ m is anM-regular element, thenM0 = 0 and
x is also M/Mi-regular as well asMi-regular for all i ≥ 1. HereM = {Mi}0≤i≤d
denotes the dimension filtration andMi = Mi/Mi−1. In particular it follows that
Mi ∩ xM = xMi for all 1 ≤ i ≤ d.
Now suppose that M is a CMF module. Let i ≥ 1. Then

Mi/xMi 
 ((Mi, xM)/xM)/(Mi−1, xM)/xM)
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is a (i − 1)-dimensional Cohen-Macaulay module or zero. Therefore by 4.3 it
follows that M/xM is a (d− 1)-dimensional CMF module since

{(Mi+1, xM/xM)}0≤i<d
is a Cohen-Macaulay filtration.
Conversely let M/xM be a CMF module. Then the dimension filtration

{M ′
i}0≤i≤d of M/xM has the property that M′

i = M ′
i/M

′
i−1 is either zero or

an i-dimensional Cohen-Macaulay module. Let Mi+1,0 ≤ i < d, denote the
preimage of M ′

i in M and M0 = 0. By the same isomorphism as above it follows
now thatMi/xMi is either zero or a (i−1)-dimensional Cohen-Macaulay mod-
ule. Since x is an Mi-regular element, Mi is either zero or an i-dimensional
Cohen-Macaulay module. By view of 4.1 this proves the claim.

Another permanence poperty of CMF modules is the following result about
the localization behaviour.

Proposition 4.8. Let M denote a CMF module. Then Mp is a CMF Ap-module for
any prime ideal p ∈ SuppAM.

Proof. LetM= {Mi}0≤i≤d denote the dimension filtration ofM. Let p ∈ SuppAM
and t = dimA/p. Then we define M ′

i = (Mi+t)⊗A Ap, for all i ≥ t. Then
M ′
i/M

′
i−1 
 (Mi+t/Mi−1+t)⊗A Ap

is either zero or a Cohen-Macaulay Ap-module of dimension i, see [M, §17]. By
virtue of 4.3 this proves the claim.

It is worth to note that we do not need 2.4 in order to prove 4.8. The result
turns out because of

dimA X = dimA/p+ dimAp Xp for all p ∈ SuppA X,

where X denotes a Cohen-Macaulay A-module. Moreover by 4.6 we know that
SuppAM is a catenary subset of SpecA.
In the final part of this section consider the behaviour of the CMF property

by passing to the completion.

Theorem 4.9. LetM be a finitely generatedA-module. LetM be a CMFA-module.
Then M ⊗A Â is a CMF Â-module.

Proof. Let M = {Mi}0≤i≤d denote the Cohen-Macaulay filtration of the CMF A-
module M. Then {Mi ⊗A Â}0≤i≤d is clearly a Cohen-Macaulay filtration of the
Â-module M ⊗A Â. So by 4.3 M ⊗A Â is a CMF module over Â.
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The converse of the above statement is not true in general as we will show
by an example, see Example 6.1. A more general statement is true for an arbi-
trary faithful flat extension (A,m) → (B,n). For the precise statement see the
considerations in Section 6.

5. Characterizations of Cohen-Macaulay Filtered Modules

In the first part of this section we consider a few algebraic properties of a
CMF module. To this end let M denote a finitely generated A-module M, where
(A,m) is an arbitrary local Noetherian ring. First we need a preliminary result.
Here LA denotes the length function on A-modules.

Lemma 5.1. LetM= {Mi}0≤i≤d denote the dimension filtration of M. Then

LA(M/xM) ≤
d∑
i=0

LA(Mi/(x1, . . . , xi)Mi)

for any distinguished system of parameters x = x1, . . . , xd, d = dimAM, of M.

Proof. For 1 ≤ i ≤ d let us consider the following short exact sequences

0→ Mi−1 → Mi →Mi → 0.

Tensor it by A/(x1, . . . , xd)A. Because of xiMi−1 = 0,1 ≤ i ≤ d, it induces an
exact sequence

Mi−1/(x1, . . . , xi−1)Mi−1 → Mi/(x1, . . . , xi)Mi →Mi/(x1, . . . , xi)Mi → 0.

Because x is a distinguished system of parameters ofM the elements x1, . . . , xi
generate an ideal of definition of Mi. That is, the A-modules

Mi/(x1, . . . , xi)Mi andMi/(x1, . . . , xi)Mi, i = 0, . . . , d,

are A-modules of finite length. Therefore

LA(Mi/(x1, . . . , xi)Mi) ≤ LA(Mi−1/(x1, . . . , xi−1)Mi−1)+LA(Mi/(x1, . . . , xi)Mi)

for all i = 1, . . . , d. Because of M = Md a recurrence proves the desired inequal-
ity.

Note that the inequality of 5.1 is also true for any system of parameters x =
x1, . . . , xd of M. But in this case it might happen that the modules on the right
hand side are not of finite length. In this case the estimate is trivially true.

Theorem 5.2. Let M = {Mi}0≤i≤d denote the dimension filtration of a finitely
generated A-module M with d = dimAM and t = depthAM. Let x = x1, . . . , xd
be a distinguished system of parameters.
Suppose that M is a CMF module. Then the following conditions are satisfied:
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a) LA(M/(x1, . . . , xd)M) =
∑d
i=0 LA(Mi/(x1, . . . , xi)Mi).

b) M/(x1, . . . , xd−t)M is a t-dimensional Cohen-Macaulay module.

The converse is true, i.e. the conditions a) and b) imply that M is a CMF module,
provided depthAM ≥ d− 1.

Proof. Suppose thatM is a CMFmodule. Then the factor modulesMi,0 ≤ i ≤ d,
are either zero or i-dimensional Cohen-Macaulay modules. Since xi is an Mi-
regular element there are the following short exact sequences

0→ Mi−1 → Mi/xiMi →Mi/xiMi → 0.

Now apply the Koszul homology H·(x1, . . . , xi−1; ·) to this sequence. Because
of

H1(x1, . . . , xi−1;Mi/xiMi) = 0,
note that x1, . . . , xi−1 is aMi/xiMi-regular sequence, it induces a short exact
sequence

0→ Mi−1/(x1, . . . , xi−1)Mi−1 → Mi/(x1, . . . , xi)Mi →Mi/(x1, . . . , xi)Mi → 0

for all i = 1, . . . , d. Because of M = Md a recurrence on i proves the equality of
the statement in a).
For the proof of b) first note thatMi = 0 for all i < t = depthAM.MoreoverMt

a t-dimensional Cohen-Macaulay module. Now we investigate the above short
exact sequence

0→ Mi−1 → Mi/xiMi →Mi/xiMi → 0.
for i ≥ t+1.Applying the Koszul homologyH·(xt+1, . . . , xi−1; ·) to this sequence
it induces – by similar arguments as above – a short exact sequence

0→ Mi−1/(xt+1, ..., xi−1)Mi−1 → Mi/(xt+1, ..., xi)Mi →Mi/(xt+1, ..., xi)Mi → 0

for all i = t + 1, . . . , d. Note that xt+1, . . . , xi−1 forms a regular sequence on
the (i− 1)-dimensional Cohen-Macaulay moduleMi/xiMi. Moreover all of the
modules considered in these sequences are either zero or of dimension t. By in-
duction we prove now that the module in the middle is a t-dimensional Cohen-
Macaulay module. First note that Mt = Mt is a t-dimensional Cohen-Macaulay
module. Because Mi−1/(xt+1, . . . , xi−1)Mi−1 and Mi/(xt+1, . . . , xi)Mi are ei-
ther zero or t-dimensional Cohen-Macaulay modules the short exact sequence
implies that Mi/(xt+1, . . . , xi)Mi is also either zero or a t-dimensional Cohen-
Macaulaymodule. Because ofM = Md this proves the statement of the condition
b).
In order to prove the reverse implication let depthAM = d−1. (In the Cohen-

Macaulay case there is nothing to prove.) Therefore we get Mi = 0 for all i <
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d− 1. Then – as above – there is the short exact sequence

0→ Md−1 → Md/x1Md →Md/x1Md → 0.

Note that x1 is an Md-regular element. Next apply the Koszul homology
H·(x2, . . . , xd; ·) to this sequence. Because x2, . . . , xd is an Md/x1Md-regular
sequence we get the following exact sequence

0→ H1(x2, . . . , xd;Md/x1Md)→
→ Md−1/(x2, . . . , xd)Md−1 → Md/xMd →Md/xMd → 0.

By the assumption on the length it turns out that

H1(x2, . . . , xd;Md/x1Md) = 0.

That is, x2, . . . , xd forms an Md/x1Md-regular sequence. So Md is a d-
dimensional Cohen-Macaulaymodule. Moreover the above short exact sequence
implies thatMd−1 is a (d−1)-dimensional Cohen-Macaulaymodule. Thatmeans,
M is a CMF module, as required.

It would be interesting to generalize the converse of 5.2 to a more general
situation. In the case of depthAM = d − 1 neither a) nor b) will be sufficient
for M being a CMF module. For b) see S. Gôto’s example [G, Remark 2.9]. For a)
consider the ring A = k[[w,x,y, z]]/(w,x) ∩ (y, z) ∩ (w2, x,y2, z), where k
denotes a field. Then x = w −y,x− z is a distinguished system of parameters
satisfying the equality in a) but A is not a CMF ring.
Another partial result in order to prove the converse is the following slight

generalization of [G, Lemma 2.1].

Proposition 5.3. Let M denote a finitely generated A-module with d = dimAM.
Let r ∈ N denote an integer. Suppose that there is an element x ∈ m satisfying
the following two conditions:

a) M/xr+1M is a (d− 1)-dimensional Cohen-Macaulay module.
b) 0 :M xr = 0 :M xr+1.

Then depthAM ≥ d− 1 and M is a CMF module with Md−1 = 0 :M xr .

Proof. Put N := 0 :M xr = 0 :M xr+1. We first claim that depthAM/xrM ≥ d− 1.
Suppose the contrary, i.e. depthAM/xrM =: t < d − 1. Then the short exact
sequence

0→ M/(xM,N)→ M/xr+1M → M/xrM → 0

implies that depthAM/(xM,N) = t + 1. Because x is an M/N-regular element
it follows that

depthAM/N = t + 2 and depthAM/(xsM,N) = t + 1 for all s ≥ 1.
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Therefore the short exact sequence

0→ N → M/xsM → M/(xsM,N)→ 0,

considered for s = r+1, provides that depthA N = t+2. Then the same sequence
considered for s = r yields that depthAM/xrM ≥ t + 1, a contradiction.
ThereforeM/xrM is a (d−1)-dimensional Cohen-Macaulay module. Now the

first of the above short exact sequences proves that M/(xM,N) and therefore
also M/N is a Cohen-Macaulay module. Moreover the previous exact sequence
considered for s = r provides that N is a Cohen-Macaulay module of dimension
d− 1. By 2.2 this finishes the proof.

Now we start the cohomological investigation of CMF modules. To this end at
first we need a description of the local cohomology modules of a CMF module.

Lemma 5.4. Let M denote a CMF module with M = {Mi}0≤i≤d its dimension fil-
tration. Let i denote an integer with 0 ≤ i ≤ d. Then

Hi
m(M) 
 Hi

m(Mi) 
 Hi
m(Mi).

In the case A possesses a dualizing complex it follows that Ki(M) 
 Ki(Mi) for
all 0 ≤ i ≤ d.
Proof. First consider the short excat sequence 0 → Mi−1 → Mi → Mi → 0.
Because of dimMi−1 ≤ i − 1 it induces an isomorphism Hi

m(Mi) 
 Hi
m(Mi).

Second for j < i it yields isomorphims Hj
m(Mi) 
 Hj

m(Mi−1). Note that Mi is
either zero or an i-dimensional Cohen-Macaulay module. By induction it follows
that

Hi
m(M) 
 Hi

m(Md) 
 Hi
m(Md−1) 
 . . . 
 Hi

m(Mi+1) 
 Hi
m(Mi),

which proves the statement about the local cohomology modules. The rest of
the claim for Ki(M) follows by similar arguments using the dualizing complex.

Nowwe are prepared to prove themain result concerning a characterization of
CMF modules in terms of the modules of deficiency Ki(M),0 ≤ i < d. Moreover
there is an additional information about the canonical module.

Theorem 5.5. Let (A,m) denote a local ring possessing a dualizing complex D·
A.

Let M be a finitely generated A-module with d = dimAM. Then the following
conditions are equivalent:

(i) M is a CMF A-module.
(ii) For all 0 ≤ i < d the module of deficiency Ki(M) is either zero or an i-

dimensional Cohen-Macaulay module.
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(iii) For all 0 ≤ i ≤ d the A-modules Ki(M) are either zero or i-dimensional
Cohen-Macaulay modules.

Proof. First suppose that M is a CMF module. Then the dimension filtration
M = {Mi}0≤i≤d has the property that for all 0 ≤ i ≤ d the quotient module
Mi = Mi/Mi−1 is eiher zero or an i-dimensional Cohen-Macaulay module. By
view of 5.4 it follows that Ki(M) 
 Ki(Mi) for all 0 ≤ i ≤ d. BecauseMi is either
zero or an i-dimensional Cohen-Macaulay module we have that Ki(Mi) is either
zero or the canonical module of the i-dimensional Cohen-Macaulay moduleMi.
But then the canonical module ofMi is also an i-dimensional Cohen-Macaulay
module. So Ki(M) is either zero or an i-dimensional Cohen-Macaulay module.
This proves the implication (i) ⇒ (ii) as well as (i) ⇒ (iii).
In order to prove (iii)⇒ (i) consider the spectral sequence studied in the proof

of 3.4. By view of Theorem 3.4 it will be enough to prove that all the quotients
Fp/Fp+1 
 Ep,−p∞ are either zero or (−p)-dimensional Cohen-Macaulay modules.
We first claim that Ep,−p∞ 
 Ep,−p2 for all −d ≤ p ≤ 0. To this end consider the
subsequent stages of the spectral sequence

Ep−r ,−p+r−1r → Ep,−pr → Ep+r ,−p−r+1r .

The left term is zero because it is a subquotient of K−p+r (K−p+r−1(M)) = 0. To
this end recall that dimA K−p+r−1(M) ≤ −p+r−1, see 3.2. The term on the right
hand side is a subquotient of K−p−r (K−p−r+1(M)). By our assumption we have
that K−p−r+1(M) is either zero or an (−p− r +1)-dimensional Cohen-Macaulay
module. But then the (−p − r)-th module of deficieny K−p−r (K−p−r+1(M)) is
zero. That is, the modules at the right are always zero. But this implies that

Fp/Fp+1 
 Ep,−p2 
 K−p(K−p(M))
for all −d ≤ p ≤ 0.We have to finish the proof by showing that K−p(K−p(M)) is
either zero or a (−p)-dimensional Cohen-Macaulay module. By our assumption
K−p(M) is either zero or an (−p)-dimensional Cohen-Macaulay module. There-
fore K−p(K−p(M)) is either zero or – as the canonical module of K−p(M) – also a
(−p)-dimensional Cohen-Macaulay module. By view of 4.3 this proves the claim
of (i).
Finally we have to show that (ii) ⇒ (iii). That is, we have to show that the

canonical module K(M) = Kd(M) is a Cohen-Macaulay module provided for all
0 ≤ i < d the module of deficiency Ki(M) is either zero or an i-dimensional
Cohen-Macaulay module. Now we have that (HomA(M,D·

A))i = 0 for all i < −d
and H−d(HomA(M,D·

A)) = K(M). So there is a short exact sequence of com-
plexes

0→ K(M)[d]→ HomA(M,D·
A)→ C·(M)→ 0,
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where C·(M) denotes the cokernel of the natural embedding. So the complex
C·(M) carries as cohomology modules the modules of deficiencies, i.e.

Hi(C·(M)) 

{
K−i(M) for − d < i ≤ 0, and

0 otherwise.

Now the natural homomorphism of complexes M → HomA(HomA(M,D·
A),D

·
A)

induces an isomorphism in cohomology for a finitely generated A-module M.
Therefore by applying HomA(·,D·

A) to the above short exact sequence of com-
plexes it induces a short exact sequence

0→ H0(HomA(C·(M),D·
A))→ M → K(K(M))→ H1(HomA(C·(M),D·

A))→ 0

and isomorphismsHi(HomA(C·(M),D·
A)) 
 Kd−i+1(K(M)) for all i ≥ 2. In order

to prove that K(M) is a Cohen-Macaulay module – by local duality – it is enough
to prove that Kd−i+1(K(M)) = 0 for i ≥ 2. Whence it will be enough to show
the vanishing of Hi := Hi(HomA(C·(M),D·

A)) for all i ≥ 1. To this end take the
corresponding spectral sequence

Epq2 = Hp(HomA(H−q(C·(M)),D·
A))⇒ Ep+q∞ = Hp+q,

derived in the same way as the spectral sequence studied in Section 3. Because
of Epq2 = K−p(Kq(M)) = 0 for all q and all p �= −q, note that Kq(M),0 ≤ q < d,
is either zero or a q-dimensional Cohen-Macaulay module, there is a partial
degeneration to Hi = 0 for all i > 0. This completes the proof.

Looking at the second part of Theorem 5.5 there is another sufficient cri-
terion for the canonical module K(M) of M being a Cohen-Macaulay module.
Moreover the filtration induced by the spectral sequence for the computation
of H0(HomA(C·(M),D·

A)) is just the truncated dimension filtration, i.e. it fol-
lows H0(HomA(C·(M),D·

A)) 
 Md−1 and K(K(M)) 
 M/Md−1.

6. Faithful Flat Extensions and Examples

Let M denote a finitely generated A-module, (A,m) a local Noetherian ring.
As mentioned in Section 2 in general M is not a CMF module in case M ⊗ Â is a
CMF Â-module. In particular this is not even true for the ring itself as follows
by the next example.

Example 6.1. Let (A,m) denote the 2-dimensional local domain considered by
M. Nagata in [N, Example 2]. Clearly it is not a Cohen-Macaulay ring. For the
multiplicity e(m, A) it is shown that e(m, A) = 1. Therefore it implies that

1 = e(m, A) = e(m̂, Â) = e(m̂, Â/uÂ(0)).
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By the view of [N, (40.6)] it yields that Â/uÂ(0) is a regular local ring, in particu-
lar a 2-dimensional Cohen-Macaulay ring. Moreover since depthA = depth Â =
1 the ideal uÂ(0) is – considered as an Â-module – a 1-dimensional Cohen-
Macaulay module. But this means that Â is a CMF ring or equivalently an ap-
proximately Cohen-Macaulay ring. But this is not true for A. Otherwise A would
be a Cohen-Macaulay ring since it is a domain.

Before we shall formulate our next result let us recall the definition of a Cohen-
Macaulay filtration, 4.2. An increasing filtration C = {Ci}0≤i≤d of M is called a
Cohen-Macaulay filtration whenever M = Cd,d = dimAM, and Ci = Ci/Ci−1 is
either zero or an i-dimensional Cohen-Macaulay module for all 1 ≤ i ≤ d. As it
was mentioned in 4.3 a Cohen-Macaulay filtration coincides automatically with
the dimension filtration.
Now let (A,m)→ (B,n) be a faithful flat homomorphism of local rings. Let M

be a finitely generated A-module with d = dimAM. Let C = {Ci}0≤i≤d denote an
increasing filtration of M such that M = Cd. Let CB = {(CB)i}0≤i≤n denote the
induced filtration defined by (CB)i = Ci+t ⊗A B, where t = dimB/mB denotes
the dimension of the fibre ring.

Theorem 6.2. Let (A,m)→ (B,n) be a faithful flat homomorphism of local rings.
Let M be a finitely generated A-module with d = dimAM. Then the following
conditions are equivalent:

(i) The filtration C is a Cohen-Macaulay filtration ofM and the fibre ring B/mB
is a Cohen-Macaulay ring.

(ii) The induced filtration CB is a Cohen-Macaulay filtration of the B-module
M ⊗A B.

Proof. Let X denote an arbitrary finitely generated A-module. By virtue of [M,
Theorem 15.1] and [M, Theorem 23.3] the following two equalities are true

dimB X⊗AB = dimA X+dimB/mB and depthB X⊗AB = depthA X+depthB/mB.
First of all this proves that dimB X ⊗A B = d+ t, i.e. (CB)d+t = M ⊗A B.
Now suppose that condition (i) is satisfied. Then the above equalities show

that each of the B-modules

(CB)i/(CB)i−1 
 (Ci−t/Ci−1−t)⊗A B
are either zero or i-dimensional Cohen-Macaulaymodules. The converse follows
the same line of resoning. Hence we omit it.

Note that the previuos result 6.2 does not apply to the example considered
in 6.1. In the example there does not exist a Cohen-Macaulay filtration in A,
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while there is one in Â. The Cohen-Macaulay filtration in Â does not occur as
the extension of a Cohen-Macaulay filtration of A.
In the following we want to sum up the examples of CMF modules and rings

showing that the occurance of them is quite natural.

Example 6.3. a) Let M be a Cohen-Macaulay module. Then M is also a CMF
module.
b) Let (A,m) be a local ring with d = dimA. Let Ni, i = 0, . . . , d, be a family of
A-modules such that either Ni = 0 or Ni is an i-dimensional Cohen-Macaulay
module. Then M = ⊕di=0Ni is a CMF module over A. This follows easily by 4.3
since M admitts a filtration Mi = ⊕ij=0Nj such that Mi/Mi−1 
 Ni, i = 0, . . . , d,
is either zero or an i-dimenional Cohen-Macaulay module.
c) Let (A,m) denote a local ring. Let M be a finitely generated A-module. Then
considerA)M, the idealization ofM overA. That is, the additive group ofA)M
coincides with the direct sum of the abelian groups A andM. The muliplication
is given by

(a,m) · (b,n) := (ab,an+ bm).
Then A)M is a d-dimensional local ring, see [N, (1.1)] or [BH, 3.3.22] for these
and related facts.
Now suppose that (A,m) is a d-dimensional Cohen-Macaulay ring. LetM be a

CMF module with dimM = t < d. Then A)M is a d-dimensional CMF ring. To
this end letM= {Mi}0≤i≤t denote the dimension filtration of M. Now put

Ri =

A)M for i = d,
0)M for i = t + 1, . . . , d− 1, and
0)Mi for i = 0, . . . , t.

Then {Ri}0≤i≤d is a filtration of R = A)M such that Rd = A)M and Ri/Ri−1 is
either zero or an i-dimensional Cohen-Macaulay module. Note that

Ri/Ri−1 



A for i = d,
0 for i = t + 1, . . . , d− 1, and

Mi/Mi−1 for i = 1, . . . , t.

By view of 4.3 this proves the claim.
d) Let A[[x]] denote the formal power series ring in one variable x over the
local ring (A,m). Then a finitely A-module M is a CMF module if and only if
M[[x]] is a CMF module over the ring A[[x]].
e) Let M be a finitely generated A-module such that Hi

m(M), i �= dimAM, is a
finitely generated A-module. Then M is a CMF module if and only if Hi

m(M) = 0
for all 0 < i < dimAM. In particular, under these circumstances M is a Cohen-
Macaulay module if and only if M is a CMF module with depthAM > 0.
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f) Every 1-dimensional A-module M is a CMF module. Therefore for any d-
dimensional Cohen-Macaulay ring with d ≥ 2 and a 1-dimensional A-module M
the idealization A)M is a d-dimensional CMF ring.

It would be of some interest to understand the descend of the CMF prop-
erty from M ⊗A Â to M. What are suffficient condition on A? The Example 6.1
does not has Cohen-Macaulay formel fibres. Is it enough to suppose that the
homomorphism A→ Â has Cohen-Macaulay formel fibres ?
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[G] S. Gôto: Approximately Cohen-Macaulay rings, J. Algebra 76 (1981), 214–225.
[H] R. Hartshorne: ‘Residues and Duality’, Lect. Notes in Math., 20, Springer, 1966.
[HK] J. Herzog, E. Kunz: ‘Der kanonische Modul eines Cohen-Macaulay-Ringes’, Lect.

Notes in Math., 238, Springer, 1971.
[M] H. Matsumura: ‘Commutative ring theory’, Cambridge University Press, 1986.
[N] M. Nagata: ‘Local rings’, Interscience, 1962.
[S1] P. Schenzel: ‘Dualisierende Komplexe in der lokalen Algebra und Buchsbaum-Ringe’,

Lect. Notes in Math., 907, Springer, 1982.
[S2] P. Schenzel: ‘On the use of local cohomoloy in algebra and geometry’, Lectures at the

Summmerschool of Commutative Algebra and Algebraic Geometry, Ballaterra, 1996,
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