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Abstract

A methodis presentedor the approximationquality for sorting rules,which is based
on RoughSetDataAnalysis. Several typesof rulesarediscussedThe “nominal — nom-
inal” case(NN) (theclassicalRoughSetapproach);nominal — ordinal” (NO) rules,and
“ordinal — ordinal” (OO)rules,andits generalisatiotio “(nominal, ordinal) — ordinal”
rules(NO-O). We provide a significancetestfor the overall approximationquality, anda
testfor partialinfluenceof attributesbasedn the bootstrapgechnology

For the bivariatecase therelationshipof U — statisticsandthe proposedapproximation
gualitymeasuras discussedt canbeshovn thatin this caseasimplelineartransformation
of theKendalltaucorrelationformsanupperboundfor theapproximatiorguality of sorting
rules.

A competingmodelis alsostudied.Whereaghis methodis a promisingtool in caseof
searchingor global consisteng, we demonstrat¢hatin caseof local perturbationsn the
datasetthemethodmayoffer questionableesults andthatit is dissociatedrom thetheory
it claimsto support.

In thefinal Section,anexampleillustratestheintroducedconceptsaandprocedures.

Key words: Decisionsupportsystemssortingrules,approximatiorguality;, ordinal
prediction

Preprintsubmittedto Elsevier Science 25March2002



Tablel
A simplebivariateorderinformationtable

U|[Xg X X3 Xa X5 Xs
ql2 1 4 3 6 5
d|{1 2 3 4 5 6

1 Intr oduction

In multi-criteriasortingproblemsoneis oftenfacedwith statementsf theform

If someonés maleandat least30 years of age,
thenhewill spendat leastE10a monthon magazines

Eventhoughreallife cannotbetotally explainedby sucharules,it is nevertheless
worthwhile to approximatethe predictionquality of the setof condition criteria
takinginto accountall rulesof theabove form, andaggreatethe valuesinto a sin-
gle measurements an example,considerthe informationsystemgivenin Table
1. There,U is a setof objects,q is a condition criterion,andd a decisioncrite-
rion. With respecto theorderings<, onecanobsene,amongothers thefollowing
rules:

(VX)3 < fg(x) = 3 < fg(x), (1)

(Vx)5 < fg(x) = 5 < fy(x). 2)

In theseimplications, fq(X), resp. fq(x) is the value of objectx underattribute g,
resp.d. We referto therules(1), (2) asordinal-ordinal (OO)-rules(Duntschand
Gediga,1997a) becauseachsideof therule addresseanorderrelation.

The questionarises how onecanmeasurdhe overall predictionsuccesdasedon
the instancesf the obsenablerulesin sucha way that eachrule contributesto
the measureThis problemis, of coursenot new, andsolutionshave beenoffered
e.g.by Grecoet al. (1998a)within the framework of roughsets.However, it will

beshavn in Section4 thatthe approximatiorguality giventheredoesnot fulfil all
thatis claimed,andthata morerefinedmeasuremens needed.
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We shallinvestigatenot only puresortings,but “nominal” attributesarealsocon-
sidered- anapproactwhich is sometimesalled multi-criteriaand multi-attribute
classificationIncluding nominalattributeswe may have rulessuchas

(VX) fq, (X) = M = fg(x) = 100Q (3)
(VX) fq,(X) = M = fy(x) > 100Q 4)
(VX) fq, (X) = F A fg,(X) > 3= fg(x) > 500, (5)

Rule (3) is anominal- nominal(NN) - rule, (4) is anominal-odinal (NO) - rule,
and(5) isamixedcase(NO-O) - rule.

In the presentpaperwe arenot concernedvith constructionof optimal rules, but
with theevaluationof deterministiaculeswhich canbe extractedfrom thedata.For
the constructionof (in somesensepptimal ruleswe referthe readerto works on
Booleanreasoninge.g.Skowron andPolkowski (1997)or Wegener(1987).

It turns out that solving this restrictedproblemis quite intricate, and that there
is a needfor rathertechnicalconsiderationskFor example,the formalismof pre-
imagerelationsof Jarvinen(1998)is usedto describeordinal predictionon a set
of obsenations.Becauseof the necessargompleity of the presentatiorwe sup-
ply instructve examplesin every Section,anda comprehensie exampleafterthe
introductionof the concepts.

Every rule basedmethodfacesthe problemthat the discoveredrules may be due
to chancetherefore amachinerymustbe providedwhich teststhe significanceln
Section8 we suggestvayshow this canbedone.

All computationswvere performedwith the programNOO (Gedigaand Diintsch,
2000).

2 Definitions and notation

SupposéhatSis abinaryrelationonthesetU. Thecorverseof Sis definedas

S={¥x) xS}

For eachx € U, we let §(x) = {t € U : xS} betherange of x in S. The universal
relationU x U onU is denotedby 1y or justl, if noconfusioncanarise.We will

denotetheidentity relationby 1{, or just 1/, andthe diversityrelationby 0, or ',
sothat

1 ={{x,x):xeU},
0 ={(xy) :xyeU,x#y}



Supposehat f : U — V is a mapping,andthat T is a binary relationon V. We
definethe pre-imagerelationof T onU with respecto f by

XPre(T, f)y <= f(X) T f(y).
Thefollowing propertieof pre-imageelationshave beenshonvn by Jarvinen(1998):

Lemma 2.1 Supposehat P is one on the properties‘r eflxive”, “symmetric”,
“tr ansitive”. If T haspropertyP, thensohasPrg(T, f).

In particular the pre-imageof an equivalencerelationis an equivalencerelation.
Furthermore the pre-imageof a partial orderis a dominancej.e. reflexive and
transitive; the pre-imageR of a linear orderis a completedominancesothatRU
R=1,.

Of particularinterestis therelationPrg =, f), which we will alsodenoteby 6+. It
is anequialencerelationonU, sometime<alledthekernelof f, and

X0ty <= f(x) = f(y).

Supposehat {(Vq, ;) : q € Q} is afamily of relationalstructuresywhereeach$,
is abinaryrelationonVg. TheproductrelationSonV = [qcq Vq is definedby

(Xaq)geaS(Ya)ge <= (V4 € Q)XY

For our knowledgerepresentationye have afinite setU of objects,a setof inde-
pendentttributes(or variables) = {qp, . .., 0m} with valuesetsVy, q € Q, anda
decisionattribute d with valuesetVy. To avoid trivialities, we supposehroughout
thatVy hasatleasttwo elementsFor eachQ C Q we setVg = [qeq Vg- A decision
table I isasubsebfU x Vo x Vy. Each({x, s, ...,Sn,t) € I isinterpretedas

“Objectx hasg;-values; for eachi < m, andd-valuet”.

Welet fq :U — Vg and fy : U — Vy bethe projectionsto the attributes;to avoid
awkward notation,we assumehroughoutthatall theseprojectionsareonto func-
tions. The kernelsof thesefunctionsare denotedby 6y and 6y, respectiely. If
QC Q,welet fg: U — [N Vg betheproductmappingof thefunctionsfy, q € Q.

Thefollowing resultwill be usefullateron:

Lemma 2.2 Supposehatfor eadi g€ Q, §isabinaryrelationonVy, PCQC Q,
and Sp, resp.Sy are the productrelationson Vp, resp.Vg. Then,PreSg, fg) C
Pre(Sp, fp).

PROOF. Let xPrgSy, fo)y. Then, fq(x)§;fq(y) for all g € Q. SinceP C Q, we
alsohave fq(X)S;fq(y) for all g € P, andthus, xPrg(Sp, fp)y. O



3 Sorting rules

Supposehaton eachVy we have a binaryrelationS;, andT is a binaryrelation
onVy. An (S, ...,Sn|T)-rule is astatemenbf theform

(VX) /\ s fo (X) = tT fa(x) (6)

i<m

The standardsituationof multi-criteria investigationhaseachS asa linear order
onVy, andT alinearorderonVy. Sincetheleft sideof (6) is aconjunctionwe are
in factlooking atthe productorderSon [qcq Vg definedby

(X0 - - -, Xm) Y0, - - - Ym) <= X Syi forall i <m.

Sincethe productrelation of partial ordersis againa partial order, it sufficesto

considerQ = {q}, andapartialorderrelationS onVg. However, we wantto point
out, that, in doing this, the researchehasto make a definite choicefor eachVy

whichof < or > is of interestin conjunctionwith thechoicedor theotherattributes
g, anddisregardall otherpossibilities Below, for example rulesof theforms; <,

f(X) As2 <g, T, (X) =t <q fq(X) are comparedwith rules of the type s; >q,

fu(X) As2 <g, fq,(X) = t <q fq(x), and we develop indicesthat shav whether
the (<gq,,<g,) rulesor the (>¢,, <q,) ruleshave morepredictingpower. But there
are othertypesof rules,which may have even higherpredictionsuccesssuchas
rulesof thetype (>q,, >q,). Simplecombinatoricsshow thatin generale have to

consider2/?l differenttypesof rules,andinvestigatingall possibletypesevenwith

a moderatenumberof attributesis a demandingask. Therefore,in the sequelwe
will assumehattheresearcheis awarethatthe orientationof the attributeswithin

Q is essentiafor rule generatiorandevaluation,andhasmadea choicewhich ones
areto beinvestigated.

Sincewe alsowantto considerthe nominalcasewhere$; is the identity relation,
andthe mixed casef nominalandordinal criteria, we will look at the following
situations:

(1) Q={q} andSis theidentity on V.
(2) Q= {q} andSis apartialorderonVq, writtenas<gq.

We will alsoconsideraspecialcaseof 2., namely
(3) Q={qo, a1}, S is apartialorderonVg,, and$; is theidentity onVy, .

For the right handsidesof (6), we will considerthe identity, a linear orderingT,
written as<g, andits corverse>y4. We will drop subscriptonthe orderingswhen
no confusioncanarise.



Theruleswhich we wantto investigatearedeterministicandhave theform
(VX)[sSfo(x) = tT fa(x)], (7)

whereSe {=y,,<q} andT € {=y,,<q}. More concretelywe look attherules

(VX)[s= fo(X) =t = fy(X)] nominal-nomina(NN),
(VX)[s= fo(X) =1t < fy(X)] nominal-ordina(NO),
(Vx)[s< fo(x) =t < fg(X)] ordinal-ordinal(OQO).

In thesequelpy arule we will alwaysmeanadeterministicule suchas(7), unless
statedotherwise.

In orderto gaugethe predictive power of Swith respecto T we considerthe fol-
lowing setsof objects:

(9 =0(s,1) = {xe U :sSf(x)} = o' ((9)),

containingthoseobjectswhich satisfythe conditionsof (7),

O(t) =0(Lt) = {xe U :tTa(x)} = fg (T (1)),

containingthoseobjectsfor which the consequentf (7) holds,

d(st) = {xeU :sSig() AtTfy(x)} = fo (S(9) N fg (T (1)),

which denotesthe setof objectswhich support(7). If it is necessaryo make it
clearwhich relationsS or T are underconsiderationye will write $S(s), ¢7 (t)
and¢ST (s,t). We shallalsousethevalue

9(s1)]
)]
calledthecoveringdegree(of swith respectot). It is therelatve numberof objects

relatedto t which areexplainedby therangeof sin S andit estimatesow well a
rule coverstherelational(e.g.sorting)propertiesof T for afixedt.

m(st) =

We will frequentlyuseintersectiontableswhich arematricesindexedby Vg x Vg,
whoseentriesarethe sets (s, t). Thesearerelatedto the well known contingeng
tableswhichmeasurehejoint occurrencef two or morephenomendf wereplace
d(s,t) by its cardinality we obtaina contingeng tablein the classicakense.

The setof thoses € Vg leadingto a deterministic(§T)-rule of the form (7) for
fixedt is definedas

deti"(t) = {s€ Vi : (T3 (S(s)) # 0) A (VX)[sSfq(X) = tT fy(x)}
={seVQ:0# f3(S(9) C fg (T(V)}-



If SandT areunderstoodwe will omit the superscript.

Sincewe alwayschoosese {=q, <o}, it istransitve,andwe canusethefollowing
result:

Lemma 3.1 If Sis transitive then

U f'ss)= U '

sedef(t) sedef(t)

PROOF. It is enoughto shaw thats € def(t) andsS' imply s’ € def(t). Thus,
supposehatthe hypothese$iold, andlet 'Sfo(x). Then,sS'Sfo(x), andthetran-
sitivity of SimpliessSfo(x). It follows from s € def(t) thattT fy(x), andtherefore,
s edeft). O

It shouldalsobe notedthatfor all swith fal(S(s)) #0,

se deft) <= f5'(S(9)) C fg H(T(1)) = d(s,t) = d(s). (8)

We saythatt € Vy splitsa classk of Oq, if therearex,y € K suchthat

tT fg(x) andnottT fy(y). 9)

Thetaskswhich we wantto considerareasfollows:

(1) For eacht € Vy find a scoringfunctiony(St) which aggreatesthe covering
degreesri(sit), s € V. This index shouldoffer an evaluationhow well the
elementf Scovertherelationalpropertiesof T for afixedvaluet € V.

(2) Findascoringfunctiony(S|T) which aggreatesthe scoringfunctionsy(Sit)
overall t € V3, andwhich enablesan evaluationhow well the relation S ex-
plainstherelationalpropertieof T.

Sincewe only wantto countthe x € U which contribtuteto a rule of the form (6),
thoses € Vg for which fal(S(s)) z fd_l(T(t)) arenot of interestto us. Therefore,
the simplestway of definingy(Sit) is to take the cardinalityof theunionof thesets
d(s,t), se deft) relative to thecardinalityof ¢ (t):

[Uscdetr) (S, 1)
Y(St) = : (10)
9(t)]
NotwithstandingOccams razor the questionarises,whetherthe simplestway is
necessarilthe best.We shall seebelow thatin the NN andNO casesthe numer
ator of (10) is the cardinality of the sumof classesof 8g which agreeswith the




approximatiorguality usedn roughsettheory(Pawlak, 1991).In theOO or NO-O
casethe intersectionf the sets{¢(s,t) : s € def(t)} arenot necessarilyempty
which meansthat the sum of the cardinalitiesof ¢(s,t) is not a useful statistic.
Because Jsgeqr) §(S:t) C §(t), theindex y(St) is boundeddy theintenval [0, 1.

In asecondstep,we aimto find suitableindicesw(t) suchthat

Y(ST) = ZW(t) -Y(St).

The simplestway — a linear function— of combiningtherule basedneasurements
y(St) to the aggr@atedmeasuremenyg(ST) is chosenonceagain.We shall see
that this aggreation schemes quite naturalin the NN and NO case,andthatit
is applicablein the OO or NO-O caseaswell. In the OO casewe will show that
y(ST) is connectedo otherwell known indicesof ordinaldataanalysis.

The reasoningbehindour choiceof the parameterss that we want to construct
aggre@ationindiceswhich measurehe quality of sortingin termsof valid deter

ministic rules. Thereis, of course aninfinite numberof possibleschemespn the
basisof Occams razor we choosesimple oneswhich seemto do what we want
themto do. This is similar to the factthatthe classicaly is only oneof infinitely

mary measuresvhich couldbeused,dependingnthe circumstance§Gedigaand
Dintsch,2001).

4 A proposalfor multi-criteria sorting quality

In orderto make clearerwherethe problemdie, we recallthey measuresuggested
by Grecoetal. (1998a)for the approximationguality of rulesof the form (6). Let
usconsidera partialorderSon Vg andalinearorderT onVy. We will sometimes
write <q for Sand<q for T.

For eacht € Vy let

G = f(;l(t)7
Co = J{Pre(T, fa)"(X) : x€ G} = {x:t > fa(x)},
Ce = J{Pre(T, fa)(¥) : x€ G} = {x:t <q fa(¥)},

andfor eachx e U

D™ (x) = Pre(S fo) (x) = {y € U : fa(y)Sfa(¥)},
D™ (x) = Pre(S fo) (x) = {y € U : fo(x)Sfa(y)}-



For thedefinitionsabove, notethatthesetsC andCS have alreadyappearedbove
as¢=(t) andp=(t); theruleswe considermrebasedntherelation<q onU, while
thedominanceelationD usedby Grecoetal. (1998a)is in factthe corverseof the
pre-imageof <q. In orderto keepconsistentith their scenariove have therefore

“turnedaround”thedirectionof CZ andC:.
We seethat
D¥(x) CCF <= (W)[fo(y) <q fo(x) = fa(y) <atl,
and
D™ () C G <= (W)[fo(x) <q fo(y) =t <d fa(y)]-
For eacht € V4 thelower approximationof CF, res.pCtS is now definedas

CZ ={xeU:D*(x CC},
CE = {xeU:D~(x) CCE}.

Supposéhat fo(x) = s. If xe Ct_z we obtaintherule
(W)[fa(y) <@s= fa(y) <atl.
Similarly, if x € C*, we have

(VY)[s<q fo(y) =t <4 fa(y)]-

Theupperapproximationsaredefinedas

We set

Proposition4.1

0(U,q,d) = {xe U : (JyeU)[(fo(x) <q faly) andfa(y) <a fa(x))]  (11)
or (3z€ U)[(fo(2) <q fo(x) and fa(x) <4 fa(2))1}



Table2
Somesortingvaluesfor Tablel

Dt (x1) = {x1,%2} D*(x3) = {xq,...,Xa} Dt (xs) =U
D+(X2) = {XZ} D+(X4) = {Xl’X25X4} D+(X6) = {Xla -y Xa, XG}

Co={x:i<k}, Cc={x:k<i}

ﬁ =0 % = {Xl,XZ} a(C%) = {X17X2}
C3={x %} CF={x,....xa} 9C5)={x X}
gz{xla"'ax‘l} C:5Z = a(c\%) :{X5’X6}

PROOF. First, notethatfor eacht,
x€0(CP) and <= (Fy,z€ U)[fo(2) <q fo(¥) <q faly) andfy(y) <at < fa(2], (12)
and
x € 0(C) <= (Fy,ze U)[fo(2) <o fo(X) <q foly) andfa(y) <at < fa(2)]. (13)
“C" Letxe d(U,q,d), andsupposéhatx € d(CY). By (12), therearey, zsuchthat
fQ(Z) <0 fQ(X) < fQ(y) andfq(y) <qt < fq(2). If fg(x) <qt, thean(z) <0 fQ(X)
andfg(x) <t < fq(2) witnessthatx is in theright handsideof (11).If t <q fg(X),

thenfg(x) < fo(y) andfg(y) <qt < fq(X) shav thatx x isin theright handsideof
(11). Thecasex € 9(C) is analogous.

“D" Supposehatfg(x) <q fo(y) andfy(y) <4 fa(x). Sett = fy(y), z=Xx, anduse
(12).1f fo(z) <q fo(x) andfy(x) <q f4(2), sett = f4(z), y=x, anduse(13). O

Furthermorefor x € 0(U, g,d) and fo(x) = swe have fal(s) cad(U,q,d).

The quality of approximationof the partition {C;} by meansof q or the quality of
sortingis now definedby

U\IU,q,d)|

Yems =
U]

Thevaluesfor thedatain Tablel areshovnin Table2.

It is claimedby Grecoetal. (1998a)that
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“On the basisof the approximationbtainedby meansof the dominanceela-
tionsit is possibleto inducea generalisedlescriptionof the preferentialinfor-
mationcontainedn the decisiontable,in termsof decisionrules”.

It is, however, not madeclear how theserules, which dependon the constants
from the setsVg andVy, arerelatedto the approximationslescribecabove andthe
guality of sorting.Indeed,theredoesnot seemto be a necessargonnectionand
the existenceof non-trivial (deterministicyulesandygus seemdissociatedAs an
example,considerthe informationsystemgivenin Table 1. The existing rules(1)
and(2) arecertainlyinformative. For example,(1) canbeinterpretedasIf fo(X) is
notlessthanthemidpointof theVg-scale thenfqy(X) is notlessthanthemidpointof
theVy-scale” whichis quitehelpful,if e.g.T is arankinghow well afirm paysback
acredit,andSis arankingof creditability computedoy somesimpleinformation
aboutthefirms.

It canbe seenfrom Table 2 thatthe ygus value of the systemis zero,despitethe
factthatthereare non-triial rules. This seemgo contradictthe quotationabove,
andshaows thedissociatiorof ygus from thetheoryit claimsto reflect.Indeed the
examplecanbegeneralisedo arny setwith cardinality2 - n, andtherefore pnecan
have arbitrarily mary non-trivial rules,but yoms = 0. Thereasorfor this seemdo
betheoverly restricteddefinitionof boundaryOneconsequencef thisis the sen-
sitivity of the measuremerdgainstocal perturbationsin the exampleof Tablel,
theassignment$qg and fq arethesameupto thetranspositiorof adjacentlements.

Classicalroughsetapproximatiorquality yc countstherelatve numberof elements
which canbe capturedby deterministicules,while ygus doesnot. Hence another
approachs requiredif onewantsto capturethe existenceof (deterministic)rules
which canbediscoveredin the system.

We would lik eto stresghatit is notthe purposeof the presenpaperto suggesthat
theygms index hasno valueper se andwe would lik e to quoteBanzhafwho had
similar concernsn the contet of weightedvoting:

“As with any mathematicaanalysisjts intentis only to explaintheeffectswhich

necessarilffollow oncethe mathematicamodelandthe rulesof its operation
areestablished. . whatever elsemay be saidfor or againstweightedvoting asa

practicalsolutionto a practicalproblem,it doesnot eventheoreticallyproduce
the effectswhich have beenclaimedto justify it.” (Banzhaf,1965,p. 319)

5 The NN case

Let usstartwith thecasethatSandT aretheidentity relations.Considerasanex-
ampletheinformationsystemshawn in Table3. Theintersectiortableandthecon-

11



Table3
Informationsysteml|

U/A B C D E F G
g1 1 2 2 3 3 4
d{1 1 1 2 2 3 3
Table4 Table5
Intersectiortabled(s,t) Conditionalcoveragert(sit)
d=t d=t
q=s 1 2 3 q=s| 1 2 3

1 [{AB} 0 0 1 |0.67 0.00 0.00
2 | {c¢ {D} 0 2 |0.33 050 0.00
3 0o {E} {F} 3 |0.00 050 0.50
4 0 0 {G} 4 |0.00 0.00 0.50

ditional coveragearegivenin Tables4 and5, respectrely. There,asin thesequel,
a bold facedentry correspondso one of the threeequivalentconditions(8). Be-
causeof the specialstructureof theidentity relation,we have fd_l(T(t)) = fd_l(t).
Independencegivesusdet(t;) Ndef(ty) = O for t; # tp, and,usingthe principle of
indifferencewe let theweightsw(t) beproportionalto the sizeof theclassfd_l(t),
ie.

] o)
O="g" = U

Sinced(t) = fi(t) andd(s;t) = f5*(s) for s€ deft), we have

[T ()] 5" (9)] 5™ (9|
vNN(=|=)=Z< R A=l I N Wi Vi
G\ Y & lfa Ol Kl 1V
andthus,ynn(= | =) agreeswith the standardapproximationguality of roughset

theory(Pawlak, 1991).

For theexampleof Table5 we have

3 2 2
=|=)==-067+=-0+=-0.5=0.429
YWN(=| =) / +7 +7

12



6 The NO case

Ourseconccasedealswith thesituationthatSis theidentity, but T is alinearorder
< onVy; thus,we facea nominal-ordinal(NO) situation.If we take into account
thecornverse> of T, therearesereralrulesof type (6) which canoccur:

(") [fo(x) =s=t < fa(x)]; (14)
(VX)[fo(x) =s=t > f4(x)], (15)
(VX)[fo(x) =s=t < fg(x)] or (VX)[fo(X) =s=t > fg(X)]. (16)

Letusconsider(14). Similarto the NN casewe arrive at

Wo(St)= 3 mst)= -

5 5.
<& T ehsn) O

Obsenrethat

Wo(St) =1+ dzmlfal(S)\=\f51(T(t))l<=> U Q=11
scdef(t sedef(t)

In otherwords,y(St) = 1if andonly if t doesnotsplit ary classof 8q in thesense
of (9).

The determinatiorof the weightingsw(t) for the aggreationof yno(St) needsa
little moreattention Let tmin = minVy; then,for eachs € Vg we obviously have the
rule

(VX)[fo(X) = 5= tmin < fa(X)],

which doesnot carryusefulinformation.Thereforewe will setw;_ = 0.

min

In all othercased > tmin, we choosethe simplestway to computew(t) by taking
the cardinalityof ¢(t) relative to thesumof all [§(t)|, t # tmin, to Obtain

0, |f t = tmin,

W(t)={ e -
STt 1000 otherwise.

Otherweightingschemesreof coursepossible The choseronehasananalogous

structureto the NN approachThe numeratoiis the numberof all elementsvhich
fulfil a“local” condition,whereaghedenominators simply thesumof all possible

13



numeratorsThus,we arrive at

Wo(=|<) = Z w(t) - Yno(Sit)

[T (T ()| _ 1 . 1
Foin Stztmnl fa ((TO) THT )] se%(t)‘ <

! 154(9).

a ZtZtmian_l(T(t))‘ t3Tmin scdett)

It is easyto seethat
0<wno(=[<)<1,

becausehefunctionsyno(= |t) satisfythis condition,andthe weightingsw(t) are
non-ngatve andsumupto 1. Furthermore,

Proposition6.1 If P C Q thenyno(=v; | <) < Yno(=vg | ).

PROOF. By thedefinitionof yno it is enoughto show that

DL RO Y ]

sedef®IT(t) scdetlT (1)

for all t € T. Supposehats e det®/T (t); if f>(s) = 0, thens doesnot contritute
to the left handsum. Otherwise,let fp(y) = s, and fo(y) <q fo(X). SinceP C

Q, we have s= fp(y) <p fp(x) by Lemma2.2, andtherefore,fq(y) € def(T(t).
Thisimpliesthaty € f5*(s) for somes’ € def®/(t). Sincethesetsfg(s), s €

def[T(t) arepairwisedisjoint, the conclusionfollows. O

A characterisationf the extremalsituationsfor yno(= | <) is givenin thefollow-

ing

Proposition6.2 (1) yno(= | <) = 0 <= for ead classK of 8g there is some
x € K sudh that fgq(X) = tmin.

(2) Yno(=| <) = 1 <= for ead classK of 8g there is somet € Vy sudh that
fa(x) =t for all x € K.

PROOF. 1. Since0 < yno(= [t) for eacht € Vg, andyno(= | <) is the positively
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weightedsumof yno(= |t) for t > tmin, we have

Yno(= | £) = 0= (Vt > tmin)Yno(= [t) =0, (7)
< (Vt > tmin) dett) = 0, (18)
= (Yt 2 tmin) (VS € Vo) o 1(9) £ f4 (1), (19)
<= (Vt > tmin)(VS€ Vo) (Ix € U)[fo(x) = sand fy(x) < t].
(20)

Lett™ betheuniqueelemenbf Vy coveringtmin, andsupposehatyno(= | <) =0
By (20), eachclassof 6 containssomex suchthattmin = fq(X) < t*. Corversely
if eachclassof 8g containssomex suchthat tmin = fy(x), thenclearly (20) is
satisfied.

2. By definition,

Wol=19) =1 Y ¥ IGMOI= ¥ 1T TO).
t>tmin sedef(t) t2>Tmin

Since fg'(s) € fy (T (t)) for eachs € def(t), andthe sets f5*(s) are pairwise
disjoint, we have ¥ scqeqr)| o 1(S)] < |3 (T (t))| for eacht € Vy. Therefore,

wo(=|<) =1 (Vt=tmin) > Ifél(S)\ =g '(T )| (21)
scdef(t)
= Mt 2tmn) |J M) =g H(T() (22)
scdef(t)
<= (Vt > tmin) (VX € U) (VY € Bg(x)) [t < fa(X) =t < fa(y)]
(23)

Supposehatyno(= | <) = 1, andassumehereis someclassK of 8g andx,y € K
suchthat fg(x) # fq(y). Letw.l.o.g. fq(y) < fq(x), andsett = fy(x). Then,fy(y) <
t < fq(x) andfo(x) = fo(y), contradicting(23).

Corversely supposethat for eachclasskK of 8qg thereis somet € Vy suchthat
fa(x) =t for all x € K. Thisis the caseexactly when8q C 6y, andtherefore;each
fi(t) istheunionof all setsf5 () it contains Thisimpliesthaty seqey) | fq ()| =

Ststnl fa (T()], andthereforeyNo(— <)=1by(21) O
Corollary 6.3 yno(= | <) =1l<=Wwn(=|=)=1<=Wwo(=|>) =1

This tells us, alongwith (6.1), thatif 8g formsafiner (or equal)partition thany
this resultin a perfectapproximationof all threerelations=4, <4 and>q4 by the
classeof Q. This may be astonishingat first glance;however, if a classk of 6qg
is split by somet, noneof the threerelationscanbe approximatedvithout error.
Consequentlyif the granularityof Q is high —i.e. the classef 6 arerelatvely
small—, we canexpecta high approximatiomuality in yyn aswell asin yno —this

15



Table6 Table7
Intersectiortable¢=/<)(s t) for Table3 Intersectiortable¢(=12)(s;t) for Table3

d d
q 1 2 3 q 1 2 3
1{A,B} © 0 1/{A,B} {A,B} {A,B}
2|{C,D} {D} © 2| {C} {c,D} {C,D}
3|{E,F} {E,F} {F} 3] 0 {E} {E,F}
4 {6} {6} {¢} 4 0 o {G}

is the problemof “casualrules”, which meanghateveryrule is generatedby only
afew numberof exampleswe will addresghisissuein Section8.

If ywo(=| <) =0andyno(= | >) = 0, theneachclassof g mustcontaintmi, and
tmax (Which aredifferentby our globalassumptions)Therefore,

Corollary 6.4 yno(= | <) = 0andyno(= | >) = 0imply ynn(= | =) = 0.

For the exampleof Table3 we obtainthe intersectiontablesshavn in Table6, 7.
As above, thecells (s,t) with s € def(t) areprintedin boldface.Therefore for the
example,

wo(=[<) =2 [+ +1] =

I

wo(=[2)=35-[(2+2)+2] =

(ool NN o
AlWWIN

The definition of yno was basedon rules of type (14), wherewe supposedhat
T = <. An analogougonstructiorcanbe madefor T = >. By similar aguments,
we definetheapproximatiomuality yno(S <, >) for rulesof type (16) by

B > t>tmin| Usedett) 0=IS(st)| + > t<tmax] Usedett) 0=1Z(st))|
B S t2tmin 9= (0] + Yt<tna 9= (V)]

_ StotmnlUscaes ) fo (9 + StstmalUscaer @) fo (9]
St T (T O]+ St fa (T

The statisticyno(= | <, >) forms an averageof the statisticsyno(= | <) and
yno(= | >). Notethatyno(= | <) doesnottake into accountdet(tmin), andyno (=
| >) doesnotusedet(tmax), becausé is atautologythatary elemenin thesample
is notsmaller(greaterthanthesmallesigreatestglementCountingsuchrulesre-
sultsin countingtrivialities, hence suchyy,5 would be positively biasedandwould
resultin avaluewhichis never zero.For example,if oneusesthedet(tmin) aswell,
onewill resultin y{,5 = Yno +CONST for ary conditionattribute. Thus,notusing
det(tmin) anddet(tmay) is just a matterof corveniencefor the usageof yno. Ob-

VNO(: | Sa 2)

(24)

(25)
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viously, thereis no tautologicalrule in the NN case thereforeno valueshouldbe
omitted.In all othercateyoriesthe countersof the examplesfor the nominatorand
for the denominatomreidenticalfor both statistics.Therefore the threestatistics
wo(=|<, >),wo(=| <) andyno(= | >) mightdifferin thosecasesn whichthe
cardinalitiesof thetmin and/orthe tyax Catgoriesare substantialln this case the
valueof yno(= | <, >) isacompromiseof thetwo elementanstatisticsassuming
thattheresearcheis interestedn <-rulesaswell as>-rules.

Theevaluationof theexampleshows

~ 241+ +(24242) 5
Wo(=|<, >2) = 412315 7

Finally we obsene:

Corollary 6.5 (1) ywo(=|<, >)=1<=wN(=|=)=1
(2) Wwo(=[<, 2)=0=yn(=|=)=0.
(3) If PC Qthenyno(=¢q | <@, >q) < Wo(=p | <p, >p).

7 The OO caseand mixed NO-O predictions

The mostinterestingcasefor multi-criteriadecisionmakingconsidergulesof the
form

(VX)[s<q fo(x) =t <q fa(x)].

The argumentsfor the choiceof the parametersv(t) givenin the NO caseapply
hereaswell, sothatin the NO casewe find formally the sameexpressiorasin the
NN case put usingdifferentsetsdef™:

2 t>tmin Uscdett) fal(s) |
> t>tminl fa (T ()]

The OO-intersectiortablesfor the systemof Table3 aregivenin Table8, 9, and
we compute

Yoo(< | <) = (26)

3+1 2

< I K)=——-= =

and,asanotherexampleof the sameevaluationsstratey,

0

<|[>)=——=0.
Yoo(<[2) =g 3

Thebehaiour of yoo is similarto yyo asProposition7.1shows.
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Table8 Table9
Intersectiortable$(<I<)(s t) for Table3  Intersectiortable¢(<2)(s;t) for Table3

d d
q 1 2 3 q 1 2 3
1 U {D,E,F,G} {F,G}| |1/{AB,C} {AB,C,D,E} U
2|{C,D,E,F,G} {D,E,F,G} {F,G}| |2| {€}  {C,D,E,} {C,D,E,F,G}
3| {E,F,G} {E,F,G} {F,G}| (3] © {E} {E,F,G}
4 {G} {G} {G}| |4 © 0 {G}

Proposition7.1 (1) If P C Q thenyoo(<p | <) < Yoo(<q | <).
(2) LetM bethesetof maximalelement®f (Vg, <). Then,

Yoo(< | <) =0<«= (Vse M) (Ix € U)[fo(x) = sand fy(X) = tmin].

(3) Yoo(£ | <) = 1= (¥ Y)[fa(x) < fo(y) = fa(x) < fa(y)]-

PROOF. 1.is analogoudo Proposition6.1.
2.is analogoudo Proposition6.2.1.

3. Supposehatyoo(< | <) = 1. Thisholds,if andonly if

Ufl\—ZHlumL (27)

t2tmin sedef(t) t2tmin

Sincefor eacht we have Uscqeqt) fo '(5) € fg H(T(t)), (27) holdsif andonly if

vt tmin) J foH(9) = feH(TM)]. (28)

sedeit)
Observinghats € deft) ands < s’ imply ' € def(t), we obtainfor t > tmin
t = fg(x) = [(Is e deft))[s< fo(x) = fo(x) C def(t)]],
i.e. fo(x) € def(fy(x)). Obsere thatthis holdsfor all t € Vy, sothat
(V%) (W) [fe(¥) < fo(y) = fa(x) < fa(¥)], (29)
whichis ourdesiredresult.

Now, supposehat(29) holds,andlett > ty, andt < fy(x). We needto show that
X € Usedett) fal(s). Assumethat fo(x) ¢ def(t). Then,thereis somey € U such
that fo(x) < fo(y) andt £ fy(y). Sincet < fq(x), thiscontradictg29). O
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Thefollowing is immediatefrom the precedingesult:

Corollary 7.2 (1) If (Mo, <g) is orderisomorphicto (Vy, >4), thenyoo(<, <) =
0.

(2) Supposehat Q = {q, p}, |U| = [Vq| = [Vp|, and <p=>q. Thenyoo(<{q,p}
| <4) = 1 holdsfor anydecisionattributed.

At first glance thisresultsseemgo beadravbackof our approachbecausdq, p}

canpredicteveryorderedattributed withoutany error. Neverthelesstherearesome
argumentghatthis resultis avery naturalone,andthatit mustbe obsered,if the
methodis a valid regressiontype procedure Whenwe look at what happensn

Corollary7.2,we seethatevery classof 8g consistof oneelementandtherefore,
no two classef 8 arecomparablelf the classesare not comparablethe OO-

approachcollapsego the NO-approachThis is anotherinstanceof the casuality
problemmentionedabore.

In orderto seethatayoo(< | <, >) approximationin analogyto (24)is notfeasible,
let us look againat the exemplarycasethatVq andVy arelinearly orderedby S,

respectiely, by T, andthat |U| = [Vg| = |V4| = N. In this case,fq and fy are
bijective, andwithout lossof generalitywe supposehat

U=Vo=Vy, PreS fq) =S PregT, fg) =T, fo= fqg=1. (30)

Then,
def N-(N—1 iy
M E %:\SQO’M:B’HO’U\:\TQ%\:\T gl

Statisticsoffersaframavork for measuringnonotoneelationshipsthe U-statistic

(Puri and Sen,1971),to which our measuresan be related.SetC def ISNTN

o,l, D & 1sn T°N0|; we definethefollowing two U-statistics

u<|<) =, U<|H)=0.

M = C+ D impliesthat ¢/(< | >) = M=C€, andthereforethe measure

D+C M 1
USIS2)="m = =2

which is analogoudo (24), is constant,rrespectve of the possibleconnections
betweerthe ordersonVg andVy.

The U-statisticsarerelatedto thewell known Kendall's T statistic(Kendall,1970)
via

1= U< | <) - U | <). (31)
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Thevalueof T is boundedby —1 < 1 < 1. A valueof 1 near+1 canonly appear
if mostof the pairsof elementsare collectedin the (< | <) statistic,which is
interpretedasa high positive monotonecorrelationof Vg with Vy. A valuenear—1
indicatesthat Vg hasa high negative monotonecorrelationwith V. A valueof t
nearQ is interpretecasno monotonecorrelationof Vg andVg.

Thenext propositionconnects andyoo(< | <) in the 2-attribute-caséor which t
wasdesigned:

g 1
Proposition 7.3 LetU,S T,C,D,M beasabove Then,yoo(< | <) < %

PROOF. We assumehe simplificationsgivenin (30). Then,

Y t2tmin | Usedett) fq (9l
S tztmnl g LT D)
_ it 9ET)|
S t>tminl T ()] ’
_ > t>tmin dEL)]

Yoo(< | <) =

b

(N=1):N
2
_ > t>tmn dET)|
=
SinceD = M —C, we find
T= x_ 1
M

andthus, it sufficestoshavy< & = U(< | <), which simplifiesto

Y ldett)] < |SNTNQ|.

tZtmin

By our hypothesesye cantake w.l.0.g.
U=Vo=Va={1,2,...,N}.

Let <4 bethenaturalorder< onU, andss <g sx<=r <k ForkeU lets, = k.
Thefollowing factsareeasilyverified:

t; <ty =defty) C def(t;). (32)
deft) =0«<=sy < t. (33)
sedeft) =1>gs (34)

To eachpair (t,s) wherel <t ands € def(t) we want to assignan elementof
SNT N0, suchthat the assignments injective. Thus, supposethat s andt fulfil

20



theseconditions We thenhave

Therearetwo cases:

(1) t <o s Sinces e deft) we havet <q s, andthuswe canassign(t,s) — (t,s).

(2) s<qt:Inthiscasewe assign(t,s) — (1,s). By (34) above,wehave 1 <g s,
andit follows that (1,s) € SNT N 0. To show that the assignments one-
one,supposehats <qt;, s<qgtp, ands € dett; N detto. Then,s € deft;) and
s<qt2 impliest; < tp, andsimilarly, t; <t;. Therefores <qt ands € def(t)
is possiblefor atmostonel < t, andtherefore theassignments one-one.

This completegheproof. O

; ; 1+t.
It is possiblethatyoo < =5

Vol4231
Vyl1234

In this situation,yoo(< | <) =0and—1 < 1, sothat0 < 3.

We have shown that

Yoo(< | <) <UL X)
holdsin the 2-attribute situation,andby the sameargument,onecanshaow thatthe
othery statisticsareboundedoy comparablet! statisticsaswell. Theinterpretation
is straightforvard: Thenumberof admissibleelationcompatiblepairsof elements
is anupperboundfor the numberof possiblerelationcompatiblerules. This mo-
tivatesthe definition of a modifiedt statistic,which reflectsthe rule compatibility
by

Too=Yoo(< | <) —yoo(<L | >).

The constructionof 1o is similar to T in the 2-attribute situation,with the differ-
encethat tpo is basedon y statisticsandt is basedon U statistics.As with the
original T, thevalueof 1op is closeto +1, if <qg explains<g4 well, and—-1 if <q
explains>g.

If we have morethanoneelemenin Q, the problemof choiceof relevantrelations
arisesagain,andwe referthereaderto theremarkson pageb. If orientationof the
ordersS; is fixed,two interestingstatisticsremain:yoo(< | <) andyoo(> | >). We
proposehe statistic

ZtZtmin‘UsedetﬂS(t) f61(5)| + Ztgtmax\Usedeg\z(t) f61(5)|
S tstmnl T (T O] + Ststmad fa - (T71)]

Yoo =
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asameanvaluebetweenyoo(< | <) andyoo(> | >). Thisis ausefulstatistic,if

e Theuseris awarethatthe orientationwithin Q is consideredor the calculation
of Yoo, and
e Theuseris willing to interpret(<, <) rulesaswell as(>,>) rules.

As in the caseof NO prediction,the computationof the statisticsyoo(< | <) and
Yoo(> | >) differ only in (non-) consideratiorof tm,;, andtmax This meansthat
bothstatisticsdisagreef the cateyoriesdefinedby tin andtmax aresubstantial.

Considerthefollowing example:

d5555554321
6666612345

We seethatyoo(<,<) = % butyoo(>,>) = 0. Thestatisticyoo = 0.5 is thecom-
promiseof both values.In this examplethe value of yoo hasa smallerdistance
to yYoo(<, <) thanto yoo(>,>). This is due the fact that there are more non-
tautologicalrulesbasedon <4 thanon >4 andthereforeyoo(<, <) recevesmore
weightin thecompromisemeasureg/oo.

Proposition7.1impliesthe monotory result

Corollary 7.4 (1) If PC Qthenyoo(P = d) < yoo(Q=-d).
(2) LetM bethesetof maximalelement®f (Vg, <) andM’ bethe setof minimal
element®f (Vo, <). Then,

Yoo = 0<4=(Vse M)(3Ix € U)[fo(X) = sand fy(X) = tmin]
and (Vse M’)(3Ix € U)[fo(x) = sand fg(X) = tmax-

(3) Yoo = 1= (Vx,Y)[fo(X) < fa(y) = fa(X) < fa(y)].

Supposeve wantto usenominalandordinal attributesjointly for prediction(NO-
0), e.g.genderandsalary We caneasilyaccommodatéhis situationinto the OO
scenaridoy observinghattheproductrelationof anequivalenceanda partialorder
againis a partial order®. As a consequencegiven a nominally scaledattribute
g, an additionalcriterion is only of interestwithin the equivalenceclassesof 8.
This meandor the gender/salargxamplethatthe salaryorderingswithin “male”
and“female” are usedto predictd, but salaryorder betweenthe “male” andthe
“female” groupsarenottakeninto account.

In Table10 a simpledatasetis givento demonstratéhe effect of anNO-O predic-
tion. If Q = {01}, the predictionresultsin the poor approximationquality yno =

3 Thisis notanew ideain this context. Onewill find the sameargumentsin Grecoetal.
(1998b).
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Tablel0
A simple(nominal-order)-ordeinformationtable

Ulabcdefgh

GWMFMFMFMF
®/51627384
d|12345678

0.143,becauseheonly nontrivial rulesthatcanbe extractedare

M = fq,(X) = 7> f4(x),
F = fg,(X) = 2< f3(x).

Theapproximatiomguality of the predictionQ = {q} is alsonotvery high (Yoo =
0.429),becauseheorderingin Vg, allows only afew predictionsof thed ordering
(€.9.6 < fg,(X) = 4 < f4(x)). ThecombinedNO-O prediction{qs, .} = d shaws
a perfectapproximationquality, becausehe orderingsof g, andd are 1:1 within
theclassesM” and“F”.

8 Statistical issues

As we have alreadymentionedabove, a high y value canpossiblybe achiered by
randominfluence,andalow y valueneednot indicatethatthe remainingrulesdo
not have a substantiabasewithin the data.This situationis identicalto thatin the
NN predictioncase which we have discussedn Duntschand Gediga(1997b).In
casethattheapproximatiomjuality will be usedto recommend decisionatestof
theusefulnes®f theobsenedempiricaly valuesis thereforeneededOnepossibil-
ity arecross-alidationmethodshowever, theseuseadditionalmodelassumptions
whichmaynotbefulfilled in thesituationunderreview, andthus,proceduresvhich
do not requiresuchassumptionsre often moreadequateThe methodof random
labelling,whichwe have usedfor NN predictionin DuntschandGediga(1997b)for
testingthe significanceof the NN approximatiomuality canbeusedin the present
situationsaswell. Theideais thattheobseredy shouldbe extremein thedistribu-
tion of all y valueswhich canbe constructedif we leave theVg valuesunchanged
andrandomiseheVy valuesby reorderingthe elementsof U by arandomlycho-
senpermutatioro. While the computatiorof thewholedistribution of y(o) is very
costly, a simulationusingabout1000randompermutationswill suffice to approx-
imate the distribution of y assumingr.andomlabelling. If thereare lessthan 5%
valueswhich arenotlower thanthe empiricaly, we claimy to be significant

Evenif yis significant,we cannotconcludethattheapproximatiomuality is really
substantial A simpleway to gaugethe “real predictioneffect” is the comparison
with the expectationZs[y(0)] of y givenrandomlabelling. If the empiricaly and
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the expectationof y shawv a large difference we canconcludethaty is substantial.
Becausehedifferences restrictedby the maximumof y, theindex

« — Y= Tol¥(0)]

1- Eoly(0)]
canbe usedto computethe relative distanceof y to the expectedvalue (Cohen,
1960).As arule of thumb,k > 0.5 indicatesa high effect.

After having determineda significantand substantiakrule, it may be of interest
whethersomeof theattributeswithin Q aredispensableA simpleinspectionof the
difference

Ai(Y(<q; <d)) = Y(£q; <d) — Y(Zo\{g}> <d)
givesa first hint aboutthe value of g; asattribute within the setQ for predicting
d. If A(y) is closeto zero,we may possiblyleave out g; without changingthe
approximationquality dramatically The problemremainsto gaugehigher A;(y)
values,becausesven high jumps do not necessarilyndicate high additionalpre-
diction quality of anattribute. Theinterestedeaderis referredto the forthcoming
GedigaandDuintsch(2002)for a discussiorof the interpretatiornof differencesof
y values.

A statisticaltreatmentof the influenceof an attribute startswith the ideathatthe
standardlieviation of A (y|Q, d) shouldbemuchsmallerthenthedifferencatself, if

we draw othersampleof elementswvith the samedependengstructure The Boot-
strap (Efron, 1982)canbe employedto estimateS(A;i (y(<q, <q4)) usingsimulation
methodsThe comparison

Ai(V(<q,<4d))
(8i (Yl <q\{g}:<d))

can be usedas a guide for the evaluationof the additionalpredictionquality of
attribute g If z(Ai(y|Q,d)) < 2, thereis no goodreasorto assumehatA;(y|Q, d)
is substantialpbecausehe statisticalfluctuationwithin the sampleis aboutashigh
asthe differenceitself. A valuez(Ai(y|Q,d)) > 2 indicatesthat attribute g; is not
dispensabléor the predictionof d.

Z(Di(Y(<q,<q)) = 2

Thereis a minor problemwith the distribution of A;i(y(<g,<g)): If the differ-
encesarevery small, the distribution tendsto be skewed, andthe decisionbased
onthez > 2 rule of thumbmay be misleading.This problemcanbe solvedby in-
vestingmore simulationsandestimatingthe probability p[Ai(y|(<q,<d4)) < 0]. If
P1Ai(Y|(<g,<d)) < 0] < 5%, we concludethat the obsened differenced;(y|(<q
,<d)) is substantial This approachneedsat least1000 bootstrapsimulationsin
orderto achieve anacceptableonfidencdor thevalue p[Ai(Y|(<q, <g)) < 0]. Es-
timating the z value needsat least100 bootstrapsimulations.We have testednu-
merouscasesandfor every problemwe have checled,bothapproachekdto same
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Tablel1 Tablel2

Contraceptiordata Recodedjata
Country h 9 G G4 | d Country G G G G| d

1) Lesotho 1 0 0 0 6 (1) Lesotho 1 0 0 0|0
2) Kerya 0 0 0 0 9 2) Kerya 0 0 0 0|0
3) Peru 1 1 2 0| 14 ?3) Peru 1 1 2 0|0
4) Sri Lanka 1 1 0 1| 22 4 Sri Lanka 1 1 0 1|0
(5) Indonesia 0 0 0 11|25 5) Indonesia 0 0 0 1|10
(6)  Thailand 1 0 0 1|36 (6) Thailand 1 0 0 1|1
(@) Colombia 1 2 1 1|37 @) Colombia 1 2 1 1|1
(8) Malaysia 0 1 2 1| 38 (8) Malaysia 0 1 2 1|1
9) Guyana 2 1 2 0| 42 9) Guyana 2 1 2 0|1
(10) Jamaica 2 0 2 2| 44 (10) Jamaica 2 0 2 2|1
(11) Jordan 0 2 1 0| 44 (11) Jordan 0 2 1 0|1
(12) Panama 2 2 2 1|59 (12) Panama 2 2 2 1|2
(13) CostaRica | 2 1 2 2 | 59 (13) CostaRica | 2 1 2 2|2
(14)  Fiji 1 1 2 21|60 (14)  Fiji 1 1 2 2|2
(15) Korea 2 1 1 2|61 (15) Korea 2 1 1 2|2

conclusion.

9 Example

To demonstrat®ur procedureswe will usea modified* datasetinvestigatedoy
Cliff (1994)shawvn in Table11, with the datarecodedn Table12. It is aimedto
predictthe valuesof the countriesin the criterion

e % everpractisingcontraceptior{d)

from thefollowing criteria, which arecodedasratings(0O=low; 1=middle;2=high)
in our example:

Averageyearsof educationqs),
Percenurbanisedqy),
Grossnationalproductper capita(gs),
Expenditure®n family planning(qa),

andto find thosecharacteristicshat are mostvaluableto predictd. The decision
criterionis codedin two differentways;for the analysiswe usethe recodeddata
aswell asthe original onein orderto comparethe differenceslueto therecoding

4 Theoriginal datasetconsistof measuremenis, . .., 0s. Becausenn andyno will offer
only trivial resultswith the original data,we useratingsinsteadof measurementsyhich
clusterthedata.
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Fig. 1. The <q relationfor Table12
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Tablel3
Analysisof contraceptiordata;* = significantat a = 0.05; ** = significantata = 0.01;
*** = sjgnificantata = 0.001

Attribute set YN YNO Yoo Yems
dcoded dorig. | dcoded dorig. | dcoded d orig. dcoded dorig.
{01,%,03,04} | 1.000  1.000 | 1.000 1.000 | 0.900***  0.933** | 0.333** 0.867**
{o1,02,03} 0.600 0.467 | 0.789 0.733 | 0.639* 0.633* 0.000 0.400**
{01,02,04} 1.000 0.867 | 0.978 1.000 | 0.867**  0.900*** | 0.267**  0.800***
{01,03,04} 0.733 0.733 | 0.967 0.867 | 0.783*=* 0.700** | 0.000 0.400*
{02,03,02} 0.733 0.467 | 0.900 0.867 | 0.817***  0.833*** | 0.133* 0.667***
{th, 2} 0.467 0.333 | 0.694 0.633 | 0.594* 0.567** 0.000 0.333*
{th, a3} 0.400 0.267 | 0.739* 0.633 | 0.544* 0.500* 0.000 0.133
{th,04} 0.333 0.200 | 0.756 0.667 | 0.561* 0.533** | 0.000 0.067
{op,03} 0.400 0.267 | 0.606 0.533 | 0.422* 0.333 0.000 0.067
{42, 04} 0.467 0.133 | 0.789*  0.733 | 0.750***  0.733** | 0.067*  0.467***
{03, 04} 0.333 0.200 | 0.822** 0.667 | 0.722**  0.600** 0.000 0.200*
{m} 0.000 0.000 | 0.344 0.300 | 0.322* 0.300* 0.000 0.000
{2} 0.000 0.000 | 0.294 0.267 | 0.261 0.267 0.000 0.000
{az} 0.000 0.000 | 0.411* 0.267 | 0.306* 0.167 0.000 0.000
{qa} 0.000 0.000 | 0.450** 0.300 | 0.450** 0.300* 0.000 0.000

procedureA graphof therelation<q, dravn by the RELVIEW program(Behnle
etal., 1998),is shavnin Figurel.

Table13 showvstheresultof analysinghe contraceptiordatawith differentpredic-
tions systemsThefirst columndisplaysthe predictingsetsof attributes.The next
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two columnsreportthe roughsetapproximationguality usingthe NN - prediction
approachNote, thatno predictionis significant,which meanghatthe approxima-
tion by thosevariablescanbe explainedby randomassignmentaswell. Further

more,given codedattributesq;, ..., 04, the approximationof the original decision
attributeis notashigh asthe approximatiorof therecodedlecisionattributes.This
is notastonishingbecausé¢he codeddecisionattribute generates partitionwhich

is coarserthanthe original partition,andary approximatiorof the latteris anap-
proximationof the setin the partitionbasedn the codeddecisionattribute.

The next two columnsshaow the resultsof the NO - predictionof the decisionat-
tribute. Theresultsaresimilar to the NN - prediction,but yno is higherfor smaller
numberof attributes. Thisis duethefactthatthevaluesof d needonly to cutamong
the equivalenceclasse®f Q, which is easierto achieve thanapproximationof ad
classby Q classesThefirst significantdependenciesanbe obserned here:Using
the codeddata,thereis a significantsortingof equivalenceclassesn attribute ga,

s and{ds, g}

The next two columnsshaow the resultsof the OO - predictionof the decisionat-
tribute. First of all yoo < yno, Which is of coursegiven by constructionbecause
Yoo is basedon thed-sortableequivalenceclassesn Q, which areadditionallyor-
deredby < in the Q attributes.We obsenre that althoughthe numericalvaluesof
Yoo weresmallerthanthoseof yno, they areoftensignificant.This meanghatthe
obsenedd-sortableequivalenceclassesn Q, which areadditionallyorderedby <
in the Q attributescanonly rarely be obsered underrandomassignmenbof the d
attribute valuesto the Q attribute values.Theresultsshov thatassuminga model
of stability of theorderof the Q classestheset{qy, g4} is apromisingattributeset,
becausdt shavs a high andsignificantOO-prediction.

Bootstrapanalysis- basedn 1000simulations- of thepartialincreasef y verified
this claim asthefollowing tableshawvs. Note, thattherule “z(boa) > 2” pointsto
the samedispensablattributesasthe moreexpensve rule “ p(diff < 0) < 5%”.

CODED . .

gama = 0.8667

Anal ysis of partial gamm

Attr. 1: gammadiff=0.1167 s(boot)=0.0723 z(boot)=1.6146 p(diff<=0)=0.059
Attr. 2: gammadiff=0.3056 s(boot)=0.1288 z(boot)=2.3732 p(diff<=0)=0.008
Attr. 4: gammadiff=0.2722 s(boot)=0.0983 z(boot)=2.7686 p(diff<=0)=0.002

UNCODED . . .

gama = 0.9000

Anal ysis of partial gamm

Attr. 1: garmmadiff=0.1667 s(boot)=0.0882 z(boot)=1.8897 p(diff<=0)=0.148
Attr. 2: gammdiff=0.3667 s(boot)=0.1281 z(boot)=2.8614 p(diff<=0)=0.026
Attr. 4: gammadi ff=0.3333 s(boot)=0.1347 z(boot)=2.4751 p(diff<=0)=0.027

Thelasttwo columnsshaw theresultsusingygms asthe measuref approximation
guality. We seethat ygms andyoo shov aboutthe sameresults,if we look at the
significanceof theirobseredvalues Butdueto reasonsliscusse@bove,thevalues
of yams arelow or evenextremelylow, if we useuncodedlata.
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10 Discussion

We have encounteredhreedifferenttypesof ordinal dependeng measurements:
The classical 7 and T statistics,the statisticsygms, and our statisticsyyo and
Yoo With yno—o asa specialcase.The U-basedrt statisticcountsrelation con-
sistentpairsof elementswhich neednot necessariljeadto a globalrule. There-
fore, T measures form of local consisteng. The countingalgorithmfor ygms is
very strict: Only if thereexists no counterexampleof theform fgo(x) <q fo(2) A
fa(X) >4 fa(2) or fo(y) <o fo(w) A fa(y) >4 fa(w), aconsistenpair (x,y) votes
for yems. Contraryto 1, ygms measures globalconsistenyg, which guaranteethat
theconsistenbbsenationsarepartof somerule—but globalconsisteng mayover-
look interestingrules. The statisticyoo is in betweenboth approaches)ecausat
countsthoseconsistenpairswhich arerule consistent.

We have demonstratethat yoo canbe usedin analogyof an ordinaryregression
approach:The significanceof the full modelyoo(<q,<d) canbe testedby ran-
domisationmethods,and the partial influenceof every g € Q canbe testedby
meansof the Bootstraptechnology But the methodshouldbe usedwith care:If
we find out that one attribute gy doesnot significantlyincreasethe overall y, we
cannotconcludethat thereis no partial relationshipbetweengyx andd, giventhe
otherattributesqy,...qx_1. Thisis duethe factthatthe proceduredoesnot check
rulesof theform

St < fg (XA ASC1 < fg (X)) Ase> T (X) =t < fg(X).

It may happenthat the evaluationof this rule shows betterresults. Therefore,in
orderto determinghe influenceof gy, we needto perform(atleast)two analyses.
If both of theseshow thatgx showvs no significantinfluence we canconcludethat
thereis no partial relationshipbetweenqgx and d. Becausehis agumentcan be
iteratedfor the otherk — 1 attributes,we obtain 2 differentmodelswhich, in prin-
ciple, have to be analysedthis resultsin animmenseamountof computingtime
if mary criteriaareused.lf domainknowledgeposeshe restrictionthatonly one
directionis of interest,the problemdisappearsyecausehe inverserank ordersof
the attributesareof nointerestin thatcase.

Althoughthereis somesafeguardagainstcasualnesssingthe randomisatiorsig-
nificancetestprocedurethis problemshouldbe keptin mind. A similar situation,
the collinearity problem(Belsley etal., 1980),occursin linear modelling: A high
monotonecorrelationwithin the Q attributesmayleadto badpredictionof thede-
pendend attribute.

Despitetheseproblems,which our approachshareswith all other methods the
givenmeasuresllow theresearcheto evaluateall rulesbasedn ordinalor mixed
nominal-ordinaldatawithin a multi-criteria decisionmakingcontext. It is neither
only locally applicablesuchasthe traditionalt statistic— of which it canbe re-
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gardedasa globalisation—, nor is it overly restrictve like the ygus index. There-
fore,we think thatit is a suitableapproactio the evaluationof sortingrules.

A final note concernghe relation of the proposedough setmethodsto methods
basedon (quasi)monotonealecisiontrees(e.g.PotharsandBioch (2000)).As the

nameexpressesthe latter methodsare variantsof the decisiontree methodology
(Breimanetal., 1984;Quinlan,1986)andarefocusedonfinding onegoodsolution

to theordinalclassificatiorproblem.In doingso,therelationof bothapproaches

guitethe sameasthoseof classicalnominal)roughsetanalysisandclassicaldeci-

siontreemethodologyBoth performrule systemanalysis put with a differentand

complementaryocus.Thefocusof roughsetanalysigt to find promisingattributes
and offers evaluation stratgies for this job, whereasdecisiontree methodology
aimsat (nearly)optimaltreerepresentatioof the dataset.
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