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Bandwidth and Power Allocation for Cooperative
Strategies in Gaussian Relay Networks

Ivana Marié¢, Member, IEEE, and Roy D. Yates, Senior Member, IEEE

Abstract—Achievable rates with amplify-and-forward (AF) and
decode-and-forward (DF) cooperative strategies are examined for
relay networks. Motivated by sensor network applications, power-
constrained networks with large bandwidth resources and a large
number of nodes are considered. It is shown that AF strategies
do not necessarily benefit from the available bandwidth. Rather,
transmitting in the optimum AF bandwidth allows the network
to operate in the linear regime where the achieved rate increases
linearly with the available network power. The optimum power
allocation among the AF relays, shown to be a form of maximal
ratio combining, indicates the favorable relay positions. Orthog-
onal node transmissions are also examined. While the same op-
timum bandwidth result still holds, the relay power allocation in
this case can be viewed as a form of water-filling. In contrast, the
DF strategy will optimally operate in the wideband regime and is
shown to require a different choice of relays. Thus, in a large scale
network, the choice of a coding strategy goes beyond determining
a coding scheme at a node; it also determines the operating band-
width, as well as the set of relays and best distribution of the relay
power.

Index Terms—Antenna arrays, optimum relay powers, relay
channels, two-hop cooperative strategies.

1. INTRODUCTION

LTHOUGH the capacity of the single-relay channel [1]

and consequently of wireless relay networks remains
unknown, several coding strategies have been proposed. Two
coding strategies were developed in [2]. The first uses block
Markov superposition encoding, random partitioning, and
successive decoding and achieves the capacity of the degraded
relay channel [2]. Two modifications that somewhat simplify
the above scheme were proposed in [3] and [4]. To avoid the
random partitioning, backward decoding [3] and windowed
decoding [4] were used, instead. The approach of [4] was
extended to the general relay channel model and referred to
as multihopping in [5]. When relays are close to the source,
this strategy achieves the capacity for some wireless relay
network models [6]. These are all decode-and-forward (DF)
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[7] strategies that require a relay to decode reliably the source
message before forwarding.

A different paradigm in which relays do not decode the mes-
sage, but send the compressed received values to the destination
was proposed in [2] and extended to the multiple relay channel
in [8]. When the relays are close to the destination, this strategy
achieves the antenna-clustering capacity [8].

In another strategy that does not require reliable decoding
at the relays, called amplify-and-forward (AF) [7], a relay for-
wards the scaled version of the received noisy copy of the source
signal. Hence, the data is sent through only two-hops with no
cooperation among relays. Under the assumption of uncoded
transmission at the source, it was shown that the two-hop AF
strategy achieves the asymptotic capacity in a relay network in
the limit as the number of relays becomes large [9], [10]. It was
further shown that in a random network the power efficiency of
such a strategy increases with the number of relays [11]. Even
though the relay power in [9]-[11] was allocated suboptimally,
the favorable scaling was achieved due to the coherent com-
bining of the relay signals that increases the received SNR at
the destination node.

In this paper, we revisit the reliable, DF strategy and the unre-
liable, AF strategy used in a Gaussian network with many relays
and a single source-destination pair. We show that these two
strategies require two different modes of operation employing
different sets of relays and different bandwidth and power allo-
cation among them. Motivated by sensor networks, we consider
networks in which transmit power is a limiting resource. Com-
pared to the power, the bandwidth in such a network is plen-
tiful. Operating in the wideband regime then seems like the right
choice; at the expense of using a large number of degrees of
freedom, the transmit energy per bit can be reduced.

However, the optimal operating regime for relay networks is
in general unknown [12]. In this paper, we show that the AF
strategy cannot necessarily benefit from the large bandwidth,
i.e., that it should not operate in the wideband regime. The
reason is that in the AF strategy, a part of the relay power is
wasted amplifying the receiver noise. As the signaling band-
width increases, the receiver noise increases and the AF gain
reduces. Ultimately, for a network operating in the wideband
regime, there is no benefit from relays employing the AF
strategy [13].

In this paper, we characterize the optimum AF bandwidth
and show that transmitting in the optimum bandwidth allows
the network to operate in a linear regime where the achieved
rate increases linearly with transmit power. Therefore, AF op-
timally uses only a fraction of the available dimensions. This
same conclusion was recently shown in [14] for the single relay
fading channel, when considering the outage capacity. We then

0018-9448/$26.00 © 2010 IEEE

Authorized licensed use limited to: Stanford University. Downloaded on May 04,2010 at 20:30:49 UTC from IEEE Xplore. Restrictions apply.



MARIC AND YATES: COOPERATIVE STRATEGIES IN GAUSSIAN RELAY NETWORKS

present the optimum power allocation among the AF relays.
The solution can be viewed as a form of maximum ratio com-
bining (MRC) with the powers being proportional to the equiva-
lent channel gains that depend not only on the relay-destination
channel gains, but also on the source-relay links.

The requirement of coherent combining of the signals trans-
mitted from the different nodes may be too demanding in prac-
tice. Furthermore, a network with a large bandwidth available,
can support orthogonal signaling at the nodes that precludes co-
herent combining at a receiver. To evaluate the performance of
a two-hop network that does not benefit from coherent com-
bining, we also consider a relay network model with orthogonal
transmissions at the nodes. We show that the above result for
the optimum bandwidth applies to this channel model as well.
Furthermore, for the case of AF orthogonal transmissions, we
again identify the best subset of AF relay nodes. The optimum
relay power solution in this case can be viewed as a form of
water-filling.

The optimum AF bandwidth and relay powers can be con-
trasted to the DF solution. In a network with unconstrained
bandwidth, the DF strategy will operate in the wideband regime
to minimize the energy cost per information bit [15], [16]. The
wideband DF strategy requires again a different choice of relay
nodes; for the orthogonal transmission case, we present the op-
timum solution and demonstrate that, the data should be sent
through one DF relay that has the best pair of channels, when
channels are determined by attenuation [17].

The results presented in this paper indicate that in a large
scale network, a choice of a coding strategy goes beyond de-
termining a coding scheme at a node; it also determines the op-
erating bandwidth as well as the best distribution of the relay
power. While we consider a single source-destination pair, our
results have implications to networks with multiple source-des-
tination pairs. Our view is that, for each such pair, the relay net-
work in between is a resource that we aim to use efficiently.
Such a view motivates a total power constraint as the network
budget. The optimum power allocation then allows determining
the best subset of relay nodes for each source-destination pair.

The paper is organized as follows. The system model used in
the analysis is described in Section II. The optimum operating
bandwidth for the AF strategy is characterized in Section III and
the optimum AF power allocation is derived in Section IV. In
Section V, we address the DF forwarding strategy. The obtained
results motivate consideration of a hybrid strategy that combines
AF and DF and is presented in Section VI. This work builds on
the previously presented results [17]-[19].

II. SYSTEM MODEL

We consider a wireless Gaussian network with a single
source, labeled node 0, the destination, labeled node M + 1,
and M relays that dedicate their resources to relaying informa-
tion for the source. We consider two bandwidth allocations in
the given network.

1) Shared bandwidth. All the relays transmit in a common

bandwidth W),
2) Orthogonal channels. Every node is assigned to transmit in
an orthogonal channel of bandwidth T (2).
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We adopt a discrete-time Gaussian channel model [20] and let
the vector X[n] = [Xo[n],..., Xa[n]]T denote the channel
inputs in time slot n. The input X([n] depends on the source
message and the input X,,[n] at relay m depends on its past
outputs X,,[n] = frn(Yiu[1], ..., Yin[n — 1]).

In such a network, we consider two-hop forwarding strate-
gies in which relays use only the information received from the
source to choose their channel inputs and forward the messages
to the destination. In the first hop, the source transmits. The
channel output at relay m is

Yrm[n] = v/oum Xo[n] + Zrm[n] (1

and at the destination

Y O[] = V/BoXo[n 2
where /o, and V/Bo are the source-relay m and source-des-
tination channel gain, respectively, and Z[n| is a zero-mean
Gaussian random variable with variance Ny /2. In the second
hop, the relays transmit. In shared bandwidth, the channel output
at the destination is

YD[p] = Z BmXm[n] + Z[n]. 3)

m=1

Coefficients \/a,, and \/[3,, are assumed to be real numbers,
for simplicity. When relays use orthogonal channels

Y @[n] = BX[n] + Z[n] 4)

where B = diag[\/By -+ /Ba) and Xo[n] = 0 and Z is a
Gaussian noise vector with covariance matrix K = 21 M+1-

Using the cut-set Theorem [20, Th. 14.10.1], it was shown
[9] that the capacity of this network is upper bounded by log M,
given that there is a dead zone around the source that contains
no relays.

We consider two transmission strategies at the relays. As in
[9], we consider the AF protocol at the relays, in which the noisy
version of the source input X received atrelaym,1 < m < M
is amplified with gain b,,, > 0 and forwarded with a unit delay.
In time slot n, relay m transmits

mln] = Vo (Vam Xo[n — 1]+ Zrm[n — 1)) (5)

We also consider the DF strategy in which the source transmis-
sion is reliably received at a relay. The relay decodes, reencodes
using an independent codebook and transmits.

In this paper, rather than considering the power constraint im-
posed on each transmitter, we assume that the total power budget
of p [Watts] is allocated to the network. The constraint is on the
total power rather than on the power per dimension because DF
and AF will not in general operate in the same bandwidth. Thus
the power allocation over the relay nodes must satisfy the total
power constraint

I [X(i)TX(i):| <p/2w® =12 (0)
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III. AF: OpPTIMUM BANDWIDTH ALLOCATION

We now consider the rates achievable with the AF strategy.
Let p,,, denote the power at node m and letp = [pg - - - PM]T
be the power allocation at all nodes. Vector P = [Py -+ Py
denotes the nodes’ transmit powers per dimension and P, =
P /2W @i = 1,2. The amplification gain b,, is chosen such
that the transmit power at node m is p,, and is found from (5)
to be

P

bm:—7
ampo—i—No/Z

m=1,... M. 7
The achievable rates are given by the maximum mutual infor-
mation between the channel input X[n] and the channel output,
either Y () [n] for shared relay bandwidth or Y (?)[n] for orthog-
onal relay signaling. From results in [21], cases 7 = 1 and 7 = 2
can both be expressed in the form

1538 = Jlos 1+ 5 (0 +cO®)| - ®

where G')(P) represents a gain obtained by employing the AF
relays. For shared bandwidth, it follows from (2), (3) and (5)

that
(ZM | B P )2
m=1 amPo+No/2
M B P : ©)
Mmim 1
Zm:l amP0+N0/2 +

For orthogonal channels, (4) and (5) imply

aM(P) =

M
amﬂm Pm

mZ:I O5mP0"|'/8mPrn,'1']\[0/2'

GO(P) = (10)

The rates (8) are normalized by the number of dimensions uti-
lized by a node rather than by the total number of dimensions in
the channel. For G()(P) = 0, (8) becomes the rate achieved in
the single-user channel, by a direct source transmission at power
Py. The difference in the AF gains (9) and (10) comes from the
coherent combining of the relay signals transmitted in a shared
bandwidth, which is forfeited in the orthogonal channel system.
The analysis presented in this section, however, applies to both
cases and we therefore drop the (¢) superscript. We next con-

sider the total rate achieved by the AF strategy
TAFZQWIAF(P) bitS/S, (11)

where [ 4 is given by (8). As W becomes large, we observe
that G(p/W) decreases to zero and therefore

. L Bopo
lel_l’)noo Far = ngnoo w log <1 + NOW

_ _Popo
N(] In2

bits/s, (12)
which is the rate achieved in the wideband regime by the
source transmission. Therefore, there is no benefit from AF
relays transmitting in the wideband regime. This behavior was
previously observed in [13] in a parallel Gaussian network with
two relays. Except for the somewhat trivial case in which the
source is in a favorable position compared to all the relays, the
rate 74 generally decreases for large .
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To characterize the optimum AF bandwidth, we formulate the
AF power/bandwidth relay problem as

r = max 2W L4r(P) (13)
M

subject to 2W Y P < p (13a)
m=0

P >0, (13b)

0<W < Whax- (13¢)

We assume that W, is sufficiently large to allow the network
to operate in the wideband regime. Let (P*, W*) denote the
optimum power and bandwidth allocation that achieves r* in
(13). We first observe that, to achieve nonzero rate in (13), it
has to hold that W* > 0 and P§ > 0. Furthermore, constraint
(13a) is always binding. Depending on the values of the channel
gains, a solution to (13) may be a direct source transmission, that
is, PF, =0form =1,...,M, W* = Wy and Pj given by
(13a). Otherwise, there will be a set of K, 0 < K < M, relays
employing the AF strategy. In this case, the rate r 4 will be
decreasing with W for large W, implying that W* < Wi.x.
Given P*, it will be convenient to relabel the nodes such that
relaysm € {1,..., K} are the active transmitters with powers
Py > 0 while P}, = 0,form € {K +1,...,M}. Since
W* > 0, the solution to (13) is never on the boundary (13c).
The Kuhn-Tucker conditions imply

Ol ar(P*) Tap(P*)
APV = ARV 0 K. 14
P, o ZfZ NS ey (14

From equations given by (14), we observe that the optimum
power allocation (P, . .., Pj;) is independent of r and W*. We
present the solution for the optimum relay powers in the next
section. The optimum bandwidth can be determined such that
the solution lies on the feasibility region boundary (13a)

wr=__* (15)
ZZm =0 m
From (13), (14), and (15)
Lip(P*)
P = WA L p(PY) = =2 ) (16)
RS S

We thus proved the following:

Theorem 1: The AF relay problem (13) has an optimum so-
lution in which the optimum bandwidth W*, the maximum rate
r* and the total power p have a linear relationship.

We can view p as a “rate reward,” or power efficiency; in-
creasing the total available power in (13) by Ap, increases the
maximum achievable rate 7* by pAp.

IV. AF: OPTIMUM RELAY POWER ALLOCATION

We next consider a subproblem of (13) that determines the op-
timum relay powers per dimension, for any given source power
Py. We consider the shared bandwidth case first.

A. Shared Bandwidth

Given a source power P, we let

P

—_— 17
Oémpo—l-No/Z ( )

Tm =
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A

To maximize the rate (8) over the relay powers P =
[P, --- Py)Y, we maximize the AF gain (9)

(S Vo)

max (18)
P Z%:l YmPm + 1
M
subject to Z P, < Pgr (18a)
m=1
P>0 (18b)

where P = p/2W — P, is the power allocated to the re-
lays. To solve (18), we first argue that the solution is always
on the boundary (18a). To see that, consider a feasible solu-
tion P such that fozl P, < Pg. Then, there exist a constant
K > 1 and a feasible solution P’ = K'P such that P’ is on the
boundary K Zi\}f=1 P,, = Pg. Furthermore, it is easy to verify
that G(P’) > G(P). We can, thus, let the constraint (18a) be
satisfied with equality. The objective function (18) becomes

(S VamanPn)

O = S e

(19)

A solution to (18) can be found by introducing the vector z =
[Zl cee Z]\/[]T with

2Zm =/ (Ym +1/Pg)Py, m=1,..., M, (20)
and a vector of coefficients d = [dy --- djs] where
AUmYm
dm =,/ ——————, m=1,...,M. 21

\ ¥m + 1/Pr @D

Problem (18) can then be represented in a vector form

dT 2
max ( Tz) . (22)
z zlz

Applying the Schwarz inequality, the solution to (22) is z* = kd
where the constant k£ can be found from (18a) and (20). We get
the optimum powers in the MRC form as

* PR6m
P = SIS (23)
k=1 Y%
where we define
AUmYm
m=——. 24
(L F 3 Pr)? .
The AF gain (9) becomes
M
3 PR
GO (P, Pg) = %P . 25
(oP) = 2 Rt e Mo )

The next Lemma follows by comparing AF gains (25) and (10).

Lemma 1: For any given source power P and relay power
Pr, with the relays employing AF signaling in shared bandwidth
outperforms orthogonal signaling.

1883

Power allocation at the relays

1 M = 2500

> = 1 po=
P, =10", P, =0.01

0.8

Fig. 1. Relay powers for P, = 10%, Pr = 0.01. Relays employ AF in shared
bandwidth. Due to a small power available to the relays, the MAC side limits
the network performance. The solution chooses relays that have a better relay-
destination channel.

Given the relay powers (23) and AF gain (25), the shared-
bandwidth AF power/bandwidth (13) with fixed bandwidth W
reduces to

1
phax IEU)P(PO, Pg) (26)
subject to Py + Pp < Pr = % (262)
Py, Pr > 0. (26b)

Lemma 2: There exists a unique optimum solution
(Pg (W), P(W)) 1o (26).

The proof for the Lemma follows from the observation that
the optimum is on the boundary where Pr = Pr — Py and that
Igl}(Po, Pr — Py) is strictly concave in Pp.

Given (P (W), P;(W)), the AF power/bandwidth (13) re-
duces to maximizing the rate with respect to bandwidth for 0 <
W S Wmax

r(W) = max2WIp(F5(W), PR(W)).  27)
Numerical calculation of »*(W) is straightforward. The relay
powers (23) are shown in Figs. 1-4 for a scenario of M = 2500
relays positioned on a 100 x 100 square grid. The source and
the destination are positioned on the two opposite sides of the
grid. The propagation exponent n = 2 was chosen.

For large source power P, relay powers are shown in Fig. 1.
In this case, the received SNR at the relays is high and the
network multiple-access side from the relays to the destination
limits the performance. The relays that have a better channel to
the destination are employed.

Fig. 2 shows the opposite case of a small power P and a
high power Pr. We observe a reversed relay power allocation
compared to the previous case, as the network tries to improve
the broadcast side performance by choosing the relays with high
received SNR. Fig. 3 shows the powers for larger values of Py
and Pg. Finally, Fig. 4 shows the relay powers when the network
operates in a low SNR-regime due to small Py and Pr. The
clustering behaviors shown in Figs. 1-4 are preserved as the
number of relays in the network changes.
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Power allocation at the relays

1000 M = 2500
-0t
P, =0.01; P, =10

o o

Fig. 2. Relay powers for Py = 0.01, Pr = 10*. Relays employ AF in shared
bandwidth. Relays that are closer to the source are employed.

Power allocation at the relays

M= 2500
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Fig. 3. Relay powers for P, = Pr = 10* and Ny /2 = 1. Relays employ AF
in shared bandwidth.

Power allocation at the relays

M- = 2500

Py, =P, =0.01

|

“ destination
2o

Fig. 4. Relay powers for Py = Pr = 0.01 and Ny/2 = 1. Relays employ
AF in shared bandwidth.

Fig. 5 shows the solution to the AF relay problem (13).
For a given network power budget p [Watts], the best powers
(P§, P3) and the bandwidth W* are found numerically. In par-
ticular, for each value of W, we determine the optimum relay
powers (23) for a fixed Py. We then optimize over all Py and
W, as given respectively by (26) and (27). As the power budget
in the network is varied, the achieved rate and the optimum
bandwidth, shown in Fig. 5, vary linearly, as promised by
Theorem 1. The powers (P, Pj;,) stay constant for all values
of p, a behavior we observed in (14). Due to the symmetry of
the network in the experiment, the values of powers P and Pj,
are very close to each other.
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Fig.5. Achieved rate and the optimum bandwidth as a function of the network
power budget p [Watts]. Relays employ AF in shared bandwidth.

B. Orthogonal Channels

We next identify the best subset of AF relays and their powers
for the case of orthogonal signaling. Given a source power P,
we let

amﬂm

_—. 28
OémP0—|—N0/2 ( )

Tm =

N

Again, to maximize the rate (8) over the relay powers P, we
maximize the AF gain (10)

M

2
Am Y Pm

max 29

P = am 7P @
M

subject to Z P,, < Py (29a)
m=1

P>0. (29b)

From the Kuhn-Tucker conditions, the solution to (29) is in the
water-filling form

w1 117"
P*—O"[———} . om=1,....M (30

"y VT Um

where 7 is the Lagrange multiplier and is found such that (29a)
is satisfied with equality. Once again, the best choice of relays
varies with the transmit source power. We observe that the AF
relay network, depending on whether it operates in shared or
orthogonal channels, will require two different relay power al-
locations as given by (23) or (30).

C. Single-Relay Channel

A different AF paradigm can be used in a single-relay
channel (or in a relay network with multiple relays that cannot
hear each others’ transmissions.) Under the assumption that a
relay can transmit and receive simultaneously, we can allow the
source and the relay to transmit at the same time in the shared
bandwidth. As observed in [5], this strategy turns the relay
channel into a unit-memory intersymbol interference channel,
as the signal at the destination becomes
alﬁlle[n - 1] + W[n],

Yin] = /foX[n] + €1V
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relay off

Rate [bits/use]

p for DF

d

Fig. 6. Achieved rate [bits/dim] in a single-relay channel for P, = P, = 10.

where

Wn] = /Bibi Z[n] + W] (32)

is the total noise at the destination. The amplification gain b; is
given in (7), as before. Note that W [n] has variance

o5 = E[IW[n]|*] = (B1b1 + 1)No/2. (33)
The capacity of this effective ISI channel is [20]
1/2 v +
C= /_Uzlogz(%lfl(f)ﬁ) df (34)
under the power constraint
/1/2 [v—ir—df:P (35)
Joe | HHP '
where
[H(f)IP = o+ anfrby +2¢/a1 fofiby cos(2m ). (36)

When using the large bandwidth W, the amplification gain bq
goes to zero and the channel (31) becomes the point-to-point
channel with no benefit from the relay. Thus, this AF strategy
can again benefit from the bandwidth optimization. We illustrate
that fact on the network example of [5] where a source, relay and
destination are positioned on a line. The source-relay distance
is denoted as d. For Py = Pg = 10, we repeat the performance
comparison given in [5], in Fig. 6. Fig. 7 shows the comparison
for Py = Pr = 0.01. Note that, when employing DF strategy,
a relay also transmits and receives simultaneously. We observe
that the relative performance between DF and AF changes as the
different power per dimension is used. Thus, in Fig. 8, we com-
pare the two strategies while allowing each of them to operate
in its optimum bandwidth and thus optimum power per dimen-
sion, for the given power (Watts) at the nodes.

V. DF
A multihopping strategy [5] in which data sent by the source
is successively decoded by the relays and finally by the destina-
tion was shown to achieve the rates ([5, Thm. 1])

Rpr = max min I(Xr0:.4); Yapa1) | Xn1:00))  (37)

© 0<t<M
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DF vs. AF Comparison

R [itsdim]

relay off

L L L L L L L L L
-1 -o0.8 -0.6 —0.4 -o0.2 o 0.2 0.4 0.6 o.8 1
distance

Achieved rate [bits/dim] in a single-relay channel for P, = P; = 0.01.

DF vs. AF comparison for optimized bandwidth

7+ pg=1
p,=1

rate [bits/s)
»

relay off

T L L L L L L L
=1 —o0.8 -0.6 -0.4 -0.2 o 0.2 0.4 0.6 0.8 1

Achieved rate [bits/s] in a single-relay channel for po = p; = 1.

where 7 is a permutation on the set of nodes such that 7(0) = 0,
(M +1) = M+ 1and n(: : j) = (n(i),...7w(j)), and
X;.; denotes the channel inputs X;.; = [X;, X;41 ... X;]. For
a fixed covariance matrix R = E[XX"], it follows from the
conditional maximum entropy theorem [22, Lemma 1]) that all
the terms in (37) are maximized by choosing X as a zero-mean
Gaussian vector.

The two-hop DF is a more constrained case of multihopping
and it imposes a constraint on the correlation between the in-
puts. The rate (37) then reduces to the minimum of the broad-
cast rate achieved in the first hop and the MAC rate achieved in
the second hop from the relays to the destination. With A(FPy)
denoting the subset of relays executing the DF strategy and
« = minje 4(p,){;}, the first hop broadcast rate is

1 OéPo
Rpc = =1 1 38
BC 20g<+N0/2> (33)
and the second hop MAC rate is
2
1 1 1
RI(VTZXC = 5 log 1—|——N0/2 [)’0P0—|— ' Z \/[)’ij
JEA(Po)

(39)

The channel capacity from the source to any node in A(FPy)
is thus higher than the code rate Rpc and we say that source
makes a node in A(P;) reliable. In general, the source power is
split in two parts: the first for transmission to the relays, and the
second for helping the relays forward a message to the destina-
tion [2]. However, in (38) and (39), the source power is used for
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the first goal exclusively. The reason is that the MAC rate (39),
increases with M and thus will become higher than the rate (38)
for sufficiently large M.

In the case of the orthogonal signaling, the MAC rate is given
by

1 Pofo 1 P
RP\c==lo (1+ 0 >+ “lo (1+ ]J>.
MAC T 5 198 No/2 jeAZ(PO) 508 No/2

(40)

As in the AF case, the difference in the two bandwidth alloca-
tions is that the signaling in the common bandwidth allows for
the coherent combining of the relay signals at the destination.
The achievable rate (37) reduces to
I5p =min{Rpc, R{\c}, =12 @D
The achievable rate (41) is bounded by the worst source-relay
link and by the MAC part of the relay network that, for any
A(Pp), is a Gaussian vector channel [21] with relays acting as
a multiple-antenna transmitter. For the given powers, the max-
imum rate in bits/s or equivalently, the minimum energy cost per
information bit in both the point-to-point and Gaussian vector
channel is achieved in the limit of large W [15]. Thus, the
power-efficiency of DF strategy is maximized in the wideband
regime. This behavior was also analyzed in [16].

A. DF Orthogonal Signaling: Optimum Power Allocation

In this case, the MAC rate is given by Rl(\?[)AC' For the given
power Py and the rate r at the source, relay m will be able to
execute the DF strategy only if the rate r can be communicated
reliably from the source to relay m with power pg. Thus, it has
to hold that

(077 P, 0

W log (1 + N0/2> > (42)
When constraint (42) is met for node m, we say that the source
makes node m reliable. To optimize the transmit powers, we
have to find the best subset of nodes to be made reliable so that
they can DF the message. We use binary variables x; to indicate
which relays 7 will be in the active set A(pg) and formulate the
maximization of 2WI(D21)J in the following way:

3
max 1= Wlog <1—|— 5‘%\?0>

M 5
# Y Wiog (1440 ) @

i=1 WNo
subjectto W log (1 + 5{3%()) > xr (43a)
M
S pi<p (43b)
i=0
z; € {0,1} (43c)
pi > 0. @3d)
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Specifically, (43) sets R&%LC = r while (43a) requires that rate
r be achievable at each active relay. In the limit of large W, (43)
simplifies to the orthogonal wideband DF relay problem

M
max 7 = pofo + Z z;pi B; (44)
i=1
subjectto  poay; > x;T (44a)
M
> pi<p (44b)
i=0
z; € {0,1} (44¢)
p; > 0. (44d)

From (44), we observe that in terms of the set A(py) = {i|z; =
1} of active relays

max [;.
i€ A(po)

Zpi

i€A(po)

r=pofo+ Y, pibi<pofo+
i€A(po)
(45)

Moreover, this upper bound is achievable by assigning the
relay power budget ). A(po) Pi 1O 2 single relay k with
Br = maX;eca(p,) Bi- This observation yields the following
claim.

Theorem 2: The orthogonal wideband DF relay problem (44)
admits an optimal solution in which no more than one relay node
transmits.

The intuition of Theorem 2 is that the relays provide a set
of parallel channels to the destination and under wideband op-
eration, transmitted power per dimension is severely restricted.
Thus, waterfilling this power over the relay channels results in
transmission only on the best channel to the destination.

By Theorem 2, it is sufficient to consider only policies that
employ a single relay k. In this case, zx = 1, and z; = 0
for i« # k. Equation (44) becomes the wideband single relay
problem

max 7 = poflo + Pk (46)
subjectto poag > Tk (46a)
po+pr <D (46b)

Po, Pk 2 0. (46¢)

In (46), one can show that relay £ is used with power p > 0
only if a, > By and By > Bp. In this case, the transmit powers
are

=y =)
O+ Br—FBo F T ar+Br—fo
The achieved rate normalized by the noise variance is
rr = b (48)

ok + B — B’
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Fig. 9. Comparison of rates achieved with AF and DF. There are M = 10
relays randomly distributed in the network of size 10 X 10. DF outperforms AF.
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Fig. 10. Comparison of rates achieved with AF and DF. There are M = 100
relays randomly distributed in the network of size 10 X 10. The two strategies
have the same performance.

We emphasize that this is the optimal power assignment for
using node k as long as node k is a useful relay, in the sense
that & belong to the set of useful relays

U = {ila; > o, Bi > Po}- (49)
Finally, among all useful relays k, we choose that one which

maximizes the rate ;. We summarize our observations in the
following theorem.

Theorem 3: If the set U of useful relays is nonempty, the
optimal solution to the orthogonal wideband DF relay problem
(44) is for the source to employ relay

1
k* = argmin | — fo

+ = - 50
keU [ag OB oxfk 0

with power assignment given by (47); otherwise, if U is empty,
then direct transmission from the source to the destination is
optimal.

Remark 1: Employing a single relay out of the set of available
relays, as in Thm. 2, was more recently shown to be superior also
in fading, in terms of the outage probability [23]. From a more
practical aspect, this approach was considered in [24].

B. DF Coherent Combining: Optimum Power Allocation

1887

When the DF relays share the bandwidth, the maximum rate

problem can be formulated as

P00 L (Zf]\il W)Q

=Wl 1
max 71 = Wlog +WN0 W,
(51)
subjectto W log <1 + 5?%0) > xr (51a)
M
> pi<p (51b)
i=0
z; € {0,1} (51c)
pi 20 (51d)

In the limit of large W, this problem simplifies to the wideband

DF relay problem

M 2
max 7 = pofo + <Z V Iiﬂil%)
i=1
subjectto  poay > x;7
M
Zpi <p
i=0

T; € {0, 1}
pi > 0.

(52)
(52a)
(52b)

(52¢)
(52d)

Any choice of source power pg determines a reliable set of relays
A(po), for which (42) is satisfied. With total power p,. = p — po
allocated to relays, (52) simplifies to determining the optimum
powers P of relays within the set A(po)

max (> \/Bipi (53)
i€A(po)
M
subject to pi < pr (53a)
i=1
p>0. (53b)

Since relays ¢ ¢ A(pg) do not contribute to the rate objective
(53), the optimization problem sets those relay powers to zero.
For the reliable relays i € A(po), it is straightforward to show
that the solution is in the MRC form

]5* _ ﬁipr
' ZkeA(pg) IBk ,

Thus, unlike the orthogonal DF case, each reliable relay is em-
ployed in order to contribute to the coherent combining gain.
The corresponding achievable rate (52) is

i€ A(po)- (54)

r(po) = Bopo +pr Y i

i€A(po)

(55)
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Without loss of generality, we can assume that the relay nodes
are labeled such that ay > as > --- > aypy. Thus, if poay, > 7,
then relay nodes 1 through £ will be able to DF. From (55), the
achievable rate will become

r(po) = Popo + prck (56)
where
k
o=y B (57)
i=1

From (52) and (56), the wideband relay problem reduces to

max 7 = Sopo + prcr (58)
subjectto poag > T, (58a)
Po+pr <P (58b)

Po, Pk 2 0. (58¢)

We observe that (58) is identical to (46) with ¢, replacing (y.
In this case, however, node &k will not be the only transmitting
relay, but rather the transmitting relay with the kth largest link
gain to the source.

Using the same reasoning as in the case of (46), we conclude
that a set of relays {1,...,k} is employed if ar, > (o and
cr > Po for a given py. From (58), we obtain the optimum
powers

c ap —
e O akjc—k[i‘]ﬂo (59)
The set of useful relays in this case is given by
Ue = {klou. > Bo,cr > Po}. (60)
We choose k such that
k* = arg min € + 1 Po 61)

keU. | Ck

C. Numerical Comparison

We compare the performance of the AF and DF strategies
in a network of size 10 x 10. In Figs. 9, 10, and 11 a different
number of relays (10, 100, and 1000, respectively) are randomly
positioned in the network. We consider the case when the relays
share the bandwidth. For the AF strategy, we choose Py = Pg.
We observe that, for a small number of relays, the DF strategy
performs better than AF. As the number of relays increases, the
AF strategy catches up with DF and ultimately outperforms it.
The limitation of DF comes from the constraint that relays have
to decode the message and, thus, DF cannot fully utilize the
relays. This effect becomes more prominent as the number of
relays gets large.

VI. HYBRID STRATEGY

In the DF strategy, the signaling rate is limited by a channel
from the source to the active relay with the smallest channel
gain. This limitation is overcome by allowing AF at the relays
and thus relaxing the decoding constraint. In this case, however,
a part of relay power is wasted to amplify the receiver noise. In
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Fig. 11. Comparison of rates achieved with AF and DF. There are M = 1000
relays randomly distributed in the network of size 10 X 10. AF outperforms DF.

this section, we propose a hybrid strategy, in which a relay am-
plifies and forwards a signal only if it cannot reliably decode the
source message. Otherwise, a relay employs DF. This scheme
is expected to perform better than pure AF as a subset of nodes
will be forwarding a clear signal without unnecessary amplifi-
cation of noise.

A. Optimum Power Allocation

For a fixed signaling bandwidth W, source power P, and total
relay power Pgr, we can use results from Section IV-A to derive
the optimum relay power allocation for the hybrid strategy. For
a given source power Py the set of reliable relays A(P) is given
by (42). For the achievable rate (10), it is then straightforward
to determine the gain as in (9). In particular, the problem can be
expressed in a form equivalent to (18) as

2
(ZmﬁA(PO) \% O‘mr)/mpm + ZmGA(Pg) vV aml/um)

max

P Em¢A(p0)’7um+ 1
(62)
M
subjectto Y P, < Pr, (62a)
m=1
P>0 (62b)

where P = p/2W — P is the power allocated to the relays
and -y, is given by (17). We have
Bm

S ot Moz

B

amPo’ 63)

Note that when A(Fp) is an empty set, (62) reduces to (18). In
fact, we let

B .

o = { Nz i m ¢ A(R) (64)
0 otherwise

Vi = { iy itm € A(P) (65)
0 otherwise

so that the gain (62) is reduced to
) 2
(Zi\ﬁ[=1 QM(\/ Ym T/ VM) \% Pm) 66)

Z:le Y P + 1
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Repeating steps (19)—(25), we obtain the solution

. Préj
R o
where we defined
2
sH — O (/Yom + Vi) 68)

" (14 9mPr)?

When A(Fp) is an empty set, solution reduces to the AF solu-
tion (23); similarly when all A(Pp) contains all the nodes, the
solution reduces to the DF solution (55).

VII. CONCLUSION

The results presented in this paper indicate show that the
choice of a coding strategy goes beyond determining a coding
scheme at a node; it also determines the operating bandwidth as
well as the best distribution of the relay power. While we con-
sider a single source-destination pair, our results have implica-
tions for networks with multiple source-destination pairs. Our
view is that the relay network between each source-destination
pair is a resource that we aim to use efficiently. Such a view mo-
tivates a total power constraint as the network budget. The op-
timum power allocation then allows determining the best subset
of relay nodes for each source-destination pair. The obtained
results assume full knowledge of channel gains at the nodes in
order to bring insights into operating networks with relays. One
future path would be to examine the impact of reduced channel
state information available at the nodes.

In a wireless network, messages are typically expected to
travel further than just two hops and the two-hop protocol ap-
proach should not be viewed as an obstacle to multihoping pro-
tocols. In fact, it is expected that a routing protocol will still
operate on the network layer. The cooperative relay strategies
will be run on the lower MAC layer, allowing for faster network
adaptation to changes due to fading or high mobility. In that
sense, routing and relaying will work together to increase the
network performance.

REFERENCES

[1] E. C. van der Meulen, “Three-terminal communication channels,” Adv.
Appl. Prob., vol. 3, pp. 120-154, 1971.

[2] T. Cover and A. El Gamal, “Capacity theorems for the relay channel,”
IEEE Trans. Inf. Theory, vol. 25, no. 5, pp. 572-584, Sep. 1979.

[3] F. M. J. Willems, “Information Theoretical results for the discrete
memoryless multiple access channel,” Ph.D. Thesis, Katholieke
Universiteit Leuven, Leuven, Beligum, Oct. 1982.

[4] L.-L. Xie and P. R. Kumar, “A network information theory for wireless
communication: Scaling laws and optimal operation,” IEEE Trans. Inf.
Theory, vol. 50, no. 5, pp. 748-767, May 2004.

[5] G. Kramer, M. Gastpar, and P. Gupta, “Cooperative strategies and ca-
pacity theorems for relay networks,” IEEE Trans. Inf. Theory, vol. 51,
no. 9, pp. 3037-3063, Sep. 2005.

[6] G.Kramer, M. Gastpar, and P. Gupta, “Capacity theorems for wireless
relay channels,” in Proc. Allerton Conf. Commun., Control Comput.,
Monticello, IL, Oct. 2003.

[7] J.N.Laneman, D.N. C. Tse, and G. W. Wornell, “Cooperative diversity
in wireless networks: Efficient protocols and outage behavior,” IEEE
Trans. Inf. Theory, vol. 51, no. 12, pp. 3062-3080, Dec. 2004.

1889

[8] M. Gastpar, G. Kramer, and P. Gupta, “The multiple-relay channel:
Coding and antenna-clustering capacity,” in Proc. Int. Symp. Inf.
Theory, Jun. 2002.

[9]1 M. Gastpar and M. Vetterli, “On the capacity of wireless networks: The
relay case,” in Proc. INFOCOM’02, Jun. 2002.

[10] M. Gastpar and M. Vetterli, “On asymptotic capacity of Gaussian relay
networks,” in Proc. Int. Symp. Inf. Theory, Jun. 2002.

[11] A. Dana and B. Hassibi, “On the power efficiency of sensory and ad
hoc wireless networks,” IEEE Trans. Inf. Theory, vol. 52, no. 7, pp.
2890-2914, Jul. 2006.

[12] G. Caire, D. Tuninetti, and S. Verdd, “Suboptimality of TDMA in
the low-power regime,” IEEE Trans. Inf. Theory, vol. 50, no. 4, pp.
608-620, Apr. 2004.

[13] B.E. Schein, “Distributed coordination in network information theory,”
Ph.D. dissertation, Mass. Inst. Technol., Cambridge, Sep. 2001.

[14] A. Avestimehr and D. Tse, “Outage capacity of the fading relay channel
in the low SNR regime,” [EEE Trans. Inf. Theory, vol. 53, no. 4, pp.
1401-1415, Apr. 2007.

[15] S. Verdd, “Spectral efficiency in the wideband regime,” IEEE Trans.
Inf. Theory, vol. 48, no. 6, pp. 1319-1343, Jun. 2002.

[16] O. Oyman and A. J. Paulraj, “Spectral efficency of relay networks in
the power-limited regime,” in Proc. Allerton Conf. Commun., Control
Comput., Sep. 2004.

[17] 1. Mari¢ and R. D. Yates, “Forwarding strategies for Gaussian parallel-
relay networks,” in Proc. IEEE Int. Symp. Inf. Theory, Jun. 2004.

[18] I. Mari¢ and R. D. Yates, “Bandwidth and power allocation for coop-
erative strategies in Gaussian relay networks,” in Proc. Asilomar Conf.
Signals, Syst. Comput., Nov. 2004.

[19] I. Mari¢ and R. D. Yates, “Forwarding strategies for Gaussian parallel-
relay networks,” in Conf. Inf. Sci. Syst., Mar. 2004.

[20] T. Cover and J. Thomas, Elements of Information Theory. New York:
Wiley, 1991.

[21] E. Telatar, “Capacity of multi-antenna Gaussian channels,” Eur. Trans.
Telecommun., vol. 10, no. 6, pp. 585-596, Nov. 1999.

[22] J. A. Thomas, “Feedback can at most double Gaussian multiple access
channel capacity,” IEEE Trans. Inf. Theory, vol. 33, no. 5, pp. 711-716,
Sep. 1987.

[23] E. Beres and R. Adve, “On selection cooperation in distributed net-
works,” in Proc. IEEE Conf. Inf. Signals Syst. (CISS), Mar. 2006.

[24] J. Luo, R. S. Blum, J. L. J. Cimini, L. J. Greenstein, and A. M.
Haimovich, “Link-failure probabilites for practical cooperative relay
networks,” in Proc. Veh. Technol. Conf., May 2005.

Ivana Marié (S’00-M’03) received the B.S. degree from the University of Novi
Sad, Yugoslavia. She received the M.S. and Ph.D. degrees in the Wireless Net-
work Information Laboratory (WINLAB), Rutgers University, New Brunswick,
NJ, in 2000 and 2006, respectively.

She was a summer intern with AT&T Research Labs in 1998. She is currently
a Postdoctoral scholar with Stanford University, Stanford, CA. Her research fo-
cuses on network information theory and wireless communications.

Ms. Mari¢ serves as an Associate Editor for the IEEE COMMUNICATIONS
LETTERS.

Roy D. Yates (M’90-SM’05) received the B.S.E. degree in 1983 from Princeton
University, Princeton, NJ, and the S.M. and Ph.D. degrees in 1986 and 1990, re-
spectively, from the Massachusetts Institute of Technology (MIT), Cambridge,
all in electrical engineering.

Since 1990, he has been with the Wireless Information Networks Laboratory
(WINLAB) and the Department of Electrical and Computer Engineering (ECE),
Rutgers University, New Brunswick, NJ. Presently, he is an Associate Director
of WINLAB and a Professor with the ECE Department. He is a co-author (with
D. Goodman) of the text Probability and Stochastic Processes: A Friendly In-
troduction for Electrical and Computer Engineers (New York: Wiley, 1999) .
His research interests in wireless networks include interference mitigation, se-
cret communications, and spectrum regulation.

Dr. Yates serves as an Associate Editor for Communication Networks for the
IEEE TRANSACTIONS ON INFORMATION THEORY. He is a corecipient of the 2003
IEEE Marconi Prize Paper Award in Wireless Communications.

Authorized licensed use limited to: Stanford University. Downloaded on May 04,2010 at 20:30:49 UTC from IEEE Xplore. Restrictions apply.



