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ABSTRACT 
Analysis of chemical equilibria is a topic covered in both 

undergraduate and graduate courses such as physical chemistry, 
chemical thermodynamics, and engineering thermodynamics. 
Manual calculation of problems that require a student to solve 
for species concentrations, partial pressures, or mole fractions 
usually involve the method of equilibrium constants. Exercises 
in homework assignments or in-class examinations are 
frequently limited to reactions that involve no more than four 
gas phase species as the resulting arithmetic required to solve 
for the unknown quantity becomes too cumbersome and prone 
to error. Students who invest the requisite time in manually 
solving complex equilibrium problems in homework 
assignments need a tool to verify their answer. A Java web 
application (“applet”) has been developed to assist engineering 
students who encounter general multiphase equilibrium 
problems involving many species. In addition to students, 
educators and professional researchers will benefit from a user 
friendly and free to use software package that can numerically 
compute equilibrium distributions for arbitrary reactions. The 
applet we present in this work can be used to analyze complex 
reactions involving twenty or more species and one such 
reaction, the combustion of isooctane and air, is presented as an 
example. 

 
INTRODUCTION 
 Students majoring in chemistry, chemical engineering, 
mechanical engineering, and environmental engineering 
frequently encounter the topic of chemical equilibrium in 
physical chemistry or thermodynamics courses, both at the 
graduate and undergraduate level.   An ability to know how to 
calculate quantities such as concentrations, partial pressures, or 
mole and mass fractions of species in a reaction that has 
reached an equilibrium state is a fundamental skill and must be 
ttps://proceedings.asmedigitalcollection.asme.org on 06/19/2019 Terms of Use: 
learned by students of chemistry and engineering.  On exams 
and homework assignments, students are often given problems 
where one is presented with an equilibrium reaction, given 
some thermochemical data and thermodynamic state 
information, and asked to use the data to calculate an unknown 
quantity such as the equilibrium concentration or mole fraction 
of one or more species.  Problems encountered by students in 
contemporary textbooks [1,2] rarely involve more than four gas 
phase species which renders the task of manually solving an 
equilibrium problem more manageable.  However, significant 
arithmetic is required to compute equilibrium constants and use 
them to solve for unknown species quantities that the 
probability of mathematical error is quite high when solving 
such problems by hand.  Previous research by Tyson, Treagust, 
and Bucat [3] document the difficulties students often 
experience when asked to make predictions about the effect a 
change in species concentration or temperature has on an 
equilibrium mixture.  Many efforts have been made to develop 
better tools to help with the understanding and calculation of 
chemical equilibrium.  Many of these efforts have concentrated 
on the benefit object-oriented design has on software 
development and have created open source libraries and 
applications that employ a variety of numerical methods to 
solve particular classes of equilibrium problems in an object-
oriented way [4,5,6].  Other efforts have centered on improving 
student understanding of chemical equilibrium through user-
friendly and visually appealing applications that are web 
accessible using the java applet interface [7].  Unfortunately, all 
of these tools are either problem specific and focus on 
particular, predefined reactions or require substantial technical 
skill and knowledge to adapt the software to solve arbitrary 
problems faced by students and researchers.  The goal of this 
work is to draw on the past contributions of others and create a 
web accessible and freely available application that can be used 
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by students and researchers to solve any generalized chemical 
equilibrium problem. 

NOMENCLATURE 
a Number of different elements in the reacting 

system 
,i jA   Number of atoms of type i in ideal gas j 

jb  Number of atoms of type j in the reacting 

system 
C The set of condensed species in the product 

mixture 
j Index used to reference a gaseous species 

pK   Partial pressure equilibrium constant 

l  Index used to reference a condensed species 
m Number of unique species in the product 

composition 

jn   Number of moles of species j 
n  Total number of moles in the equilibrium 

composition 
1

m

j
j

n
=

= ∑  

( )g   Species in the gas phase 

( )l   Species in the liquid phase 

H   Enthalpy, kJ 
T   Temperature, K  
S   Entropy, kJ·K-1 
U   Internal energy, kJ  
P    Pressure, atm 

jP   Partial pressure of species j, atm 

P D   Standard state pressure = 1 atm 
R  Ideal gas constant = 8.314472 J·K-1·mol-1 
V  Volume, 3m  

jy   Mole fraction of species j 

φ   Equivalence ratio 

jμ   Chemical potential of the jth species, J·mol-1 

jμ
D

 Standard state chemical potential of the jth 

species, J·mol-1 
  

A JAVA BASED WEB APPLICATION 
To illustrate the educational advantage of our chemical 

equilibrium application, we have selected two problems to 
solve to demonstrate its suitability for use in engineering 
courses.  One of the first reactions students learn during the 
study of chemical equilibrium thermodynamics is the Haber 
process for ammonia synthesis    

( ) ( ) ( )2 2 33 2N g H g NH g+ ZZXYZZ                      (1) 
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The Haber process is carried out at about 520°C and 500 atm in 
the presence of an iron-molybdenum catalyst.  The catalyst 
increases the rate of the reaction given by (1) but does not 
affect the reaction stoichiometry.  At equilibrium, the mole 
fractions of nitrogen, hydrogen, and ammonia gas are 
approximately 17%, 50%, and 33%.  Students learn to solve 
this type of problem manually using the method of equilibrium 
constants.  The partial pressure equilibrium constant pK for (1) 

at 500°C is 51.066 10−× .  We can solve for the equilibrium 
mole fractions of 2N , 2H  and 3NH  by equating the known 
equilibrium constant to the partial pressure quotient 

1

1

j

i

m

j
j

p n

i
i

P
K

P

ν

ν

=

=

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

∏

∏

                                                 (2) 

where the index j iterates over all product species, i over all 

reactant species, and ,i jν is the stoichiometric coefficient for 

species i or j in the equilibrium reaction.  Equation (2) can be 
expressed in terms of moles where 

 1 11

1

m nj
j i

j i

i

m

j
j

p n
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i
i

n
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nn

ν
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ν

= =
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⎣ ⎦

∏
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                             (3) 

The actual reaction of (1) is given by 
( ) ( )

( ) ( ) ( )
2 2 3

2 2

2 2 3

3

N H NH

N g H g

n N g n H g n NH g

+ ⎯⎯→

+ +
           (4) 

We can then express (3) in terms of exactly one of the 

jn unknown molar quantities.  By performing a mass balance 

on nitrogen and hydrogen atoms we obtain three equations in 
the four unknowns 

2 2 3
, ,N H NHn n n and Totaln , 

( )
( )

2 2

3 2

2 2 3 2

3

2 1

2 1

H N

NH N

Total N H NH N

n n

n n

n n n n n

=

= −

= + + = +

                     (5) 

Substituting (5) into (3) we obtain 

( )( )
( )( ) ( )

2

22 2

2 2

-5
3

2 1 500 1.066 10
2 13

N

p
NN N

n
K

nn n

−⎡ ⎤⎛ ⎞−⎢ ⎥⎜ ⎟= = ×⎢ ⎥⎜ ⎟+⎝ ⎠⎢ ⎥⎣ ⎦

       (6) 

Solving for 
2Nn and then using (5) one will find the following 

mole fractions which are close to the approximate values given 
above, 
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2

2

3

0.180731

0.542194

0.277075

N Total

H Total

NH Total

n n

n n

n n

=

=

=

                                       (7) 

With only three gaseous species and two elements, equation (6) 
is a fairly difficult and time consuming equation to solve 
manually.  The equilibrium composition of reactions that 
involve three or four species can usually be hand calculated 
with reasonable effort using equilibrium constants.  However, 
in reactions involving many species (e.g. combustion 
processes), using equilibrium constants is not practical and 
specialized software is required. 

 We now show the ease with which (1) can be solved 
using our Java Chemical Equilibrium Daemon.  In Figure 1 
we see a snapshot of the composition panel where the reactant 
and product species are specified.  One checks the box next to 
each desired reactant species and then double-clicks in either 
the kmol or kg column to specify moles or mass, respectively.  
To solve the Haber ammonia synthesis problem just presented, 
one would check species 2N and 2H and then enter 1 and 3, 
respectively, in the corresponding kmol column of the Reactant 
Composition table.  Next, since the problem specifies the 
mixture in equilibrium consists only of 2N , 2H  and 3NH , one 
checks the corresponding boxes next to each of these species in 
the Product Composition table. 

 

 
Figure 1.  Selecting reactant and product species using the 
Composition Panel. 
 

Once the reactant and product species have been configured, 
temperature and pressure is then specified using the State Panel 
as shown in Figure 2.  The thermodynamic state of the “frozen” 
reactant mixture can be calculated by clicking the radio button 
entitled Reactants in the State Panel and then clicking 
Calculate.  The thermodynamic state of the equilibrium 
composition is found by clicking the radio button entitled 
Products and then clicking Calculate again.  From Figure 2 one 
can see the calculated frozen state specific enthalpy ( )1h  and 

entropy ( )1s  is -1352.61 kJ kg⋅  and -1 113.59 kJ kg K −⋅ , 

respectively.  Specifying any two intrinsic thermodynamic 
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properties (shown in green) in the State Panel will 
automatically compute all other properties (shown in 
aquamarine).  After computing the equilibrium distribution 
from the State Panel, the molar and mass distribution quantities 
can be found by returning to the Composition Panel as shown 
in Figure 3.  One can see from the highlighted quantities the 
mole fractions of 2N , 2H  and 3NH  in the equilibrium 
composition are 0.1809430, 0.5428226, and 0.2762344, 
respectively.  These values closely match the expected values 
obtained from our manual solution given in (7) using the 
equilibrium constant. 

 

 
Figure 2.  Thermodynamic properties such as temperature 
T and pressure p  are specified using the State Panel. 
 

 
Figure 3.  After clicking the Calculate button with the 
Products radio button selected in the State Panel, the molar 
and mass composition of the product mixture is displayed 
in the Composition Panel. 

THEORETICAL BACKGROUND 
The theory underlying the computation of a mixture of ideal 

gases in equilibrium at a constant temperature and pressure is 
based on the minimization of the Gibbs free energy function.  
The Gibbs function G is defined as  

μ
=

= = + = ∑
1

- ( ) -
m

j j
j

G H TS U PV TS n                   (8) 

A system will be in equilibrium when the change in Gibbs free 
energy of the system is zero.  Differentiating (8) we obtain 
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- -dG dU PdV VdP TdS SdT= + +                         (9) 

At a constant temperature T and pressure P ,  (9) reduces to 

-dG dU PdV TdS= +                                           (10) 

The combined first and second law of thermodynamics requires   

0 0 dU TdS PdV dG− + ≤ ⇒ ≤                          (11) 

which tells us the equilibrium state is also one where the Gibbs 
free energy of a system has reached the smallest possible or 
minimum value.  From (8) and using the definition of the 
chemical potential for an ideal gas species j, 

ln j
j j

P
RT

P
μ μ

⎛ ⎞
= + ⎜ ⎟

⎝ ⎠
D

D
                                            (12) 

Substituting (12) into (8) and dividing by RT to obtain a 
dimensionless form, we obtain 

μ

=

⎡ ⎤⎛ ⎞
= +⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
∑

D

D
1

ln
m

j j
j j

j

PG n n
RT RT P

                                   (13) 

but  

ln ln ln ln lnj j j
j

P P y PP P Py
P P P P P P

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = = +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠

D D D D
    (14) 

where the last term, ln P
P

⎛ ⎞
⎜ ⎟
⎝ ⎠D

, reduces to a constant since the 

system total pressure P is given as an input to the problem.  
Using (14), equation (13) now becomes 

μ

=

⎡ ⎤⎛ ⎞= + +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

∑
D

D
1

ln ln
m

j
j j j j

j

G Pn n y n
RT RT P

                 (15) 

The minimum stationary point of  (8) will be the vector of 
species molar values 

G
n where dG vanishes.  Differentiating G 

we obtain   

1 1

m m

j j j j
j j

dG n d dnμ μ
= =

= +∑ ∑                                    (16) 

but from the isothermal, isobaric Gibbs-Duhem equation we 
know that 

1
0

m

j j
j

n dμ
=

=∑                                                          (17) 

and so we seek the unique vector 
G
n such that 

1

ln ln ln  0
m

j
j j

j

Pn n dn
RT P
μ

=

⎡ ⎤⎛ ⎞+ − + =⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

∑
D

D                 (18) 
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Solving (18) amounts to solving a nonlinear constrained 
minimization problem.  The method of Lagrange multipliers is 
used to solve (18) according to an atomic mass constraint 

,
1

, 1, ,
m

i j j i
j

A n b i a
=

= =∑ …                                         (19) 

The total number of each atom present in the reactant mixture 
must be the same in the product mixture at equilibrium since 
mass is conserved.   Because there cannot exist a negative 
number of moles of a species, we are also bound by the 
positive moles constraint 

0, ,1jn j j m≥ ∀ ≤ ≤                                                (20) 

We can express the atomic constraint equations given by (19)
and (20) as equality constraints  

( )1 2 ,
1

, , , 0
m

i i m i j j i
j

n n n A n bφ φ
=

= = − =∑…                 (21) 

There will be a equations of the form (21) for each atom i 
present in the system.  We define the Lagrangian function 

( , )n λ
KG

L = L as  

λ μ λ φ
=

= +∑
KG G

1
( , ) ( )

a

i i
i

n nL                                          (22) 

The solution of (18) is thus the minimum stationary point 
where the gradient of (22) vanishes 

φμλ λ
⎛ ⎞ ∂∂⎜ ⎟∇ = + =∑ ∑ ∑⎜ ⎟∂ ∂⎜ ⎟= = =⎝ ⎠

≠

KG
( , ) 0

1 1 1, ,

m a m in dn dnj i jn nj i jj jp T ni j

L   (23)

OBJECT-ORIENTED DESIGN 
Many of the existing software packages used to solve 

chemical equilibrium applications are written in a procedural 
programming language such as FORTRAN and C.  For 
example, NASA CEA [8,9] and STANJAN [10] are both 
written in FORTRAN 77.  Software developed using a 
procedural programming language is usually more difficult to 
maintain and extend since, in this paradigm, computational 
tasks are broken down into functions or subroutines that are 
designed to accomplish a specific operation.  When new 
functionality is needed, it is usually difficult to refactor existing 
routines that are specifically designed.  In contrast, our 
eequilibrium applet is written using an object-oriented 
paradigm with the Java programming language.   In this 
paradigm, computational tasks are implemented within objects 
that model the problem domain.  When new functionality is 
needed, only those classes which model the new capability 
need to be modified and this can usually be accomplished 
without having to modify other classes.  An additional benefit 
of using Java is the ability to deliver the application as an 
applet that can be launched within the context of a web 
browser.  This advantage relieves instructors from having to 
assist students with software installation issues as any computer 
4 Copyright © 2008 by ASME 
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with a web browser and the free Java Runtime Environment 
[11] can run our applet.  To illustrate the object-oriented 
construction of our applet, we will discuss the design of one 
aspect of the software: the composition panel.  

 
Figure 4.  UML class diagram for the Composition Panel. 
 

A UML class diagram [12,13] showing the Java 
classes involved in the composition panel is shown in Figure 4.  
The core class is the CompositionPanel which is designed 
using a model-view-controller pattern and has a 
ProductsTableModel and ReactantsTableModel class.  The 
model-view-controller (MVC) architectural pattern [14] 
separates the data (called the model) in an application from the 
user interface (called the view).  The controller code acts as a 
bridge between the model and view.  As events are generated 
by the user while interacting with the interface, the controller 
processes these events and invokes actions on the model.  In 
the case of the CompositionPanel class which acts as the view, 
as a user selects different species by clicking the checkbox 
widgets next to a species’ name in the reactants table and 
specifies the quantity, either by mass [kg] or kmols, the 
corresponding unit of measurement is automatically calculated 
from the species’ molecular weight as well as the species’ mass 
and mole fractions.  The ReactantCellRenderer class is used by 
the ReactantsTableModel to designate which unit of 
measurement was used to designate the quantity of each 
reactant species: if a user enters the number of kmoles of a 
reactact, the respective cell in the kmoles column turns green 
and the cell in the kilograms column turns blue, and vice versa.  
Each time species are selected or removed from either table, 
code serving as the controller updates data structures 
maintained by the ReactantsTableModel class that 
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automatically updates mixture properties such as total system 
mass, moles, and mixture molecular weight which is needed by 
the solver. 

The ProductsTableModel class is similar to the 
ReactantsTableModel class in that it serves as a container class 
to hold the set of species that may exist in a mixture.  However, 
since the quantity of products in a reacting system in a state of 
equilibrium is unknown to the user prior to computation (this is 
what is being solved), the CompositionPanel class restricts the 
ability for a user to specify the quantity of any product species.  
Also, each time a user selects or deselects a reactant species, 
the CompositionPanel class updates the list of selectable 
species in the products list based on the set of atomic elements 
represented in the reactant mixture.  For example, if a user 
selects carbon dioxide 2CO  and solid graphite ( )C gr as 
reactants, and then selects carbon monoxideCO , gaseous 
carbon C , solid graphite ( )C gr , and oxygen 2O  as products, 
and then proceeds to unselect carbon dioxide 2CO from the 
reactant list, carbon monoxide and oxygen will automatically 
be removed from the product list since they are no longer 
atomically feasible product species.  

As shown in Figure 2, the state pull-down menu in the state 
panel identifies a particular thermodynamic state which is 
defined by entering any two intrinsic thermodynamic properties 
such as temperature and pressure.  A user can define multiple 
states by pulling down the state menu and selecting an unused 
state label which is indicated by the pattern State-n without a 
leading copyright (©) symbol.  Selecting a particular defined 
state in the State Panel will select that state in the Composition 
Panel where the user is then able to select different product 
species for each defined state.  Once multiple states are 
defined, clicking the blue Super-Calculate button, either in the 
Composition Panel or State Panel, will iteratively compute the 
equilibrium distribution for each defined state.  This convenient 
capability allows one to solve a multitude of equilibrium 
problems, each at different temperatures, pressures, and/or 
product species, all at one time based upon a single reactant 
mixture.  Following a Super-Calculate operation, each fully 
computed state can be viewed by changing the State drop-down 
table in the State Panel and then clicking on the Composition 
Panel button. 

 
SOLVING A COMPLEX EQUILIBRIUM PROBLEM 
INVOLVING MANY SPECIES 

To illustrate the use of our applet to solve a more complex 
problem, consider the combustion of isooctane and air at 

50P = bar and 3000KT = for a given equivalence ratio φ  
and molar stoichiometric ratio s.  The equilibrium reaction is 

 
where the molar stoichiometric ratio s for octane is 12.5 and the 
equivalence ratio φ  is the ratio of the fuel-to-air ratio (FAR) to 
the stoichiometric fuel-to-air ratio (FARstoichiometric), or 

( ) { }8 18 2 2 2, 2 2 2 2 2 2 4 3 2 2 23.76 , , , , , , , , ( ), , , , , , , ,
φ

+ + ZZXYZZ
sC H O N CO O CO H O N NO OH O H C s HCN C H H CH CH CN C N C H
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φ
⎛ ⎞

= = ÷ ⎜ ⎟
⎝ ⎠

Fuel fuel

stoichiometric oxidizer oxidizer stoichiometric

n nFAR
FAR n n

              (24) 

Thus, for a given equivalence ratio of φ  and 1 kmol of 

isooctane fuel, the number of kmols of air would be 12.5 φ .  
Figure 5 shows the result of using our applet to calculate the 
equilibrium distribution of isooctane combustion at 1φ = .  A 
plot of equilibrium distributions obtained from running our 
applet for a range of ,φ 0.4 10φ≤ ≤ , is shown in Figure 6. 

 
Figure 5.  Combustion of isooctane and air at P=50 bar and 
T=3000K.  
 

 
Figure 6.  Equilibrium distribution of isooctane and air at 
P=50 bar and T=3000K for 0.4 10φ≤ ≤ . 
 
NUMERICAL METHOD 

The numerical method employed by our applet used to 
minimize a Gibbs free energy function with constraints is based 
on the Newton-Raphson technique used to solve a system of 
nonlinear equations.  By expanding (23) we can write 
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In order to satisfy (25), all the terms in the square brackets must 
vanish to 0.  We therefore seek values of Lagrange multipliers 

iλ
K

such that 

φ
μ λ

=

∂
+ =

∂∑
1

0
a

i
j i

i jn
                                                 (26) 

for all j.  We observe 

φ
λ λ
∂

=
∂ ,

i
i i i j

j

A
n

                                                        (27) 

and hence solving (25) amounts to solving a system of m 
equations for each species j where the jth species equation is 
given by 

μ λ
=

+ =∑ ,
1

0
a

j i i j
i

A                                                    (28) 

and additionally, a population constraint equations for each 
element i where the ith constraint equation is given by 

=

− =∑ ,
1

0
m

i j j i
j

A n b                                                    (29) 

and finally one constraint equation governing the total number 
of moles present in the system, 

=

− =∑
1

0
m

j
j

n n                                                           (30) 

From (28), (29), and (30), we must solve a system of 
1m a+ + equations in 1a m+ + unknowns.  We use the 

Newton-Raphson method to iteratively solve this system of 
equations.  To construct our system matrix we let 

j j i 1 2f f ( ) f ( , , , )nx x x x= =
G

…  represent the jth species equation 
of (28), or 
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Expanding μ j using (15) we have 

μ λ

=

⎛ ⎞= + − + + =⎜ ⎟
⎝ ⎠

∑
D

D ,
1

ln ln ln 0
a

j i
j j i j

i

Pf n n A
RT RTP

 (32) 

By letting  
 

1 2
1 2 3 4 2x ln , ln , , , , a

j an x n x x x
RT RT RT

λλ λ
+= = = − = − = −…    (33) 

we will obtain 
 

( )λ
∂ ∂ ∂ ∂ ∂ ∂

= = = = − = = −
∂ ∂ ∂ ∂ ∂ ∂ −

…1,
1 2 3 1

1,  1,  ,
(ln ) (ln )

j j j j j j
j

j

f f f f f f
A

x n x n x RT
    (34) 

and our Newton-Raphson equation becomes 
 

μλ λ
δ δ δ

= = =

∂
= − ⇒ − + = − −

∂∑ ∑ ∑
G

, ,
1 1 1

( ) ln ln
n a a

ji i
i j i j i j

i i ii

f x f x n n A A
x RT RT RT

   (35) 

We will have m equations of type (35) for each species j.  For 
the population constraint equations given by (29), we let 

i i i 1 2f f ( ) f ( , , , )nx x x x= =
G

…  represent the ith population 
constraint equation such that 

= =

= − = − =∑ ∑, ,
1 1

exp(ln ) 0
m m

i i j j i i j j i
j j

f A n b A n b       (36) 

Then  

,(ln )
i i

i j
j j

f f
A n jx n

∂ ∂
= =

∂ ∂
                                          (37) 

and our Newton equation for (29) becomes  

δ
= =

= −∑ ∑, ,
1 1

ln  
m m

i j j j i i j j
j j

A n n b A n                              (38) 

We will have a of these equations for each unique atom present 
in the system.  Finally, we accommodate the total system moles 
equation in a similar fashion by letting 

1 2f f( ) f( , , , )nx x x x= =
G

…  represent (30), 

=

= − =∑
1
exp(ln ) exp(ln ) 0

m

j
j

f n n                            (39) 

where  
∂ ∂ ∂

= = = −
∂ ∂ ∂

 and 
(ln ) (ln )j

j j

f f fn n
x n n

                  (40) 

and thus the Newton equation for the total system moles 
constraint becomes 

δ δ δ
= =

= =

∂
= − ⇒ − =

∂

− = −

∑ ∑

∑ ∑

G
1 1

1 1

( ) ln ln  

exp(ln ) exp(ln )

n m

i j j
i ji

m m

j j
j j

f x f x n n n n
x

n n n n
    (41) 
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We can represent our system of Newton equations in matrix 
form by combining (35), (38), and (41) to obtain 

 
δ

δ

δ
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⎢ ⎥
⎢ ⎥
⎢ ⎥
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⎢ ⎥
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  (42) 

 
Gordon and McBride show how (42) can be reduced from a 
rank a+m+1 system, which is a function of the number of 
candidate product species in the equilibrium composition, to a 
rank a+1system, which only depends on the number of 
different elements represented in the composition.  For many 
combustion problems, only 5 elements are present: H, C, N, O, 
and sometimes S.  This reduction fixes our Newton-Raphson 
system to the relatively low rank matrix that is iteratively 
solved until the solution converges,  

1, 1, 1, 2, 1, , 1,
1 1 1 1

2, 1, 2, 2, 2, , 2,
1 1 1 1
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1 1
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j j j j j j j a j j j j
j j j j
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j j j j
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j j j j a j
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A A n A A n A A n A n
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m m
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a a a j j a j j
j j

m m
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j j j j
j j j
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RT

b A n A n
RTRT

nn n n n n n
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μ
λ

μ
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∑ ∑

∑ ∑

∑ ∑

∑ ∑

##

1 1

m m

j= =

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

∑ ∑

 (43) 

The system derived in (43) assumes all species j, ≤ ≤1 j m , 
are gaseous components and are modeled using the ideal gas 
equation of state pV=nRT.  Our species constraint equation 
given by (28) gives m equations (one for each species j, 
j=1,…,m) in a unknown Lagrange multipliers iλ , i=1,…,a for  
m ideal gases in the product mixture.  If the product mixture 
contains species in the liquid or solid phase, we must augment 
our Newton equations to accommodate l (letter “ell”) species 
constraint equations for each condensate.  The chemical 
potential of a species undergoing an isothermal process is given 
by 

lnRT aμ μ= +D                                                (44) 

where a refers to the activity of the species.  If we assume a 
condensed species is incompressible, it can be shown that  

ln ( 1)Va P
RT

≈ −                                                    (45) 

In our numerical method we assume 1P ≈  atm for each 
condensate in the product mixture and thus (44) reduces to 
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l lμ μ= D                                                                  (46) 
for each species l C∈ .  To accommodate the presence of 
condensates in (43), we modify the kth Newton equation to 
incorporate l constraint equations for each condensate giving 

λ δ

μ

= = = =

= =

⎡ ⎤⎛ ⎞− + + =⎢ ⎥⎜ ⎟
⎝ ⎠ ⎣ ⎦

− +

∑∑ ∑ ∑

∑ ∑

�	

, , , ,

1 1 1 1

Summation 
over all 
condensed 
species

, ,
1 1

ln
a m l m

i
k j i j j k j k j j

i j j j

m m
j

k k j j k j j
j j

A A n A A n n
RT

b A n A n
RT

 (47) 

For the l additional columns generated by adding the 
condensed species constraint equations, we add l additional 
linearly independent equations of the form 

a

,
i=1

,   Cji
i jA j

RT RT
μλ⎛ ⎞− = ∈⎜ ⎟

⎝ ⎠
∑                        (48) 

to (43) so our coefficient matrix is not rank deficient.  With 
support for condensed species, the system matrix becomes 
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We use a conjugate-gradient method to solve (49).  After 
each iteration of solving (49), the solution vector, 
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is used to construct the vector 
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             (51) 

for all gas phase components.  Note the first term in the jth 
element of (51) is obtained from the last entry in

G
x .  The other 

two terms represent deviations from the jth gaseous species 
constraint.  For the set of condensed species, the 

nδ components of 
G
x are extracted to form 
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c
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c
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⎡ ⎤
⎢ ⎥
⎢ ⎥= ⎢ ⎥
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JJG
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                                                               (52) 

From (51) and (52) an under-relaxation factor α is calculated 
that serves to dampen the step size taken to update the current 
iterates’ molar distribution vector n

JG
.  Without an under-

relaxation factor, large adjustments in the number of moles (or 
equivalently, the partial pressures since j jp y p= ) of gaseous 

species having trace amounts may be taken which could lead to 
divergence [15].  To calculate the under-relaxation parameter, 
two candidate sub-parameters, 1α and 2α , are first calculated 
and then the smallest value, not to exceed 1, is chosen.   Sub-
parameter 1α is calculated only from values in (51) and only for 
gas phase components presently having a mole fraction greater 
than 810− and for which the change in the species moles is 
found to be increasing from the result of the current iteration 
(i.e. ln 0δ >jn ), 

( )1
1 2

2
max 5 ln , ln , ln , , ln

α
δ δ δ δ

=
… mn n n n

(53) 

Equation (53) restricts the change in the number of moles in the 
system, or any gas phase component that meets the 
aforementioned criterion, to 2e .  On the other hand, for gaseous 
species in trace amounts where the log of the species mole 
fraction is less than 8ln10−  and the change in the moles is also 
found to be increasing from the result of the current iteration, 

2α is calculated as 
 

8

2

1 ln10 ln ln ln 9.210340371976182min min
ln lnln

α
δ δδ

− − − + −
= =

−

j

j

j j

n
n nn

n n n
n

(54) 

The purpose of 2α is to prevent gaseous species in trace 
amounts from growing to have a mole fraction log value 

greater than 8 41 ln10 ln10
2

− −= .  For example, from (54) we 

must have 
4

2

ln10 ln
min 1

ln
α

δ

− −
= ≤j

j

y
y

                                     (55) 

for 8ln10jy −≤ .  In the worst case, 2 1α = and then  
4ln ln10 lnδ −= −j jy y                                   (56) 

which limits the increase of the jth gaseous species’ mole 
fraction from exceeding 410−  since the change in the jth 
gaseous species’ mole fraction is set to the difference between 

410−  and its present value.  The under-relaxation parameter 
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chosen for the current iterate is then the minimum of 

1α and 2α , or 1 if 1α , 2α > 1, and thus 

( )1 2min 1, ,α α α=                                              (57) 

Once α is calculated it is used to update the entries of vector Gn which correspond to the log of the molar amount of each 
gaseous species using the following correction equation, 

( )1ln ln lnα δ−= +i i
j j jn n n                                (58) 

where superscript i refers the iteration number.  Similarly, for 
the condensed species in n

G
, the delta values in  (52) are used to 

relax each condensate’s molar quantity such that, 

( )1 α δ−= +i i
j j jn n n                                              (59) 

Finally, the log of the total system mole count is updated, 
( )1ln ln lnα δ−= +i in n n                                  (60) 

After updates (58), (59), and (60) are applied, we take the 
exponential of the log of the current approximate number of 
moles of each gaseous species as well as the current 
approximate number of moles of each condensed species and 
use these values to re-form the coefficient matrix and right-
hand side vector of (49) for the next iteration.  We repeat this 
process until a convergence criterion is satisfied. 

 Even with under-relaxation, the Newton-Raphson 
method can fail to converge in some circumstances and so we 
place an upper limit on the number of iterations allowed and 
the size of the corrections taken after each iteration.  We 
employ four convergence tests to determine when to terminate 
the search for the minima.  First, based on our own 
experimentation, we configured a maximum iteration count to 
be 

150
2
+

+
m l                                                              (61) 

where m is the number of possible gaseous species and l is the 
number of possible condensed species in the product mixture.  
This setting worked well in the many experiments we 
conducted.  Besides a maximum iteration count, we use the 
NASA CEA convergence criteria [8] to conclude that the molar 
distribution which yields the minimum Gibbs function has been 
found if the following three conditions are satisfied 

1

1ln
2

δ τ+

=

≤

∑
j

j m l

j
j

n
n

n

                                                     (62) 

for all gaseous species, and 

1

1 1
2

δ τ+

=

≤

∑
j m l

j
j

n
n

                                                         (63) 

for all condensed species, and 

1

1ln .
2

δ τ+

=

≤

∑
m l

j
j

nn
n

                                                      (64) 
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for the total system moles count.  The parameter τ is a 
convergence tolerance and we have used NASA’s 
recommended value of 510− which yields final molar 
distribution values accurate to five decimal places.  Criteria 
(62) places an upper bound on the minimum mole fraction 
correction: as a species mole fraction approaches the upper 
limit of 1, the magnitude of the correction must be greater than 

2
τ

to fail the convergence test. 

 To illustrate the convergence behavior of this method, 
Figure 7 shows a plot of Gibbs free energy G versus the 
iteration number for the example Haber process for ammonia 
synthesis reaction presented earlier.   One can see from the 
figure that 18 iterations were required to find the equilibrium 
distribution that yielded the minimum specific Gibbs free 
energy of approximately 4 -1-1.042 10  J g×  .  This test 
executed in 1.27s on a Dell Precision 670 workstation with 
2×2.80 GHz Intel Xeon™ microprocessors and 3GB of RAM. 

 
Figure 7.  Plot showing the convergence of the system 
specific Gibbs free energy to a minimum value in the Haber 
reaction ( ) ( ) ( )2 2 33 2+ ZZXYZZN g H g NH g   

 
CONCLUSION AND FUTURE DIRECTIONS 

Our chemical equilibrium applet has been expanded into two 
TEST daemons [16]: the Open-System, Steady-State, Chemical 
Equilibrium Daemon and the Closed Process Chemical 
Equilibrium Daemon, both currently available from The Expert 
System for Thermodynamics (TEST) website 
www.thermofluids.net.  Additionally, these applets are 
available for use, free of charge, to the mechanical engineering 
community under the Tools section of our Computational 
Thermodynamics Laboratory website cheqs.sdsu.edu.  
Engineering students and educators can now use a web browser 
to specify and solve complex chemical equilibrium problems 
without needing to download, install, and navigate an awkward 
command-line interface intrinsic to existing codes, pay 
expensive licensing fees, or struggle with open-source software 
compilation.  Both daemons allow the user to define an initial 
mixture composition (by mass or moles) and a set of candidate 
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product species for a particular reaction.  For a given pressure 
and temperature, the daemon calculates the equilibrium 
composition and the product mixture state by minimizing the 
system’s Gibbs free energy function.   

Because we used object-oriented design principles to 
construct our software, we can easily extend our applet to make 
use of emerging technologies such as W3C standardized Web 
services [17] to dynamically query thermochemical data such 

as the standard state entropy jsD and enthalpy jhD for each user 

selected product species.  These two thermochemical properties 
can then be used to compute the chemical potential jμ of each 

ideal gas which is equivalent to the Gibbs free energy of the 
gas or 
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We also plan to add functionality to allow users to define 
experimental species by allowing them to supply 
thermochemical data through the daemon’s Configuration 
Panel which is then uploaded to a central database using Web 
Services [18].  User submitted thermochemical data would then 
be immediately available to online users of the daemon, thereby 
allowing students, educators, and researches to collaborate with 
one another when solving chemical equilibrium problems. 
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