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Abstract. This paper is concerned with proving the existence of solutions to an
underdetermined system of equations, and the application to existence of spherical
t-designs with (¢t+1)2 points on the unit sphere S? in R3. We show that the construc-
tion of spherical designs is equivalent to solution of underdetermined equations. A
new verification method for underdetermined equations is derived using the Brouwer
fixed point theorem. Application of the method provides spherical t-designs which
are close to extremal (maximum determinant) points and have the optimal order
O(t?) for the number of points. An error bound for the computed spherical designs

is provided.
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1 Introduction

Let ¢ : R™ — R™ be a continuously differentiable function with m < n. Suppose that

Z is an approximate solution of the underdetermined system of nonlinear equations
c(z) =0 (1.1)

and the Jacobian ¢(x) of ¢ at & has full row rank. We are interested in the existence
of a solution of (1.1) in a neighbourhood of z.

Underdetermined systems of equations arise in constrained optimization prob-
lems, continuation methods for underdetermined equations, etc [3, 12, 14, 22]. This

paper gives a verification method for solutions of underdetermined equations (1.1).
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The main difficulty in proving the existence of solutions of underdetermined system
of equations is that the Jacobian ¢/(z) is an m x n matrix with m < n. Let ¢(2)"
be the Moore-Penrose pseudoinverse of ¢/(#). A popular method for verifying the
existence of solutions of nonlinear equations is to use a Krawczyk-type interval op-
erator [2]. Replacing the inverse by an Moore-Penrose pseudoinverse, we can get a

Krawczyk-type interval operator
K(X)=2—-(@) )+ (I -d@)"C" (X)X — 1), (1.2)
where X is an interval in R™ defined by
X =[Z—h,z+h], heR", h>0
and C'(X) is an interval arithmetic evaluation satisfying
d(z) e C'(X), for z € X.
It can be shown [2] that there is a solution of (1.1) in X if
K(X)CX, (1.3)

and ¢/(z) has full row rank. However, the enclosure (1.3) rarely holds due to the
equality [8]

I —(2)*¢(2)]]2 = min{1,n —m},

and the fact that
KX)CX = |I-d@)"@)]e<1 foralzeX.

In section 2 we present a new verification method for underdetermined systems of
equations (1.1) which does not need the generalized inverse ¢/(2)™.
A cubature (numerical integration) rule for the unit sphere S? = {y € R®

llyll2 = 1} is a set of N points y, € S? and weights w, for £ =1,..., N such that

N
F)dy = wef (ye)-
52 =1
Let P; = P;(S5?) be the linear space of restrictions of polynomials of degree < ¢ in 3
variables to S2. The dimension of the space P; is d; := (¢ + 1)2. Spherical t-designs,
introduced in [5], are sets of N points {y1,%2,...,yn} C S? such that the equally



weighted (w, = |S?|/N = 47 /N, ¢ =1,..., N) cubature rule is exact for all spherical

polynomials of degree at most ¢, that is

N
47
dy = — A P;.
/S 2p(y) y N;:lp(ye) p € Py

For ¢ > 1, the existence of a spherical ¢-design was proved in [19]. Commonly the
interest is in the smallest number Ny of points required to give a spherical ¢-design.

Lower bounds on N} given in [5] are

(t+1)(t+3)
(15+2)42
4

N} > if t is odd

N > if t is even.

A spherical t-design which achieves the lower bounds is called a tight spherical t-
design. However for ¢ > 2, it is known that tight spherical ¢-designs do not exist
[5]. Hardin and Sloane [7] have extensively investigated spherical designs on S2
and suggested a sequences of putative spherical ¢t-design with %tz + o(t?) points. A
7-design with 24 points was first found by McLaren in 1963 [13]. Korevaar and
Meyers [10] consider the construction for spherical t-designs with O(t3) points on S2.
An approach for the numerical calculation of spherical designs using multiobjective
optimization is studied by Maier [11], and computational proof of the existence of
spherical designs using interval methods [9] is investigated by Hardin and Sloane [7].
Extremal (or maximum determinant) points [20] are sets of (¢ + 1)? points on S?
which maximize the determinant of a basis matrix for an arbitrary basis of P;. Sloan
and Womersley [20, 21] showed that extremal systems have very nice geometrical
properties as the points are well separated and the computed interpolatory cubature
weights are positive (wy > |S?|/(2N) for £ = 1,..., N for degrees up to t = 150).
Also the condition number of the basis matrix grows slowly, giving confidence in the
calculated cubature weights. Proving the positivity of the cubature weights for all
degrees t for the extremal points is still an open question. Other systems of points,
such as minimum energy points, often have basis matrices with such high condition
numbers that no confidence can be placed in the calculated cubature weights.
Equal weight cubature rules, or spherical designs, are simpler to implement and
there is no question about the positivity of the weights. There are many different
characterizations of spherical t-designs [6]. However these can be very ill-conditioned.
Extremal points provide excellent starting points for numerically finding solutions to

an underdetermined, but highly nonlinear, system of equations which characterize



spherical t-designs with (¢ + 1)? points. Application of the verification method to
the system of equations then proves the existence of spherical t-designs which are
close to the calculated points and have the optimal order O(¢?) for the number of
points. Moreover spherical designs with (¢+1)? points which also have a basis matrix
with a determinant close to the maximum are simultaneously good for cubature and
interpolation. Computed spherical t-designs with (¢ + 1)? points for degrees up to
t = 50 are available from http://www.maths.unsw.edu.au/~rsw/Sphere.

The focus here is not on finding a spherical t-design with the minimal number
of points, but rather proving the existence of spherical t-designs with (¢ + 1)? points
close to an extremal system. Once existence of a spherical design with (¢ +1)? points
is established one can then look for extremal spherical designs, that is systems of
(t + 1)? points which maximize the determinant of a basis matrix subject to the
constraints that they are spherical t-designs.

In section 3 we reformulate the calculation of a spherical t-design with (¢ + 1)?
points as an underdetermined system of nonlinear equations (1.1) with m = (¢+1)>—1
equations and n = 2(¢t + 1)? — 3 variables. We show that a sufficient and necessary
condition for the existence of solutions to the system of equations is existence of a
spherical t-design with (¢ +1)2 points. In section 4, we apply the verification method
to find new spherical t-designs. The computed spherical designs Y = {01, Yar }
are compared with the extremal (maximum determinant) points, and error bounds
of Y to exact spherical designs are given

For a given m x m matrix A, let Az be the submatrix of A whose entries lie in
the columns of A indexed by Z. For a given vector x € R", let x7 be the subvector

of x whose entries of x indexed by Z.

2 A verification method

Let & be a computed solution of (1.1). Let B be an index set {ki, k2, ...,k } such
that cz(z) € R™ ™ is nonsingular. Define the function H : R" — R" by

Hg(z) = x5 — cy(2) e(z) (2.1)
Hy(z) = ay —alay —iy), (2.2)

where N = {1,2,...,n}/B and a € (0,1) is a constant. Obviously, if z* € R™ is a
fixed point of H, that is, H(z*) = z*, then we have c¢(z*) = 0 with 2}, = . Choose

two nonnegative numbers r; and r, and define the convex set

X ={zeR": |zg— 25| <r,|lzr — 2n| <72}



Theorem 2.1 Suppose that ¢ : R™ — R™ is continuously differentiable, ¢ has full

row rank at £ and
leg(x) — cx(2)|| < K|z — ]|, for z € X. (2.3)

(1) There is a solution of (1.1) in X if

1

(@) 2e(@)]] + llcs(@)~1] <§K<n +ra)r + max ||05v(17)\|7”2) <m. (24)

(2) There is no solution of (1.1) in X if

R N 1
(@) @) = eb(@) ] (3K + rara 4 mag etz ) > (29
Proof. (1) By the continuity of ¢/(z) and the mean value theorem, we find

Hp(z) = ip—cp(t) " e(@) +ap — &5 — (@) (c(@) — (@)

1
= i — (@) (@) + a2 — ip — cg(i)lf e+t —2))(z—2)dt
0

1
= ip—cg(®) (@) + a5 — dp — C%(i’)_l/ cg(x + (& —2))(zp — &p)dt
0

= i — (@) () + /Ol(cﬁg(i’) — gz + (2 — x)))(zp — Zp)dt
+ /01 el + (& — 2))(zx — En)dt].
Therefore, for any x € X, we have
|Hp(z) — &5 1
< (@)~ e(@) || + e (@) 7| /O Icis(2) — ep(@ + (& — @) |z — E5(dt
+ (@)~ /01 (@ + t(2 — 2)) ||z — Zarl|dt
< @) e@ + Iep@ 1 ([ =0l = el + [ ma (o)1t
< |leg(@) te(@)[| + HC%(@)_lH(%K(Tl +r2)ry +max [ (z)|72).

Here we uses the facts that z + ¢(Z2 — z) € X, ||lag — 25| < r1 and ||z — 2| < 72
for all z € X and t € [0, 1]



This implies that if (2.4) holds, then for any x € X, we have
|Hp(z) — 25l <71
Moreover, by the definition of H, we always have
[Hy(2) = x|l = (1 = a)llzy — dnll < 72
Therefore, (2.4) implies that H maps X into itself, that is,
H(z) e X, foranyze€ X. (2.6)

Using Brouwer’s fixed point theorem, (2.6) implies that there is a fixed point z* of
H in X. From the definition of H, z* is a solution of (1.1).
(2) Assume that (2.5) holds and there is a solution z* in X. Following the proof

for part (1), we have

r 2> |op — sl

= [Hs(z") — 5]l

1
> |lep(@) (@) - HCQs(i’)lH/O les() — e(a” + 4(2 — 27) |||z — Epl|dt
1
—||0§3(ff1)‘1||/0 e (2" + 82 — 27)[[lzn — 2|t

el rn a1
> (@) @) = l1ep(@) (G K (ra + ro)rs + max [eye() [r2) > 1.
This is a contradiction, which completes the proof.

Without loss of generality, we assume that 7 # 0. Let 7 € (0, %) Define a subset
of X
Xe={z| llzg — 25| < 711, [lay — Enl| < 772}

Then we have the following corollary.

Corollary 2.2 Under the assumptions of Theorem 2.1, inequality (2.4) implies that
cg(x) is nonsingular for all x € X, and the solution x* of (1.1) with x3, = Ty is

unique m X,.
Proof. For any = € X, (z # &), inequality (2.4) implies that

r1

v

ol
|cs(2) 1||§K(7“1+7“2)7‘1

gy 1 R
() = K[|z — 2|7y
2T

leg(@) 1 Klw — 2lry

v

A\ —

ralcs(@) [l () — cs()l]

ra||T — c(#) (@)

vV Vv

v

6



Dividing r; in the both sides, we find
17— c(@)~He(x)|] < 1.

Hence cjz(x) is nonsingular. By the implicit function theorem [16], the solution x* of
(1.1) with z}, = £, is unique in X,.
Remark 2.1 For the case m = n, we have = zp, cg(z) = ¢(z), and (2.4) reduces

to
1
!W@Y%@W+§KW®YWHSW (2.7)

This is a quadratic inequality in 7. If

p = K| (@) e@)llll¢' (@)~ < (2.8)

!
2
then (2.7) holds for all r satisfying
—1_m<r<—1+m.
K@)~ = = K@)~
By Theorem 2.1, there is a solution in X = {x € R": ||z — Z|| <r}. Therefore,

Theorem 2.1 is a generalization of the Kantorovich Theorem [16] for the existence of

solution.

3 Spherical designs

In this section we describe a method of reformulating construction of spherical ¢-
designs as an underdetermined system of nonlinear equations.

For a given positive integer ¢, a set of points Y = {y1,...,9q4} C S? is called a
fundamental system if the zero polynomial is the only member of P; that vanishes

at each point y;, j = 1,2,...,d;. The requirement
d; = (t +1)%dim = P,

ensures the basis matrix is square.

Y is called an extremal system if these points maximize the determinant of the
interpolation matrix with respect to an arbitrary basis of P;. An extremal system is
obviously a fundamental system. Sloan and Womersley [20] showed that the extremal
fundamental systems have excellent geometrical properties and surprisingly good
performance for numerical integration. However, it is unknown that if there always
is a spherical t—design in a neighbourhood of an extremal fundamental system. Our

aim is to verify the existence.



Let Ly, : [-1,1] — R be the usual Legendre polynomial [1]. The Rodrigues

representation yields

1 Y3 ke — ok
Le(z) = 5 ; k:!((€ —) if;)!(e - 22:)!% * (3:-1)

where [¢/2] is the floor function. Let

t

Ji(z) = ﬁ S+ DL(z),  zel-1,1]

which is a normalized Jacobi polynomial. The Gram matrix G = G(Y') is a symmet-

ric positive semidefinite d; x d; matrix with elements
Gi,j = Jt(yiTyj)'
The functions

gi(y) = T(yly), i=1,...,d;, y€ S°

belong to P;. If G is nonsingular, {g1,...,ga} is a basis for P;. For a given arbitrary

function f € C'(S?), the unique polynomial interpolant Af for the set Y is

dt

(AN ©Y) =D vigiy)-
i=1
Here the vector of weights v = (vy,...,v4,) is the solution of the linear system of
equations
Gv = b, (3.2)

where b; = f(y;),i =1,2...,d;.

The cubature rule
dt
Qulf) =3 wifw) ~ | [(y)dy
i=1 S
is exact for all polynomials p of degree < t if w satisfies the system of linear equations:

Gw =e, (3.3)

where e = (1,1,...,1)T € R%. In particular, the cubature rule is exact for the

constant polynomial 1 € P;. Thus

de
/SZ y=1=dr=> w

=1

8



Hence the average cubature weight is

4
wavg — d_.
t

Numerical results given in [21] show that the weights defined by (3.3) with the

coefficient matrix G(Y'), where
log det G(Y) = max log det G(Y), (3.4)
YCs?

are all positive and the scaled weights w;/wayg lie in [1/2,3/2].

The set of points Y = {@1, ..., ¥4} defined by (3.4) is an extremal fundamental
system. It is conjectured that there is a spherical t-design which is very close to an
extremal fundamental system, that is, there is a set of points Y* = {y1,%5,..., v}

in a neighbourhood of Y = {#1, ..., %4} such that

dt
/ py)dy =Y wp(y;) VpeP
52 i=1

and equal weights

wi = — i=1,2,....d, (3.5)

To explore this conjecture, we reformulate the problem as an underdetermined
system of nonlinear equations. The matrix G is rotationally invariant, so the set of
points can be normalized so that the first point is at the north pole and the second is
on the prime meridian. Hence a spherical parametrization 6; € [0, 7] and ¢; € [0, 27)
of the points y;, 7 = 1,2,...,d; has ¢1 = 0,6, = 0 and ¢, = 0 giving a total of 2d; —3
variables.

Let

n = 2d; — 3, m=d; — 1,
and let

Ti_1 = 0; 1=2,3,...,d;

Tgp+i—3 = P; 1=3,4,...,d;.

The set of points Y = {y1, . .., ys4 } and the vector of variables © € R™ are uniquely
related by

sin 1 sin 0; cos ¢; sin ;1 COS Tgy+i—3
y1=10 |, =10 , Yyi = | sinf;sing; | = | sinx;_1sinxy+i_3
1 COS T1 cos 6, COS T;_1



The simple bounds on 6; and ¢; can be ignored due to the periodicity of the sin and
cos functions. Hence the matrix G can be regarded as a function of z whose elements
are defined by

Gij(x) = Ji(yi vj)-

Define the function ¢ : R — R™ by

c(xz) = EG(x)e, (3.6)
where E is the m x d; matrix
1 -1 0 0
1 0 -1
B —
0
1 0 0 —1

This is motivated by the simple, but critical, observation that any cubature rule
which is exact for constants has Zf;l w; = 4w, so one only requires that w, = w; for
i=2,...,d; to get (3.5). In fact the system of d; equations G(x)e — wgyge = 0 has
a Jacobian with only rank d; — 1.

The following theorem states the relation between a spherical t-design and a zero
of the function ¢ defined by (3.6).

Theorem 3.1 Suppose that G(x*) is nonsingular. Then x* corresponds to a spher-
ical t-design with (t + 1)? points if and only if c(z*) = 0.

Proof: Let 2* be a solution of c(z) = 0, and let {y3,95,...,y;} be the set of points
defined by z*. First it is shown that {y7,5,...,y;} is a spherical ¢-design.
Since G(z*) is nonsingular, {yi,¥s,...,¥;} is a fundamental system and the

functions
9(y) =Gy "y), j=12....4d

form a basis of P;. Hence for any p € P; there are scalars o, j = 1,...,d, such that
dt
p(y) = ag;(y).
=1
Note that (see [17] for example)

/Szgxy)dy:l Vi=1,..de (3.7)

10



Moreover, c¢(z*) = 0 implies that all components of G(z*)e are equal. Hence we can

write
G(z")e = pe,

where p is a scalar. Because of the nonsingularity of G(z*), u # 0. This yields

dt
1 . ‘
52 H k=1

We calculate the integral

p(y)dy = zdt:aj 9i(y)dy
J. /.

In particular, for p(y) = 1, the area of the sphere is

dt
1 d
SZ=4W=/pydy=— p(yp) = —.
1= am = [ oty =13 i) =

Thus p = d; /4w, so {y3,v5,. ..,y } is a spherical t-design.
Now we prove that c(z*) = 0 if z* corresponds to a spherical t-design with (£+1)?

points. By the definition of a spherical t-design, for any p € Py,

dt
47
p(y)dy = — > p(yi)-
[ ptis =3 st

In particular, as g; € Py,

dt

47 . )
/Zgj(y)dyzjzgj(yk), j=12,...,d.
S

t k=1

11



Hence, from the definition of g; and (3.7), we find

At & At &
— Gl == gilyp) = 1.
di “= dy =
k=1 k=1
This implies
Glat)e =
x¥)e=—e
47
and thus P
c(x™) (x%)e e

Let # € R™ correspond to the set of points Y = {91, .-, 0a} on the sphere. The

condition for the cubature rule
dt
Qu(f) =D wif (i)
i=1
to be exact for all polynomials in P; is that w = (w1, ..., wg)? is the solution of

G(Z)w = e.

From Theorem 3.1, we know that w = G(%) te = (47 /d;)e if and only if ¢(2) = 0.

The following theorem gives a result of the weights for the case ¢(z) # 0.

Theorem 3.2 Suppose that G(&) is nonsingular. Let w = G(2)"*e. Then

4
s < —_— 7)1 7 ) )
s oy = ] < T G () 39
Proof: Let |- | = || - [l and let |(G(#)e)s| = [G(#)e|l. Then p := (G(2)e)i, # 0

and

lpe = G(2)e| < [lpe = (G(@)e)iel| + [[(G(Z)e)re — G()e]
< 2e(@)]-

Now, by the definition of the matrix F, we have

max |w; —w;| = ||EG() el
1<i<dy

1
= ||EG(9%)_16 — —Ee|
L
1

= [IHEG@) e = EG@)C(@)e]

12



- i||EG(gz)—1(ue — G(2)e)]

)

9 T
< WIIEIIHG(SU) [le(@)]]
4

= WHG(@ [ le(@)]]-

4 Numerical verification of spherical ¢-designs

In this section, we use Theorem 2.1 and Theorem 3.1 to verify existence of spherical

t-designs. In particular, we use (2.4) to verify existence of solutions to the system
c(z) == EG(x)e = 0. (4.1)

Note that the highly nonlinear function ¢(-) is in C*°(R"™) as long as the points
are not at the south pole, which can easily be checked. (The first point is always
the north pole, and is not allowed to vary.) To save computational cost, let xzz =
(71,...,241)" and set r, = 0. Hence cjz(x) is the first (d; — 1) columns of ¢/(z) for
x € X, where

X =Az| ||zg — &5l <71, 2x = 2x}.

The expansion (3.1) is used to calculate the derivatives of ¢;(z). Moreover, we
can give an upper bound for the second derivatives. Since for ¢,j =1,...,d;, Gi;(x)

are polynomials of degree ¢, the function

i) = (Ga)e)s — (Gla)e)es fz (20 + 1)Ll 1) — Lelfoasy)

is polynomial of degree < t. The first derivatives of ¢; is

Jci(x A(yi y;) 1T Ay 1y;)
3% T ir Z Z (2€ 4 1)(Ly(y ) Dz Liy(yiv1y;) )

7=1 ¢=0 aﬂfk

and the second derivatives of ¢; is

d%ci(w Oyiy;) 0wiy;) | .. (v y;)
&vkax i ;; 2+ 1)(Le(wry J) oxy, oz, +L ( Y1) B, 0x0x,
O(yl1y;) 0ylry;) P (yhay;)
7" T ) i+1J7 i+1J7 / 1+1J)
Lf (yz+ly]) axk ax,j L ( 2+1y]) axkal’y .

13



Note that we only consider the first (d; — 1) columns of ¢/(z) with respect to xz. Let

coS T1 COS T;_1 COS Tgy+i_3
Vy =1 0 Vy; = | cosz;_18InTg+i_3
t
—sinxq —sinx;_1

For k,v < d; — 1, we have

O(y1y)) :{ yiVy; ifk=j-1 0% (yi ;) :{ —yiy; fk=v=j-1

Oxy, 0 otherwise O0z0z, 0 otherwise
and
(—ygllyj itk=v=35-1
T . . .
Y Vy; ifk=35-1 ork=v=1
Wiaws) _ ) 1oy itk — TWenss) _ ) Guroy k- j—1,0—i
al'k y] yl+l . 8xk6$y yz yj . 9 .
0 otherwise ork=i,v=75—1
0 otherwise.

We use the relations |y y;| < 1, and |Vy/y;| < 1 to give an upper bound K for the
second derivatives of ¢(-) respect to the first d; — 1 variables. This, together with
T = T, implies

Ics(z) — (@) < K]l — 3.

The infinity norm was used in the numerical implementation, so in the rest of this
section || - || denotes || - ||oo-

The procedure for verifying existence of a spherical ¢t-designs is:

1. Find an approximate solution & of ¢(z) = 0 starting from z corresponding to

an extremal fundamental system Y.
2. Calculate ciz(z) and K.

3. Calculate
p = K| cg(@) (@) [Ids(®) 7. (4.2)

If p < 3, then there is a solution of (4.1) in the set
X={zxeR": |lzg—2pl <ri,zny = 3n}
where

1—I=2p

" =77~
K|jes(2) |

14



Table 1: Extremal points Z, computed spherical designs z, exact spherical design x*,

|2 — 2| < 71, @ € REEHD3

t | de | |le@)]| | lle(@)] | log detG(z) | log detG(z) T |Z — Z|| | Wmax — Wmin
2 9 10.0245 | 4.44e-16 -3.2134 -3.2157 1.01e-15 | 0.0255 1.55e-15
3 | 16 | 0.4299 | 2.66e-15 3.3867 2.5779 2.36e-15 | 0.2742 1.88e-15
4 1 25 | 0.3898 | 7.32e-15 16.1396 15.9337 1.80e-14 | 0.1002 3.33e-15
o | 36 | 0.6318 | 7.54e-15 36.1736 35.4829 1.34e-14 | 0.2595 2.10e-14
6 | 49 | 1.1376 | 2.62e-14 64.0948 62.6443 3.45e-14 | 0.1918 3.88e-15
7| 64 | 09189 | 6.03e-14 | 100.6942 100.4167 | 5.07e-14 | 0.1277 4.10e-15
8 | 81 | 1.3713 | 1.92e-13 146.1926 144.3611 1.15e-13 | 0.2974 8.54e-15
9 | 100 | 1.4023 | 4.52e-13 | 201.5589 186.2265 1.84e-13 | 0.2526 7.88e-13
10 | 121 | 3.7879 | 8.07e-13 | 266.3178 265.5019 | 6.14e-11 | 0.0358 2.40e-14

If p > 1, then (4.1) has no solution in

where

X ={z € R": |lzg — 5| < m,xn = Iy}

v1i+2p—-1

i

Ko@)

Note that the natural residual ||c(x)||; has many local minimizers. To find a
good approximate solution of ¢(x) = 0, we choose several starting points around the
extremal system and use the Gauss-Newton method with line search. The interest in
starting from an extremal system stems from Figure 2 in [20] and Theorem 3.1. The
cubature weights for the computed extremal system of [20] are very close to 47/d;
and they maximize the determinant G(z). Extremal systems can be downloaded
from http://www.maths.unsw.edu.au/"rsw/Sphere.

Numerical results are given in Table 1, where Z is the vector corresponding to an

extremal fundamental system Y, # is an approximate solution of c(x) = 0,
W= G(2) e

is the weight for the cubature rule and Y = {§j1,..., 4} is the set of points corre-
sponding to .
As the cubature rule is exact for the constant polynomial 1 € P;, the average

weight is Wy = 47/d;. From the last column of Table 1, we see that all weighs are
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Table 2: Worst case for the equal-weight rule E; and generalized discrepancy for

computed spherical designs

t | d | e(E) D(Y)

21 9 |0.349478 | 0.027811
3 | 16 | 0.229009 | 0.018239
4 | 25 |0.162440 | 0.012927
51 36 | 0.123579 | 0.009834
6 | 49 | 0.098188 | 0.007814
7| 64 | 0.079817 | 0.006352
8 | 81 | 0.067223 | 0.005349
9 | 100 | 0.058809 | 0.004680
10 | 121 | 0.049576 | 0.003945

positive and
. 47
|wi - d_t| < Wmax — Wmin ~ 0.

Hence the set Y can be considered as computed spherical t-designs. These designs
are new. Moreover, from Theorem 2.1 and || — z*|| < r1, an error bound for the
computed spherical ¢-designs to an exact spherical design {y7, ...,y } corresponding
to the exact solution z* of ¢(z) = 0 is

gl < »— ¥l <
max [lyf - il <2016 "] < 2,

where the first inequality uses the relation between z and y.

The numerical results also give an error bound for the extremal system

IN

max |[y; — il 2||z* — x|

1<i<dy

A

2(]l=" = 2 + 12 — =)

< 2(r + ||z — z])).

The interpolatory cubature rule

dt
4 .
E(f)=—>_ f()
t =1
associated with ¥ provides high-order numerical integration on the sphere. In par-

ticular, by Theorem 4.1 in [20], the worst-case error in a particular Sobolev space
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18

[ ) = Eif)| = 4mD(T) = (53,

where D(Y) is the Cui-Freeden generalized discrepancy [4]

3555 (1t ol 00)|

7j=1 i=1

D(Y)

2\th

Table 2 gives the values D(Y) and e(E;). These values are better than the values
reported by Sloan and Womersley [20]. The values given in [20] use extremal points
and are better than the values reported by Cui and Freeden [4].

The computed spherical t-designs with (¢4-1)2 points are available from http://www.
st.hirosaki-u.ac.jp/~chen/index.html. Computations for these low degrees were per-
formed by using Matlab 6.1 on a IBM PC with 128MB memory and 500 MHz.
Remark 4.1 This paper presents a new verification method for underdetermined
systems of equations, and uses this method to verify computed spherical ¢-designs.
In comparison the Krawczyk-type interval operator method (1.3) failed for these
underdetermined equations. This can be explained as follows.

Consider (X)) on an interval X which has an interior point . For any z € X,
d(x) is singular, and there is an x; on the boundary of X such that ¢/(z)(xz, —2) = 0.
This implies that

z,—d(2)e(2) =2 — (@) (@) + (I - (&) (2))(zp — 2) € K(X).

It is almost impossible to have x, — /()" ¢(z) € X for all such boundary points x;,
of X with ¢(2)"¢(z) # 0. Hence IC(X) C X always fails. On the other hand, the
new verification method has no problems with the null space of ¢/(z). The following

example shows the advantage of the new method. Let

1 [—5, —1] o 1( -3
c(x) =14z + a0+ 2122, X =~ ;T == ;
(@) LT 4([1+h,3—h]) 4( 2)

where h € [0,1]. Let B = {1} and N' = {2}. Straightforward calculation gives

() = %, dx)=1+z2,1+z1), (&)= %(6, 1), cy(@) te(d) = i

It is easy to show that a Lipschitz constant for ¢i(z) is K = 1, and that max Iy (2)]] = 3/4.
e
Hence statement (1) of Theorem 2.1 holds with

leg(@) ()| + llcs(2) 1H(1 K (ry + r2)ry + max||cy(z)[[r2) =
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for all h € [0,1]. Now we show that K£(X) C X fails for all h € [0,1]. Interval

calculation gives
4 [ 6 1 1
"(2)TCN(X) = — 14+ —-[1+h,3—h], 1+ -[-5,—1
() ) 37<1>(+4[+, 1+ 30-5,-11).

(I =c(@)"C"(X)(X —2)

! [—80 + 30h, 80 — 30h]
37 x4\ [-52+40h, 52 —40h] |’

and the radii of X and K(X) satisfy

1 2 1 80 — 30h 1 —6 + 30h
R(X)—-R(K(X))=- - — = — .
% (K(X)) 4<1—h> 148(52—40h> 148<—l5+3h>
Since the second component of the radii Ry(X) — Rp(IC(X)) < 0 for all h € [0, 1], we
find that £(X) € X for all h € [0,1].
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