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Abstract: In this paper we introduce the concept of cyclic contraction in probabilistic 

metric spaces. We show that such contractions necessarily have unique fixed points in a 

complete Menger space. An illustrative example is given. 
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1. Introduction 

Banach's contraction is one of the most important results in modern mathematics. This 

principle was generalized in various directions. A probabilistic generalization was proposed 

by Sehgal and Bharucha-Reid in 1972 [22]. They proved the result in the context of 

probabilistic metric spaces. This generalization is called Sehgal contraction or B-contraction. 

The inherent flexibility of the probabilistic metric spaces allows us to extend the contraction 

mapping principle in more than one inequivalent ways. Thus another extension of contraction 

mapping was established in probabilistic metric spaces by Hicks in 1983 [9]. The notion 

introduced by Hicks was known as C-contraction. Subsequently, fixed point theory in 

probabilistic metric spaces has developed in a large way. A comprehensive survey of this 

development upto 2001 described in [8] by Hadzic and Pap. Some more recent references 

may be noted in [1, 2, 3, 5, 6, 13, 14, 16, 17, 18] and [23]. 

In metric fixed point theory, altering distance functions have been used by many authors in a 

number of works. An "altering distance function" is a control function which alters the 
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distances between two points in a metric space. This concept was introduced by Khan, 

Swaleh and Sessa [12]. Some of the other works in this line of research are noted in [15, 19] 

and  [20]. Recently "altering distance functions" have been extended in the context of Menger 

space by Choudhury and Das in [1]. This idea of control function in Menger space has opened 

the possibility of proving new probabilistic fixed point results. Some recent results on fixed 

point and coincidence point problems using this control function are obtained in works like 

[2, 3, 5, 6] and [14]. 

In recent years cyclic contraction and cyclic contractive type mapping have appeared in 

several works. This line of research was initiated by Kirk, Srinivasan and Veeramani [11], 

where they, amongst other results, established the following generalization of the contraction 

mapping principle. 

 

Theorem 1.1 [11] Let A and B be two non-empty closed subsets of a complete metric space X 
and suppose XXf →:  satisfies: 

           (1)    BfA ⊆  and  AfB ⊆ , 

           (2)    ),(),( yxkdfyfxd ≤  for all Ax ∈  and  By ∈  where )1,0(∈k . 

Then f has a unique fixed point in BA ∩ .  

 

The problems of cyclic contractions have been strongly associated with proximity point 

problems. Some other results dealing with cyclic contractions and proximity point problems 

may be noted in [4, 7, 10, 24, 25] and [26]. 

 

Definition 1.1 [8, 21] A mapping +→ RRF :  is called a distribution function if it is non-
decreasing and left continuous with 0)(inf =

∈
tF

Rt
 and 1)(sup =

∈
tF

Rt
, where R  is the set of all 

real numbers and +R  denotes the set of all non-negative real numbers. 

 

Definition 1.2 t-norm [8, 21] 
A t-norm is a function ]1,0[]1,0[]1,0[: →×∆  which satisfies the following conditions for all 

]1,0[,,, ∈dcba  

(i) aa =∆ ),1( , 

(ii) ),(),( abba ∆=∆ , 

(iii) ),(),( badc ∆≥∆  whenever ac ≥  and bd ≥ , 

(iv) )),(,()),,(( cbacba ∆∆=∆∆ . 

 

Definition 1.3 Menger space [8, 21] 
A Menger space is a triplet ),,( ∆FX , where X  is a non empty set, F  is a function defined 

on XX ×  to the set of distribution functions and ∆  is a t-norm, such that the following are 

satisfied: 
(i) 0)0(, =yxF  for all Xyx ∈, , 

(ii) 1)(, =sF yx  for all 0>s  and Xyx ∈,  if and only if yx = , 
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(iii) )()( ,, sFsF xyyx =  for all Xyx ∈, , 0>s  and 

(iv) ))(),(()( ,,, vFuFvuF yzzxyx ∆≥+  for all 0, ≥vu  and Xzyx ∈,, . 

 
Definition 1.4 A sequence Xxn ⊂}{  is said to converge to some point Xx ∈  if given 

0,0 >> λε  we can find a positive integer λε ,N  such that for all λε ,Nn >  

          λε −≥ 1)(,xxn
F .                  (1.1) 

 
Definition 1.5 A sequence }{ nx  is said to be a Cauchy sequence in X  if given 0,0 >> λε  

there exists a positive integer λε ,N  such that 

          λε −≥1)(, mn xxF  for all λε ,, Nnm > .                (1.2) 

 
Definition 1.6 A Menger space ),,( ∆FX  is said to be complete if every Cauchy sequence is 

convergent inX . 

 

Definition 1.7 Φ -function [1] 
A function +→ RR:φ  is said to be a Φ -function if it satisfies  the following conditions: 

(i) 0)( =tφ  if and only if 0=t , 

(ii) )(tφ  is strictly monotone increasing and ∞→)(tφ  as ∞→t , 

(iii) φ  is left continuous in ),0( ∞ , 

(iv) φ  is continuous at 0. 

 
Definition 1.8 [1] Let ),,( ∆FX  be a Menger space. A self map XXf →:  is said to beφ -

contractive if 

          ))(())(( ,, c

t
FtF yxfyfx φφ ≥                  (1.3) 

where Xyxc ∈<< ,,10  and t>0 and the function φ  is a Φ -function. 

 

2. Main Result 

 
Theorem 2.1  Let ),,( ∆FX  be a complete Menger space where ∆  is the minimum t-norm 

and let there exist two closed subsets A  and B  of X  where BAI  is nonempty such that the 

mapping BABAT UU →:  satisfies the following conditions: 

           (i)  BTA ⊆  and ATB ⊆ ,                           (2.1) 
           (ii) ))(())(( ,, tFctF yxTyTx φφ ≥                            (2.2) 

for all Ax ∈  and By ∈  where )1,0(∈c  and 0>t . Then T has a unique fixed point in 

BAI . 

 
Proof: Let x  be any arbitrary point in A . Now we define the sequence ∞

=1}{ nnx  in X  by   

          1, ≥= nxTx n
n . 
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As BxTAxTBTxAx ∈∈∈∈ 32 ,,,  and so on, in general we obtain 

          AxTx n
n ∈= 2

2 , BxTx n
n ∈= +

+
12

12  for all 0≥n .              (2.3) 

 
For any 1,0 ≥> nt  we have, 

          ))(())(())(( 1221222212 ,,, c

t
FtFtF

xTxTxTTxTTxTxT nnnnnn φφφ ++++ ≥= .             (2.4) 

 
Again for any 1,0 ≥> nt  we have, 

 ))((122 ,
tF

xTxT nn φ+ = ))((212 ,
tF

xTTxTT nn φ−  

                                    = ))((122 ,
tF

xTTxTT nn φ−  

                                    ≥ ))((122 , c

t
F

xTxT nn φ−  

                                    = ))((212 , c

t
F

xTxT nn φ− .                (2.5) 

Combining (2.4) and (2.5), for all 1≥n  and 0>t  we have, 

          ))(())(( ,, 11 c

t
FtF

nnnn xxxx φφ
−+

≥ .                 (2.6) 

By successive application of the above inequality for all 1≥n  and 0>t , we have 

          ))((.........))(())((
1011 ,,, nxxxxxx c

t
F

c

t
FtF

nnnn
φφφ ≥≥≥

−+
. 

 
Taking ∞→n  in the above inequality we have 1))((lim

1, =
+∞→

tF
nn xx

n
φ . Again, by virtue of a 

property of φ , given 0>s  we can find 0>t  such that )(ts φ> . 

Thus the above limit implies that for all 0>s , 
          1)(lim

1, =
+∞→

sF
nn xx

n
.                  (2.7) 

 
We next prove that }{ nx  is a Cauchy sequence. If possible, let }{ nx  be not a Cauchy 

sequence. Then there exist 01 >t  and 10 << λ  for which we can find subsequences }{ )(kmx  

and }{ )(knx  of }{ nx  with kkmkn >> )()(  such that 

          λ−< 1)( 1, )()(
tF

knkm xx .                 (2.8) 

 
We take )(kn  corresponding to )(km  to be the smallest integer satisfying (2.8), so that 

          λ−≥
−

1)( 1, 1)()(
tF

knkm xx .                 (2.9) 

If  1tt <′  then we have  

           ).()( 1,, )()()()(
tFtF

knkmknkm xxxx ≤′  

 
We conclude that it is possible to construct  }{ )(kmx  and }{ )(knx  with )()( knkm <  and 

satisfying  (2.8) and (2.9) whenever 1t  is replaced by a smaller positive value. As φ  is 
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continuous at 0 and strictly monotone increasing with 0)0( =φ , it is possible to obtain 0>t  

such that 1)( tt <φ . 

 

Then, by the above argument, it is possible to obtain an increasing sequence of integers 
)}({ km  and )}({ kn  with kkmkn >> )()(  such that 

          λφ −< 1))((
)()( , tF

knkm xx                 (2.10) 

and 
          λφ −≥

−
1))((

1)()( , tF
knkm xx .               (2.11) 

 

We have the following four possible cases. 

 
Case I: The integers )(km  is odd and )(kn  is even for an infinite number of values of k , that 

is, there exist )}({))}(({)},({))}(({ knpknkmpkm ⊂⊂  where ))}(({ pkn  is even and 

))}(({ pkm  is odd for all p . Then, by (2.3), we have Ax pkm ∈−1))((  and  Bx pkn ∈−1))(( . 

Therefore, 
             λ−1 > ))((

))(())(( , tF
pknpkm xx φ  

                     = ))((
1))((1))(( , tF

pknpkm TxTx φ
−−

 

                     ≥ ))((
1))((1))(( , c

t
F

pknpkm xx φ
−−

.              (2.12) 

Since φ  is strictly increasing we can choose 0>η  such that )()( t
c

t φηφ >− . Also by (2.7) 

we can choose a 01 >λ  with λλ <1  such that 

          1, 1)(
))((1))((

λη −≥
− pkmpkm xxF                (2.13) 

for all 1Np ≥ , where 1N  is a suitable large positive integer. 

 
Now using (2.12) and (2.13), for all 1Np ≥  we have, 

              λ−1 > ))((
1))((1))(( , c

t
F

pknpkm xx φ
−−

 

                      )))((),((
1))(())(())((1))(( ,, ηφη −∆≥

−− c

t
FF

pknpkmpkmpkm xxxx  

                      )))((),((
1))(())(())((1))(( ,, tFF

pknpkmpkmpkm xxxx φη
−−

∆≥  

                      )1,1( 1 λλ −−∆≥  

                      λ−≥ 1 , (since λλ <1  by our choice) 

which is a contradiction. 

 
Case II: The integers )(km  is even and )(kn  is odd for an infinite number of values of k . 

Here we arrive at a contradiction exactly as in the Case-I above. 
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Case III: The integers )(km  and )(kn  both are even for an infinite number of values of ,k  

that is, there exist )}({))}(({)},({))}(({ knpknkmpkm ⊂⊂  where ))}(({ pkm  and ))}(({ pkn  

are even for allp . As φ  is strictly increasing we can choose 01 >η  such that  

          )()( 1 ctt φηφ ≥− . 

 

Therefore from (2.10) we have, 
              λ−1 > ))((

))(())(( , tF
pknpkm xx φ  

                      )))((),(( 1,1, ))((1))((1))(())((
ηφη −∆≥

++
tFF

pknpkmpkmpkm xxxx  

                      )))((),((
))((1))((1))(())(( ,1, ctFF

pknpkmpkmpkm xxxx φη
++

∆≥  

                      )))((),((
1))(())((1))(())(( ,1, tFF

pknpkmpkmpkm xxxx φη
−+

∆≥ . (by (2.2))          (2.14) 

 
By (2.7), we can choose  a λλ << 20  such that 

          21, 1)(
1))(())((

λη −>
+pkmpkm xxF  

for all p > N2 where 2N  is a suitably large positive integer. Using this in (2.14), for 

all 2Np > , 

             λ−1 > )))((),((
1))(())((1))(())(( ,1, tFF

pknpkmpkmpkm xxxx φη
−+

∆  

                     )1,1( 2 λλ −−∆≥  

                     λ−≥ 1 , (since λλ <2  by our choice) 

which is a contradiction. 

 
Case IV: The integers )(km  and )(kn  both are odd for an infinite number of values of k . 

Here we arrive at a contradiction exactly as in the Case-III above. 

 
Considering the above four cases we conclude that }{ nx  be a Cauchy sequence. Since X  is 

complete, we have zxn →  in X  for ∞→n . The subsequences }{ 2nx  and }{ 12 −nx  of }{ nx  

also converges to z . Now Ax n ⊂}{ 2  and A  is closed. Therefore Az ∈ . Similarly, 

Bx n ⊂− }{ 12  and B  is closed. Therefore Bz ∈ . Thus we have BAz I∈ . 

 

Now we prove that zTz = . 

 

For this we have, for all 0>t , 
          )))((),(())(( ,,, 1212

ηφηφ −∆≥
++

tFFtF TzxxzTzz nn
 for some 0>η .          (2.15) 

 
By the properties of φ  we can choose 0>s  such that )()( st φηφ ≥− .Therefore we have 

from (2.15), 
          )))((),(())(( ,,, 1212

ηφηφ −∆≥
++

tFFtF TzxxzTzz nn
 

                          )))((),(( ,, 1212
sFF Tzxxz nn

φη
++

∆≥  

                          )))((),(( ,, 212 c

s
FF zxxz nn

φη
+

∆≥ .   (using (2.2))         (2.16) 
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Taking limit on both sides of (2.16) as ∞→n  we have, 

                )))((),(())(( ,,, c

s
FFtF zzzzTzz φηφ ∆≥  

                                 = )1,1(∆  

                                 = 1. 
As φ  is continuous at 0 and strictly monotone increasing with 0)0( =φ , it is possible to 

obtain 0>t  such that st <)(φ  and we can conclude that Tzz = . 

 
To prove the uniqueness of the fixed point, let us take BAv I∈  be another fixed point of T , 

that is, vTv = . 

 
Now, ))(())(( ,, tFtF TvTzvz φφ =  

                         ))((, c

t
F vz φ≥  

                         ))((
2,

c

t
F vz φ≥  

                          … … … … 

                         1))((, →≥
nvz

c

t
F φ  as ∞→n . 

 
Again by the properties of φ  we can conclude that vz = . 

 
Therefore BAz I∈  is a unique fixed point of T . 

 

Now we give the following example to validate our result. 

 
Example 2.1 Let },,,{ 4321 xxxxX = , },{ 21 xxA =  and }.,,{ 432 xxxB =  Here the t-norm 

),min(),( baba =∆  and )(, tF yx  be defined as 

===== )()()()()(
4342413121 ,,,,, tFtFtFtFtF xxxxxxxxxx









,1

,40.0

,0

        

if

if

if

 

,4

,40

,0

≥
<<

≤

t

t

t

 

 

                                                             =)(
32, tF xx









,1

,60.0

,0

      

if

if

if

  

.7

,70

,0

>
≤<

≤

t

t

t

 

 
It is easy to verify that ),,( ∆FX  be a complete Menger space. If we define 

BABAT UU →:  as follows : 14232231 ,,, xTxxTxxTxxTx ====  then it satisfies all the 
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conditions of the Theorem 2.1 where tt =)(φ  and 2x  is the unique fixed point of T . If we 

take 3=t  and 
2

1=c  then T  is not a φ -contraction as )).6(())3((
4343 ,, φφ xxTxTx FF <  

 

Note: In this paper the property (iii) of Definition 1.7 has not been used. 
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