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1. Introduction

Banach's contraction is one of the most import&sults in modern mathematics. This
principle was generalized in various directionspybabilistic generalization was proposed
by Sehgal and Bharucha-Reid in 1972 [22]. They @dothe result in the context of
probabilistic metric spaces. This generalizationaed Sehgal contraction or B-contraction.
The inherent flexibility of the probabilistic meatrspaces allows us to extend the contraction
mapping principle in more than one inequivalent svajhus another extension of contraction
mapping was established in probabilistic metriccegaby Hicks in 1983 [9]. The notion
introduced by Hicks was known as C-contraction. segoiently, fixed point theory in
probabilistic metric spaces has developed in aelavgy. A comprehensive survey of this
development upto 2001 described in [8] by Hadzid Bap. Some more recent references
may be noted in [1, 2, 3, 5, 6, 13, 14, 16, 17,&®] [23].

In metric fixed point theory, altering distance ¢tions have been used by many authors in a
number of works. An "altering distance function" ascontrol function which alters the
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distances between two points in a metric spaces Thncept was introduced by Khan,
Swaleh and Sessa [12]. Some of the other workisisnlihe of research are noted in [15, 19]
and [20]. Recently "altering distance functionaVé been extended in the context of Menger
space by Choudhury and Das in [1]. This idea otrabfunction in Menger space has opened
the possibility of proving new probabilistic fixgubint results. Some recent results on fixed
point and coincidence point problems using thist@rfunction are obtained in works like
[2, 3, 5, 6] and [14].

In recent years cyclic contraction and cyclic cadtive type mapping have appeared in
several works. This line of research was initidbgdKirk, Srinivasan and Veeramani [11],
where they, amongst other results, establishedotloaving generalization of the contraction
mapping principle.

Theorem 1.1 [11] Let A and B be two non-empty closed subsets ofraptete metric space X
and supposd : X - X satisfies:

(1) fAOB and fBOA,
(2) d(fx, fy)<kd(x,y) forall x£OA and yB wherek I (01).

Then f has a unique fixed point N B.

The problems of cyclic contractions have been sgijomssociated with proximity point
problems. Some other results dealing with cyclintaxtions and proximity point problems
may be noted in [4, 7, 10, 24, 25] and [26].

Definition 1.1 [8, 21] A mappingF : R — R is called a distribution function if it is non-

decreasing and left continuous wimﬂl F(t) =0 andsupF(t) = 1 whereR is the set of all
toR

real numbers an@R” denotes the set of all non-negative real numbers.

Definition 1.2 t-norm [8, 21]
A t-norm is a functiomA :[01] x[01] - [Olwhich satisfies the following conditions for all

a,b,c,d 0[0]]

i Ada)=a,

(i) A(a,b) =A(b, @) ,

@)  A(c,d)=Aa b wheneverc=a andd =D,
(iv) A(A(a,b),c) =A(a,Ab,c).

Definition 1.3 Menger space|[8, 21]

A Menger space is a tripleX,F A, , where X is a non empty sek is a function defined
on X x X to the set of distribution functions aidis a t-norm, such that the following are
satisfied:

0] F,,0) =0 forall x,yO X,

(i) F.y(s)=1foralls>0 andx,yl X ifand onlyifx=y,
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(i) F. (9 =F, (9 forall x,ydX, s>0 and

(iv) F.,(U+Vv)=A(F, ,(u),F, (V) foralluvz=0andxy,zOX .

zy
Definition 1.4 A sequencgx,} [J X is said to converge to some poirt] X if given
£>0,1>0 we can find a positive integéd, , such that for aln> N, ,

F«(&)21-1. (1.1)

Definition 1.5 A sequencg x, }s said to be a Cauchy sequenceXinf given € >0,4 > 0
there exists a positive integé\, , such that
F x (£)21-A forall mn>N,,. (1.2)

Definition 1.6 A Menger spacéX,F A )s said to be complete if every Cauchy sequence is
convergent irx .

Definition 1.7 & -function [1]

A function ¢: R - R" is said to be & -function if it satisfies the following conditions
(i) ¢(t)=0 ifand only ift = O,

(i) ¢(t) is strictly monotone increasing aggt) —» o ast - oo,

(i) ¢ is left continuous in(0,c0 )

(iv) ¢ is continuous at O.

Definition 1.8 [1] Let (X,F,A) be a Menger space. A self mdp X - X is said to be-
contractive if

Foy (@) 2 Fx,y(qo(%» (1.3)

where0<c<1x,yX andt>0 and the functiorg is a ® -function.

2. Main Result

Theorem 2.1 Let (X,F,A) be a complete Menger space whArés the minimum t-norm
and let there exist two closed subsétand B of X where A B is honempty such that the
mappingT : AUB - AU B satisfies the following conditions:
() TAUOB andTBUO A, (2.2)
(i) Fryqy (eAct)) 2 F, (A1) (2.2)
for all xOA and yOOB wherecd (0)andt> 0. Then T has a unique fixed point in
ANB.

Proof: Let x be any arbitrary point irA. Now we define the sequengr },_, in X by
X, =T"x,n=1.
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As xOATxOB,T?°x0AT3xOB and so on, in general we obtain
X, =T?"XOA, X,,,, =T*™x0OB for all n>0. (2.3)

For anyt >0,n=1 we have,

oo (A0) = B v (D) 2 P, (;a(%)) . (2.4)

Again for anyt >0,n> 1we have,
Finypare (AD) = F o (A1)
=F oo s (1))
> F

t
Tan,T 2n—1x (ﬂ C ))

= (A0 (2.5)
Combining (2.4) and (2.5), forai> 4dndt > Owe have,
P (O 2 F L (00)). (2.6)
By successive application of the above inequatityall n> 1 andt > 0, we have

F (@)2F, ((o(%)) > o> FXM((o(%)) |

Taking n — o« in the above inequality we haln F, (¢(t)) =1. Again, by virtue of a

property of¢, givens> Owe can findt > Osuch thats> ¢ ()

Thus the above limit implies that for al> ,0
limF, , (s)=L1 (2.7)

We next prove thafx, Jis a Cauchy sequence. If possible, {igf bg not a Cauchy
sequence. Then there exist> 0 and0< A < 1for which we can find subsequendes,,}
and{x,,, } of {x.} with n(k) >m(k) >k such that

(t,) <1-A. (2.8)

Xm(k) 1%n(k)

We taken k )corresponding tan k( Jo be the smallest integer satisfying (2.8), s th

X (k) 1 Xn (k)L (tl) 21-A. (29)
If t'<t, then we have

Py TS F oy ()

Xn(k)

We conclude that it is possible to construék,,, and{x,,, } with m(k)<n(k) and
satisfying (2.8) and (2.9) whenevegris replaced by a smaller positive value. Ads
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continuous at 0 and strictly monotone increasinth wi0) =0, it is possible to obtaib>0
such thatg(t) <t,.

Then, by the above argument, it is possible to inb&m increasing sequence of integers
{m(k)} and{nk )} with n(k) > m(k) >k such that

o (@AD) <1-4 (2.10)

Xa(k)
and
o s (@AD) 214 (2.11)

We have the following four possible cases.

Casel: The integeram K )s odd andn K )is even for an infinite number of valueslof that
is, there exist{m(k(p))} O{m(k)}, {n(k(p))} O § K )} where {n(k(p))} is even and
{m(k(p))} is odd for allp. Then, by (2.3), we have, -+ U A and X, )+ UB.

Therefore,
1-4> Fxm(k(p»vxn(k(p)) (ﬂt))
= FTXm(k(p))flyTXMk(p))fi (ﬂt))
t
Xm(k (p)-1%n(k (p))-1 (ﬂz)) ) (2-12)

Sinceg is strictly increasing we can chooge> s(@ch thatqa(%)—/y > @(t). Also by (2.7)

we can choose4 >0 with A, <A such that
Xim(k (p)-1+Xm(k(p)) (7)21- /]1 (2.13)
for all p= N,, whereN;, is a suitable large positive integer.

Now using (2.12) and (2.13), for afi = N, we have,
1-A>F (ﬂ%»

Xm(k (p )1 %n (k (p))-L

> A(F (’7)’ Fxm(k(p))'xl‘l(k(P))’l

(7). F

T Xm(k(p) Xk (p))-1

Xm(k(p))-1+Xm(k(p))
= A(Fxm(k(p)),l,xm(k(p))
>AL-A 1- 1)

>1- A, (sinced, <A by our choice)

(qo(%) -1)
(@)

which is a contradiction.

Case Il: The integeran K )s even anch K )s odd for an infinite number of values bf
Here we arrive at a contradiction exactly as inGlase-1 above.
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Case |11: The integeran(k) andn k ) both are even for an infinite number of valueskpf

that is, there existm(k(p))} U{m(k)}, {n(k(p))} O A K )where{m(k(p ))} and{n(k(p ))}
are even for alp . As ¢ is strictly increasing we can choogg>0 such that

@A) -, 2 ¢ct).

Therefore from (2.10) we have,

1-4> FXm(k(p))vXn(k(p)) (A1)
2 4( FXm(k(p))'Xm(k(p))u (77,), Fxm(k(p))wxn(k(p)) (@t) =)
2 4( Fxm(k(p)),xm(k(p))+l (,71)' Fxm(k(p))+1,xn(k(p)) (#Act))
20F oo ) F o (@) (by (2.2) (2.14)

By (2.7), we can choose &< A, <A such that
Xm(k (p)) Xm(k (P2 (7)>1=4,
for all p> N, where N, is a suitably large positive integer. Using tmg2.14), for
all p>N,,
1=-4> A(Fxmw(p))vxm(k(p))ﬂ 7). F
>A1-A,1-1)
21- 4, (sinced, <A by our choice)

(@)

mk(p))+Xn(k (p))-1

which is a contradiction.

Case IV: The integersm K andn K ) both are odd for an infinite number of valueskof
Here we arrive at a contradiction exactly as inGlase-Ill above.

Considering the above four cases we concludg thatbe & Cauchy sequence. Singeis
complete, we have, —» z in X for n » o . The subsequencgs,, and{x,,, }of {x,}
also converges ta@ . Now {x,,} A and A is closed. ThereforezJA . Similarly,
{X,,.} 0 B and B is closed. Therefore J B. Thus we haveJ A(B.

Now we prove thalz =z.

For this we have, forai> 0
F,n (@) 2 A(F,,,  ),F, . +(At)-n)) for somen > 0 (2.15)

By the properties oz we can choosas> @uch thatg(t)—-n=¢ ¢ )Therefore we have

from (2.15),
Frn (@) 2A(F,,, 7). F,  .(At)=7)
2 A(F,,,., (1), F,, . (AS))

> A(F,, (1), szn,z(co(f») . (using (2.2)) (2.16)
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Taking limit on both sides of (2.16) as— « we have,
S
I:z,Tz (ﬂt)) 2 A(Fz,z (’7)’ Fz,z (ﬂE)))

=AY

=1.
As ¢ is continuous at 0O and strictly monotone incregsiith ¢(0) = 0, it is possible to
obtaint > 0 such thatg(t) < s and we can conclude that=Tz .

To prove the uniqueness of the fixed point, letake vJ A() B be another fixed point of ,
thatis,Tv=v.

NOW! Fz,v (ﬂt)) = I:Tz,Tv (ﬂt))

>F,, (40(%))

>F,, (co(ct—z))

Zﬁﬂdgnal%naw.

Again by the properties af we can conclude tha=v.
Thereforez[0 A B is a unique fixed point of .

Now we give the following example to validate oasult.

Example 2.1 Let X ={X,,X,,X;,%X,}, A={x,X,} and B={x,,%;,X, }. Here the t-norm
A(a,b) = min(a,b) andF, , ) be defined as

0, if  t<0,
I:xl,xz (t) = I:xl,x3 (t) = I:xl,x4 (t) = sz,x4 (t) = I:x3,x4 (t) = 040! if O<t< 4)
1 if  t=4,

0 if t<0
Fo. (=060 if 0<t<7,
1 if t>7

It is easy to verify that(X,F A )be a complete Menger space. If we define
T:AUB - AUB as follows :Tx, = X;,TX, = X,,TX; = X,,Tx, = X, then it satisfies all the
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conditions of the Theorem 2.1 whegé) =t and x, is the unique fixed point of . If we

taket =3 andc :% thenT is not a¢-contraction as, . (¢(3) <F, ,, (@(6)).

Note: In this paper the property (iii) of Definition 1h&As not been used.
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