
International Journal of Computer Applications (0975 - 8887)
Volume 75 - No. 2, August 2013

Ultrasonic Elastogram Generation by 2D Thin Plate
Smoothing Spline based Mathematical Interpolation

Technique

Safayat Bin Hakim
Islamic University of Technology

Department of Electrical & Electronic Engineering
Gazipur-1704, Dhaka

Bangladesh.

Kazi Khairul Islam
Islamic University of Technology

Department of Electrical & Electronic Engineering
Gazipur-1704, Dhaka

Bangladesh.

ABSTRACT
Use of mathematical interpolation in Digital Signal Processing
applications often seems to be a remarkable solution when ap-
plied for noise reduction. In the last two decades advancement
in the Elasticity imaging of tissue is worth mentioning. Two di-
mensional spline technique for generating Elastograms is fairly
a new approach for generating ultrasonic Elastograms. In the
way of analyzing imaging modalities generally three parameters
are taken into account resolution, SNRe and CNRe. In ultra-
sound elastography spline based method for axial strain estima-
tion is well-established in the literature. In this paper we have
shown the possibilities of 2D spline which mainly works on a
plate of experimental data considering both axial and the lateral
directions. We have also analyzed the improvement of perfor-
mance while utilizing this method comparing with other well-
established techniques such as simple 1D Smoothing Spline
and the Adaptive Strain Estimation technique.
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1. INTRODUCTION
Research of non-invasive techniques are always a center of at-
traction for the researchers all over the world. Elastographic
technique added a new dimension in this arena for detecting
deep-lying suspected nodules in human body. The term Elas-
tography was first coined by Ophir et.al in a paper published in
1991 [1]. Now this is a well-established and well-exercised tech-
nique for effective discrimination of biological tissue pathology
change in medical diagnosis. Pathological state has correlation
with the changes in tissue elasticity [2] [3]. Strain Imaging is
mainly measuring the local tissue deformation which is a resul-
tant of stress applied mechanically. Mechanical properties which
are the actual desired information in this process retrieved by the
way in which the tissue deforms [4] [5]. The local axial displace-
ments are then calculated by estimating the time delay between
the corresponding segments of the pre and post-compression RF
signals. Finally, the local axial strains are calculated as the gradi-
ent of the axial displacements and the elastogram (strain image)
is generated [6]. An ideal strain estimator has to generate the
elastograms with high SNRe, CNRe, spatial resolution and also
should be as time efficient as possible [7]. The time efficiency of

a technique makes it capable of being used in real time applica-
tions.

The most widely used statistical spatial filters to reduce the noise
are Min, Max, Mean, Median, Midpoint, M3, Harmonic Mean,
Contra Harmonic Mean and Geometric Mean [8].There exists a
handsome number of proposition for reconstructing elastograms
or strain images which are mainly axial deformation based one
dimensional (1D) cross-correlation methods applied to the ra-
dio frequency (RF) [9] [10] ultrasonic echoes backscattered by
tissue scatterers pre and post compression [11]. An inevitable
trade-off in case of these several techniques is time efficiency
and the improved performance parameters [12] [13]. That means
time efficient algorithms are burdened with lower value of SNRe
and CNRe. In the contrary algorithms which provides high accu-
racy strain estimation with high SNRe and CNRe are unable to
compensate a bulk amount of time to be implemented. An ideal
strain estimator has to generate the elastograms with high SNRe,
CNRe, spatial resolution and as well as time efficient as possible
[14][15]. The time efficiency of a technique makes it capable of
being used in real time applications.

2. 2D THIN PLATE SMOOTHING SPLINE
TECHNIQUE

Curve fitting from a set of point needs to follow an unique inter-
polation technique. There are several methods e.g, Linear, Cubic,
Parabolic, Lagrange, Cosine, Hermite, Shape preserving, Near-
est neighbour etc. Spline is a piecewise polynomial interpolation
[16]. Curve fitting using spline based approach gives high degree
smoothness at the places where the polynomial pieces connect.
In other words smoothing noisy data values observed at n distinct
points on a finite interval [17].

Thin plate smoothing spline (TPSS) is mainly 2D generalization
of Cubic spline [18]. To fit a thin plate spline to n data requires
the estimation of n parameters and an additional smoothing pa-
rameter. TPSS is extensively used in 3D Image Recovery, finger
print analysis, image warping, modelling coordinate transforma-
tion, medical Image Analysis, data mining [19]. It comes mainly
from the interpolation technique. In a precise mathematical de-
scription it is mainly a sort of numerical analysis of constructing
new data points within the range of a discrete set of known data
points. In other words estimating a continuous function by an-
other continuous function [20]. There are a lot of interpolation
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(a) Noisy data cause unsmooth plane (b) Smoothed plane retrieved applying TPSS operation

Fig. 1. Generating smooth plane applying 2D Thin Plate Smoothing Spline (TPSS) operation on the first figure.

technique exists such as cubic, spline, linear, hermite, cosine etc.
As we know that if we take a curve according to the displacement
of a fixed interval at every consecutive times after the use of con-
trolled strain source which is an ultrasound transducer in our case
as an obvious reason; upon a soft biological tissue the shape of
that displacement curve does not change rapidly. Utilizing that
fact it is possible to fit a suitable smooth curve through the esti-
mated displacements and consider the derivative of the resulting
continuous function as the corresponding continuous axial strain
profile. We know that gradient operation on displacement values
is a fundamental step before generating Elastogram [21]. In our
experiment gradient operation is still the last step but we are opti-
mizing our displacement data by 2D smoothing spline operation.
After completion of these steps we will apply gradient operation.

Let us assume a noisy displacement function χ. Now piecewise
polynomial based smoothing spline algorithm performs an inter-
polation which eventually mitigates the noisy environment and
the algorithm works on the overall (χη ,λη) points :

ρ

m∑
η=1

w(η)|γ[χ(η)]− ζ[χ(η)]|2+(1−ρ)

max(x)∫
min(x)

λ(t) |Dεζ(t)| dt

(1)
The smoothing spline ζ is constructed for the specified smooth-
ing parameter ρ (0≤ ρ ≤1) and the specified weights wη [22].
ζ is a piecewise, three times differentiable, cubic polynomial.
Strain is estimated by computing the gradient of the smoothing
spline ζ. χ is the data site; γ is the data value; λ is the piecewise
constant weight function and Dε represents the εth derivative.

Equation -1 works fine for one-dimensional spline interpolation.
But for thin plate spline it is needed to modify the mathemat-
ics so that it can take into account both the dimensions in single
mathematical interpretation. TPS is 2D interpolation which rep-
resents a simple thin metal sheet and the sheet is formed in such a
way that it is limited to move at the grid points. The metal sheet
is also free from any external force relied upon control points
[23]. The metal sheet is also free from any external force relied
upon control points. The TPS model describes the transformed
coordinates (x

′
, y
′
)both independently as a function of original

coordinates (x, y):

x
′
= fx(x, y) (2)

y
′
= fy(x, y) (3)

Landmark points are those primordial points directly from two
dimensional data table. When TPS model interpolates those
points then there are displacements from the original location
while ensuring the maximal smoothness. The smoothness is rep-
resented by the bending energy of the thin metal plate. Consid-
ering the 2nd order partial derivatives over the entire surface
“bending energy” can be retrieved and utilizing the solution of
a set of linear equations it can be minimized [24]. In the fol-
lowing equation one of the transformed coordinates is given by
parameter vectors ϑ and ℵ (using TPS model) :

f(x, y) = ϑ1 + ϑ2x+ ϑ3y +

m∑
j=1

ℵi
∐

(|ψj − (x, y)|) (4)

where
∐

(%) = %2log(%) is the basis function, ϑ is responsible
for transformation, ℵ gives an additional non-linear deformation
ψj are the landmarks that the TPS interpolates, and m is the num-
ber of landmarks [25].

3. MATERIALS AND METHODS
We have used the Finite Element Model Analysis simula-
tion phantom for checking the performance of different salient
features of the proposed methods. A rectangular phantom of
20mm×20mm was simulated using the software named Algor
(Algor, Inc., Pittsburgh, PA) by FEM method. It has a homoge-
neous background with the
stiffness of 60 kPa with two circular inclusions. We have chosen
60 kPa as stiffness because it is close to the average stiffness of
normal glandular tissue in the breast [26][27]. Both the circular
inclusions are 7.5 millimetre (mm) in diameter which is embed-
ded in the phantom.

The stiffness of these four inclusions are also different from each
other; top inclusion is +10 dB (10 times) and the bottom inclu-
sion is +40 dB (10,000 times) stiffer than their background. The
bottom of the phantom was placed on a planar surface and the
phantom was in full free-slip condition (allowed to expand) at
top and bottom surfaces. During the simulation, the Poisson’s
ratio was used as 0.495. The phantom was compressed from the
top using a larger-width planar compressor.
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Fig. 2. Generalized block diagram representation of the major
steps that compromise the simulation procedure.

An ultrasonic transducer was used to scan the phantom from the
top (center frequency, fo=5 MHz, band-width = 60%). A non-
diffracting transducer beam was simulated with a beam width of
1.5 mm. The total number of A-lines was 128. Random white
noise was added to simulate a sonographic SNR of 40 dB. De-
spite the uniform stiffness background, the strain variations oc-
cur in the back ground region due to interaction between lesions.
With the increase of the percentage applied strain there will be
distortion which is sometimes almost random in case of the in-
clusions compared to their background. For the numerical analy-
sis and all kinds of computation was done using MATLAB (The
MathworksTM Inc.). It is needed to mention the speed of the
processor we used here for analysis as processing time can vary
widely with the change of the processing speed of the processor.
The intricate mathematics of the 2D TPS process is not the con-
cern; MATLAB has separate toolboxes e.g., Curve fitting tool-
box and Spline toolbox are used to apply TPS interpolation on
the data which eventually generates the interpolated data table.

4. RESULTS
In the following sections improvement of the various perfor-
mance parameters after will be shown (after applying TPS):

4.1 Comparison of the variation SNRe and CNRe

with respect to the strain
SNRe depicts the most crucial sketch of the quality of the strain
images as it is actually related to the signal quality itself which
is
taken after the post compression. In research methodology to
prove a fact we sometimes compare the experimental result of
the proposed method with already established algorithm.
In our case we have chosen ‘Simple Smooth Spline (1D)’ and
the ‘Adaptive Stretching’ as our comparing parameters to an-
alyze our proposed 2D thin plate smoothing spline method. It
is quite understandable from the figure-3 that though at lower
strain 2D plate spline method giving a much better SNRe com-
pared with the other two; but at the higher strain performance of
the simple spline worth mentioning. Though effectiveness of the
2D smoothing spline method is applicable for the lower percent-
age strain; it can be a promising technique while it is needed to
deal only with less percentage applied strain. Figure-4 depicts

Fig. 3. Change of SNRe with the variation of applied percentage
strain(%).

Fig. 4. Change of CNRe with the variation of applied percentage
strain(%).

the change of CNRe with the variation of applied percentage
strain(%).

4.2 Effect of smoothing parameter on SNRe and
CNRe

In the whole process smoothing parameter, definitely plays an
important role which controls the smoothness in other words best
approximation of the displacement values. Over smoothness may
lead to an elastogram which could be misleading. For a specific
smoothing parameter which is used for both the dimensions we
will get a specific point in the graph of the SNRe and CNRe vs
smoothing parameter [28]. After constructing the graphs we can
find an optimum value of ρ. Figure 5 & 6 we can see that SNRe
and CNRe behave differently with the increase of smoothing pa-
rameter (ρ). Analyzing equation-1 ρ is multiplied with the first
part where in the second part (1- ρ) is multiplied. Therefore we
are unable to reach a conclusion about any linear relationship.
Both the figures plotted considering smoothing parameter also
reflects the fact identified.

4.3 Change in CNRe and SNRe with the variation of
weight parameter

According to the mathematical description what we have men-
tioned earlier in equation-1 there is option to vary the weight pa-
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Fig. 5. Variation of SNRe with smoothing parameter (ρ).

Fig. 6. Variation of CNRe with smoothing parameter (ρ).

Fig. 7. Variation of SNRe with the increase of weights (wi).

rameter which is expressed as wi and varying that we will give
attention to the variation of SNRe and CNRe. If we define ‘c’ as
the correlation value corresponding to the displacement estimate
then wi is expressed as wi=ci where i = 0,1,2,3,4,5.... and so on.
We know for displacement estimate we need time delay estima-
tion and for that correlation technique is necessary. Figure 7 & 8
shows the change of SNRe and CNRe with the increase of wi and

Fig. 8. Variation of CNRe with the increase of weights (wi).

both of them increase in each cases. SNRe increases with a com-
plete linearity with the increase of weights (correlation power).
But from figure-8 we can see CNRe(dB) is 26.8 dB near the zero
correlation power value. Then increases almost linearly.

4.4 Variation of percentage strain with step increase
or decrease

We will use step increase or decrease as an analytical parameter
to observe the robustness of 2D plate smoothing spline method

Fig. 9. Percentage Strain(%) vs. Axial position (cm) with step
input applied.

compared to other techniques. Experimenting with the the step
response the main concerning points are the rise-time and fall-
time. Faster rise-time and fall-time are related to the resolution
which is one of the unavoidable performance parameter for mea-
suring the overall quality of a strain image. Adaptive Stretching
performs most promisingly having the fastest rise and fall time.
It is noticeable that the average following score of 2D spline
method to follow the ideal one is better than the simple plate
spline technique. As we need taking into account both dimen-
sions axial and lateral in our method. But the process is complex
and vulnerable to noise to apply Adaptive Stretching and sim-
ple plate spline in lateral direction. So in the figure-9 of lateral
distance (depth, cm scale) vs. percentage strain we just focused
on comparing step responses changing the smoothing parame-
ters. It is clear form figure-10 that smoothing parameter, ρ = 0.6
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Fig. 10. Percentage Strain(%) vs. Lateral position (cm) with step
input applied.

is more successful compared to ρ = 0.35 in case of increasing
elastographic resolution.

5. VISUAL PERFORMANCE COMPARISONS OF
THE STRAIN IMAGES ACQUIRED BY
SEVERAL TECHNIQUES

Figure-11 gives us a comparative idea regarding the performance
of the 2D plate smoothing spline estimator with the 1D spline
the adaptive stretching method. In practical (clinical) use of the
whole elastographic method primary target is to have a visually
eased elastograms where artifacts are potentially reduced and ac-
curate detection & identification of undesired hard nodule is fea-
sible [11]. We have applied percentage strain of 1%, 2%, 4%
and 8%. We used a standard window length of 2mm and window
overlap of 2mm, which is actually same as the window length.
We have applied the strain operation on the displacement val-
ues and after the smoothing operation we’ve taken the gradient
operation finally. Median filtering was done to make the elas-
tograms smoother. With the lower applied strain they are show-
ing a better result in comparison with the result at higher ap-
plied strain. Higher strain caused unwanted noise and thus as
a resultant effect there is introduction of the artifacts degrading
the comprehensibility of the malignant targeted lesions with its
background. The entire experimentation with our proposed tech-
nique of the 2D spline is quite satisfactory compared with the
smoothing spline method. But it should be mentioned about the
unavoidable trade-off related with this is the manipulation and
the calculation time.

6. CONCLUSION
It is essential for any scientific research to have improved perfor-
mance. But most of the times that comes with a time consuming
mathematical model. Our world is experiencing a rapid boom in
computing technology which is dedicated to curb provide pro-
cessing time for the Our world is experiencing a rapid boom in
computing technology which is dedicated to reduce processing
time for the digital electronic devices. In practical cases when an
actual ultrasonic probe will be used there will be always some
undesired motion which can not be ignored [29] [30] [31]. So a
robust strain estimator which can provide more efficient immu-
nity from noise could be remarkable.

2D spline might be one way to reduce the noise. To locate a ma-
lignant area with a finer accuracy we need to take into account
all the directions axial, lateral and elevational. But with freehand

scanning there are so many limitations mainly uniform scanning
of the portion is not feasible [32]. Here we need more sophis-
ticated setup of the whole ultrasound scanning system which is
fully automated by the use of computers. A special design of
the ultrasound transducer is also necessary. If we can take in to
account all the dimension axial, lateral and elevational and then
apply 2D spline with pairs, after that superimposition of all the
combinations are expected to produce better results. In 3D im-
plementation we need to find and fix a steady smoothing param-
eter where elastographic resolution is high and calculation time
is also efficient. Parallel Computing using Graphics Processing
Unit (GPU) could be used as a pragmatic solution for applying
2D spline method in clinical setup [33] [34].
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