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Abstract—We study the problem of assigning transmission
rangesto the nodesof ad hoc wir elessnetworks so that to min-
imize power consumption while ensuring network connectiity.
We give (1) an exactbranch and cut algorithm basedon a new
integer linear program formulation solving instanceswith up to
35-40nodesin 1 hour; (2) a proof that MIN-POWER SYMMETRIC
CONNECTIVITY WITH ASYMMETRIC POWER REQUIREMENTSIs in-
approximable within factor (1 — €)In|V| for any e > 0 unless
P = NP; (3) an improved analysisfor two approximation algo-
rithms recentlyproposedby Calinescuet al. (TCS’02), decreasing
the bestknown approximation factor to 5/3 + ¢; (4) a comprehen-
sive experimental study comparing new and previously proposed
heuristicswith the above exactand approximation algorithms.

INTRODUCTION

Ad hocwirelessnetworks have recevedsignificantattention
in recentyearsdueto their potentialapplicationdn battlefield,
emegeng disasterrelief, andotherapplicationscenariogsee,
e.g.,[1], [2], [3], [4], [5], [6], [7], [8], [9], [10]). Unlike wired
networks or cellular networks, no wired backboneinfrastruc-
tureis installedin adhocwirelessnetworks. A communication
sessions achievedeitherthroughsingle-hopransmissiorif the
recipientis within the transmissiorrangeof the sourcenode,
or by relayingthroughintermediatenodesotherwise. Whena
transmissions madeby a nodeit canberecevedby all nodes
within its transmissiorrange. This featureis extremelyuseful
for enepgy-efficientmulticastandbroadcastommunications.

For the purposeof enegy conseration,eachnodecan(pos-
sibly dynamically)adjustits transmittingpower, basedon the
distanceo thereceving nodeandthebackgroundhoise.In the
mostcommonlyusedpower-attenuatiormodel[11], the signal
power falls as TL& wherer is the distancefrom the transmitter
antennaand « is a coeficient dependenbn the wirelessen-
vironment, typically between2 and4. Underthis model the
power requirementor supportingalink from nodeu to nodev
separatedby a distancer is givenby

/,«K/uv

p(u,v) = 1)

XuOvy

wherey, > 0 is thetransmissiorefficiency of nodeu, o, > 0
is the signaldetectionsensitvity thresholdof nodev, and k.,
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is thesignalattenuatiorexponentor thelink from v to v. Typi-

cally it is assumedhatall nodeshave thesameransmissioref-

ficiengy anddetectionsensitvity coeficients,bothnormalized
to 1, andthatsignalattenuatiorexponentss,,, have acommon
value k (see,e.qg.,[12]). With theseassumptionsthe power
requiremenfor supportinga link betweemodesu andv sepa-
ratedby a distancer becomes

(2)

Unlessexplicitly statedotherwise,in this paperwe assume
symmetricpower requirementsuchasthosegivenby (2).

Having every link establishedn both directionssimplifies
one-hoptransmissiorprotocolsby allowing acknavledgement
messageso be sentbackfor every paclet (see,for example
[13]). This motivatesthe studyof the MIN-POWER SYMMET-
RIC CONNECTIVITY problem,wherealink is establisheanly
if bothnodeshave transmissiomangeat leastasbig asthedis-
tancebetweerthem,andthe goalis to ensurethatthe network
is connected1], [14].

Formally, let V beasetrepresentingietwork nodes A range
assignment is a functionr : V. — R,. We saythata unidi-
rectional link from nodew to nodew is establishedunderthe
rangeassignment- if r(u) > p(u,v). Similarly, a bidirec-
tional link uv is establishedunderthe rangeassignment if
r(u) > p(u,v) andr(v) > p(v,u). Let B(r) denotethe setof
all bidirectionallinks establishedetweenpairsof nodesin V
undertherangeassignment.

p(U, U) = p(v,u) =r"

MIN-POWER SYMMETRIC CONNECTIVITY: Given a set of
nodesV andsymmetricpower requirementg(u, v) = p(v, u),
u,v € V, find arangeassignment : V' — R, minimizing
> _vev (v) subjectto the constrainthatthegraph(V, B(r)) is
connected.

Implicit in thework of Clementi,Pennaand Silvestri[4] is
aproofthatMIN-POWER SYMMETRIC CONNECTIVITY in E2
is NP-Hard.Thereforewe studyapproximatioralgorithmsand
heuristicsfor the problem.In this papewe make thefollowing
contritutions:

« Wegiveanexactbranchandcutalgorithmbasednanen
integer linear programformulationfor the problem(Sec-
tion I). Experimentatesultsshowv thatthe branchandcut
algorithmsolvesinstancesvith 25 nodesin lessthanone
minute and instanceswith up to 35-40 nodesin 1 hour
(Sectionlll).

« We give animproved analysisfor two approximational-
gorithmsfrom [14], decreasinghe bestknown approxi-
mationfactor to 5/3 + e (Sectionll-A).

1The approximation factor of analgorithm A for a minimizationproblemis
the supremumpver all possibleinstanced, of the ratio betweenthe cost of
the outputof A whenrun on I andthe costof anoptimal solutionfor I (the
smallertheperformanceatio, thebetter).We saythat A is ana--approximation
algorithmif its approximatiorratio is at mosta.



« We shav that MIN-POWER SYMMETRIC CONNECTIV-
ITY WITH ASYMMETRIC POWER REQUIREMENTS is in-
approximablewithin factor(1 — €)In |V'| for ary € > 0
unlessP = N P (Sectionll-B).

« We presenta comprehensie experimentalstudy compar
ing new andpreviously proposedeuristicawith theabove
exactandapproximatioralgorithms.Experimentalesults
shav anaverageof 5-6% reductionin power consumption
comparedo thesimpleMST basedsolution(Sectionlll).

For theimportantspecialcaseof nodedocatedon aline and

monotonicsymmetricpowerrequirementsivl IN-POWER Sy M-
METRIC CONNECTIVITY canbesolvedin polynomialtime by
dynamicprogrammingwe omit the detailsfor spacereasons.

A. Related Work

Kirousis, Kranakis, Krizanc, and Pelc [5] give a mini-
mum spanningtree (MST) based2-approximationalgorithm
for MIN-POWER SYMMETRIC CONNECTIVITY (their algo-
rithm is actually designedfor the COMPLETE RANGE As-
SIGNMENT problemdiscussedelow). Calinescuet al. [14]
pushthe approximationratio below 2 by exploiting similari-
ties betweenM IN-POWER SYMMETRIC CONNECTIVITY and
theclassicSTEINER TREE problem.In particular [14] givesa
fully polynomiall + In 2 approximatiorschemé basecn[15]
anda more practical15/8 approximationalgorithm basedon
[16]. Bloughetal. [1] give asymptoticboundson the solution
costfor randomandsocalled(A, §) Euclideaninstances.

The objective of minimizing the total power hasbeenmore
extensiely addressedinderthe specific power requirements
givenby (2) andthe relatedasymmetric connectvity model,in
which unidirectionallinks give raiseto a directedgraphon V'
(se€[12]). Four problemshave beenstudiedunderthis model.

1. AsYMMETRIC UNICAST, which requiresestablishinga
minimum power directedpath from a sources to a destina-
tiont. ASYMMETRIC UNICAST is easilysolvedin polynomial
time by shortest-pattalgorithms. The related MIN-POWER
SYMMETRIC UNICAST problemcanalsobe solved efficiently
by a shortest-patltomputationin anappropriatelyconstructed
graph[14].

2. ASYMMETRIC BROADCAST, which requiresestablishing
aminimum power arborescenceootedat a givenvertex s [8],
[10]. Clementiet al. [3] prove that ASYMMETRIC BROAD-
CAST is NP-Hardwhenthe nodesarein E2. The bestknown
approximationalgorithmfor ASYMMETRIC BROADCAST [9],
basedncomputingaminimumspanningree hasperformance
ratio of at most12 whenthe nodesarein E2. ChuandNiko-
laidis [2] give an experimentalstudy of asymmetricoroadcast
algorithmsfor mobileadhocnetworks. As notedin [14], there-
lated SYMMETRIC BROADCAST problemis identicalto MIN-
POWER SYMMETRIC CONNECTIVITY.

3. ASYMMETRIC MULTICAST, in whichoneis givenaroot s
andasetof terminalsT’, andthegoalis to establistaminimum-
power branchingootedat s whichreachesll verticesof T'. As
a generalizatiorof ASYMMETRIC BROADCAST, ASYMMET-
RIC MULTICAST is also NP-Hard,and basedon the work of
[9], it is immediatethata minimum Steinertreewould give an
approximationratio of 12p, wherep is the approximationfor

2A fully polynomial a approximation scheme is a family of algorithms A,
suchthat,for everye > 0, A. (1) hasperformanceatioatmosta + £, and(2)
runsin time polynomialin the sizeof theinstanceand1/e.

Steinertreein graphs(the bestresultknown at this moment,
givenin [17],isp =1+ :1n3 +¢).

4. COMPLETE RANGE ASSIGNMENT, in whichtheobjective
is establishinga strongly connectedsubgraphof V. Kirousis,
Kranakis,Krizanc, and Pelc[5] give an O(n*) dynamicpro-
grammigalgorithmfor the caseof n colinearnodesandpower
requirementgivenby (2), provethat COMPLETE RANGE As-
SIGNMENT in E3 is NP-Hard andgive a 2-approximatioralgo-
rithm basedon the minimum spanningree,As opposedo the
ASYMMETRIC BROADCAST approximationof [9], the Com-
PLETE RANGE ASSIGNMENT approximationof [5] is valid in
arbitrarygraphg(thatis, the distancebetweertwo pointscould
be arbitrary not necessarilyEuclidean).Clementi,Pennaand
Silvestri [4] give an elaboratereduction proving that Com-
PLETE RANGE ASSIGNMENT in E? is also NP-Hard. As
shavnin [14], thepowerrequiredby for theasymmetridCom-
PLETE RANGE ASSIGNMENT canbe aslow ashalf the power
requiredfor MIN-POWER SYMMETRIC CONNECTIVITY.

|. INTEGER LINEAR PROGRAM FORMULATION

In this sectionwe give aninteger linear program(ILP) for-
mulationfor MIN-POWER SYMMETRIC CONNECTIVITY and
describea branchand cut algorithmbasedon it. The results
in Sectionlll show thatthe algorithmis practicalfor instances
with up to 35-40nodes.

We begin by reformulating MIN-POWER SYMMETRIC
CONNECTIVITY in graphtheoreticaterms.Let G = (V, E, ¢)
be an edge-weightedraphanduv denotethe undirectededge
betweennodesu andv. The costc(uv) of anedgeuwv € E
correspondgo the (symmetric)power requirementp(u,v) =
p(v,u). Foranodeu € V andaspanningreeT of G, let uur
bethemaximumcostedgeincidenttou in 7', i.e.,uur € T and
c(uur) > ¢(uv) for alluv € T'. The power cost of a spanning

treeT is
p(T) =) c(uur)
uevV

Sinceary connectedyraphcontainsa spanningree,an equi-
alentformulationof MIN-POWER SYMMETRIC CONNECTIV-
ITY is to askfor a spanningreewith minimum power-costin
the completegraphon V' with edgecostsgiven by ¢(uv)
[luv||*. Thus,MIN-POWER SYMMETRIC CONNECTIVITY can
bereformulatedasfollows:

MINIMUM POWER-COST SPANNING TREE: Given a con-
nectededge-weightedyraphG = (V, E, ¢), find a spanning
treeT of G with minimum power-cost.

To formulateM INIMUM POWER-COST SPANNING TREE as
a linear integer programwe usetwo typesof binary decision
variables:

Tuy foralluv € FE; xz,, is setto 1 if uv belongsto the
selectedspanningreeT” andto 0 otherwise.We call
thesevariableghetree variables.

yar foralluw € E := {uv,vu | wv € E}; yzz is setto 1

if ur = v (i.e.,if wv € T andc(uv) > c(uw) for all

uw € T'. We call thesevariablesherange variables.
Note that thereare |E| tree variablesand |[E| = 2|E| range
variablesLet ST besetof theincidencevectorsof all spanning
treesof G (viewedassubsetof E). Our ILP formulationis as
follows.



min z c(uv)ymm

weE

>

veV|uwweE

s.t. YueV

>

TWEE| c(uw) >e(uv)
x € conv(ST)
z € {0,1}/%!
y € {0,1}/"

Tuw S Yuw, Vuv € E (4)

()

The constraintq3) enforcethatwe selectexactly onerange
variablefor everynodev € V, i.e.,weproperlydefinetherange
of eachnode.Theconstraintg4) enforcethatanedgeuw is in-
cludedin thetreeonly if therangeof eachendpointis at least
the costof the edge. The constrainty5) enforcethat the tree
variablesindeedform a spanningtree. Thereare several well
known linear descriptionsor z € conv(ST). We usethe fol-
lowing, mostfamousformulation: z € conv(ST) & z >
0,2 ccp®e =|V[—land}_ . sz <[S|—1foralls C
E, wherey(S) is thesetof edgesof E with bothendsin S.

To solve the ILP we usebranchandcut, i.e., we dropthein-
tegrality constraintandsolve the correspondingd P relaxation.
If the solutionof the LP is integral, we found the optimal so-
lution, otherwisewe pick a variablewith afractionalvalueand
split the probleminto two subproblemdy settingthe variable
to 0 andl in thesubproblemsWe solve the subproblemsecur
sively anddisregarda subproblenif its LP boundis worsethan
the bestknown solution.

Sincetherearean exponentialnumberof inequalitiesin this
formulationof spanningreeswe cannotsolve the LP directly.
Insteadwe startwith asmallsubsebf thesanequalitiesandal-
gorithmically testwhetherthe LP solutionviolatesaninequal-
ity whichis notin the currentLP. If so,we addtheinequality
to the LP, otherwisewe found the solution of the LP with the
exponentialnumberof inequalities. The inequalitiesaddedto
theLP if neededarecalledcutting planes, algorithmsthatfind
violatedcutting planesarecalledseparation algorithms.

In our case,the initial LP consistsof the constraints(3)
and (4), the constraint) | .o z. = |V| — 1, andthe bound
constraints,i.e., the constraintsd) < z < 1and0 < y <
1. The only constraintsaddedon demandare the constraints
Deer(s)Te < |S| = 1forall§ C E. A separatioralgorithm
for theseinequalitiess dueto Padbeg andWolsey [18].

Therunningtime of abranchandcutalgorithmcanimproved
by tighteningthe LP relaxation,i.e., by finding additionalin-
equalitieswhich are valid for all integer points, but may be
violated by solutionsto the LP relaxation(Figure 1 shows an
example).We usethefollowing classof valid inequalities.Let
S C V. Foreveryu € Sletug € V'\ S sothatc(uus) < c¢(uv)
forallv € V'\ S. Theinequality

)P

u€ES vEV|c(uv) >c(uug)

Yoz > 1 (6)

is valid for the problemabove. We canargueasfollows. There
is at leastone edgein the spanningtreeT" crossingthe cut S.
Let uv besuchanedgeandu € S. Thenc(uv) > c(uug) and

Fig.1. Letz. = 1/2 for all edgesn the picture(z. = 1, if therearetwo
paralleledges). Let rangevariablesy;z be equalto 1/2 for v = w1, us,
andto 0 otherwise. Thenconstraintof type (3) and(4), aresatisfied but the
constrain{(6) is violatedfor S = {u1,u2}.

therangeof u is atleastc(uv). ThUSY v (uv)>c(uus) Y77 1S
oneandtheinequalityis valid.

Sincewe do not have a separationalgorithm for thesein-
equalities,we usethe following heuristicto separatessomeof
them. We chosean arbitrary nodew. For every nodev €
V' \ {u}, we computethe minimal directedcut from v to v
andfrom v to u, wherethe capacityof an edgezxy is givenby
2 zw|e(zw)>c(zy) Yaw- FOT all computedcuts, we testwhether
the correspondingnequalityis violated.

Il. APPROXIMATION ALGORITHMS

In this sectionwe give animprovedanalysisor two approxi-
mationalgorithmsproposedn [14] for MIN-POWER SYMMET-
RIC CONNECTIVITY and showv that MIN-POWER SYMMET-
RIC CONNECTIVITY WITH ASYMMETRIC POWER REQUIRE-
MENTS cannotbe approximatedavithin factor(1 — €) In | V| for
ary e > 0 unlessP = NP;

A. Improved Approximations for Symmetric Requirements

Recently[14] proposedanalgorithmwith approximatiorra-
tio of 7/4 4+ € basedn polynomialtime approximatiorscheme
for computingthe minimum-weightspanningcactusin a 3-
uniform hypegraph, and a more practical greedy algorithm
with approximationratio of 15/8. Below we improve the ap-
proximationfactorsof thesetwo algorithmsto 5/3 +¢ and11/6,
respectiely.

The greedyalgorithmin [14] (seeFigure 2) iteratively im-
provesthe MST by insertingthe bestfork, i.e., pair of edges
of G sharinga node. Note that the power costof fork K =
{e1,e2} is p(K) = 2max{c(e1),c(e1)} + min{c(e1), c(e1)}.
Theedgesf fork K addedo the MST replacethe highestcost
edgedn thetwo createctycles. As aresultthe power costmay
decreaseThegain of fork K is definedby

gain(K) = 2mst(G) — 2mst(G/K) — p(K)

wheremst(G) theminimumcostof aspanningreeof G, G/ K
is the graphobtainedfrom G by collapsingall nodesof K into
asinglenode.

The proof of the approximatiorratiosin [14] is basedon on
the notion of 3-restricted decomposition of atreeT’, which is
a partition of the edgesof T' into forks andindividual edges.
The power-costof a 3-restricteddecompositior), p(Q), is the
sum of power-costsof its elements,.e., forks andindividual
edges.lt is provedin [14] that,if thereexistsa 3-restrictedde-
composition with P(Q) < pp(T'), thenthegreedyalgorithm



Input: Edge-weightedraphG = (V, E, ¢)
Output: Spanningreeof G

T+ MST(G),H «< 0

Repeatforever
Findafork K with themaximumg = gainy(K)
If g < 0then exit repeat
H+— HUK,G+ G/K, T+ T/K

Output T'U H

Fig. 2. Thegreedyfork-contractionalgorithm.

(CY

(b)

Fig. 3. (a)PartitionedtreeT'. Eachvertex hasa singleoutgoingarcdenoting
its maximumincidentedge doublearcsarerootsanddashededgesarebridges.
(b) Consecutie line graphsfor the components.Verticesrepresenedgesof
T andedgesrepresenforks of T'; “consecutie” edgesare solid and“parity”

edgesaredashed.

in Figure2 hasapproximatiorratio1 + p/2 andthereis PTAS
with approximatiorratio p + €. Below we prove thatp < 5/3
improving theratio 7/4 from [14].

Theorem1: For ary treeT, thereis a 3-restricteddecompo-
sition Q of T suchthatp(Q) < 2p(T).

Proof: Theproofproceedén threesteps.Firstwe partition
the edgesof T' into disjoint componentsising structuralinfor-
mationderivedfrom power requirementsThenwe constructa
weightedsubgraptof theline graphof eachcomponentwhich
we referto asthe “consecutve” line graph. Finally, we shov
thatthe consecutieline graphof eachcomponenhasa match-
ing exceedinga certainweight; the edgesin thesematchings
correspondo the forks in the desired3-restricteddecomposi-
tionof T

To describenhow we partitiontheedgesof T' (seeFigure3(a))
we needto introducesomeadditionalnotations. Let max(u)
be the maximumedgeof T incidentto a vertex u.> For each
vertex u, we directthe edgemaz(u) away from . An edge
uv is calledroot if it is directedboth ways (i.e., maz(u)
max(v) = uv), andcalledbridge if it remainsundirectedi.e.,
maz(u) # uwv andmaz(v) # wv). In the powercostof T,
roots are countedtwice (for both endpoints),bridgesare not
countedat all, and all other edgesare countedexactly once.
Thus,denotingby R thesetof rootsandby B thesetof bridges,

we have:
p(T) = ¢(T) + ¢(R) — ¢(B) (7

Theedgeof T arepartitionedasfollows. First,we startwith
theconnectedcomponent®f T' — B; notethateachsuchcom-
ponentcontainsexactly oneroot. Thenwe addeachbridgeb of

3W.l.0.g.,we assumehatno two edgesof 7' have the samecost.

B to oneof thetwo adjacenttomponent®f T' — B, suchthat
eachcomponengetsat mostonebridge. A bridgeassignment
with this propertyis obtainedby selectingan arbitrary vertex
vg andassigningto eachcomponenof 7' — B not containing
vo the uniqueadjacentbridgeon the pathto vy. We denoteby
D theresultingpartition.

A fork (e; = uv, e = u'v) is calledconsecutive if c(e;) <
c¢(e2) andthereis noedgeec D incidentto v suchthatc(e;) <
c(e) < c(e2). ForeachcomponenD € D, theconsecutiveline
graph Lp is definedasfollows (seeFigure3(b)):

— verticesof Lp aretheedgesf D

— Lp has“consecutve” edgesonnectingeachconsecutie

forksof D, andatmosttwo “parity” edgesconnectinghe
root of D andthe secondmostexpensve non-rootedge
incidentto eachendof theroot
— for every edge (e1,e2) of Lp,
min{c(e1), c(e2)}
By construction,eachedgeof Lp corresponddo a fork of
D. Therefore,eachmatching X of Lp correspondgo a 3-
restricteddecompositiorof D (edgesof X correspondo forks
andisolatedverticescorrespondo isolatededges)which we
denoteQ) x . It is easyto seethatp(Q x) = 2¢(D) — w(X).

Thetheorenmfollowsif, for eachD € D, wefind amatching

Xp in Lp suchthat

w(ey, e2)

(D) — ¢(rp) + ¢(bp)
3

w(Xp) > (8)

wherec(D) is thetotal costof theedgesn D, rp is thesingle
rootin D, andbp isthesinglebridgein D, if oneexists. Indeed,

p(J @x») Y (2¢(D) —w(Xp))

DeD DeD

S (3e(0) + 3etrm) - getom) )

DeD

INA

< op(T)

where the last inequality comesfrom (7) and the fact that
c(T) < p(T) (seee.qg.,[14]).

By Edmondstheoren{19] it is sufficientto constructfrac-
tional matching X p satisfying(8). A fractional matching of
Lp is anassignmenbf nonngative fractionsz(eq, e2) to ev-
eryedge(e;,e2) € Lp suchthat

(i) thesumof fractionsassignedo the edgesincidentto a

vertex e of Lp is atmost1, and
(i) thesumof fractionsassignedo all edgeswith bothend-
pointsin asetof 2k + 1 verticesof Ly, is atmostk.
Theweightof afractionalmatchingXp is givenby

w(Xp) =
(e,e’)EE(D)

z(e, e w(e,e’)

We constructa fractionalmatchingX p by assigningl /3 to
eachconsecutieedge(es, e2) of Lp. Thisfractionalmatching
satisfieqi) sinceeache € D isincidentto atmost3 consecutie
edgesof Lp (if e is not theroot rp, thenit participatesnto
oneconsecutre edgeof Lp ase;, andinto up to two edgesas
e2; theroot participatesasthe heaviestendin up to two edges).



Condition(ii) followsfrom thefactthatconsecutieedgeform
atree. Sinceevery vertex e of Lp exceptthe root participates
in exactly one consecutie fork (eq, es) ase;, we getthatthe
weightof X7, is equalto (¢(D) — ¢(rp))/3.

If D hasno bridgethen(8) follows. Otherwisewe modify
Xp suchthattheweightincreasedy ¢(bp)/3 asfollows. Let
P = (bp = eo, fo,€1, f1,--s €k, [k, €41 = rp) betheunique
pathof consecutie edgesof Lp, wheref; = (e;,€i41), 1 =
1,...,k areedgesof Lp correspondingo consecutie forks
in D. We add1/3to z(f;), ¢ = 0,2,4,..., andsubstractl/3
from z(f;), ¢« = 1,3,.... Sincebothbp andrp participate
in at mosttwo consecutie forks, the above changeleadsto a
feasiblefractional matching(the sumof fractionsassignedo
theedgedncidentto eachintermediatevertex of P remainghe
same).If k is eventhenthetotal weightof X increasedy at
Ieastc(bD)/?, sincew(far—1) = clea—1) < clea) = w(f),
I=1,...,k/2andwearedone.

If k is oddwe addback1/3to z(fi) to guaranteéncreasing
of w(Xp) by atleastc(bp)/3. If e, hasdegree2 in Ly, then
we aredone,sincethesumof all fractionsassignedo theedges
incidentto e equalsto 1. Otherwise e;, hasdegree3 andwe
needto further modify Xp in orderto make it a feasiblefrac-
tional matching. Let v be the commonvertex of e, andrp.
Since fx (ex,ex+1 = rp) is a consecutie fork, ey is the
mostexpensve non-rootedgeof D incidentto v. Lete bethe
secondnostexpensie non-rootedgeof D incidentto v. Since
e andey, form aconsecutiefork, Lp containsthe (e, ey,). Re-
callthat L, alsocontainsaparity edge(e, rp). We modify X p
asfollows:

o Ifex_1 # e(i.e., er—1 is notadjacento theroot), thenwe

substractl/3from z(e, ;) andsetz(e,rp) to 1/3.

o If e 1 = e (i.e., ex_1 is adjacentto the root), thenwe
substractl/3 from z(fr_1) andsetz(e = ex_1,7p) tO
1/3.

In both casesthe resultingsumsof fractionsassignedo the
edgedncidenteachof e, andrp areequalto 1, andhenceXp
satisfies(i). Condition (ii) is valid sinceedgeswith non-zero
weightin Xp continueto form atree. [ |

B. Hardness of Approximation for Asymmetric Requirements

The following theorem shawvs that handling asymmetric
power requirementss intrinsically moredifficult thanhandling
symmetricrequirementsg.g.,underasymmetrigoowerrequire-
mentstheminimumtotal power cannotbe approximatedvithin
ary constant.

Theorem?2: MIN-POWER SYMMETRIC CONNECTIVITY
WITH ASYMMETRIC POWER REQUIREMENTS cannotbe ap-
proximatedin polynomialtime within factor(1 — €) In |V| for
ary e > 0unlesP = NP.

Proof:  We will prove the theoremby reductionfrom
the setcover problemwhich is known to be non-approximable
within factor(1 — €) In |V| for ary € > 0 unlesP = NP [20].

For ary instanceof thesetcoverproblem,we constructanin-
stanceof theproblemof MIN-POWER SYMMETRIC CONNEC-
TIVITY WITH ASYMMETRIC POWER REQUIREMENTS such
that approximatingthe secondproblemwithin a factor F' im-
pliesapproximatinghefirst problemwithin the samefactor

Let S1,S82,...,S; be subsetsof a ground set X
{z1,22,...,z,. Thesetcover problemasksfor the minimum
numberof subsetsoveringthe entireset X. We constructan
instanceof Min-Pawer SymmetricConnectvity in which each

x1 x2 x3 xn

Fig. 4. Solid dotscoorrespondo subsetsandemptydotscorrespondo ele-
mentsof the set X in the instanceof the setcover problem. Eachbididrected
arcshavs thatanelemntbelongsto a subset.

point coorespondso either a set.S; or an elementz; € X
or is an auxiliary point X (seeFigure4). We setthe power
regirementsas follows: if z; € S;, thenp(z;,S;) = 0 and
p(Si,z;) = 1. Alsop(S;, X) = p(X, S;) = 0. All otherpower
requirementsreinfinity. It is easyto seethatthe minimumto-
tal power equalsthe minimum numberof setsS; covering X.

|
Remark. Theorem2 relieson usingnon-uniformsignalatten-
uationexponentss,,,; we leave opentheapproximabilitystatus
of MIN-POWER SYMMETRIC CONNECTIVITY with uniform
exponents.

I1l. EXPERIMENTAL STUDY

We have implementedheexactbranchandcutalgorithmde-
scribedin Sectionl (OPT), the greedyfork-contractionalgo-
rithm of [14] (GFC),andthreenew heuristics:

« A simpleedge-switchindES)heuristicthatstartsfromthe
MST, andrepeatedlyreplacesa tree edgewith a non-tree
edgere-establishingonnectvity. At every step,thealgo-
rithm chooseghe pair of edgesthat resultsin the largest
reductionin power cost;the processs repeatedislong as
improvementis still possible.We simulateda distributed
implementationof the algorithmin which only non-tree
edgesthat connectnodeswithin 10 tree-hopsfrom each
otherareconsideredor switching.

« A heuristic performing both edge and fork switching
(EFS).At every stepthealgorithmchoosesheedgeor the
fork whoseadditionto the treeleadsto the largestreduc-
tion in power cost. Unlike GFC, forks arenot contracted,
which meansthat an edgein an addedfork canlater be
removedfrom thetreeby otheredgeor fork switches.

o A Kruskal-like heuristic (KR) that starts with isolated
nodesanditeratively addsan edgeconnectingwo differ-
entcomponentsvith minimum increase in power cost. A
similar heuristic (called incrementalsearch)was studied
by ChuandNikolaidisfor computinglow-power Asy M-
METRIC BROADCAST treesin amobile environment|[2].

We includedin our comparisorfasterversionsof OPT and
GFC,OPT-D andGFC-D,which speed-ughe computatiorby
working on the Delaunaygraphdefinedby the nodesinstead
of the completegraph. We alsoimplementeda fasterversion
of EFS, EFS-D,in which only forks consistingof Delaunay
edgeqbut still all non-treeedges)re consideredasswitching
candidates.

All algorithms were implementedin C++, including the
branchandboundalgorithmwhoseimplementatioris built on
SCIL [21]. Theheuristicswerecompiledusinggpp with - Q2



n] OPT[OPTFD | ESJEFS]EFS-D] KR [ GFC| GFC-D n[ OPT]OPTD | ES|] EFS]EFS-D] KR | GFC|] GFC-D
10| 4.01 3.66 3.81| 4.00 3.9410.49] 1.39 1.19 10| 0.67 0.10| 0.00| 0.00 0.00] 0.00| 0.00 0.00
15| 4.77 4.26| 4.48| 4.70 451|(1.72| 1.56 0.48 15| 5.68 0.43|0.00| 0.02 0.00| 0.00| 0.00 0.00
20| 5.84 5.17| 5.46| 5.75 547|254 2.01 1.40 20| 222 1.19| 0.00| 0.10 0.00| 0.00| 0.00 0.00
25| 5.63 4.72| 4.78| 5.53 5.12| 2.19| 1.56 0.72 25| 58.9 3.46| 0.00| 0.26 0.00| 0.00| 0.00 0.00
30| 5.46 490 4.87| 5.36 5.03| 1.77| 1.65 0.24 30 201 6.49| 0.00| 0.61 0.00| 0.00| 0.00 0.00
35| 5.68 5.11| 5.04| 5.60 5.40| 2.13| 1.93 0.96 35 712 11.2|0.00| 1.16 0.02| 0.01| 0.00 0.00
40| 5.41 4.82]5.01|5.51 5.25|1.82| 1.37 0.26 40 | 4725 52.1(/0.00( 2.13 0.03| 0.01| 0.00 0.00
45 — 5.37| 5.13| 5.77 547|217 2.22 0.67 45 — 109 0.00| 3.71 0.05| 0.00| 0.03 0.03
50 — 5.36| 5.55| 5.90 5.62| 2.45| 2.03 0.33 50 — 181 0.02| 5.50 0.05| 0.00| 0.02 0.02
55 — 6.09( 5.61| 6.54 6.21| 2.65| 2.60 1.19 55 — 653 0.05| 9.03 0.05| 0.00( 0.03 0.03
60 — | 5.46° | 5.25]| 6.06 5.73| 2.31| 2.15 0.50 60 — | 573 |0.05|12.48| 0.06|0.00| 0.05 0.05
65 — — | 5.01| 5.80 5.56| 2.30| 1.65 0.38 65 — — | 0.05| 17.9 0.09| 0.04| 0.03 0.03
70 — —[5.12]6.01 5.60( 2.41| 1.94 0.24 70 — — 1 0.03| 25.5 0.10| 0.04| 0.01 0.01
75 — — | 5.10| 5.78 5.50| 2.46| 1.69 0.48 75 — — | 0.02| 33.4 0.09| 0.02| 0.00 0.00
80 — — | 5.14] 6.03 5.77| 2.88| 2.00 0.64 80 — — | 0.05| 44.9 0.12| 0.00| 0.00 0.00
85 — — | 4.73| 5.69 537|252 1.82 0.39 85 — — 1 0.06| 55.0 0.16| 0.00| 0.00 0.00
90 — — | 5.42] 6.30 6.01| 2.84| 2.18 0.38 90 — — | 0.09| 75.5 0.21| 0.00| 0.00 0.00
95 — — [ 5.29]| 6.08 5.81|2.35| 1.73 0.19 95 — — (011 101 0.26| 0.00| 0.05 0.05

100 — — | 5.45]| 6.25 6.09| 2.56| 2.30 0.99 100 — — [ 0.14| 123 0.32| 0.00| 0.05 0.05
TABLE | TABLE I

PERCENT IMPROVEMENT OVER THE MST.

s s
50 60
nodes

L L
30 40

L
20

100

Fig. 5.
rithms.

Averagepercentimprovementover MST for the implementedalgo-

optimization,andrunonan AMD Duron600MHzPC.Theex-
perimentswvererun on randomlygeneratedestcaseskor each
instancesizen betweenl0and100,in incrementf 5, 50 dif-
ferentinstancesveregeneratedby chosingn pointsuniformly
atrandomfrom agrid of size10, 000 x 10, 000.

In Table!l andFigure 5 we reportthe percent improvement

over MST, i.e., 100 x W for the comparedalgo-

rithms. Runningtimesarereportedin Tablell. We reportav-
eragever50instance®f eachsize;averagesnarkedwith an
astersikdo notincludetwo intancesnot solved within oneday:.
The resultsshav that OPT haspracticalrunningtime up to 35
nodes,andproducesan averageimprovementover MST of 5-
6%. The Delaunayversionof OPT haspracticalruntimeup to
60 nodesbut givesslightly worsesolutions.

The provably good GFC algorithm, its fasterDelaunayver
sion, GFC-D, aswell asthe naturalKruskal-like heuristicKR
are all very fast, but give lessthan half of the optimum im-
provement.In contrast,EFS,EFS-D,andeventhe distributed
ESheuristic,comeontheaveragewithin afractionof apercent
of the optimalimprovementwith very well scalingruntime.
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