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Abstract—We study the problem of assigning transmission
ranges to the nodesof ad hoc wir elessnetworks so that to min-
imize power consumption while ensuring network connectivity.
We give (1) an exact branch and cut algorithm basedon a new
integer linear program formulation solving instanceswith up to
35-40nodesin 1 hour; (2) a proof that M IN-POWER SYMMETRIC
CONNECTIVITY WITH ASYMMETRIC POWER REQUIREMENTS is in-
approximable within factor �����	��
����� ��� for any ����� unless�������

; (3) an impr oved analysisfor two approximation algo-
rithms recentlyproposedby Călinescuet al. (TCS’02), decreasing
the bestknown approximation factor to � �"!$#%� ; (4) a comprehen-
sive experimental study comparing new and previously proposed
heuristics with the above exactand approximation algorithms.

INTRODUCTION

Ad hocwirelessnetworkshavereceivedsignificantattention
in recentyearsdueto their potentialapplicationsin battlefield,
emergency disasterrelief, andotherapplicationscenarios(see,
e.g.,[1], [2], [3], [4], [5], [6], [7], [8], [9], [10]). Unlike wired
networks or cellular networks, no wired backboneinfrastruc-
tureis installedin adhocwirelessnetworks.A communication
sessionis achievedeitherthroughsingle-hoptransmissionif the
recipientis within the transmissionrangeof the sourcenode,
or by relayingthroughintermediatenodesotherwise.Whena
transmissionis madeby a nodeit canbereceivedby all nodes
within its transmissionrange.This featureis extremelyuseful
for energy-efficientmulticastandbroadcastcommunications.

For thepurposeof energy conservation,eachnodecan(pos-
sibly dynamically)adjustits transmittingpower, basedon the
distanceto thereceiving nodeandthebackgroundnoise.In the
mostcommonlyusedpower-attenuationmodel[11], thesignal
power falls as &')( where * is the distancefrom the transmitter
antennaand + is a coefficient dependenton the wirelessen-
vironment,typically between, and - . Under this model the
power requirementfor supportinga link from node. to node/
separatedby a distance* is givenby

021 .234/6587 *:9 ;=<>2?6@BA (1)

where>2?DCFE is thetransmissionefficiency of node. , @BAGCHE
is thesignaldetectionsensitivity thresholdof node / , and + ?IA
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is thesignalattenuationexponentfor thelink from . to / . Typi-
cally it is assumedthatall nodeshavethesametransmissionef-
ficiency anddetectionsensitivity coefficients,bothnormalized
to 1, andthatsignalattenuationexponents+ ?IA havea common
value + (see,e.g., [12]). With theseassumptions,the power
requirementfor supportinga link betweennodes. and / sepa-
ratedby a distance* becomes021 .O3�/P587 0O1 /Q3�.R587F* 9 (2)

Unlessexplicitly statedotherwise,in this paperwe assume
symmetricpower requirementssuchasthosegivenby (2).

Having every link establishedin both directionssimplifies
one-hoptransmissionprotocolsby allowing acknowledgement
messagesto be sentback for every packet (see,for example
[13]). This motivatesthestudyof the M IN-POWER SYMMET-
RIC CONNECTIVITY problem,wherea link is establishedonly
if bothnodeshave transmissionrangeat leastasbig asthedis-
tancebetweenthem,andthegoal is to ensurethat thenetwork
is connected[1], [14].

Formally, let S beasetrepresentingnetwork nodes.A range
assignment is a function *UTVSXWZY�[ . We saythat a unidi-
rectional link from node . to node / is establishedunderthe
rangeassignment* if * 1 .\5	] 021 .234/65 . Similarly, a bidirec-
tional link .Q/ is establishedunderthe rangeassignment* if* 1 .\5�] 0O1 .O3�/P5 and * 1 /P5�] 021 /Q3�.R5 . Let ^ 1 *_5 denotethesetof
all bidirectionallinks establishedbetweenpairsof nodesin S
undertherangeassignment* .
M IN-POWER SYMMETRIC CONNECTIVITY: Given a set of
nodesS andsymmetricpower requirements021 .234/6587 021 /`34.\5 ,.234/bacS , find a rangeassignment*dT8SXWeY [ minimizingf A gih * 1 /65 subjectto theconstraintthatthegraph 1 SV34^ 1 *_5�5 is
connected.

Implicit in thework of Clementi,Penna,andSilvestri [4] is
aproof thatM IN-POWER SYMMETRIC CONNECTIVITY in j�k
is NP-Hard.Therefore,westudyapproximationalgorithmsand
heuristicsfor theproblem.In thispaperwemakethefollowing
contributions:l Wegiveanexactbranchandcutalgorithmbasedonanew

integer linear programformulationfor the problem(Sec-
tion I). Experimentalresultsshow that thebranchandcut
algorithmsolvesinstanceswith 25 nodesin lessthanone
minute and instanceswith up to 35-40 nodesin 1 hour
(SectionIII).l We give an improvedanalysisfor two approximational-
gorithmsfrom [14], decreasingthe bestknown approxi-
mationfactor1 to mon:prq	s (SectionII-A).t

Theapproximation factor of analgorithm u for a minimizationproblemis
the supremum,over all possibleinstancesv , of the ratio betweenthe costof
the outputof u whenrun on v andthe costof an optimal solutionfor v (the
smallertheperformanceratio,thebetter).Wesaythat u is an w -approximation
algorithm if its approximationratio is at most w .



l We show that M IN-POWER SYMMETRIC CONNECTIV-
ITYx WITH ASYMMETRIC POWER REQUIREMENTS is in-
approximablewithin factor 1zy�{ s=56|~}�� S%� for any s C�E
unless��7H��� (SectionII-B).l We presenta comprehensive experimentalstudycompar-
ing new andpreviouslyproposedheuristicswith theabove
exactandapproximationalgorithms.Experimentalresults
show anaverageof 5-6%reductionin powerconsumption
comparedto thesimpleMST basedsolution(SectionIII).

For theimportantspecialcaseof nodeslocatedon a line and
monotonicsymmetricpowerrequirements,M IN-POWER SYM-
METRIC CONNECTIVITY canbesolvedin polynomialtime by
dynamicprogramming;we omit thedetailsfor spacereasons.

A. Related Work

Kirousis, Kranakis, Krizanc, and Pelc [5] give a mini-
mum spanningtree (MST) based2-approximationalgorithm
for M IN-POWER SYMMETRIC CONNECTIVITY (their algo-
rithm is actually designedfor the COMPLETE RANGE AS-
SIGNMENT problemdiscussedbelow). Călinescuet al. [14]
pushthe approximationratio below 2 by exploiting similari-
ties betweenM IN-POWER SYMMETRIC CONNECTIVITY and
theclassicSTEINER TREE problem.In particular, [14] givesa
fully polynomial y q%|~}�, approximationscheme2 basedon[15]
anda morepractical y mon:� approximationalgorithmbasedon
[16]. Bloughet al. [1] give asymptoticboundson thesolution
costfor randomandsocalled 1�� 34�_5 Euclideaninstances.

The objective of minimizing the total power hasbeenmore
extensively addressedunder the specific power requirements
givenby (2) andtherelatedasymmetric connectivity model,in
which unidirectionallinks give raiseto a directedgraphon S
(see[12]). Fourproblemshavebeenstudiedunderthis model.

1. ASYMMETRIC UNICAST, which requiresestablishinga
minimum power directedpath from a source � to a destina-
tion � . ASYMMETRIC UNICAST is easilysolvedin polynomial
time by shortest-pathalgorithms. The relatedM IN-POWER

SYMMETRIC UNICAST problemcanalsobesolvedefficiently
by a shortest-pathcomputationin anappropriatelyconstructed
graph[14].

2. ASYMMETRIC BROADCAST, which requiresestablishing
a minimumpower arborescencerootedat a givenvertex � [8],
[10]. Clementiet al. [3] prove that ASYMMETRIC BROAD-
CAST is NP-Hardwhenthe nodesarein j�k . The bestknown
approximationalgorithmfor ASYMMETRIC BROADCAST [9],
basedoncomputingaminimumspanningtree,hasperformance
ratio of at most12 whenthe nodesarein j�k . Chu andNiko-
laidis [2] give an experimentalstudyof asymmetricbroadcast
algorithmsfor mobileadhocnetworks.As notedin [14], there-
latedSYMMETRIC BROADCAST problemis identicalto M IN-
POWER SYMMETRIC CONNECTIVITY.

3. ASYMMETRIC MULTICAST, in whichoneis givenaroot �
andasetof terminals� , andthegoalis to establishaminimum-
powerbranchingrootedat � whichreachesall verticesof � . As
a generalizationof ASYMMETRIC BROADCAST, ASYMMET-
RIC MULTICAST is alsoNP-Hard,andbasedon the work of
[9], it is immediatethata minimumSteinertreewould give an
approximationratio of y ,:� , where � is the approximationfor�

A fully polynomial w approximation scheme is a family of algorithms uO�
suchthat,for every �8��� , u2� (1) hasperformanceratioatmost w���� , and(2)
runsin time polynomialin thesizeof theinstanceand �4��� .

Steinertree in graphs(the bestresult known at this moment,
givenin [17], is ��7 y q�&k |�}rp�qd� ).

4. COMPLETE RANGE ASSIGNMENT, in whichtheobjective
is establishinga stronglyconnectedsubgraphof S . Kirousis,
Kranakis,Krizanc, andPelc [5] give an � 1��R� 5 dynamicpro-
grammigalgorithmfor thecaseof � colinearnodesandpower
requirementsgivenby (2), provethatCOMPLETE RANGE AS-
SIGNMENT in j�� is NP-Hard,andgivea2-approximationalgo-
rithm basedon theminimumspanningtree,As opposedto the
ASYMMETRIC BROADCAST approximationof [9], the COM-
PLETE RANGE ASSIGNMENT approximationof [5] is valid in
arbitrarygraphs(that is, thedistancebetweentwo pointscould
bearbitrary, not necessarilyEuclidean).Clementi,Penna,and
Silvestri [4] give an elaboratereductionproving that COM-
PLETE RANGE ASSIGNMENT in j�k is also NP-Hard. As
shown in [14], thepowerrequiredby for theasymmetricCOM-
PLETE RANGE ASSIGNMENT canbeaslow ashalf thepower
requiredfor M IN-POWER SYMMETRIC CONNECTIVITY.

I . INTEGER L INEAR PROGRAM FORMULATION

In this sectionwe give an integer linear program(ILP) for-
mulationfor M IN-POWER SYMMETRIC CONNECTIVITY and
describea branchandcut algorithmbasedon it. The results
in SectionIII show that thealgorithmis practicalfor instances
with up to 35-40nodes.

We begin by reformulating M IN-POWER SYMMETRIC

CONNECTIVITY in graphtheoreticalterms.Let  ¡7 1 S83�j¢34£"5
beanedge-weightedgraphand .`/ denotetheundirectededge
betweennodes. and / . The cost £ 1 .Q/65 of an edge .Q/¤a�j
correspondsto the (symmetric)power requirement021 .O3�/P5¥7021 /Q3�.R5 . For a node.�a�S anda spanningtree � of   , let .`.\¦
bethemaximumcostedgeincidentto . in � , i.e., .`.\¦§a¨� and£ 1 .Q. ¦ 5r]H£ 1 .`/P5 for all .Q/Da�� . Thepower cost of a spanning
tree � is 0O1 �©5ª7¬«?gih £ 1 .Q.\¦25
Sinceany connectedgraphcontainsa spanningtree,anequiv-
alentformulationof M IN-POWER SYMMETRIC CONNECTIV-
ITY is to askfor a spanningtreewith minimum power-costin
the completegraphon S with edgecostsgiven by £ 1 .`/P5�7 .`/  9 . Thus,M IN-POWER SYMMETRIC CONNECTIVITY can
bereformulatedasfollows:

M INIMUM POWER-COST SPANNING TREE: Given a con-
nectededge-weightedgraph  ®7 1 SV34j¢3�£"5 , find a spanning
tree � of   with minimumpower-cost.

To formulateM INIMUM POWER-COST SPANNING TREE as
a linear integer programwe usetwo typesof binary decision
variables:¯ ? A for all .Q/°a±j ;

¯ ? A is set to 1 if .Q/ belongsto the
selectedspanningtree � andto 0 otherwise.We call
thesevariablesthetree variables.² ?IA for all .`/¨a j¬T³7�´ .`/`3 /i.U�.Q/Da�jGµ ; ² ?IA is setto 1
if .Q¦d7c/ (i.e., if .Q/Da¶� and £ 1 .`/P5©]±£ 1 .`·©5 for all.Q·¸a¨� . We call thesevariablestherange variables.

Note that thereare � j�� tree variablesand � j%�©7¹,B� j�� range
variables.Let º$� besetof theincidencevectorsof all spanning
treesof   (viewedassubsetsof j ). Our ILP formulationis as
follows.



min «?IA g » £ 1 .Q/65 ² ?IA
s.t. «A gihV¼ ?IAIg » ² ?IA 7 y 3 ½\.¾a¨S (3)

¯ ?IA�¿ «?IÀOg »8¼ Á4Â�?IÀRÃ�Ä\Á4Â~? A=Ã ² ?IÀ 3 ½ .Q/¢a j (4)¯ a¾Å"Æ}6Ç 1 º$�©5 (5)¯ a§´ E 3 y µ ¼ »�¼² a�´ E 3 y µ ¼ »ª¼
Theconstraints(3) enforcethatwe selectexactly onerange

variablefor everynode/�a¨S , i.e.,weproperlydefinetherange
of eachnode.Theconstraints(4) enforcethatanedge.`/ is in-
cludedin thetreeonly if the rangeof eachendpointis at least
the costof the edge. The constraints(5) enforcethat the tree
variablesindeedform a spanningtree. Thereareseveral well
known lineardescriptionsfor

¯ aUÅÈÆ}6Ç 1 ºª�©5 . We usethe fol-
lowing, most famousformulation:

¯ a¬ÅÈÆo}6Ç 1 º$�©5�É ¯ ]E 3 fHÊ g» ¯ Ê 7Ë� S�� {°y and
f¤Ê g_ÌoÂÎÍoÃ ¯ Ê ¿ � º�� {°y for all º°Ïj , whereÐ 1 ºV5 is thesetof edgesof j with bothendsin º .

To solve theILP we usebranchandcut, i.e.,we dropthein-
tegrality constraintsandsolvethecorrespondingLP relaxation.
If the solutionof the LP is integral, we found the optimal so-
lution, otherwisewe pick a variablewith a fractionalvalueand
split theprobleminto two subproblemsby settingthevariable
to E and y in thesubproblems.Wesolvethesubproblemsrecur-
sively anddisregardasubproblemif its LP boundis worsethan
thebestknown solution.

Sincethereareanexponentialnumberof inequalitiesin this
formulationof spanningtrees,wecannotsolvetheLP directly.
Instead,westartwith asmallsubsetof theseinequalitiesandal-
gorithmically testwhethertheLP solutionviolatesan inequal-
ity which is not in the currentLP. If so,we addthe inequality
to the LP, otherwisewe found the solutionof the LP with the
exponentialnumberof inequalities.The inequalitiesaddedto
theLP if neededarecalledcutting planes, algorithmsthatfind
violatedcuttingplanesarecalledseparation algorithms.

In our case,the initial LP consistsof the constraints(3)
and (4), the constraint

f Ê g» ¯ Ê 7Ñ� S�� {�y , and the bound
constraints,i.e., the constraintsE ¿ ¯ ¿ y and E ¿ ² ¿y . The only constraintsaddedon demandare the constraintsf Ê g_ÌiÂ~ÍiÃ ¯ Ê ¿ � º�� {¤y for all º¸Ï�j . A separationalgorithm
for theseinequalitiesis dueto Padberg andWolsey [18].

Therunningtimeof abranchandcutalgorithmcanimproved
by tighteningthe LP relaxation,i.e., by finding additionalin-
equalitieswhich are valid for all integer points, but may be
violatedby solutionsto the LP relaxation(Figure1 shows an
example).We usethefollowing classof valid inequalities.LetºbÒÓS . For every .�a¾º let . Í a¾S¾ÔQº sothat £ 1 .`.RÕ=5 ¿ £ 1 .Q/65
for all /%a¨SHÔÖº . Theinequality

«?ogoÍ «A gih8¼ Á4Â~? A=Ã×Ä\Á4Â�?I?_Ø:Ã ² ?IA ] y (6)

is valid for theproblemabove. We canargueasfollows. There
is at leastoneedgein the spanningtree � crossingthe cut º .
Let .`/ besuchanedgeand .Ùa¶º . Then £ 1 .Q/P5�]H£ 1 .Q. Í 5 and

Ú ÚÛ

Ü ÜÝ
Þßà àáâã ä äå å æ�çæ�è

æêé

æ�ë
æíìªæêî

Fig. 1. Let ï_ðrñ°�4�)ò for all edgesin the picture( ï_ðrñ°� , if therearetwo
paralleledges). Let rangevariablesó ô"õ4ö be equalto 1/2 for ÷�ñFø t)ù øú ,
andto 0 otherwise.Thenconstraintsof type (3) and(4), aresatisfied,but the
constraint(6) is violatedfor û�ñ�K4ø t ù ø � L .
therangeof . is at least£ 1 .Q/P5 . Thus

f A gihV¼ Á4Â�?IA=Ã�Ä\Á4Â�?I?_Ø:Ã ² ?IA is
oneandtheinequalityis valid.

Sincewe do not have a separationalgorithm for thesein-
equalities,we usethe following heuristicto separatesomeof
them. We chosean arbitrary node . . For every node /¬aSüÔ¥´ .ýµ , we computethe minimal directedcut from . to /
andfrom / to . , wherethecapacityof anedgē ² is givenbyfFþ Àª¼ Á4Â þ ÀRÃ×Ä\Á4Â þ ÿ Ã ² þ À . For all computedcuts,we testwhether
thecorrespondinginequalityis violated.

I I . APPROXIMATION ALGORITHMS

In thissectionwegiveanimprovedanalysisfor two approxi-
mationalgorithmsproposedin [14] for M IN-POWER SYMMET-
RIC CONNECTIVITY and show that M IN-POWER SYMMET-
RIC CONNECTIVITY WITH ASYMMETRIC POWER REQUIRE-
MENTS cannotbeapproximatedwithin factor 1�y�{ s=56|~}�� S�� for
any s CÓE unless��7¤��� ;

A. Improved Approximations for Symmetric Requirements

Recently, [14] proposedanalgorithmwith approximationra-
tio of �nI-�q�s basedonpolynomialtimeapproximationscheme
for computingthe minimum-weightspanningcactusin a 3-
uniform hypergraph, and a more practical greedyalgorithm
with approximationratio of 15/8. Below we improve the ap-
proximationfactorsof thesetwo algorithmsto mon:pRqGs and11/6,
respectively.

The greedyalgorithmin [14] (seeFigure2) iteratively im-
provesthe MST by insertingthe best fork, i.e., pair of edges
of   sharinga node. Note that the power costof fork �e7´�� & 3�� k µ is 021 �¶5�7�,����
	`´I£ 1 � & 5È34£ 1 � & 5)µrq���~}R´I£ 1 � & 5È34£ 1 � & 5)µ .
Theedgesof fork � addedto theMST replacethehighestcost
edgesin thetwo createdcycles.As a resultthepowercostmay
decrease.Thegain of fork � is definedby�������81 �¶5ª7¤,
�¨� � 1  �5 { ,
�¨� � 1  �n��¶5 {D021 �¶5
where�¨� � 1  �5 theminimumcostof aspanningtreeof   ,  �n
�
is thegraphobtainedfrom   by collapsingall nodesof � into
asinglenode.

Theproof of theapproximationratiosin [14] is basedon on
the notion of 3-restricted decomposition of a tree � , which is
a partition of the edgesof � into forks and individual edges.
Thepower-costof a 3-restricteddecomposition� , 021 ��5 , is the
sumof power-costsof its elements,i.e., forks and individual
edges.It is provedin [14] that,if thereexistsa 3-restrictedde-
composition� with � 1 ��5 ¿ � 021 �©5 , thenthegreedyalgorithm



Input: Edge-weightedgraph �¨ñ���� ù���ù�� �
Output: Spanningtreeof �!#"%$ û ! ��� � , & "('
Repeatforever

Find a fork ) with themaximum *�ñ#*,+.-�/102�3) �
If *54�� then exit repeat& " &768) , � " �ª�9) ,

!#":! �9)
Output

! 6;&
Fig. 2. Thegreedyfork-contractionalgorithm.
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in Figure2 hasapproximationratio y qU�Pn, andthereis PTAS
with approximationratio ��qÓs . Below we prove that � ¿ mon_p
improving theratio �onI- from [14].

Theorem 1: For any tree � , thereis a 3-restricteddecompo-
sition � of � suchthat 0O1 ��5 ¿=< � 0O1 �©5 .

Proof: Theproofproceedsin threesteps.Firstwepartition
theedgesof � into disjoint componentsusingstructuralinfor-
mationderivedfrom power requirements.Thenwe constructa
weightedsubgraphof theline graphof eachcomponent,which
we refer to asthe “consecutive” line graph. Finally, we show
thattheconsecutiveline graphof eachcomponenthasamatch-
ing exceedinga certainweight; the edgesin thesematchings
correspondto the forks in the desired3-restricteddecomposi-
tion of � .

To describehow wepartitiontheedgesof � (seeFigure3(a))
we needto introducesomeadditionalnotations. Let � � ¯ 1 .\5
be the maximumedgeof � incident to a vertex . .3 For each
vertex . , we direct the edge � � ¯ 1 .\5 away from . . An edge.Q/ is called root if it is directedboth ways (i.e., � � ¯ 1 .R5�7� � ¯ 1 /P5Ö7H.Q/ ), andcalledbridge if it remainsundirected(i.e.,� � ¯ 1 .R5?>7 .`/ and � � ¯ 1 /657>7 .Q/ ). In the power-costof � ,
roots are countedtwice (for both endpoints),bridgesare not
countedat all, and all other edgesare countedexactly once.
Thus,denotingby Y thesetof rootsandby ^ thesetof bridges,
wehave: 0O1 �©5ª7¤£ 1 �©5 q	£ 1 Y 5 { £ 1 ^ 5 (7)

Theedgesof � arepartitionedasfollows. First,westartwith
theconnectedcomponentsof � { ^ ; notethateachsuchcom-
ponentcontainsexactlyoneroot. Thenweaddeachbridge @ ofú W.l.o.g.,weassumethatno two edgesof

!
have thesamecost.

^ to oneof thetwo adjacentcomponentsof � { ^ , suchthat
eachcomponentgetsat mostonebridge. A bridgeassignment
with this propertyis obtainedby selectingan arbitraryvertex/�A andassigningto eachcomponentof � { ^ not containing/ A theuniqueadjacentbridgeon thepathto / A . We denotebyB

theresultingpartition.
A fork 1 � & 7¸.Q/`3C� k 7¸.ED /P5 is calledconsecutive if £ 1 � & 58F£ 1 � k 5 andthereis noedgeeaHG incidentto / suchthat £ 1 � & 5IF£ 1 �:5IF°£ 1 � k 5 . For eachcomponentG a B

, theconsecutive line
graph JLK is definedasfollows(seeFigure3(b)):

– verticesof J K aretheedgesof G
– J K has“consecutive” edgesconnectingeachconsecutive

forksof G , andatmosttwo “parity” edgesconnectingthe
root of G andthe secondmostexpensive non-rootedge
incidentto eachendof theroot

– for every edge 1 � & 3�� k 5 of J K , · 1 � & 3�� k 5 7�M��} ´ £ 1 � & 5=3�£ 1 � k 5=µ
By construction,eachedgeof JNK correspondsto a fork ofG . Therefore,eachmatching O of J K correspondsto a 3-
restricteddecompositionof G (edgesof O correspondto forks
and isolatedverticescorrespondto isolatededges)which we
denote�QP . It is easyto seethat 021 �RP�587±,_£ 1 G�5 { · 1 O§5 .

Thetheoremfollows if, for eachG a B
, we find a matchingOMK in JNK suchthat

· 1 O K 5Ö] £ 1 G�5 { £ 1 * K 5ýq	£ 1 @ K 5p (8)

where £ 1 G�5 is thetotal costof theedgesin G , *�K is thesingle
rootin G , and @ K is thesinglebridgein G , if oneexists. Indeed,

021TSK g
U � P�V 5 7 «K g
U 1 ,£ 1 G�5 { · 1 O K 5�5
¿ «K g
U W mp £ 1 G�5ýq y

p £ 1 * K 5 { y
p £ 1 @ K 5YX

7 mp £ 1 �©5 q y
p £ 1 Y 5 { y

p £ 1 ^�5
¿ mp 0O1 �©5

where the last inequality comesfrom (7) and the fact that£ 1 �©5 ¿ 021 �©5 (see,e.g.,[14]).
By Edmonds’theorem[19] it is sufficient to constructa frac-

tional matching O K satisfying(8). A fractional matching ofJ K is an assignmentof nonnegative fractions
¯ 1 � & 3�� k 5 to ev-

eryedge 1 � & 3�� k 5 aHJLK suchthat
(i) the sumof fractionsassignedto the edgesincident to a

vertex � of J K is at most1, and
(ii) thesumof fractionsassignedto all edgeswith bothend-

pointsin asetof ,[Z q y verticesof JNK is atmost Z .
Theweightof a fractionalmatchingO K is givenby

· 1 O�K�5V7 «Â ÊC\ Ê^] Ã�g»ªÂ K Ã
¯ 1 �i3C� D 5×· 1 �i3�� D 5

We constructa fractionalmatchingOMK by assigningy n:p to
eachconsecutiveedge1 � & 3C� k 5 of J K . This fractionalmatching
satisfies(i) sinceeach��aHG is incidentto atmost3consecutive
edgesof J K (if � is not the root * K , then it participatesinto
oneconsecutive edgeof JNK as � & , andinto up to two edgesas� k ; therootparticipatesastheheaviestendin up to two edges).



Condition(ii) followsfrom thefactthatconsecutiveedgesform
a tree. Since

_
every vertex � of J K exceptthe root participates

in exactly oneconsecutive fork 1 � & 3�� k 5 as � & , we get that the
weightof O DK is equalto 1 £ 1 G�5 { £ 1 *`K�5454n:p .

If G hasno bridgethen(8) follows. Otherwisewe modifyO�K suchthat theweight increasesby £ 1 @9K�54n_p asfollows. Let��7 1 @ K 7:� A 3ba A 3C� & 3Ca & 3,cdcec~3���fi3ba
fi3���f [ & 7¤* K 5 betheunique
pathof consecutive edgesof J K , where a�g 7 1 �hgz3��hg [ & 5 , � 7y 3,c,c`cÈ3CZ are edgesof JNK correspondingto consecutive forks
in G . We add1/3 to

¯ 1 a g 5 , � 7 E 3),P34-B3,c`c,c , andsubstract1/3
from

¯ 1 a�g�5 , � 7 y 34pB3,c`c,c . Sinceboth @ K and * K participate
in at most two consecutive forks, the above changeleadsto a
feasiblefractionalmatching(the sumof fractionsassignedto
theedgesincidentto eachintermediatevertex of � remainsthe
same).If Z is eventhenthetotal weightof O K increasesby at
least £ 1 @ K 5�n:p since · 1 a k�i3j & 5 7Ë£ 1 � k�i3j & 5kF�£ 1 � k�i 5�7¡· 1 a k�i 5 ,l 7 y 3,c`c,cÈ3bZBn_, andwe aredone.

If Z is oddwe addback1/3 to
¯ 1 a
f_5 to guaranteeincreasing

of · 1 OMK©5 by at least £ 1 @9Kr54n_p . If � f hasdegree2 in JNK then
wearedone,sincethesumof all fractionsassignedto theedges
incidentto �hf equalsto 1. Otherwise,��f hasdegree3 andwe
needto furthermodify O K in orderto make it a feasiblefrac-
tional matching. Let / be the commonvertex of � f and *`K .
Since a
fÙ7 1 ��f63C�hf [ & 7 * K 5 is a consecutive fork, ��f is the
mostexpensive non-rootedgeof G incidentto / . Let � bethe
secondmostexpensivenon-rootedgeof G incidentto / . Since� and � f form a consecutive fork, JLK containsthe 1 �i3�� f 5 . Re-
call that J K alsocontainsaparityedge1 �i3�* K 5 . Wemodify O K
asfollows:l If � f j & >7m� (i.e., � f j & is notadjacentto theroot), thenwe

substract1/3 from
¯ 1 �i3C�hf:5 andset

¯ 1 �o34* K 5 to 1/3.l If ��f j & 7n� (i.e., ��f j & is adjacentto the root), thenwe
substract1/3 from

¯ 1 a f j & 5 andset
¯ 1 �	7o� f j & 34*`K�5 to

1/3.
In both cases,the resultingsumsof fractionsassignedto the
edgesincidenteachof � f and *�K areequalto 1, andhenceO�K
satisfies(i). Condition(ii) is valid sinceedgeswith non-zero
weightin O K continueto form a tree.

B. Hardness of Approximation for Asymmetric Requirements

The following theorem shows that handling asymmetric
powerrequirementsis intrinsicallymoredifficult thanhandling
symmetricrequirements,e.g.,underasymmetricpowerrequire-
mentstheminimumtotalpowercannotbeapproximatedwithin
any constant.

Theorem 2: M IN-POWER SYMMETRIC CONNECTIVITY

WITH ASYMMETRIC POWER REQUIREMENTS cannotbe ap-
proximatedin polynomialtime within factor 1�y�{ s=56|~}�� S¥� for
any s C°E unles �c7¤��� .

Proof: We will prove the theoremby reductionfrom
thesetcover problemwhich is known to benon-approximable
within factor 1�yr{ s)5P|�}�� S¥� for any s CÓE unles �c7H��� [20].

For any instanceof thesetcoverproblem,weconstructanin-
stanceof theproblemof M IN-POWER SYMMETRIC CONNEC-
TIVITY WITH ASYMMETRIC POWER REQUIREMENTS such
that approximatingthe secondproblemwithin a factor p im-
pliesapproximatingthefirst problemwithin thesamefactor.

Let º & 3)º k 3`c,c`c"3�º2f be subsetsof a ground set O 7´ ¯ & 3
¯
k 3,c`c,cÈ3 ¯rq . Thesetcover problemasksfor theminimum

numberof subsetscoveringthe entireset O . We constructan
instanceof Min-Power SymmetricConnectivity in which each
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Fig. 4. Solid dotscoorrespondto subsetsandemptydotscorrespondto ele-
mentsof theset s in the instanceof thesetcover problem. Eachbididrected
arcshows thatanelemntbelongsto asubset.

point coorespondsto either a set º g or an element
¯�t auO

or is an auxiliary point O (seeFigure 4). We set the power
reqirementsas follows: if

¯ t aüºvg , then 021 ¯ t 3)ºvgí5¾7 E and021 º g 3 ¯wt 587 y . Also 021 º g 3�O¶5ª7 0O1 O�3)º g 5�7 E . All otherpower
requirementsareinfinity. It is easyto seethattheminimumto-
tal power equalsthe minimumnumberof sets ºvg covering O .

Remark. Theorem2 relieson usingnon-uniformsignalatten-
uationexponents+ ?IA ; we leaveopentheapproximabilitystatus
of M IN-POWER SYMMETRIC CONNECTIVITY with uniform
exponents.

I I I . EXPERIMENTAL STUDY

Wehaveimplementedtheexactbranchandcutalgorithmde-
scribedin SectionI (OPT), the greedyfork-contractionalgo-
rithm of [14] (GFC),andthreenew heuristics:l A simpleedge-switching(ES)heuristicthatstartsfrom the

MST, andrepeatedlyreplacesa treeedgewith a non-tree
edgere-establishingconnectivity. At every step,thealgo-
rithm choosesthe pair of edgesthat resultsin the largest
reductionin powercost;theprocessis repeatedaslong as
improvementis still possible.We simulateda distributed
implementationof the algorithm in which only non-tree
edgesthat connectnodeswithin 10 tree-hopsfrom each
otherareconsideredfor switching.l A heuristic performing both edge and fork switching
(EFS).At everystepthealgorithmchoosestheedgeor the
fork whoseadditionto the treeleadsto the largestreduc-
tion in power cost. Unlike GFC,forks arenot contracted,
which meansthat an edgein an addedfork can later be
removedfrom thetreeby otheredgeor fork switches.l A Kruskal-like heuristic (KR) that starts with isolated
nodesanditeratively addsanedgeconnectingtwo differ-
entcomponentswith minimum increase in power cost. A
similar heuristic(called incrementalsearch)was studied
by Chu andNikolaidis for computinglow-power ASYM-
METRIC BROADCAST treesin amobileenvironment[2].

We includedin our comparisonfasterversionsof OPT and
GFC,OPT-D andGFC-D,which speed-upthecomputationby
working on the Delaunaygraphdefinedby the nodesinstead
of the completegraph. We also implementeda fasterversion
of EFS, EFS-D, in which only forks consistingof Delaunay
edges(but still all non-treeedges)areconsideredasswitching
candidates.

All algorithms were implementedin C++, including the
branchandboundalgorithmwhoseimplementationis built on
SCIL [21]. Theheuristicswerecompiledusinggpp with -O2



n OPT OPT-D ES EFS EFS-D KR GFC GFC-D
10 4.01 3.66 3.81 4.00 3.94 0.49 1.39 1.19
15 4.77 4.26 4.48 4.70 4.51 1.72 1.56 0.48
20 5.84 5.17 5.46 5.75 5.47 2.54 2.01 1.40
25 5.63 4.72 4.78 5.53 5.12 2.19 1.56 0.72
30 5.46 4.90 4.87 5.36 5.03 1.77 1.65 0.24
35 5.68 5.11 5.04 5.60 5.40 2.13 1.93 0.96
40 5.41

J
4.82 5.01 5.51 5.25 1.82 1.37 0.26

45 — 5.37 5.13 5.77 5.47 2.17 2.22 0.67
50 — 5.36 5.55 5.90 5.62 2.45 2.03 0.33
55 — 6.09 5.61 6.54 6.21 2.65 2.60 1.19
60 — 5.46

J
5.25 6.06 5.73 2.31 2.15 0.50

65 — — 5.01 5.80 5.56 2.30 1.65 0.38
70 — — 5.12 6.01 5.60 2.41 1.94 0.24
75 — — 5.10 5.78 5.50 2.46 1.69 0.48
80 — — 5.14 6.03 5.77 2.88 2.00 0.64
85 — — 4.73 5.69 5.37 2.52 1.82 0.39
90 — — 5.42 6.30 6.01 2.84 2.18 0.38
95 — — 5.29 6.08 5.81 2.35 1.73 0.19

100 — — 5.45 6.25 6.09 2.56 2.30 0.99

TABLE I
PERCENT IMPROVEMENT OVER THE MST.
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Fig. 5. Averagepercentimprovementover MST for the implementedalgo-
rithms.

optimization,andrunonanAMD Duron600MHzPC.Theex-
perimentswererun on randomlygeneratedtestcases.For each
instancesize � between10 and100,in incrementsof 5, 50 dif-
ferentinstancesweregeneratedby chosing� pointsuniformly
at randomfrom a grid of size y E 3 EoEEyx¶y E 3 EoEE .

In Table I andFigure5 we report the percent improvement
over MST, i.e., y EEzx|{ Âd}GÍ ¦ Ã j { Âd~ i��.� Ã{ Âd}GÍ ¦ Ã for thecomparedalgo-
rithms. Runningtimesarereportedin TableII. We reportav-
eragesover50 instancesof eachsize;averagesmarkedwith an
astersikdo not includetwo intancesnot solvedwithin oneday.
Theresultsshow thatOPThaspracticalrunningtime up to 35
nodes,andproducesan averageimprovementover MST of 5-
6%. TheDelaunayversionof OPThaspracticalruntimeup to
60 nodes,but givesslightly worsesolutions.

The provably goodGFC algorithm,its fasterDelaunayver-
sion,GFC-D,aswell asthe naturalKruskal-like heuristicKR
are all very fast, but give lessthan half of the optimum im-
provement. In contrast,EFS,EFS-D,andeven the distributed
ESheuristic,comeontheaveragewithin a fractionof apercent
of theoptimalimprovementwith verywell scalingruntime.
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