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ON INJECTIVE AND GORENSTEIN INJECTIVE DIMENSIONS OF
LOCAL COHOMOLOGY MODULES

MAJID RAHRO ZARGAR AND HOSSEIN ZAKERI

ABSTRACT. Let (R,m) be a commutative Noetherian local ring and let M be an R-
module which is a relative Cohen-Macaulay with respect to a proper ideal a of R and
set n := ht pya. We prove that injdimM < oo if and only if injdimHg (M) < oo and
that injdimHY (M) = injdimM — n. We also prove that if R has a dualizing complex
and Gid RM < oo, then Gid pHY (M) < oo and Gid gHF (M) = Gid pM — n. More-
over if R and M are Cohen-Macaulay, then it is proved that Gid gM < oo whenever
Gid gHZ (M) < oo. Next, for a finitely generated R-module M of dimension d, it is proved
that if K57 is Cohen-Macaulay and Gid gHE (M) < oo, then Gid gHE (M) = depth R—d.
The above results have consequences which improve some known results and provide

characterizations of Gorenstein rings.

1. INTRODUCTION

Throughout this paper, R is a commutative Noetherian ring, a is a proper ideal of R
and M is an R-module. For a prime ideal p of R, the residue class field R,/pR, is denoted
by k(p). For each non-negative integer i, let H’ (M) denotes the i-th local cohomology
module of M with respect to a; see [1] for its definition and basic results. Also, we use
injdimp M to denote the usual injective dimension of M. The notion of Gorenstein injective
module was introduced by E.E. Enochs and O.M.G. Jenda in [4]. The class of Gorenstein
injective modules is greater than the class of injective modules; but they are same classes
whenever R is a regular local ring. The Gorenstein injective dimension of M, which is
denoted by Gid g M, is defined in terms of resolutions of Gorenstein injective modules. This
notion has been used in [3, 15, 21] and has led to some interesting results. Notice that
Gid pM < injdimzp M and the equality holds if injdim M < oco.

The principal aim of this paper is to study the injective (resp. Gorenstein injective)
dimension of certain R-modules in terms of injective (resp. Gorenstein injective) dimension
of its local cohomology modules at support a.

In this paper we will use the concept of relative Cohen-Macaulay modules which has been
studied in [7] under the title of cohomologically complete intersections. The organization
of this paper is as follows. In section 2, among other things, we prove, in 2.5, that if
M is relative Cohen-Macaulay with respect to a, then injdimM and injdimH?tM (M) are
simultaneously finite and there is an equality injdimH£lt ME(M) = injdimM — ht pra. Then,
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as a corollary, we obtain a characterization of Gorenstein rings. Next, in 2.10, for all n > 0
and any p € Supp (M), we establish a comparison between the Bass numbers of H;}Rp (My)
and Hﬁerim(R/ P)(M) whenever (R,m) is a homomorphic image of a Gorenstein ring and
M is finitely generated.

In section 3, we first prove some basic properties about Gorenstein injective dimension
of a module. In particular, Proposition 3.6 indicates that Gorenstein injective dimension is
a refinement of the injective dimension. As a main result, in Theorem 3.8 we establish a
Gorenstein injective version of 2.5. Indeed, it is proved that if, in addition to the hypothesis
of 2.5, R has a dualizing complex, then Gid pM < oo implies Gid pH (M) < oo and the
converse holds whenever R and M are Cohen-Macaulay. This theorem has consequences
which recover some interesting results that have currently been appeared in the literature.
As a first corollary of 3.8, we deduce that Gid gHy, (M) = Gid gM — n, wherever M is a
Cohen-Macaulay module over the Cohen-Macaulay local ring (R, m) and dim M = n. This
corollary improves the main result [15, Theorem 3.10](see the explanation which is offered
before 3.9). As a second corollary, we obtain a characterization of Gorenstein local rings
which recovers [21, Theorem 2.6]. As a main result, it has been shown in [15, Theorem
3.10] that if R and M are Cohen-Macaulay with dim M = d and Gid gHZ (M) < oo, then
Gid gH (M) = dim R—d. In 3.12, we will use the canonical module of a module to improve
the above result without Cohen-Macaulay assumption on R and M. This result provides

some characterizations of Gorenstein local rings.

2. LOCAL COHOMOLOGY AND INJECTIVE DIMENSION

The starting point of this section is the next proposition, which plays essential role in the

proof of Theorems 2.5 and 3.8.

Proposition 2.1. Let n be a non-negative integer and let N be an a-torsion R-module.

Suppose that H. (M) = 0 for all i # n. Then
Ext (N, HI(M)) = Ext ' "(N, M)
for all i > 0.

Proof. First we notice that Hom g(N, M) = Hom g(N,T'4(M)). Hence, in view of [14,
Theorem 10.47], we have the Grothendieck third quadrant spectral sequence with

ED? = Ext? (N, HY(M)) = Ext % (N, M).
p

Now, since HI(M) = 0 for all ¢ # n, EY'? = 0 for all ¢ # n. Therefore, this spectral sequence
collapses in the column ¢ = n; and hence one gets, for all ¢+ > 0, the isomorphism

Ext (N, H (M) = Ext i (N, M),
as required. O

The following corollary, which is an immediate consequence of 2.1, determines the Bass
numbers p1* (p, Hg (M)) := vdim ) Ext i (k(p), Hgp, (My)) of the local cohomology module
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Corollary 2.2. Let n and M be as in 2.1. Then, for all p € V(a), u'(p,HI(M)) =
Wit (p, M) for each i > 0.

Definition 2.3. We say that a finitely generated R-module M is relative Cohen Macaulay
with respect to a if there is precisely one non-vanishing local cohomology module of M with
respect to a. Clearly this is the case if and only if grade (a, M) = cd (a, M), where cd (a, M)
is the largest integer 4 for which H:(M) # 0 and grade (a, M) is the least integer i such that
H;, (M) # 0.

Observe that the above definition provides a generalization of the concept of Cohen-
Macaulay modules. Also, notice that the notion of relative Cohen-Macaulay modules is
connected with the notion of cohomologically complete intersection ideals which has been
studied in [7] and has led to some interesting results. Furthermore, such modules have been

studied in [8] over certain rings.

Remark 2.4. Let M be a relative Cohen-Macaulay module with respect to a and let
cd (a, M) = n. Then, in view of [1, Theorems 6.1.4, 4.2.1, 4.3.2], it is easy to see that
Supp Hy (M) = Supp (M/aM) and ht yra = grade (a, M), where ht pya = inf{ dim g, M| p €
Supp (M/aM) }.

The following theorem, which is one of the main results of this section, provides a compar-
ison between the injective dimensions of a relative Cohen-Macaulay module and its non-zero
local cohomology module. Here we adopt the convention that the injective dimension of the

zero module is to be taken as —oo.

Theorem 2.5. Let (R, m) be local and let n be a non-negative integer such that H, (M) =0
for all i #£n.
(i) If injdimM < oo, then injdimH} (M) < oo.

(ii) The converse holds whenever M is finitely generated.

Furthermore, if M is non-zero finitely generated, then injdimHy (M) = injdimM — n.

Proof. (i). Let s := injdimM < co. We may assume that H} (M) # 0; and hence s —n > 0.
Therefore, in view of 2.2, u+(=™) (p, HZ(M)) = 0 for all p € Spec (R) and for all i > 0; so
that injdimH7 (M) < s —n.

(ii). Suppose that M is finitely generated. We first notice that H (M) = 0 if and only if
M = aM; and this is the case if and only if M = 0. Therefore we may assume that H} (M) #
0. Suppose that ¢ := injdimH} (M) < co. Then there exists a prime ideal q of R such that
pt(q,HI(M)) # 0. Hence, by 2.2, ut™(q, M) # 0. Next we show that p!™+¢(p, M) = 0
for all p € Spec (R) and for all ¢ > 0. Assume the contrary. Then there exists a prime ideal
p of R such that p!*"*J(p, M) # 0 for some j > 0. Let r := dim R/p. Then, by [11, §18,
Lemma 4], we have p!*"++7(m, M) # 0. Hence, by 2.2, p/ 7" (m,H}(M)) # 0 which is a
contradiction in view of the choice of t. Therefore, injdimM < ¢ + n. The final assertion is

a consequence of (i) and (ii). O
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Next, we provide an example to show that if R is non-local, then Theorem 2.5(ii) is no
longer true. Also, in 3.11, we present two examples which show that 2.5(ii) and 2.5(i),
respectively, are no longer true without the finiteness and the relative Cohen-Macaulayness

assumptions on M.

Example 2.6. Suppose that R is a non-local Artinian ring with injdimR = oo. Let
Max (R) = {my, ...,m, }. Then, in view of [17, Exercise 8.49], we have R = EBmeMax(R) T'w(R).
Now, since the injective dimension of R is infinite, there exists a maximal ideal m; of R
such that the injective dimension of T'y,(R) is infinite. Set M := Eg(R/m;) @ ', (R),
where my € Max (R) with ms # m;. Then M is a finitely generated R-module with infinite
injective dimension and an (M) =0 for all i # 0; but I'n, (M) is injective.

It is well-known that if (R, m, k) is a d-dimensional local ring, then R is Gorenstein if and
only if R is Cohen-Macaulay and H% (R) = Eg(k). The following corollary, which recovers

this fact, is an immediate consequence of 2.5.

Corollary 2.7. Let (R,m) be local and let R be relative Cohen-Macaulay with respect to a.
Then R is Gorenstein if and only if injdimHEtRa(R) is finite.
In particular, if € = x1,...,x, is an R-sequence for some non-negative integer n, then R

n

is Gorenstein if and only if injdimH{y, (R) is finite.

The following proposition, which is needed in the proof of 3.8, provides an explicit minimal
injective resolution for the non-zero local cohomology module of a relative Cohen-Macaulay

module.

Proposition 2.8. Suppose that M is relative Cohen-Macaulay with respect to a and that
n=cd(a,M). Then

0 —H{(M) — @ w'p, MER/P) — @ w"' (b, M)ER/p) — ---
peV(a) peV(a)
is a minimal injective resolution for Hy (M). Furthermore, Ass gHy (M) = {p € V(a)| u™(p, M) #
0}.

Proof. Let
-1 0 n—1 n n41
0— MISEM) S S EY M) YS Er ) S Er () s

be a minimal injective resolution for M. If there exists a prime ideal p in V(a) with
p™~(p, M) # 0, then depth g, My < n—1. On the other hand, since p € Supp (M/aM), 2.4
implies that Hgp (M) # 0. Therefore n = grade g, (aRp, My) < depth g, M, < n—1 which
is a contradiction. It follows that T'y(E"!(M)) = 0; and hence we obtain the minimal

injective resolution
0 — HY (M) — To(E"(M)) — To(E" ™ (M)) — - -

for Hy (M). Now, we may use this resolution to complete the proof. O
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The following elementary lemma, which is needed in the proof of the next theorem, can

be proved by using a minimal free resolution for M and the concept of localization.

Lemma 2.9. Let (R,m,k) be local and let M be finitely generated. Then, for any prime
ideal p of R, vdim ) Tor f-%‘“ (k(p), My) < vdim Tor £(k, M) for all i > 0.

The next theorem provides a comparison of Bass numbers of certain local cohomology

modules.

Theorem 2.10. Suppose that (R, m, k) is a local ring which is a homomorphic image of a
Gorenstein local ring and that M is finitely generated. Let n,m be non-negative integers.

Then p™(p, Hy (M)) < p™ (m, Hﬁ'dim R/ (M) for all p € Spec (R).

Proof. Let (R',m’) be a Gorenstein local ring of dimension n’ for which there exists a sur-
jective ring homomorphism f : R’ — R. Let p be a prime ideal of R and set p’ = f=1(p).
Now Ry, is a Gorenstein local ring and dim R'/p" = dim R/p. Since R’ is Gorenstein, we
have dim Ry, = dim R’ — dim R'/p". In view of [1, Exercise 11.3.1] there is, for each j € Z,
an Ry-isomorphism Ext?,, (M,, Ry/) = (Ext g%, (M, R'))p. Also, by the Local Duality The-
p/
orem [1, Theorem 11.2.6], we have Hyp (M) = Homg, (Ext %Q”ft(Mp,R;,),ERp (k(p)))
as Ry-modules, where ¢ := dim R/p, and H;™" (M) = Hom p(Ext g/_"_t(M, R),Egr(k)). It
therefore follows that
Bt (h(p), Hy, (M) 2 Bt (K(p), Hom g, (Bxt "~ My, 74), B, (5(9))))

= Hom g, (Tor 5 (k(p), Bxt "~ (My, By,)), B, (k(p))):

and
Ext 7 (k, HS™ (M) = Ext % (k, Hom g(Ext %, "4 (M, R'), Er(k)))
=~ Hom g (Tor & (k, Ext 7., "~*(M, R')), Er(k)).
Since by 2.9
vdim jp) (Tor T (k(p), Ext g;j”—t(Mp, R))) < vdim k(Tor B (k, Ext ’}‘%//—"—t(M7 R’))), one
may use the above isomorphisms to complete the proof. O

It is known as Bass’s conjecture that if a local ring admits a finitely generated module
of finite injective dimension, then it is a Cohen-Macaulay ring. For the proof of this fact
the reader is referred to [12] and [13]. In the next corollary we shall use this fact and the
concept of a generalized Cohen-Macaulay module. Recall that, over a local ring (R, m), a
finitely generated module of positive dimension is a generalized Cohen-Macaulay module if
Hi (M) is finitely generated for all 0 < i < dim M.

Corollary 2.11. Let the situation be as in 2.10. Then the following statements hold.
(i) injdimp Hip (M,) < injdimRH:?dim RIY (M) for all prime ideals p of R and for
any n > 0.
(i) If M is generalized Cohen-Macaulay with dimension d such that Hff1 (M) is injective,
then M, is Gorenstein, in the sense of [18], for all p € Supp (M) \ {m}.
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Proof. (i) is clear by 2.10.

(ii) Let p € Supp (M) \ {m}. By [1, Exercise 9.5.7], M, is Cohen-Macaulay and dim M, +
dim R/p = dim M. Hence, in view of (i) and 2.5, we have injdimM,, = dim M. Therefore,
by [18, Theorem 3.11], [2, Theorem 3.1.17] and Bass’s conjecture, M, is Gorenstein. O

3. LOCAL COHOMOLOGY AND GORENSTEIN INJECTIVE DIMENSION

We first recall some definitions that we will use in this section.

Definition 3.1. Following [4], an R-module M is said to be Gorenstein injective if there

exists a Hom (Inj, —) exact exact sequence
oo B 5 FEy—-E°-E' > ...

of injective R-modules such that M = Ker (E° — E'). We say that an exact sequence
0->M—-G" =G = G?— -

of R-modules and R-homomorphisms is a Gorenstein injective resolution for M, if each G*
is Gorenstein injective. We say that Gid pM < n if and only if M has a Gorenstein injective
resolution of length n. If there is no shorter resolution, we set Gid RM = n. Dually, an
R-module M is said to be Gorenstein projective if there is a Hom (—, Proj) exact exact
sequence

e PPy P Pl
of projective R-modules such that M = Ker (P’ — P!). Similarly, one can define the

Gorenstein projective dimension, Gpd g M, of M.

Definition 3.2. For a local ring R admitting the dualizing complex Dg, we denote by K s

the canonical module of an R-module M, which is defined to be
Ky = HP""(RHom r(M, Dg)),

where d = dim R and n = dim M. Note that if R is Cohen-Macaulay, then K coincides

with the classical definition of the canonical module of R which is denoted by wg.

Definition 3.3. Let R be a Cohen-Macaulay local ring of Krull dimension d which admits
a canonical module wg. Following [4], let J5(R) be the class of R-modules M which satisfies
the following conditions.
(i) Ext%(wr, M) =0, for alli> 0.
(ii) Tor B(wr, Hom g(wgr, M)) =0, for all i > 0.
(iil) The natural map wr @ Hom g(wgr, M) — M is an isomorphism.

This class of R-modules is called the Bass class.

Definition 3.4. Following [19], let a and b be ideals of R. We set
W(a,b) ={ p € Spec(R) | a™ C p + b for some integer n > 0}.

For an R-module M, T'q (M) denotes a submodule of M consisting of all elements of M
with support in W (a, b), that is, I'q o (M) = { 2 € M | Supp (Rz) C W(a,b)}.
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The following lemma has been proved in [10, Lemma 4.2] and is of assistance in the proof

of Proposition 3.6.

Lemma 3.5. Let (R,m, k) be local. Then
Ext %(Er(k), M) = Ext 3 (E(k), M @ R) = Ext’ (E4(k), M ®r R)
for alli > 0.

Let (R, m, k) be local and let M be a non-zero non-injective R-module of finite Goren-
stein injective dimension. It was shown in [5, Corollary 4.4] that if Extm(E,M) = 0
for all ¢ > 0 and all indecomposable injective R-modules E # Eg(k), then Gid gM =
sup{ i | Ext;(Er(k), M) # 0}. Our next proposition, which is concerned with this result,
indicates that Gorenstein injective dimension is a refinement of the injective dimension.

However we will use 3.6 and 3.7 to prove the main theorem 3.8.

Proposition 3.6. Let (R, m, k) be local and let M be non-zero with Gid RM < co. If either

M s finitely generated or Artinian, then
Gid kM = sup{ i | Ext5(Eg(k), M) # 0}.

Proof. First assume that M is finitely generated. Then, by [3, Theorem 3.24], Gid gM =
Gid RJ\/Z . Now, since R is complete and M is finitely generated as an }A%—module, the proof

of [6, Proposition 2.2] in conjunction with [5, Corollary 4.4 | implies that
Gid zM = sup{ i | Bxt L(E5(R/m), M) # 0}.

Therefore we can use 3.5 to complete the proof.

Next, we consider the case where M is Artinian. By [15, Lemma 3.6 | and [1, Exercise
8.2.4], Gid (M) = Gid z(M) and, by [3, Theorem 4.25], Gfd z(Hom z(M, EE(E/ﬁ))) =
Gid 5(M), where, for an R-module X, Gfd p(X), denotes the Gorenstein flat dimension of
X. Therefore, since Hom 5 (M, E ﬁ(ﬁ/ f)) is finitely generated as an R-module, in view of
[3, Theorem 4.24] and [3. Theorem 1.10] we have the first equality in the next display

Gfd 5(Hom 5(M,E5(R/M))) = sup{ i| Ext’(Hom 5(M,E5(R/)), R) # 0}
= sup{ i| Ext%,(Egr(k), M) # 0}.

The last equality follows from [10, Theorem 4.3], because Eg(k) and M are Artinian. [

Lemma 3.7. Let (R,m) be a Cohen-Macaulay local ring and let M be finitely generated.
Suppose that © € m is both R-regular and M -regular. Then the following statements are
equivalent.

(i) Gid gM < oo.

(ii) Gid gjorM/zM < cc.
Furthermore, Gid g/,gM /xM = Gid pM — 1.

Proof. In view of [3, Theorem 3.24|, we can assume that R is complete; and hence it admits

a canonical module wg.
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(i)=(ii). It follows from [3, Proposition 3.9] that Gid pM/xM < oo. Therefore we
can use [4, Proposition 10.4.22], [11, p.140,lemma 2] and [2, Theorem 3.3.5], to see that
Gid g/zrM/rM < c0.

(ii)=(i). By [4, Proposition 10.4.23], M/xM € Jo(R/xR). Since wr/zr = wr/TwWR, in
view of [11, p.140, lemma 2] we have Ext % (wgr, M/xM) = Tor #(wr, Hom r(wr, M/xM)) =
0 for all i > 0 and wr/2wWr @ R/xr Hom r(wr, M/xM) = M/xM. Now, using the exact
sequence Ext % (wgr, M) - Ext%(wr, M) — Ext(wgr, M/xM) and Nakayama’s lemma,
we deduce that Ext % (wgr, M) = 0 for all i > 0. Thus we have the exact sequence

(3.1) 0 — Hom r(wgr, M) % Hom p(wpr, M) — Hom g(wr, M/xM) — 0.

Now, we may use (3.1) and similar arguments as above to see that Tor i (wg, Hom g(wg, M)) =
0 for all ¢ > 0. Also, in view of [2, Lemma 3.3.2], we can see that wr ® gHom g(wgr, M) = M.
Therefore by [4, Proposition 10.4.23], Gid gM < co. The final assertion is an immediate

consequence of [3, Theorem 3.24]. O

Theorem 3.8, which is a Gorenstein injective version of 2.5, is one of the main results of
this section. As we will see, this theorem has consequences which recover some interesting
results that have currently been appeared in the literature. Here we adopt the convention

that the Gorenstein injective dimension of the zero module is to be taken as —oo.

Theorem 3.8. Suppose that the local ring (R, m) has a dualizing complex and let n be a
non-negative integer such that H. (M) = 0 for all i # n.

(i) If Gid RM < oo, then Gid gH (M) < oo.

(ii) The converse holds whenever R and M are Cohen-Macaulay.

Furthermore, if M is non-zero finitely generated with finite Gorenstein injective dimension,
then Gid gHy (M) = Gid pM — n.

Proof. (i) Notice that if Hy (M) = 0, then there is nothing to prove. So, we may assume
that Hy (M) # 0. Hence, by [20, Lemma 1.1], we have n < d, where d = Gid p M. Let

—1 0 1 n—1 n n+1 d—1
0—Misat Loty et gn Lot it gl
be a Gorenstein injective resolution for M. By applying the functor I'q(—) on this exact

sequence, we obtain the complex

1 0 1
0 — Ta(M) % Ta(6%) "% To(6h) " - Te(67Y)
Ta(d ) Fa(Gn) Ta(d™) I\a(Gn+1) Ta(d ; ) e — I‘a(Gdil) Fﬂ(d—) ) Fa(Gd) —0

in which, by [15, Theorem 3.2], T'4(G*) is Gorenstein injective for all 0 < i < d. If n = 0
the result is clear. So suppose that n > 0. Now, since by [20, Lemma 1.1] each G? is
Iy-acyclic for all 4, we may use [1, Exercise 4.1.2 | in conjunction with our assumption on
local cohomology modules of M to obtain the following two exact sequences

ra(G")
ImTy(dn—1)

Ca(d™?t

0 n—1
0 — Do(M) = ) I.(GY) Pald) L (G" Y Fald” ) [ (G") — —0

and
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0 — ImDy(d") = Ker D (d" 1) < To(G"T) — -+ — To (G471 — T4 (GY) — 0.

But, by assumption, I'y(M) = 0. Therefore, by using the first above exact sequence and

[4, Theorem 10.1.4], we see that % is Gorenstein injective. Notice that H} (M) =
kerCa(d™)

Tmr. (a1 Therefore, patching the second above long exact sequence together with the
exact sequence

L (G™ L (G™
Iml“a((d")—l) - kerl'(‘a(dzl)
yields the following long exact sequence

I'a(G™)
ImT,(dn1)
Hence, Gid gH} (M) < Gid pM — n.

(ii) Suppose that R and M are Cohen-Macaulay. Since H) (E(R/m)) = E(R/m) and,
for any non-maximal prime ideal p of R, HS (E(R/p)) = 0, we may apply 2.8 to see that
H: (HX(M)) = HEM(M) for all i > 0. Therefore, we can use the Cohen-Macaulayness of M
to deduce that

0 — H}(M) — — 0,

0 — HY(M) — — T (G") — .. — T (G — T (GY) — 0.

0 if ¢ # dim M /aM
HY (M) if i = dim M/aM,
where d = dim M. Hence, by using part(i) for H”(M), we have Gid gH% (M) < oo. Now,
we proceed by induction on d to show that Gid g M is finite. The case d = 0 is clear. Let

H, (Hg (M) =

d > 0 and assume that the result has been proved for d — 1. Suppose that = € m is both

R-regular and M-regular. Then one can use the induced exact sequence
0 — HL Y (M/2M) — HE (M) — HE (M) — 0

and [3, Proposition 3.9] to see that Gid p(H% '(M/2zM)) is finite. Hence, by inductive
hypothesis, Gid g M/xM is finite. Therefore, since, in view of [9, Corollary 6.2], R admits a
canonical module, one can use the same argument as in the proof of 3.7(i)=-(ii) to deduce
that Gid g/,gM/xM < oco. Therefore Gid g M is finite by 3.7. Now the result follows by
induction.

For the final assertion, let M be non-zero finitely generated with Gid gkM = s < oo.
Then, by part(i), we have Gid gHy (M) < s —n. If Gid gH; (M) < s — n, Then, in view
of [3, Theorem 3.6], we deduce that Ext j, " (E(k), H;(M)) = 0. Hence, by Proposition 2.1,
Ext %(E(k), M) = 0 which is a contradiction by 3.6. Therefore, Gid gHy (M) = Gid pM —
n. O

Let (R,m) be a local ring. As a main theorem, it was proved in [15, Theorem 3.10]
that if R and M are Cohen-Macaulay with dimM = n and Gid gH, (M) < oo, then
Gid gH{ (M) = dim R — n. Notice that if Gid gHj; (M) < oo, then, in view of [15, Lemma
3.6], 3.8(ii) and [3, Theorem 3.24], we have depth R = Gid g M. Therefore, the next corollary,
which is established without the assumption that Gid gHy, (M) < oo, recovers [15, Theorem

3.10]. Another improvement of the above result will be given in 3.12.



10 M.R. ZARGAR AND H. ZAKERI

Corollary 3.9. Let (R,m) be a Cohen-Macaulay local ring and let M be Cohen-Macaulay
of dimension n. Then Gid gHy (M) = Gid gM — n.

Proof. First we notice that M ®pg Ris a Cohen-Macaulay R-module of dimension n. By
using [15, Lemma 3.6] and [1, Exercise 8.2.4], we have Gid pH, (M) = Gid zHE (M ®r R).
Also, in view of [3, Theorem 3.24], Gid g M and Gid E]T/[\ are simultaneously finite. Therefore
we may assume that R is complete; and hence it has a dualizing complex. Now, one can use

3.8 to obtain the assertion. O

In [21, Theorem 2.6] a characterization of a complete Gorenstein local ring R, in terms of
Gorenstein injectivity of the top local cohomology module of R, is given. The next corollary

together with 2.7 recover that characterization.

Corollary 3.10. Let (R,m) be a Cohen-Macaulay local ring which has a dualizing complez.

Then the following conditions are equivalent.

(i) R is Gorenstein.
(i) Gid gHy(R) < oo for any ideal a of R such that R is relative Cohen-Macaulay with
respect to a and that ht pa = n.
(i) Gid gH,(R) < oo for some ideal a of R such that R is relative Cohen-Macaulay with

respect to a and that ht ra = n.

Proof. The implication (i)=-(ii) follows from 2.7 and the implication (ii)=-(iii) is clear. The
implication (iii)=-(i) follows from 3.8(ii) and [3, Proposition 3.11]. O

Concerning the above corollary, we notice that if H; (R) is Artinian, then it is not needed
to impose the hypothesis that R has a dualizing complex. Therefore [21, Theorem 2.6]
follows from 3.10 without the completeness assumption on R.

Next, as promised before, we provide examples to show that if M is not finitely generated

or M is not relative Cohen-Macaulay, then 2.5(ii) and 2.5(i), respectively, are no longer true.

Examples 3.11. (i). Let (R,m) be a Gorenstein local ring with dim R > 2 such that
R, is not regular for some non-maximal prime ideal p of R (for example, one can take
R = % and p = (z,y)R, where K is a field). Then one can use [3, Theorem 3.14]
to see that there exists a non-zero Gorenstein injective Ry-module M, which is neither
injective nor finitely generated. Hence, by [4, Proposition 10.1.2 ], injdimp M, = oo; so
that injdimp M, = co. Now, we notice that, for all z € m — p, injdimzpM, = oo because
(My)pr, = M,. Tt is easy to check that Hi (M,) = 0 for all i and that M, is not finitely
generated as an R-module. Set N = M, @& Er(k). Then injdimN = oo, but I'n(N) is
injective. This example shows that, in 2.5(ii), the finiteness assumption on M is required.
(ii). Let R = k[[z,y]]/(zy), where k is a field. Then R is a 1-dimensional complete
Gorenstein local ring. Let m be the maximal ideal of R and let J = (y)R. In view of [1,
Theorem 8.2.1] and [21, Corollary 2.10], HY (R) is a non-zero Gorenstein injective R-module.
Note that T'y(R) # 0. Now, we show that HY(R) is not injective. If H}(R) were injective,
then Hom z(HY(R), Er(R/m)) = R™ for some positive integer n. Therefore, by using [19,
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Theorem 5.11] and [21, Lemma 3.1], we get an R-isomorphism
¢ : R" = Hom p(H}(R), Eg(R/m)) — T s(R) = J.

Now, ¢(xR™) = xJ = 0 which is a contradiction. Hence, by [4, Proposition 10.1.2], we have

injdimH}, (R) = oo. Therefore, by using the exact sequences
0—Ty;(R)— R— R/T;(R) —0

and
0 — R/Tj(R) — Ryy(zy) — H}(R) — 0,

we achieve injdimI"j(R) = oo.

As a mentioned just above 3.9, the next theorem is an improvement of [15, Theorem
3.10]. Indeed, we will use the canonical module of a module to prove the above result
without assuming that R and M are Cohen-Macaulay. Notice that if M is Cohen-Macaulay,
then K,; is Cohen-Macaulay. But the converse does not hold in general; see for example
[16, Lemma 1.9] and [16, Theorem 1.14].

Theorem 3.12. Assume that (R,m) is local, and M is non-zero finitely generated of di-
mension d. Then the following statements hold.

(i) Gid gHg(M) = Gpd 5T 5 .z(K57)-

(ii) If K47 is Cohen-Macaulay and Gid rHEL(M) < oo, then Gid RHE (M) = depth R—d.

Proof. (i) By [1, Theorem 7.1.6], HY(M) is Artinian. Therefore, by use of [I, Theorem
4.3.2] and [19, Theorem 5.11], we have H¢(M) = 0 if and only if Lorer (K57
we may assume that HY(M) # 0. Now, by [15, Lemma 3.6, Gid gH%(M) = Gid EHZ(M)
and, by [3, Theorem 4.25], Gid zFH%(M) = Gfd zHom 5(H%(M),Eg(k)). Therefore, since
Hom R\(Hg(M), Eg(k)) is finitely generated as an R-module, one can use [3, Theorem 4.24]
and [19, Theorem 5.11] to establish the result.

(ii) First notice that I' 7 (K37) = Kp7. Hence, by part(i), Gid rHE (M) = Gpd (K-
Therefore, in view of [3, Proposition 2.16] and [3, Theorem 1.25], Gid gH% (M) = depth R —
depth K1;7. Now, one can use [16, Lemma 1.9(c)] to complete the proof. O

= 0. Hence,

The following corollary is a generalization of the main result [21, Theorem 2.6].

Corollary 3.13. Assume that (R,m) is local with dimR = d and that Kg is Cohen-
Macaulay. Then the following statements are equivalent.
(i) R is Gorenstein.
(i) injdimzH% (R) < oo.
(iii) Gid gHZ(R) < oo.

Proof. The implication (i)=-(ii) follows from 2.5 while the implication (ii)=-(iii) is clear.
(iit)=(i). By 3.12(ii), we have Gid gH% (R) = depth R — dim R; and hence R is Cohen-

Macaulay. Now one can use 3.9 to obtain the assertion. O
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Corollary 3.14. Let (R,m) be local with dimR = d < 2. Then the following statements

are equivalent.

(i) R is Gorenstein.
(ii) Gid gHZ (R) < oo.
(iii) H‘i(M) is Gorenstein injective for all finitely generated R—modules M and for all
ideals a of R.

Proof. Let M be a non-zero finitely generated R-module. Then, by [1, Theorem 7.1.6],
HY(M) and H%(R) are Artinian. Therefore, in view of [15, Lemma 3.5], we may assume
that R is complete. Since, by [16, Lemma 1.9], K is Cohen-Macaulay, (i)<(ii) follows
immediately from 3.13. The implication (iii)=-(i) is clear and the implication (i)=-(iii)
follows from [21, Corollary 2.10].

O
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