On the Four Terms in the Middle Theorem for almost split

sequences

HENNING KRAUSE

Recently Liu [L] has proved the following result, which generalizes remarkably the wellknown

Four Terms in the Middle Theorem of Bautista and Brenner [BB].

Liu’s Theorem Let A be an artin algebra and let 0 — X — [[[_.,Y: — Z — 0 be an
almost split sequence in the category of finitely generated A-modules such that all Y;’s are
indecomposable. Suppose that X has a projective predecessor and Z has an injective successor
in the Auslander—Reiten quiver U'y of A. Then r < 4 and r = 4 implies that one of the Y; s

is projective-injective and the others are neither projective nor injective.

We will show that Liu’s proof can be translated into a purely combinatorial one. Before
we state our combinatorial result which implies the above-mentioned theorem, let us fix some
terminology.

Let I' = (I'g, I'1) be a quiver, that is, a locally finite oriented graph with set of vertices
[’y and set of arrows I'y. Suppose that I' contains neither loops nor multiple arrows. Given
a vertex z, denote by 2T the set of vertices y such that there is an arrow = — y; the set
x~ consists of all vertices y such that there is an arrow y — x. A pair (I',7) is called a
translation quiver, if 7:1y — D'y is an injective map for some subset I'j C Iy, satisfying
(r2)t = 2~ for all € Tf. It is convenient to put 7%z = x for all x € T'y. The vertices
in I'g \ I'y are called projective; those in I'g \ 717 are called injective. Let 6:1'y — N x N
be a map and denote the values by é(a) = (6z,y,0,,,) for each arrow a:x — y. The triple
(I',7,6) is called a valued translation quiver, if the following conditions are satisfied for all
non-projective vertices x.

(61) &L, , =6y, forally ca.

(02)  brpy =6, , forally € 2.

Finally, a map (: Ty — N is called an additive length function for (I',7,6), if the following
conditions are satified for all vertices x.

(1) lx)+ (1) = 2 epm 0yl(y), if x is non-projective.

(02) () > Y en- 0yl(y), if x is projective.

(03)  l(x) > Yyest 0, L(y), if x is injective.
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The following is the main result of this note.

Theorem Let (I, 7,6) be a valued translation quiver and { be an additive length function. Let
x be a vertex having a projective predecessor and an injective successor. Then 3, .+ 67 <4

Yy —

and equality implies thal x is non-injective and that v contains a projective vertex.
The following consequence is the combinatorial version of Liu’s theorem.

Corollary Let (I',7,6) be a valued translation quiver and { be an additive length function.
Let x be a non-injective vertex such that x has a projective predecessor and T~ x has an
injective successor. Then 3 e + 0, < 4 and equality implies that @™ contains a projective-
injective vertex yo with 6, =1 and x%\ {yo} contains neither a projective nor an injective

vertex.

It is well-known that the Auslander—Reiten quiver of an artin algebra together with the
usual length function satisfies all the assumptions of the preceeding result. Applying the
corollary in this situation one obtains Liu’s theorem.

The rest of this paper is devoted to proving our combinatorial result, using a series of six
lemmas. We stress that all the assertions of the lemmas can be found in a representation

theoretic formulation in Liu’s paper [L].

Recall that given a path y = 2, — .-+ — 1 — x9 = x of length n > 1, the vertex y is
called a predecessor of x and the vertex x is called a successor of y. If the path is sectional,
ie. Tx; # x4 for all z;, 0 <7 < n — 2, lying in 'y, then the vertex y is called a sectional

predecessor of @ and the vertex x is called a sectional successor of y.

Lemma 1 Let x be a vertex such that T"x is non-projective for all r > 0. Then all predeces-

sors of x are non-projective if and only if all sectional predecessors of T"x are non-projective

for all r > 0.

Proof: Suppose there is a path v, — --+ — 1o = x with projective x,. Choose 7 minimal
such that y = 7°x; is projective for some s > 0. We obtain a sectional path y — --- — 77z,

for some r > s, by induction on 1.

Lemma 2 Let x, — -+ — a1 — x9 = x be a sectional path of length n > 1. If

Soyea— Oyol(y) — L(x1) > (), then x, is non-projective.

2



Proof: Clearly 3= c,- 6,.0(y) — {(x1) > {(xo) implies that ¢ is non-projective and (7xo) =
> oyea— Oyal(y) — U(xo) > {(x1). Hence, x1 is non-projective. Since Txg # x4, it follows that
Zyexl_ Oy U(y) — l(x2) > l(Tao) > ((21). Proceeding by induction, one shows that x, is

non-projective.

Lemma 3 Let @ be a non-projective vertex satisfying ((ta) > ((y) for all y € x~. Then all

sectional predecessors of x are non-projective.

Proof: Let z, — --- — 11 — ¢ = = be a sectional path of length n > 1. By assumption
{(tx) > {(x1). Therefore 3 .- 6y l(y) — l(x1) = L) + l(rx) — {(x1) > {(x). Using

Lemma 2 we conclude that x, is non-projective.

Lemma 4 Lety andy' be not necessarily distinct elements in xt for some vertex x. Suppose
that ¢, , > 2, ify = y'. Then ((x) > (y) + {(y') implies that y, y" and x are non-projective
and ((tx) > Y co- 0..0(2) — UTy) — U(1y’).

Proof: The assumption ((x) > {(y) + ((y') implies that y and y’ are non-projective and
Ury) +Lry") > 20(x) — L(y) — L(y') = {(x). Since 6., = 0, , > 2, if y =y, it follows that
x is non-projective and (1) =3 . c - 0. .0(2) — (x) > 3, cp- 6..0(2) — U(Ty) — U(TY").

Lemma 5 Letyi,...,y, be non-projective vertices in x% for some verter x. Lete;, 1 <i<n
be integers satisfying 1 < e; < ¢, for all v and 3, ¢; = 4. Suppose that either x is non-
injective with ((z) > (17 x), or {(z) > Y, &l(y;). Then = and all its predecessors are

non-projective.

5//20

IRt

Proof: By our assumptions, we have 2{(x) > Y .¢;{(y;). Choosing integers &’
satisfying e, = ¢} + &7 for all ¢ and Y ;¢! = 2 = ¥, &7, we have ((z) > Y, &(y;) or
Ux) > >;e’l(y;). Therefore x is non-projective by Lemma 4. Let z € z~ and define

vi =¢; — 1, if z = 7y; and v; = ¢; otherwise. Then

l(re) > +Z% Tyi) — (2 +Z% ) — Uy:)) — () > ((2).

Therefore any sectional predecessor of x is non-projective by Lemma 3. In particular, 7y; is

non-projective for all 2 and

1) >Z:a€€7'yZ —l(x Z x)—ly;)) — Ux) > l(x).



By induction, 7"z and all sectional predecessors of 7"« are non-projective for all » > 0. Now

the assertion follows from Lemma 1.

Lemma 6 Let x be a vertex having an injective sectional successor. Suppose that either
r=3yest Opy >4, orr =4 and 2T conlains no projective vertex. Then all predecessors of

T are non-projective.

Proof: Let * = 29 — --- — x, be a sectional path of length n > 1 with z,, injective. Then
x) > Yyeot+ 0, ,0(y) — L(x1) by the dual of Lemma 2. If r > 4, then the assertion follows
from Lemma 5. Therefore assume r = 4 and ™ C I'j. For any choice of integers ¢,, y € ™
satisfying 0 <e, < ¢, forally,e, <96, —1fory=ua and 3 ¢+, = 2, we have {(z) >
> yext €yl(y). Therefore x is non-projective and £(72) > 3 c,- 6. 0(2) — 2o en+ el(TY) by

Lemma 4. We conclude that ((ra) > {(z) for all z € #7. Thus all sectional predecessors

! —

of = are non-projective by Lemma 3. In particular, 2= C I'j. We have also 30 ¢+ 07, =

Dyert Orye = Lyept 05, = 4, and so, since x has an injective successor, {(7z) > {(x) by the
dual of Lemma 5. Therefore 7z and all predecessors of Ta are non-projective by Lemma 5.

This finishes the proof.
We are now ready to prove the main result.

Proof of the Theorem: From the fact that = has an injective successor, we obtain r > 0
such that either z = 7772 has an injective sectional successor or z is injective. This follows
from the dual statement of Lemma 1. Choose r minimal and assume first that z has an
injective sectional successor. Then 3= cot 6, = 3 yeot 0L =) < Fyeat 07, < 4 by Lemma 6.
Moreover, equality implies that z* = 77"(2%) and z* contains a projective vertex. But
this is only possible for r = 0. Therefore ™ contains a projective vertex and hence x is

r

non-injective. Now assume that 2 is injective. We have ((z) > 3 .+ 0. -, ((77"y) and

D oyeat 5;,4/ =Y et 5;77_%/ < 4 follows from Lemma 5, since 77" (2%) C Iy,

Proof of the Corollary: Combine the theorem and its dual with the following well-known

observation.

Lemma 7 Lel x be a vertex such that x™ contains a projective and an injective vertex. Then

/
Z,Y0

_|_

xt contains a projective-injective vertex yo with 8., =1 and ¥ \ {yo} contains neither a

projective nor an injective vertex.



Proof: Suppose 3o € xt is projective. Then x is non-injective and we obtain e \{wo} Oy (W) +
(8! . — )l(yo) = (77 )+ (x) — l(yo) < (77 ). Therefore a+\ {yo} contains no injective

Z,Y0

. C e . , _ . .
vertex and yo is projective-injective by assumption. Moreover, ¢, , — 1 = 0, since yo is

injective. The dual argument shows that =t \ {yo} contains no projective vertex.

The following example which was suggested by R. Betzler and R. Schmidmeier illustrates

the theorem.

Example Let k be a field and denote by A the k-algebra given by the following quiver with

. o a2:o 52:0 R
5 4\2/0
as X B3
3

Denote by P; the indecomposable projective A-module corresponding to the vertex ¢ and let

relations:

04151 = 04252 = 04353-

S; = P;/rad P;,; 1 < < 4. There is an almost split sequence
0—rad Py — S; IS 1S3 Py — Pyfsoc Py — 0

and an irreducible map P; — Ps. The projective Fy is a predecessor and the injective Ps is
a successor of rad P; in the Auslander-Reiten quiver I'y of A, but P,/ soc Py has no injective

SUCCessor.
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