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The status and some recent developments in computational modeling of flexible multibody
systems are summarized. Discussion focuses on a number of aspects of flexible multibody
dynamics including: modeling of the flexible components, constraint modeling, solution tech-
nigues, control strategies, coupled problems, design, and experimental studies. The characteris-
tics of the three types of reference frames used in modeling flexible multibody systems,

namely, floating frame, corotational frame, and inertial frame, are compared. Future directions
of research are identified. These include new applications such as micro- and nano-mechanical
systems; techniques and strategies for increasing the fidelity and computational efficiency of
the models; and tools that can improve the design process of flexible multibody systems. This
review article cites 877 referencg®OIl: 10.1115/1.1590354

1 INTRODUCTION the focus of intensive research for the last thirty years. FMD

A flexible multibody system(FMS) is a group of intercon- 1S used in the design and control of FMS. In design, FMD
nected rigid and deformable components, each of which mggn be used to calculate the system paramesersh as di-
undergo large translational and rotational motions. The cofensions, configuration, and materjathat minimize the
ponents may also come into contact with the surroundifystem cost while satisfying the design safety constraints
environment or with one another. Typical connections bésuch as strength, rigidity, and static/dynamic stabiliBMD
tween the components include: revolute, spherical, prismalcused in control applications for predicting the response of
and planar joints, lead screws, gears, and cams. The comih§: multibody system to a given control action and for cal-
nents can be connected in closed-loop configurati@us culating the changes in control actions necessary to direct the
linkages and/or open-loogor tree configurationsleg, ma- System towards the desired respor{geverse dynamics
nipulators. FMD can be used in model-based control as an integral part
The termflexible multibody dynamidéMD) refers to the Of the controller as well as in controller design for optimiz-
computational strategies that are used for calculating the d§g the controller/FMS parameters.
namic responsévhich includes time-histories of motion, de- In recent years, considerable effort has been devoted to
formation and stre3sof FMS due to externally applied modeling, design, and control of FMS. The number of pub-
forces, constraints, and/or initial conditions. This type dications on the subject has been steadily increasing. Lists
simulation is referred to aforward dynamics FMD also and reviews of the many contributions on the subject are
comprisesinverse dynamigswhich predicts the applied given in survey papers on FML1,2] and on the general area
forces necessary to generate a desired motion response. FafiDnultibody dynamics, including both rigid and flexible
is important because it can be used in the analysis, designyltibody systemg3—7]. Special survey papers have been
and control of many practical systems such as: ground, d#tblished on a number of special aspects of FMD, including:
and space transportation vehiclasich as bicycles, automo-dynamic analysis of flexible manipulatorfs], dynamic
biles, trains, airplanes, and spacedtafhanufacturing ma- analysis of elastic linkagd9—13], and dynamics of satellites
chines; manipulators and robots; mechanisms; articulateith flexible appendagelsl4]. A number of books on FMD
earthbound structurgsuch as cranes and draw bridgesr- have been publishel5—-23. In the last few years, there
ticulated space structurdsuch as satellites and space stdrave been a number of conferences, symposia, and special
tions); and bio-dynamical systeméuman body, animals, sessions devoted to FM[24]. Two archival journals are
and insects Motivated by these applications, FMD has beedevoted to the subjects of rigid and flexible multibody dy-
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namics: “Multibody System Dynamics” published by Klu-system. In addition, intermediate reference frames that are
wer Academic Publishers, and “Journal of Multibody Dy-attached to each flexible component and follow the average
namics” published by Ingenta Journals. There are a numbecal rigid body motion(rotation and translationare often
of commercial codes for flexible multibody dynami@sg, used. The motion of the component relative to the interme-
ADAMS from Mechanical Dynamics Inc, DADS from diate frame is, approximately, due only to the deformation of
CADSI Inc, MECANO from Samtech, and SimPack fronthe component. This simplifies the calculation of the internal
INTEC GmbH as well as many research codes developedfatces because stress and strain measures that are not invari-
universities and research institutions. A survey of multibodgnt under rigid body motion, such as the Cauchy stress tensor
dynamics software up to 1990 with benchmarks was prand the small strain tensor, can be used to calculate these
sented in Schiehlef25]. There are two compelling motiva- forces with respect to the intermediate frame. These tensors
tions for developing FMD modeling techniques. The firstesult in a linear force displacement relation. Two main types
motivation is that a number of current problems have not yef intermediate frames are used: floating and corotational
been solved to a satisfactory degree Section 9 The frames. The floating frame follows an average rigid body
second motivation is that future multibody systems are likelyotion of the entire flexible component or substructure. The
to require more sophisticated models than has heretofa@otational frame follows an average rigid body motion of
been provided. This is because practical FMD applicatiomas individual finite element within the flexible component. In
are likely to have more stringent requirements of economyany papers, intermediate frames are not used, instead the
high performance, light weight, high speed/acceleration, agtbbal inertial frame is directly used for measuring deforma-
safety. tions. In this approach, the motion of an element consists of
There is a need to broaden awareness among practicengombination of rigid body motion and deformation and the
engineers and researchers about the current status and retvemtypes of motion are not separated. Nonlinear finite strain
developments in various aspects of FMD. The present papeeasures and corresponding energy conjugate stress mea-
attempts to fill this need by classifying and reviewing thsures, which are objective and invariant under rigid body
FMD literature. Also, future directions for research that hav@otion, are used to calculate the internal forces with respect
high potential for improving the accuracy and computation& the global inertial frame. A comparison between the major
efficiency of the predictive capabilities of the dynamics ancharacteristics of the three types of frames, namely, floating,
failure of FMS are identified. Some of these objectives wemmrotational, and inertial frames is given in Table 1. The
addressed in the previous review papers. In the present papefierences where the frames were first applied to FMS are
an attempt is made to provide a more comprehensive revigiven in Table 2.
of the literature. The following aspects of FMD are ad- Thefloating frame approachbriginated out of research on
dressed in the present paper: rigid multibody dynamics in the late 1960s. It was used for
extending rigid multibody dynamics codes to FMS. This was
done by superimposing small elastic deformations on the

e Solution techniques, including solution procedures aA rge rigid body motion obtained using the rigid multibody

methods for enhancing the computational procedures & amics code. Initial applications of the floating frame ap-
models proach included: spinning flexible beanigrimarily for

« Control strategies space _structures applicationskineto-elastodynamics of

« Coupled FMD problems mechamsms, and flexible manipulatqisee Table 2 The

« Design of FMS floating frame approach was also used to extend modal
analysis and experimental modal identification techniques to
, FMS [52,54,232,256,272 This is performed by identifying
There are many common elements of FMD with structurgle moqe shapes and frequencies of each flexible component
dynamics, nonlinear finite element method and crashwort@l—,[her numerically or experimentally. The first modes
ness analysis. Some of the studies in these areas, which DReren is determined by the physics of the problem and the

clude techniques that are suitable for modeling FMS, ? the required accuragyare superposed on the rigid body

included in this review. The number of publications on the. .. .
diverse aspects of FMD is very large. The cited referencﬁ]sOtlon of the component represented by the motion of the

fidating f In Tabl ial list of publicati h
are selected for illustrating the ideas presented and are o?tlng rame. In Table 3, a partial list of publications on the

ot .. . . :
necessarily the only significant contributions to the subjecﬂ?atmg frame approach is organized according to the tech-

The discussion in this paper is kept, for the most part, Onnz:_lque.s used a}nd developed and according to the type of ap-
Ication considered.

descriptive level and for all the mathematical details, the . -
. . . The corotational frame approachkvas initially developed
reader is referred to the cited literature. .
as a part of thenatural mode methogroposed by Argyris
et al[562]. In this approach, the motion of a finite element is

* Models of the flexible components
» Constraints models

» Experimental studies

2 MODELS OF FLEXIBLE COMPONENTS divided into a rigid body motion and natural deformation
. modes. The approach was used for static modeling of struc-
2.1 Deformation reference frames tures undergoing large displacements and small deforma-

In multibody dynamics, an inertial frame serves as a globabns. Later, Belytschko and HsidH5] introduced element
reference frame for describing the motion of the multibodsigid convected frames or corotational frames, for the dy-
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Table 1.

Major characteristics of the three types of frames
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Floating Frame

Corotational Frame

Inertial Frame

Frame definition

A floating frame is defined for each
flexible component. The floating
frame of a component follows a
mean rigid body motion

of the componentsee Fig. 1

A corotational frame is defined for each
element. The corotational frame of an
element follows a mean rigid body motion
of the elementsee Fig. 2

The global inertial reference
frame is used as a reference
frame for all motiongsee

Fig. 3.

Reference frame
for:
a) Deformation

b) Internal forces

¢) Inertia forces

Floating frame (for each flexible
componen).

Corotational frame (for each finite elemeny.

Global inertial reference frame.

Floating frame.

Note: In some implementations, the
internal force components are
transformed from the floating frame
to the global inertial reference
frame (eg, [26]).

Corotational frame/Global inertial
reference frame.

Note: The element internal force
components are first calculated relative to
the corotational frame, then they are
transformed from the corotational frame to
the global inertial frame using the
corotational frame rotation matrix.

Global inertial reference frame.

Note: The internal forces are
calculated using finite strain
measures which are invariant
under rigid body motion.

Floating frame.
Note: In some implementations, the

Global inertial reference frame.
Notes:

flexible motion inertia force components e In some implementations, the inertia force

are first evaluated with respect to the

global inertial reference frame and
then are transformed to the floating
frame (eg,[27,28).

components are first evaluated relative to
the corotational frame and then are
transformed to the inertial frame
(eg,[29-31).

« In spatial problems, for the rotational part
of the equations of motion, the internal
and inertia moments are often calculated
relative to a moving material frame.

Global inertial reference frame.
Note: In spatial problems, for the
rotational part of the equations of
motion, the internal and inertia
moments are often calculated rela-
tive to a moving material frame.

Transformation to
global inertial frame

Eq. ().

Eq. ().

No transformation is necessary.

Modeling
Considerations

a) Incorporation of
flexibility effects.

b) Magnitude of
angular velocities

¢) Large deflections

d) Foreshortening

e) Centrifugal
stiffening

f) Mixing rigid and
flexible bodies

The floating frame approach is the
natural way to extend rigid multibody

dynamics to flexible multibody systems.

The corotational frame transformation
eliminates the element rigid body motion

such that a linear deformation theory can be

used for the element internal forces.

General finite strain measures
that are invariant under
superposed rigid body motion
are used.

No restriction on angular velocities

stiffness of the body varies with the

stiffening effect[32].

No restriction on angular velocities magnitudes. In case of very small elastic
magnitudes. However, when linear modaleformations and large angular velocities, special care must be taken during
reduction is used, the angular velocity the solution procedur@ime step size, number of equilibrium iterations,)etc
should be low or constant because the to avoid the situation where numerical errors from the rigid body motion are
of the order of the elastic part of the response.

angular velocity due to the centrifugal

* Moderate deflections can be modeled IBan handle large deflections and large strains.
using quadratic strain terms. However,

large deflections cannot be modeled

unless the body is sub-structured.

» Without the assumption that the strains
and deflections are small, the high-order

terms of the flexible-rigid body inertial

coupling terms cannot be neglected and

the formulation becomes very
complicated.

Foreshortening effect can be modeled byaturally included.

adding quadratic axial-bending strain
coupling terms.

Centrifugal stiffening can be modeled byNaturally included.

adding the stress produced by the axial
centripetal forces and including axial-

bending strain coupling terms.

Since the floating frame formulation is Most implementations place some restrictions on the configuration of the rigid
bodies, such as a closed-loop, must contain at least one flexible body.

based on rigid multibody dynamics

analysis methods, both rigid and flexible
bodies can be present in the same model in
any configuration with no difficulty.
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Table 1. (continued)

Floating Frame Corotational Frame Inertial Frame

Characteristics of
the semi-discrete
equations of motion

» The equations of motion are written suchThe equations of motion are written with respect to the global inertial frame.
that the flexible body coordinates are « In spatial problems with rotational DOFs, the rotational part of the equations
referred to a floating frame and the rigid of motion can be written with respect to a body attached nodal frame
body coordinates are referred to the  (material framg [33—3§ or with respect to the global inertial frame
inertial frame. (spatial frame[35,39.

a) Inertia forces

b) Internal
(structural)
forces

» The inertia forces involve nonlinear  « The inertia forces are the product of the mass matrix and the vector of nodal
centrifugal, Coriolis, and tangential accelerations with respect to the global inertial frame.
terms because the accelerations are -« In spatial problems with rotational DOFs, the rotational equations
measured with respect to a rotating (the Euler equations include quadratic angular velocity terms.
frame (the floating framg (These terms vanish in planar problems.

The mass matrix has nonlinear flexibles The translational part of the mass matrix is constant. Effects such as coupling
rigid body motion coupling terms. The between flexible and rigid body motion, centrifugal and coriolis acceleration
coupling terms are necessary for an  are not present because the inertia forces are measured with respect to an inertial
accurate prediction of the dynamic frame.

response, when the magnitude of the

flexible inertia forces is not negligible

relative to that of the rigid body inertia

forces.

The solution procedure involves the

inversion or the LU factorization of the

time varying inertia matrices.

The internal forces are linear for small For small strains, the internal forces are The internal forces are nonlinear
strains and slow rotational velocities. Thénear with respect to the corotational even for small strains because
linear part of the stiffness matrix is the frame. The structural forces are they are expressed in terms of
same as that used in classical linear FEMansformed to the global frame using the nonlinear finite strain and stress
The nonlinear part of the stiffness matrixnonlinear corotational frame measures.

accounts for geometric nonlinearity and transformation.
coupling between the axial and bending
deformationg centrifugal stiffening

effect.

Constraints

a) Hinge joints Hinge joints require the addition of Hinge joints(revolute joints in planar problems and spherical joints in spatial
algebraic constraint equations in the  problems$ do not need an extra algebraic equation and can be modeled by letting
absolute coordinate formulation. two bodies share a node.

b) General
constraints

Constraints due to joints, prescribed mo-Constraints due to joints and prescribed motion are expressed in terms of algebraic
tion and closed-loops are expressed in equations. If an implicit algorithm is used, then a system of differential-algebraic
terms of algebraic equations. These equeguationg DAEs) must be solved. If an explicit solution procedure is used, no

tions must be solved simultaneously witbpecial algorithm for solving DAEs is needed.

the governing differential equations of mo-

tion. The development of general, stable,

and efficient solution procedures for this

system of differential-algebraic equations

is still an active research ard@0-42

(also see Section 4.1

Applicability of
linear modal
reduction

» Can be applied. Not practical because the element vector of Not practical because the element

 Can significantly reduce the internal forces is nonlinear in nodal vector of internal forces is
computational time. coordinates since it involves a rotation nonlinear in nodal coordinates

* Appropriate selection of the deformatiomatrix. since it involves a nonlinear
components modes requires experience finite strain measure.

and judgment on the part of the analyst.
 For accuracy, linear modal reduction
should be restricted to bodies
undergoing slow rotation or uniform
angular velocity.
* Nonlinear modal reductiof43,44] can
be used for bodies undergoing fast non-
uniform angular velocity in order to
include the centrifugal stiffening effect.
However, a modal reduction must be
performed at each time step.

Possibility of using
modal identification
experiments

The mode shapes and natural frequenci&perimentally identified modes cannot be directly used in the model. They can,
used in modal reduction can be obtainedowever, be indirectly used to verify the accuracy of the predicted response
using experimental modal analysis technd to tune the parameters of the model.

niques. Thus, there is a direct way to ob-

tain the body flexibility information from

experiments without numerical modeling.
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(continued)

Floating Frame

Corotational Frame Inertial Frame

Most suitable
applications

The floating frame formulation along

The corotational and inertial frame formulations can handle flexible multibody

with modal reduction and new recursive systems undergoing large deflections and large high-speed rigid body motion.
solution strategiegsbased on the relative In addition, if used in conjunction with an explicit solution procedure,

coordinates formulationoffer the most

efficient method for the simulation of

flexible multibody systems undergoing

small elastic deformations and slow

rotational speedssuch as satellites and

space structures

then high-speed wave propagation effeéts example, due to contact/impact
can be accurately modeled.

Least suitable

Multibody problems, which involve large For multibody problems involving small deformations and slow rotational speeds,

applications deflections. the solution time is generally an order of magnitude greater than that of typical
methods based on the floating frame approach with modal coordinates.

First known Adopted in the late 1960s to early 1970Developed by Belytschko and Hsi¢hs)]. Used in nonlinear, large

application of the to extend rigid multibody dynamics It was first applied to beam type FMS in deformation FEM since the

approach to FMS. computer codes to flexible multibody ~ Housner{46-48. beginning of the 1970s. It was

systems.

first applied to modeling beam
type FMS in Simo and
Vu-Quoc[49,50.

Global Inertial

-

—Floating Frames

Reference Frame

Global Inertial
Reference Frame

Fig. 1 Floating frame

Fig. 2 Corotational frame

namic modeling of planar continuum and beam type ele-
ments, using a total displacement explicit solution procedure.
The approach was applied to spatial beams in Belytschko
et al [33] and to curved beams in Belytschko and Glaum
[452]. In Belytschkoet al [468] and Belytschkeet al [469],

the approach was extended to dynamic modeling of shells
using a velocity-based incremental solution procedure. Table
4 shows a partial list of publications which used corotational
frames for developing computational models suitable for
modeling FMS. The publications are organized according to
the techniques used and developed and according to the type
of application considered.

The inertial frame approachhas its origins in the non-
linear finite element method and continuum mechanics
principles. These techniques were applied to the dynamic
analysis of continuum bodies undergoing large rotations and
large deformationgincluding both large strains and large
deflection$ since the early 19709©2,93. In Table 5, publi-
cations where the inertial frame approach was used for de-
veloping computational models suitable for modeling FMS
are classified.

Global Inertial
Reference Frame

Fig. 3 Inertial frame
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Table 2. Initial references for the application of the three types of frames to FMS

Floating Frame Corotational Frame Inertial Frame

Spinning beams: Nonlinear structural dynamics: Nonlinear finite element method:

Meirovitch and Nelsori51], Likins [52,53,54, Belytschko and Hsief45], Belytschkoet al [33], Oden[92], Batheet al [93],

Likins et al [54], Grotteet al [56]. Argyris et al [81], Argyris [82], Bathe and Bolourchi94].
Kineto-elastodynamics of mechanisms: Belytschko and Hughds3]. Dynamics of planar flexible beams:
Winfrey [57-59, Jasinskiet al [60,61], Sadler  Flexible space structures: Simo and Vu-Quo¢50].

and Sandof62], Erdmanet al[9,63,64, Imam  Housner[46], Housneret al [47]. Dynamics of spatial flexible beams:

[65], Imam and Sanddi66], Viscomi and Ayre ~ FMS planar beams: Simo[95], Simo and Vu-Quo¢34,49,96,9T,
[67], Dubowsky and Maatuk68], Dubowsky and Yang and Sadlef84], Wasfy[85,86], lura and Atluri[48], Cardona and Gerad{r85],
Gardne69,70, Bahgat and Willmerf71], Elkaranshawy and Dokainigi31]. Geradin and Cardon@®8], Crespo Da Silvd99],
Midha et al[72,74,78, Midha[73], FMS spatial beams: Jonker[100].

Nath and Goslfi76], Huston[77], Housner[46], Housneret al [47], Wu et al [87],

Crisfield [88], Crisfield and Sh[89,90,

Huston and Passarel[@8]. Wasfy and Noof91]

Flexible manipulators: FMS shells:

Book [79,80. Wasfy and Nooif91].

2.2 Mathematical descriptions of the intermediate can also be chosen as the mean beam @jghe axis that
reference frames minimizes the total deformatigr{450]. For 3D beam ele-

ents, the remaining two axes are chosen as the cross-

The relation between the coordinates of a point in the gIObglctional axe§33,87,456. In Parket al [479] and Choet al

. . A . . , y .

inertial frameA (x”) and the coordinates OB‘? the same poinfag) a relative nodal coordinate approach is used in which a
in the intermediate body reference fraBeXx") is given by: tree representation of the FMS is constructed and beam ele-

A_  A/B | RA/B,B ment deformations are measured with respect to the adjacent
X"=x,""+RYEx (1)
nodal frame along the tree.
wherex4’® are the coordinates of the origin of franiein For shell and continuum elements, there are two methods

frameA, andR”'B is a rotation matrix describing the rotationto define the corotational frame. In the first method, only
from A to B. The methods used to defing’® andR"E for some of the nodes of the element are used to define the
the floating and corotational frames are outlined subseerotational frame. This type of definition was used for con-
quently. tinuum elements in Belytschko and Hsigtb] and for shells

in Stolarski and Belytschkp455,456,468,470,471,563Be-

The motion of the floating fram@oosition and orientations lytschko e_t al[468], Rankin and Brogarﬁ45§], Rankin and
commonly referred to as theference motiorf the compo- Nour-Omid[45€], and Belytschko and Leviathd# 70,471,

nent. It is only an approximation of the rigid body motion of OF €xample, in Belytschket al [468] the normal Z-axis
the Component_ Thus there are many ways to define this rg}[ a four node quadrilateral shell element is defined as the
erence motion. Two formulations are commonly usedormal to the two diagonals of the element, the X-axis is
namely, fixed axis and moving axis formulations. In the fixegerpendicular to the Z-axis and is aligned with the vector
axis formulation, Cartesian and/or rotation coordinates obnnecting nodes 1 and 2, and the Y-axis is perpendicular
one, two, or three selected material poifitsually the joints to the Z- and X-axes. Using some of the element nodes
on the flexible body are used to define the floating fram& define the corotational frame makes the internal forces
Experience is needed for appropriate selection of body fixgdpendent on the choice of the element local node num-
axes that are consistent with the boundary conditions, Rsring, which may introduce artificial asymmetries in the
cause this choice affects the resulting vibrational modes. J8sponsg[460,474,476 In the second method, the origin
the moving axis formulation, also called the body mean axig,q orientation of the corotational frame are defined as an
formulation, the floating frame follows a mean displacemen e aqe position and rotation of all the element nodes. For

Of. the erX|bIe. pody anq thu§ does not necessarily (.:C).".m"&ample, the origin of the corotational frame can be defined
with any specific material point. In this case, two definitions

of the floating frame are used in practice: the floating as the origin of the natural element coordinate system

frame is the frame relative to which the kinetic energy of th 85’91'460'464'474’4161-?16 onenta’qon of thg frame can be
termined using one of the following techniques:

flexible motion with respect to an observer stationed at t
frame is minimum(Tisserand frame[109,122,128 and B« Polar decomposition of the deformation gradient tensor at
the ﬂoating frame is the frame relative to which the sum of the origin Of the natura' e|ement Coordinate System
the squares of the displacements, with respect to an observegs 91,460,464,476

stationed at the frame, is minimu(Buckens framg[122].

2.2.1 Floating frame

 For shell elements, the Z-axis is normal to the surface of
2.2.2 Corotational frame the element at the origin of the natural coordinate system.
The definition of the corotational frame depends on the typeThe angle between the X-axis and the first element natural
of elements used for modeling the flexible components. Foraxis is equal to the angle between the Y-axis and the sec-
two-node beam elements, the corotational frame is usuallyond element natural directidi®64]

defined by the vector connecting the two no¢es, [45]). It < A least-square minimization procedure to find the orienta-
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Table 3. Classification of a partial list of publications on the floating frame approach

Definition of the Coordinates of selected Most referenceseg Winfrey [57,58, Sadler and Sandd62,101,102 Song and Haug

floating frame points (body fixed axi9 [103], Sunada and DubowsKyL04,104, Shabana and Weha§#&06], Singhet al [107],
Turcic and Midhg 108, Agrawal and Shabarnd 09|, Changizi and Shabarja10], Ider
and Amirouche[111-113, Chang and Shabarjd14], Modi et al [115], Shabana and
Hwang[116], Hwang and Shabar{d17], Pereira and Nikravesi18].

Mean rigid body motion Likins [52], Milne [119], McDonough[120], Fraejis de Veubek¢l21], Canavin and
(moving axis) Likins [122], Cavin and Dustd123], Agrawal and Shabangl 09,124, Koppenset al
[125].
Rigid body Absolute coordinates Most referenceseg Song and Hau@i103],
coordinates (Augmented formulation) Yoo and Haud 126,127, Shabana and Wehag#06],
Agrawal and Shaband09], Bakr and Shaband28,129.
Relative (or joint) Open-loop rigid multibody systems
coordinates (recursive Chace[130], Wittenburg[131], Robersor{132].
formulation) Open-loop FMS (tree configuration)

Hughes[133], Hughes and Sincarsiri34], Book [135], Singhet al [107], Usoroet al
[136], Benati and Morrd137], Changizi and Shabarjd10], Kim and Haug[138], Han
and Zhad 139], Shaban4140,141, Shabanat al [142], Shareef and Amirouche 43],
Amirouche and Xig 144], Surdilovic and Vukobratovi€145], Znamenacek and Valasek
[146).

Closed-loop FMS

Kim and Haug[147], Ider and Amirouchg111,113, Keat[148], Nagarajan and Turcic
[149], Lai et al [150], Ider [151], Pereira and Proendd52], Nikravesh and Ambrosio
[153], Jain and Rodriguel 54], Hwang[155], Hwang and Shabarjd 17,156, Shabana
and Hwang116], Amirouche and Xig144], Verlindenet al [157], Tsuchia and Takeya
[158], Pereira and NikravesH 18], Fisetteet al [159], Pradharet al [160], Choi et al
[161], Nagataet al [162].

3D finite rotation Euler angles Ider and Amirouchg111,113, Amirouche[17], Modi et al [115], Du and Ling[163].
Description

Euler parameters Nikraveshet al[164], Agrawal and Shabarjd09], Geradiret al[165], Hauget al[166].
Yoo and Haug[126], Wu and Haug[167], Wu et al [168], Chang and Shabana
[114,169,17Q) Ambrosio and Goncalavd471].

Two unit vectors Vukasovicet al[172].
Rotation vector Metaxas and Koh173].
Three vectors (rotation Garcia de Jaloet al [174], Garcia de Jalon and Avelld 75|, Friberg[176], Bayoet al
tensor) [177].
Inertial coupling between rigid body Special formulations (initial research)
motion and flexible body motion Viscomi and Ayre[67], Sadler and Sand$L02], Sadlef{178], Chu and Pap179], Cavin
(tangential, Coriolis and centrifugal and Dustd 123].
inertia forces). FMS formulations

Song and Haud103], Haug et al [166], Nath and GosH76], Shabana and Wehage
[106,18Q, Turcic and Midha[108,18], Shaband182], Bakr and Shabanpl28,129,
Shabang141], Hsu and Shabar{d83], EI-Absy and Shaband84], Shaban21], Yigit

et al[185], Liou and Erdmarni26], Ider and Amirouch¢111,113, Dado and Soni186],
Naganathan and Sofl87], Nagarajan and Turcil49], Silverberg and Parkl88], Liu
and Liu[189], Huang and Wan§190], Jablokowet al [191], Shabanat al [142], Sha-
bana and Hwan{116], Lieh [192], Hu and Ulsoy{193], Fang and LioJ194], Damaren
and Sharf195], Xianmin et al[196], Shiganget al[197], Al-Bedoor and Khulief198],
Langlois and Andersofi199].

Centrifugal stiffening Single Rotating Body
Likins et al [54], Likins [55], Vigneron[200], Levinson and Kang201], Kaza and
Kvaternik[202], Cleghornet al[203], Wright et al[204], Kaneet al[205], Kammer and
Schlack[206], Ryan[207], Trindade and Sampaj@08].
FMS
Ider and Amirouchd111,113, Liou and Erdman26], Petersori209],
Banerjee and Dickeng10], Banerjee and LemaR11], Banerjed 212], Wallrappet al
[213], Wallrapp[214], Boutaghou and Erdmai215], Huang and Wang190], Liu and
Liu [189], Ryuet al[43], Hu and Ulsoy[193], Sharf[216,217, Yoo et al[218], Du and
Ling [163], Tadikonda and Chanj@19], Damaren and Sha[fL95], Pascal220].
Studies on the effect of centrifugal stiffening on the response of FMS
Wallrapp and Schwertass¢R21], Padilla and Von Flotow222], Khulief [32], Zhang
et al[223], Zhang and Hustof224], Ryu et al [44].

Geometric nonlinearity or Beams
moderate deflections. Bakr and Shabanid 28,129, Spanos and Laski225], Hu and Ulsoy{193], Mayo et al
[226], Mayo and Domingueg227], Du et al [228], Sharf[216,217,229 Shaban&21].

Axial foreshortening Meirovitch [230], Kaneet al [205], Ryan[207], Hu and Ulsoy{193], Mayo et al [226],
Mayo and Dominguef227], Sharf[217], Ruzicka and Hodgel31].
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Table 3. (continued).

Model reduction

Normal modes superposition

Likins [52,53, Winfrey [59], Imamet al[232], Likins et al[54], Sunada and Dubowsky
[104], Hablani[233,235,2368Amirouche and Hustoh234], Bakr and Shabanfl28],
Yoo and Haug[126,127,237, Tsuchiyaet al [238], Chadhan and AgrawdR39], Ni-
kravesh[240], Jonker[241], Ramakrishnaret al [242], Padilla and Von Flotow222],
Wang[243], Jablokowet al [191], Ramakrishnaf244], Yao et al [245], Wu and Mani
[246], Verlindenet al[157], Hsieh and Shay247], Korayemet al[248], Hu et al[249],
Tadikonda250], Nakanishiet al[251], Lee[252], Cuadradeet al[253], Subrahmanyan
and Sesh(i254], Fisetteet al[159], Shaband21], Znamenacek and Valas¢k46], Pan
and Haug255|, Craig[256).

Effect of Centrifugal stiffening on the reduced modes

Likins et al[54], Likins [55], Vigneron[200], Laurensor]257], Hoa[258], Wright et al
[204], Banerjee and Dicken[210], Banerjee and Lemal11], Khulief [32], Ryu et al
[43,44), Kobayashiet al [259], Mbono Samba and Pasd&60).

Selection of deformation modes

Kim and Haug[261], Friberg[262], Spanos and Tsuh&63], Tadikonda and Schubele
[264], Gofron and Shaban265], Shaban#266]|, Shiet al[267], Carlbom[268].

Use of experimental Modes

Shaband269].

Effect of rigid-flexible motion coupling on the reduced modes

Shaband270], Shabana and Wehag#&06,180, Agrawal and Shabang09], Hu and
Skelton[271], EI-Absy and Shaband84], Friberg[262], Hablani[236], Jablokowet al
[191], Cuadradcet al [253].

Craig-Bampton modes

Craig and Bamptof272], Craig[256], Ryu et al [273,274, Cardong275].

Singular Perturbation model reduction

Siciliano and BooK276], Jonker and Aart§277].

Substructuring (Superelement$

Subbiahet al [278], Shaband279], Shabana and Char{@80], Wu and Haug[281],
Cardona and Gerad(282], Liu and Liew[283], Lim et al[284], Mordfin [285], Haenle
et al[286], Liew et al[287], Cardond 275).

Super-element for rigid multibody systems

Agrawal and Chun¢288|, Agrawal and Kumaf289].

Effect of Geometric Nonlinearity

Wu and Haud 167,281, Wu and Mani[246).

Element types

Beam

Planar Euler Beam

Bakr and Shabanfl 28], Liou and Erdmar}26], Boutaghou and Erdmdr215],
Padilla and Von Flotow222], Langlois and Anderso[i99].
Spatial Euler-Beam

Sharanet al[290], Richard and Tennich291], Ghazaviet al[292],
Sharf[216,217,229 Du and Ling[163], Du and Liew[293].

Planar Timoshenko beam

Naganathan and Sofil87,294, Ider and Amirouch¢111-113, Boutaghou and Erdman
[215], Smaili[295], Hu and Ulsoy{193], Meek and Liu[296], Xianmin et al [196].
Spatial Timoshenko beam
Christensen and Lef297], Naganathan and Sohi87,294, Bakr and Shabangl29],
Gordaninejact al[298], Huang and Wan190], Fisetteet al[159], Oral and Idef299],
Shaband21].
Curved Beam

Bartolone and Shaband&00], Gau and Shabar{801], Chen and Shaban&02].
Twisted Beams

Kaneet al[205].
Arbitrary Cross-Sections

Kaneet al[205].

Plates and shells

Kirchhoff-Love Theory
Banerjee and Kang303], Changet al [304], Chang and Shabarnh&14,169, Boutaghou
et al [305], Kremeret al [306,307, Madenci and Baruft308].
Initially Curved plates: Chen and Shabarf802,309.

Continuum

Turcic and Midhg 108,181, Turcic et al[310], Shareef and Amirouchiel43],
Jianget al[311], Ryu et al[312], Fang and Liol194].

Discretization

Finite elements

Most references.

Boundary element

Kerdjoudj and Amirouch¢313].

Finite difference

Feliu et al [314].

Analytical

Meirovitch and Nelsorj51], Neubaueret al [315], Jasinskiet al [60,61], Viscomi and
Ayre [67], Sadler[178], Thompson and Baif316], Badlani and Kleinhen£317], Low
[318,319, Boutaghouet al [320], Xu and Lowen[321,323.

Symbolic Manipulation:

Cetinkunt and Book323], Fisetteet al[159,324, Korayemet al [248], Botz and
Hagedorn325,326, Piedboeu{327], Melzer[328], Oliviers et al [329], Shi

and McPhe¢330,331, Shiet al[267,332.

Variable
configuration

Variable kinematic
structure

Khulief and Shaban333,334, Ider and Amirouchd113], Chang and Shabarja70],
Fang and Liol194].

Variable mass

McPhee and Dube}B335|, Hwang and Shabar{836], Kovecsest al [337].
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Table 3. (continued).

Joints

Prismatic Buffinton and Kane[338], Pan[339], Panet al [340,341, Hwang and Haud342],
Gordaninejacet al [343], Buffinton [344], Al-Bedoor and Khulief 198,345, Verlinden
et al[157], Fang and Lioy194], Theodore and Ghos§fB46].

Gears Cardong 347].

Cams Bagci and Kurnoo(348].

Material models

Linear isotropic

Most references.

Composite

Solid beam cross sectiorShaband349].

Box cross section:dder and Oral[350], Oral and Idef299].

Thompsonet al [351], Thompson and SunfB352], Sunget al [353], Shaband 349,

Azhdari et al [354], Chalhoubet al [355], Gordaninejadet al [343], Kremer et al

[306,307, Madenci and Baruit308], Du et al [228], Ghazaviet al [292], Gordaninejad
and Vaidyaramaf356)], Ider and Ora[350], Oral and Idef299.

Nonlinear

Plastic materials for crash analysis:Ambrosio[357], Ambrosio and Nikravesk27].
Inelastic materials: Amirouche and Xig 358], Pan and Hau§255].
Creeping materials: Xie and Amirouchd 359].

Coupling with
other effects

Control
Piezo-electric actuators

Gofron and Shaban&60,361, Gordaninejad and Vaidyaram@B56.
Rose and Sachd62].

Thermal

Shaband363], Sung and Thompsof864], Modi et al [115].

Aeroelasticity

Du et al[365,364.

Equations of Lagrange’s Dubowsky and Gardn€69], Midha et al [72,367, Midha et al [74], Blejwas[368],
Motion equations Cleghornet al[203], Turcic and Midhg 108,181, Book[135], Bakr and Shaband 28],
Changizi and Shabarjd10], Panet al [341], Bricout et al [369], Meirovitch and Kwak
[370], Smaili[295], Pereira and Proen¢a52], Modi et al[115], Huang and Wan§190,
Meek and Liu[296], Fattahet al [371], Metaxas and KoH173], Pereiraet al [372],
Pradharet al [160].
Hamilton’s principle Cavin and Dustd123|, Serna[373], Fung[374].
Kane's equations Ider and Amirouchd 111,113, Banerjee and Dicken®10], Ider [151], Han and Zhao
[139], Amirouche and Xig 144], Zhanget al [223], Zhang and Hustofi224], Langlois
and Andersorj199].
Newton-Euler equations Naganathan and Sofii87,294, Huang and Le€375], Shaban§140,376, Hwang[155],
Hwang and Shabar{d17,156, Shabanat al[142], Richard and Tennicf291], Verlin-
denet al[157], Hu and Ulsoy{193], Ambrosio[377], Choi et al[161].
Principle of Virtual Work Liu and Liu[189], Lien[192], Shi and McPhe¢330].
Mass matrix Consistent Most references.
Lumped Lai and Dopker{378|, Han and Zhad139], Shaband376|, Jain and Rodriguez154],
Pan and Haug379], Ambrosio and Ravi28], Ambrosio and Goncalavd471].
Solution Iterative implicit Most references.
Procedure Explicit Metaxas and Koh173].
Applications Mechanisms Review papers:Lowen and Jandrasi{40], Lowen and Chassapj42], Thompson and

(Closed-Loop3g

Sung[13].

Planar:

Winfrey [57,58, Sadler and Sandof62,101,102 Sadler[178,38(, Jasinskiet al
[60,61], Erdmanet al [63], Viscomi and Ayre[67], Chu and Paf179], Thompson and
Barr [316], Bahgat and Willmer{71], Midha et al [72,74,75, Badlani and Kleinhenz
[317], Song and Haud103], Nath and Gosh76,381, Cleghornet al [203], Blejwas
[368], Bagci and Abounassif382], Badlani and Midha[383], Turcic and Midha
[108,181, Turcic et al[310], Thompson and Sun@52], Tadjbakhsh and Youni384],
Sung and Thompsar864], Liou and Erdmarj26], Cardona and Gerad[282], Banerjee
[212], Jablokowet al[191], Liou and Pend385], Hsieh and Shay247], Verlindenet al
[157], Fallahiet al[386], Chassapis and Lowd387], Sriram and Mruthyunjayg388],
Sriram[389], Farhang and MidhE390], Yang and Park391], Xianminet al[196], Fung
[374], Subrahmanyan and Sesff2b4].

Spatial:

Sunada and Dubowsk{104], Shabana and Wehad&06,393, Hwang and Shabana

[117].

Space Structures

Review paperModi [14]

Meirovitch and Nelsorf51], Ashley[393], Likins [52,53, Likins et al[54], Grotteet al
[56], Kulla[394], Canavin and Likin$122], Ho[395], Bodleyet al[396], Lips and Modi
[397], Kane and Levinsofi398,399, Kaneet al[400], Bainum and Kumaf401], Diarra
and Bainum[402], Hablani[233,235,23% Laskinet al [403], Modi and lbrahim[404],

Ibrahim and Modi[405], Ho and Herbef406], Wang and We{407], Meirovitch and
Quinn [408], Meirovitch and Quin{409], Tsuchiyaet al [238], Man and Sirlin[410],

Hanagud and Sarkd®11], Silverberg and Park188], Meirovitch and Kwak[370],
Spanos and Tsuh&63], Modi et al [115], Kakad[412], Wu and Cherj413], Wu et al
[414], Tadikondaet al [415], Tadikonda[416], Pradharet al [160], Nagataet al [162].
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Table 3. (continued).

Manipulators (tree) (R:’ﬁvi_ew paper: Gaultier and Cleghorf8].
ains

Hughes[133], Hughes and Sincarsii34], Wang[243].
Manipulators (open-loop9
Book [79,135, Sunada and DubowsKy05], Judd and Falkenburgt17], Subbiahet al
[278], Bricout et al [369], Chang and Hamiltorj418], Chang[419], Chedmailet al
[420], Geradinet al[421], Singhet al[107], Serng 373], Gordaninejackt al[343], Han
and Zhao[139], Pascal[422], Sharanet al [142,29(0, Smaili [295], Huang and Wang
[190], Yao et al[245], Hu and Ulsoy{193], Fattahet al[371], Meek and Liu[296], Du
and Ling[163], Du and Liew[293], Liew et al[287], Surdilovic and Vukobratovif145|,
Oral and Ider{299], Theodore and Ghos#B46], Shiganget al [197], Kovecseset al

[337].
Rotorcraft Du et al[365,366,423 Bertogalliet al [424], Ruzicka and Hodgel®31].
Vehicle dynamics Review paperKortum [425].

Pereira and Proendad52], Richard and Tennicf291], SchwartZ426], Kading and Yen
[427], Sharp[428], Nakanishi and Shaban@29], Tadikonda[250], Nakanishiet al
[251], Nakanishi and Isogd#30], Pereiraet al[372], Campanelliet al[431], Choiet al
[161], Lee et al [432], Assaniset al [433], Carlbom[268], Ambrosio and Goncalaves

[171].
Human body dynamics Amirouche and Idef434], Amiroucheet al [435].
Crash-worthiness Nikraveshet al [436], Ambrosio[377].

tion that minimizes the sum of the squares of the differendlexible body coordinates are referred to a floating frame and

between the orientations of the element sides and the catiee rigid body coordinateSvhich define the motion of the

tational frame orientatiof474]) floating framegare referred to the inertial frame. In the coro-
« Finding the orientation that makes the rotation at the origiational and inertial frame approaches, Eg) is usually

of the corotational frame zei@78] written for the entire multibody system with respect to the

The last two approaches are difficult to extend for elemerﬁg)bal inertial reference frame. The inertial and internal force
with mid-side nodes and for 3D solid elemefds6]. vectors in Eq.(2) for the floating, corotational, and inertial

In most FMS applications, the element deformations afgMe approaches can be written in the following form:

small and, therefore, one corotational frame per elementRkating frame:

sufficient. If the deformation within the element is large, For a flexible component:

such as in large-strain problems, then one corotational frame

per element may not be sufficient to approximate the rigid :{qR]

body motion of the entire element. In this case, more than ar

one corotational frame per element that follows the average - _ .

local element rigid bod i ing [ = M(@a+Fe )
gid body motion are needed. However, using

more than one corotational element per frame is contrary top - K q.

the main advantage of the corotational frame approach,

which is simplicity and computational efficiency of the eleCorotational frame:

ment internal forces. For an individual finite element:
2.3 Semi-discrete equations of motion q:{X]
0

The semi-discrete equations of motion of a FMS involve two
types of equations: the dynamic equations of equilibrium and M
gonstramt eqt.Jatlons. The dynamic equilibrium equations canF,= J0+ BXJO] (5)
e written as:
Fi=Fny+Fg+Fg 2 Fn=RKae

whereF,, Fy, Fg, andFg are the vectors of inertia, inter- Inertial frame:
nal, external, and constraint forces, respectively. ConstraintFor an individual finite element:
equations express the relations between the various compo-

nents of the system. They have the following form: qz[x]
, 0
®(q,q,t)=0 ®3)
where® is the vector of algebraic constraint equatioqss =1 . MX . ] (6)
the vector of generalized system coordinates the time, Jo+60xJ6

and a superposed dot indicates a time derivative. In the float-

ing frame approach, Eq2) is usually written such that the FNt+At:FNt+KTtAq
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Table 4. Classification of a partial list of publications on the corotational frame approach

Element types Beams Planar Euler beam
Belytschko and Hsief45], Hsiao and Jan§29,437, Hsiaoet al [438], Yang and Sadlef84], Rice and
Ting [439], Tsang[440], Tsang and Arabyaf441], lura [442], Mitsugi [443], Hsiao and Yand444],
Elkaranshawy and Dokainigl31], Wasfy[86], Galvanetto and Crisfiel#45|, Shaban421,444, Shabana
and Schwertasseld47], Banerjee and Nagarajdd48], Behdinanet al [449], Takahashi and Shimizu
[450], Berzeriet al [451].
Planar Curved Euler beam
Belytschko and Glaurfd52], Hsiao and Yang444].
Planar Timoshenko beam
lura and lwakumd30], lura and Atluri[453].
Spatial Euler beam )
Belytschkoet al[33], Argyris et al[81,454, Bathe and BolourcHi94], Housnei{46], Housneret al [47],
Rankin and Brogari455], Rankin and Nour-Omid456], Wu et al [87,457, Crisfield [88,458, Hsiao
%4591, Wasfy[85,460, Wasfy and Noof91].
patial Timoshenko beams

Quadrelli and Atluri[461,463, Crisfieldet al [38], Devlooet al [463].

Shells Rankin and Brogaf455], Rankin and Nour-Omid456].
Kirchhoff-Love model )
ll\DAen I‘and ((:jnlsﬂelcﬂ464], Wasfy and Noof91], Shabana and Christenspt65], Meek and Wand466].

indlin mode

Belytschko and Tsaj467], Belytschkoet al [468,469, Belytschko and Leviathaj#70,471, Bergan and
Nygard[472,473, Nygard and Bergaf474].

Continuum Belytschko and Hsie45], Argyris et al [81], Belytschko and Hughe$3], Flanagan and Tayld475],
Wasfy [85,460. Wasfy and Noof91], Crisfield and Moit476], Moita and Crisfield 477].

Definition of the Defined with Beams

corotational
frame

respect to the

position of selected

element nodes

All references.

Shells and Continuum

Belytschkoet al [468], Belytschko and Leviathaf#70,471, Rankin and Brogaf455|, Rankin and
Nour-Omid[456], Meek and Wand466].

Defined with
respect to a mean
rigid body motion
of the element

Shells

Nygard and Bergaf474], Wasfy and Noof91].

Continuum

Flanagan and Tayld#75], Jetteur and Cescot{d 78|, Wasfy[85,460d, Wasfy and Noof91], Crisfield and
Moita [476].

Defined with
respect to the
previous element
(relative nodal
coordinates

Parket al[479], Choet al [480]

Beam and shell Euler angles Beams:Bathe and Bolourchio94].
3D rotation Incremental Beams
parameters rotation vector Quadrelli and Atluri[461,463.
Shells
Bergan and Nygard472,473, Nygard and Bergan474], Belytschkoet al [468,469, Belytschko and
Leviathan[470,471.
Rotation vector Beams
(S:lr1islf|ield[88], Crisfield et al[38], Devlooet al [463].
ells
Argyris et al [81,454, Argyris [82], Rankin and Brogaf455], Rankin and Nour-Omifl456].
Two unit vectors Beams:Belytschkoet al [33].
Deformation Total Lagrangian Belytschko and Hsief45], Belytschko and Glaurf452], Hughes and Wingd#81], Flanagan and Taylor
reference [475], Hsiao and Jan{29,437, Yang and Sadlef84], Crisfield [88], Rice and Ting439], Tsang[440],
Tsang and Arabyaf41], Wasfy[85,86,460, Wasfy and Noof91], Hsiao[459], Hsiaoet al[438], Hsiao
and Yang[444], Crisfield and Sh{89], Crisfield and Moitd476|, Elkaranshawy and Dokainigl1], lura
and Atluri [453], Quadrelli and Atluri[461,463, Crisfield et al [38], Shaband 21,446, Shabana and
Christensern465], Behdinanet al [449], Takahashi and Shimiz#50].
Updated Bathe and Bolourchj94], Belytschkoet al [468,469, Belytschko and Leviathaf470,471, Jetteur and
Lagrangian Cescottd478], Quadrelli and Atluri{461,463, Meek and Wand466).
Mass matrix Lumped Belytschko and Hsief45], Belytschko and Glaur452], Rice and Tind439], Wasfy[85,86,460, Wasfy
and Noor{91], lura and Atluri[453].
Consistent Hsiao and Jan{29,437, Hsiaoet al [438], Yang and Sadle[84], Tsang[440], Wu et al [87], Tsang and
Arabyan[441], Hsiao and Yand444], Elkaranshawy and Dokainigl81], Crisfield et al [38], Shabana
[446], Shabana and Christenspt65], Devlooet al [463].
DOFs Rotations and Most references eg, Belytschko and Hsidl5], Belytschkoet al[33], Bathe and BolourcHi94], Rankin

displacements

and Brogar{455], Rankin and Nour-Omidl456], Yang and Sadl€e[84], Crisfield et al [38], Devlooet al
[463].

Cartesian
Displacements

Wasfy [85,86,460, Wasfy and Noof91], Banerjed 482], Banerjee and Nagaraj§a48].

Slopes and
displacements

Shaband 21,446,483 Shabana and Christenspt65|, Shabana and Schwertas4di7|, Takahashi and
Shimizu[450], Berzeriet al [451].
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Table 4. (continued)

Solution
procedure

Implicit

Semi-implicit with Newton iterations

Housnel{46], Housneret al[47,484, Yang and Sadl€i84], Hsiao and Janf9], Hsiaoet al[438], Hsiao
and Yang[444], Elkaranshawy and Dokainidl31], Banerjee and Nagarajdd48], Behdinanet al [449],
Shaband21], Devlooet al[463], Choet al [480].

Energy conserving: Crisfield and Sh{89,90, Galvanetto and Crisfielf445], Crisfield et al [38].

Explicit

Belytschko and Hsief45], Belytschko and Kenned}485], Hallquist[486], Flanagan and Tayld475],
Taylor and Flanagaf¥87], Rice and Tind 439], Wasfy[85,86,460, Wasfy and Noof91], lura and Atluri
[453].

Multi-time Step: Belytschkoet al [488], Belytschko and Lij489).

Material models

Linear isotropic

Most references.

Composite
Materials

Hyper-elastic
materials

Crisfield and Moita[476].

Elastic-plastic

Flanagan and Tayld475].

Governing
equations of
motion

Lagrange
equations

Yang and Sadlef84], Elkaranshawy and Dokainigi31], Tsang and Arabyaf41], Devlooet al[463].

Hamilton’s

lura and Atluri[453].
principle

Virtual work /
D’Alembert
Principle

Housner{46], Housneret al [47], Wu et al [87], Crisfield[88], Wasfy[85,460, Wasfy and Noof91].

Nonlinear
structural
dynamics

Applications Belytschko and Hsief45], Belytschkoet al [33], Rice and Ting439].

Crashworthiness Belytschkoet al [468], Belytschko[490], Belytschko and Leviathaf%70,471.
Housner{46], Housneret al [47], Wu et al [87], Wasfy and Noof91], Banerjee and Nagaraj§a48].

Yang and Sadlef84], Wasfy[85,86,46(, Elkaranshawy and Dokainigi31], Wasfy and Noof91],
Shaband446|, Shabana and Christensgt65].

Space structures

General FMS
(mechanisms and
manipulators)

where gg is the vector of rigid body translations and rotainertial frame is just mass times acceleration because these
tions with respect to the global inertial reference frameis forces are referred to an inertial frame. The expression of the
the vector of flexible coordinatgslisplacements and slopes rotational part of the inertia forces includes a quadratic an-
with respect to the intermediate framd,is the mass matrix, gular velocity term ¢xJ6). This term is only present in

F. is the vector of coriolis and centrifugal inertia forc&sis problems involving spatial rotations, and vanishes for planar
a constant stiffness matrix, is the vector of element nodal problems. The rotational part of the equations of motion can
coordinates with respect to the global inertial frariés the be referred to either a moving material frame, or to the global
vector of element nodal rotations with respect to a materialertial reference frame. In the first ca¥és constant, while
frame or the global inertial frame] is the matrix of rota- in the second casé is constant for planar problems and is
tional inertia,K+ is a linearized tangent stiffness matrixis time varying in spatial problems. The expression of the in-
the running time At is the time increment, andq is the ternal forces is nonlinear because it involves either a rotation
vector of translation and rotation increments. matrix (which is a function ofg) in the case of the corota-

In Eq. (4), the expression of the inertia forces for theional frame, or nonlinear finite strain and stress measures in
floating frame involves nonlinear Coriolis, centrifugal, anthe case of the inertial frame. For the corotational frame, if
tangential inertia forces that are the result of using the notie strains are small and the material is linearly elastic, the
inertial floating frame as the reference frame. The Coriollsearity of the force-displacement relation is maintained at
and centrifugal terms are included ky, while the tangen- the element level before multiplying by (see Eq.(5)). In
tial acceleration term makes the mass matrix a function other words, the nonlinearity due to large rotations appears
the flexible coordinates. The nonlinear inertia terms couptmly in the transformation of the internal forces from the
the rigid body and flexible body motions. The internal forcegorotational to the inertial frame.
on the other hand, are linear provided that the deformationsin the majority of implementations of the floating frame,
with respect to the intermediate frame and the angular e inertia and internal forces are written in a similar form as
locities are smallsee Subsection 2.9 in Eq. (4), which means that Eq2) is written for a flexible

Equations (5) and (6) follow from the Newton-Euler component with respect to the floating frame of the compo-
equations of motion. In these equations, the expression of tient. This choice allows the use of modal reduction methods,
translational part of the inertia forces for the corotational anshich can greatly reduce the computational cost. In a few
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Table 5. Classification of a partial list of publications on the inertial frame approach

Element types

Beams

Planar Euler beam
Gontier and Volime{491], Gontier and Li[492], Meijaard[493], Meijaard and Schwap494], Shabana
[21], Berzeri and Shabar{d95|, Berzeriet al [451].
Planar Timoshenko Beams
Simo and Vu-Quo¢50], Ibrahimbegovic and Frej496], Stander and Steif#97].
Planar Curved Timoshenko beams
Ibrahimbegovic and Fref496], Ibrahimbegovid498].
Spatial Euler-Beam
Rosenet al[499].
Spatial Timoshenko Beams
Simo[95], Simo and Vu-Quo¢34,49,96,97, Vu-Quoc and Den§500], Cardona and Gerad[35], Gera-
din and Cardon§98], lura and Atluri[48,501, Crespo Da Silv499], Avello et al[39], Parket al [502],
Downeret al[36], Downer and Park503], Borri and Bottass§504], Bauchatet al[505], Ibrahimbegovic
and Frey[506], Ibrahimbegovicet al [507], Ibrahimbegovic and Al Mikdad37], Bauchau and Hodges
[508].
Bifurcation and instability in Spatial Timoshenko Beams
Cardona and Huesg&09,510.
Spatial curved Timoshenko BeamgReissner beam theory
Ibrahimbegovid498|, Ibrahimbegovic and Mamoufb11], Ibrahimbegovicet al[512], Borri et al [513].
Continuum mechanics principles
Wasfy [514].

Plates and Shells

Kirchhoff-Love model
Raoet al[515].
Mindlin-Reissner model
Simo and Fox516], Simo et al [517], Simo and Tarnow518], Vu-Quoc et al [519], Ibrahimbegovic
[520,523, Ibrahimbegovic and Fref506,521, Boisseet al [523], Bauchauet al [524].
Degenerate shell theory
Hughes and Li|525], Mikkola and Shabangb26].
Continuum mechanics principles
Parisch[527], Wasfy and Noof528], Wasfy[514].

Continuum

Oden[92], Batheet al [93], Laursen and Simf529], Bathe[530], Kozar and Ibrahimbegovis31],
Ibrahimbegovicet al [512], Goicolea and Ordef632], Orden and Goicolefs33], Wasfy[514].

Rigid body, Euler-Parameters Spring[534], Parket al [502], Downeret al [36].
beam, and shell - -
3D rotation Rotatlo(nsal p;eudo- Argyris [82], Parket al [502], Downeret al [36].
L vector (Semi-
description tangential rotations)
Incremental Ibrahimbegovid522,539, Bauchauet al [524], Ibrahimbegovic and Mamoufb11], Borri et al [513].
rotation vector
Conformal rotation ~ Geradin and Cardon®8], Bauchauet al [505], Lim and Taylor[536].
vector (quaternion)
Rotation vector Simo[95], Simo and Vu-Quo¢34,49,97, Simo and FoX516], Cardona and Geradii5], Geradin and
Cardond 98], Borri and Bottass(504], Ibrahimbegovic and Frej621], Kozar and IbrahimbegoviG31],
Ibrahimbegovicet al [507], Ibrahimbegovic and Al Mikdad37].
Two unit vectors Avello et al[39].
Rotation tensor Simo and Vu-Quo¢34,49,97, Avello et al [39], Ibrahimbegovic and Fre}521], Ibrahimbegovid 498],
Ibrahimbegovicet al [507], Ibrahimbegovic and Mamoufb11], Bauchawet al [505], Boisseet al [523].
DOFs Rotations and Most references.
displacements
Cartesian Parisch[527], Goicolea and Ordefb32], Orden and Goicolegb33], Wasfy and Noof528], Wasfy[514].
Displacements
Slopes and Berzeri and Shabar{@95|, Berzeriet al[451], Mikkola and Shabanfb26].
displacements
Beam shape Polynomial Most references.
Functions Bezier functions Gontier and Vollmef491].
Helicoid Borri and Bottass$504].
Load-dependent Meijaard and Schwap494].
modes
Eigen modes Meijaard and Schwap494].
Mass matrix Lumped Parket al [502], Downeret al [36], Wasfy and Noof528], Wasfy[514].
Consistent Most references.
Deformation Total Lagrangian Batheet al [93], Nagarajan and Sharif637], Simo and Vu- Quo¢34,49,5Q, Cardona and Gerad(35],
Reference Ibrahimbegovic and Frey506,521, Kozar and Ibrahimbegovig531], Ibrahimbegovic and Al Mikdad

[37], Boisseet al[523], Wasfy and Noof528], Wasfy[514], Campanelliet al [538], Goicolea and Orden
[532], Orden and Goicolefb33], Berzeri and Shabar{@95], Mikkola and Shabang626].

Updated
Lagrangian

Batheet al[93], Cardona and Geradii85], Boisseet al [523].
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Table 5. (continued).

Governing D’'Alembert Wasfy and Nooif528], Wasfy[514], Berzeri and Shabarf495], Mikkola and Shabang526).
Equations of Principle
Motion

Hamilton’s principle Bauchauet al [505], Bauchauet al [524].
Lagrange equations Hac[539,54(, Hac and Osinski541].

Material Models Linear elastic Most references.
Composite materials Vu-Quoc et al [519,542,548 Vu-Quoc and Dend500], Bauchau and Hodgg$08], Ghiringhelli et al
[544).
Solution Implicit Simo and Vu-Quo¢34,49,50, Cardona and Geradii35], Ibrahimbegovic and Al Mikdadl37], Goicolea
procedure and Orden[532], Orden and Goicole§533], Berzeri and Shabana95], Mikkola and Shaban$526],
Nagarajan and Sharif637], Geradinet al [545].
Explicit Parket al[502,546, Downeret al [36], Wasfy and Noof528|, Wasfy[514].
Hybrid Implicit-Explicit multi-time step: Vu-Quoc and Olssof547-549.
Applications Non-linear Oden[92], Batheet al [93], Bathe[530], Parisch[527].

structural dynamics

Vehicle dynamics Vu-Quoc and Olssof547-55(.
Belt-Drives: Leamy and Wasfy551-553.

Flexible space Vu-Quoc and Sim@554], Wasfy[514].
structures Mechanical deployment: Wasfy and Noof528].
Attitude control: Wasfy and Noof528].

Tethered satellites Tether deploymentLeamyet al [555].
Vibration control: Dignath and Schiehlef556].

Rotorcraft Ghiringhelli et al [544], Bauchauet al [557].

General FMS Van der Werff and Jonkdb58], Jonker{ 100,559, Simo and Vu-Quo¢49,50, Cardona and Gerad[85],
(mechanisms and  Parket al [502,544, Downeret al [36], Bauchawet al [505,560, Hac[539,54(, Wasfy[514].
manipulators)

Axially moving Vu-Quoc and Li[561].
media

implementations of the floating frame, HE®) is written with models are used in conjunction with the floating, corota-
respect to the global inertial framesee Table L These tional, and inertial frames in FMD applications. Tables 3-5
implementations do not allow the use of modal reduction. lyovide a partial list of publications where these models are
addition, only small deflections are allowed within a bodysed in FMS. Brief descriptions of these models is presented
unless nonlinear strain measures are used. ubsequently, along with the issues related to the use of each

In the “_‘alor."y of |_mplementat|0ns of the quOtat'pn_aﬂodel in conjunction the choice of reference frame.
frame, the inertia and internal forces are written in a similar

form as in Eq.(5), which means that Eq2) is written with 2.4.1 Beam elements

respect to the global inertial frame. This allows the use ofBeam elements are used in the majority of FMD publications
simple expression for the translational part of the inertidue to the fact that many flexible components are long and
forces. Also, the internal forces are linear with respect to tiséender. Two categories of beam models are used: Euler-
corotational frame(provided the strains are small and thdernoulli beam model and Timoshenko beam model. In the
constitutive relations are linearThe internal forces are first Euler-Bernoulli model, the transverse shear deformation is
evaluated with respect to the corotational frame and are thegglected and the beam cross sections are assumed to remain
transferred to the global inertial frame using the rotation mglane, rigid, and normal to the beam neutral axis after defor-
trix of the corotational frame. In a few implementations ofnation. The Euler-Bernoulli models provide a good approxi-
the corotational frame, Eq2) is first written with respect to mation for beams with cross-sectional dimensions less than
the element corotational frame and then it is transformed eme tenth the beam length. The rotations of the cross section
the global inertial framésee Table 1 The disadvantage of of a beam can be expressed in terms of the displacement
this approach is that the translational mass matrix includderivatives with respect to the axial coordinate of the beam.

nonlinear termg30]. Thus, the rotation of the beam cross section and the displace-
_ _ ment are not independent. The governing partial differential
2.4 Deformation of the flexible components equation relating the transverse structural forces to the defor-

The kinematic relations for different types of structural menmation involves a fourth-order derivative with respect to the
bers can be classified into different groups according to tepatial coordinate. Therefore, if a single-field displacement
spatial extent of the members. Beam models are used for friddel is used, shape-functions withh €ontinuity are used
members; plate and shell models are used for 2D membés; the transverse displacemeritsibic polynomial for two-
and continuum models are used for 3D members. Thesede beams For the axial displacements, only €ontinuity
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is needed for the shape functioflimear polynomial for two- ¢ Using the torsional spring formulation where the inter-
node beams Using different shape functions for the trans- element slopes are measured using the local nodal dis-
verse and axial displacements can be easily implemented iplacement$5,15,86,91,448,460

floating and corotational frame formulations. In the inertigliany types of kinematic couplings between tangential
frame fOfmUlationS, since all diSplacementS are meaSUr@(ial) and transverse disp|acements are present in beams.
with respect to the inertial frame and there is no distinctiophese couplings arise due to the geometry of the beam. Typi-
between transverse and axial displacements, the same ingaf-kinematic couplings that have been considered are: beam
polations are used for all displacements with respect to tbarvature, arbitrary cross sections, and twisted warped
inertial frame. Thus, inertial frame formulations do not usbeams(coupling of torsion and bendingTables 3-5 provide
Euler-Bernoulli beam theory. Also note that in Eulera partial list of the references where kinematic couplings are
Bernoulli beams rotary inertiéinertia due to the rotation of considered in conjunction with the floating, corotational, and
the cross sectignis often neglected because the theory imertial frames.
suitable only for thin beams, for which rotary inertia is small. Most references use polynomial shape functions for the
The Timoshenko beam model accounts for shear defornfgam elements such as linear or third order polynomials. In
tion. The rotations of the beam cross section and the diegme references new types of interpolations are suggested
placement are independent and the beam cross sectionsstgh as: Bezier functior{g91] and helicoid[504].
main plane after bending, but not necessarily normal to tlat_—:'4_
beam neutral axis. Timoshenko beam theory is a good a;
proximation for thick beams with length of more than threg
t'TeS the pross—sectlonal dimensions. Shape functions W addition, shells can be modeled using solid elements that
C .contmwty are usual!y us_ed for the dlsplgcement anq "%e based on continuum mechanics principles.
tation conjponent_s. All inertial frame beam _|mplementat|ons Kirchhoff-Love models for shells are the 2D counterparts
reported in the.I|terature are k?as_ed on Tlmoshenkp beNEyler-Bernoulli models for beams. They assume that nor-
theory. As mentioned above, this is because all motions g5 1o the shell reference surface remain straight and nor-
referred to the inertial frame; therefore interpolation funGna) after deformation and are inextensional. These models
tions should not distinguish between transverse and axial dige only valid for thin shells. Transverse displacements and
placements. Thus, all displacement and rotational DOFs &fgpes over the shell must be continuous when Kirchhoff-
interpolated independently using the same interpolatiQyve models are used. For four-node shell elements, a bi-
functions, which are linear functions for two-node beam efypjc interpolation for transverse displacements is needed,
ements{34,35,50,453,498,5Q7Timoshenko beams are alsauhile in-plane displacements are interpolated using a bi-
extensively used in conjunction with both floating and corgmear interpolation. Using different interpolations for the
tational frame formulationgsee Tables 3 and)4Finally, transverse and axial displacements is allowed only in a float-
note that all Timoshenko beam implementations include th&y or corotational frame formulation.
rotary inertia because Timoshenko beams are suitable forReissner-Mindlin type models incorporate shear deforma-
thick beams for which rotary inertia is important. tion and are the 2D counterparts of Timoshenko models for
A difficulty of Timoshenko beam theory is that it leads tdeams. The rotations and transverse displacements are inde-
shear locking for thin beams. Techniques to remedy shesmnden{468] and normals to the shell reference surface re-
locking include: reduced and selective reduced integration m&in straight and inextensional but not necessarily normal.
the internal force$35,494, enhanced interpolatior[2196], The degenerate shell models are based on 3D continuum
and the assumed strain method. Some techniques to avoigichanics with a collapsed thickness coordirj&@b5,563.
shear locking, such as reduced integration may give rise $olid elements do not collapse the thickness coordinate and
spurious oscillation modes. lura and Atly453] used the thus do not have to use rotational DOFs. Inertial frame shell
exact solution for linear static Timoshenko beams to deriv@plementations are based on either the Reissner-Mindlin or
the stiffness operator with respect to the corotational frang@ntinuum mechanics principles. This is due to the fact that
and demonstrated that this approach eliminates shear logkice all motions are referred to the inertial frame, interpo-
ing. lation functions should not distinguish between transverse
Euler-Bernoulli and Timoshenko beams have only or@d in-plane displacements, and all displacement and rota-

axial dimension. Those elements can support bending in dihal DOFs are interpolated independently using the same
of the following ways: interpolation functions such as bi-linear functions for four-

node shell elemen{g!68,523.

L USing rotational DOFs at the element nodes. Most refer- Shell and solid elements are used in many types of load-
ences use this technique. Many types of rotation parafig conditions such as bending, tension, compression, shear,
eters are useteg, Euler angles, Euler parameters, and reorsion, and coupled combinations of the previous loadings.
tation vectors. Tables 3-5 list the references which uséany elements proposed in the literature give accurate re-
each type of rotation parameters. Also, a discussion of thalts under certain types of loading and poor results under
rotation parameters is given in Subsection 2.6. other types of loading. In addition, many elements perform

 Using global slope DOFs at the element nofi#46,483  poorly if the element shape is distortgg66]. In order to test

2 Shell and solid elements
ree types of shell models are used: Kirchhoff-Love mod-
s, Reissner-Mindlin models, and degenerate shell models.
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the overall accuracy and robustness of an element, standasdumed field methods The main reason for locking in shell
tests problems have been proposed which include maayd solid elements is the use of the classical isoparametric
combinations of loadings and element distortips67,56§. formulation where the deformation field is assumed to be
Ideally, a shell or solid element should pass all those testgven by the element interpolation functions. For low order
The main reason for poor shell and solid elements perfdinear elements, this deformation field cannot accurately cap-
mance is locking. Many types of locking can occuture the combined bending and shear deformations. Assumed
[530,563,569—-57]1 including: field methods include: the method of incompatible modes
e Shear lockingis caused by the overestimation of shee[r476’521’531’576’517 assumed natural straif627,57§,

; ’ . . enhanced-straif523,571, and assumed strefs79]. In the

strains when the element is undergoing pure bending due : : .
. . assumed field methods, a strain, stress, or deformation gra-

to low order interpolation.

S N dient field is added to the strain field obtained using the
« Membrane lockings caused by the overestimation of the : . .
lement isoparametric shape functions so as to allow the oc-

membrane strains for curved elements when the element IS . . . -
. : currence of pure bending deformation modes with vanishing
undergoing pure bending.

. Trapezoidal lockings related to membrane locking and istshear. Some of those techniques introduce extra variables
caused by the fact that when the element is distoftieg- hat can be eliminated using static condensation. Those tech-

ezoidal shapethe membrane forces are not aligned witfniaues, in most cases, are used with the fully integrated ele-

the element edges. Thus they cause a moment that resrig?sm'

bending. Natural modes elements Some researchers proposed aban-
* Thickness lockings also related to membrane locking andloning the isoparametric formulation in favor ofnatural

is caused by the activation of transverse normal strains ddeformation modeformulation[81]. In this formulation, the

to the Poisson ratio terms when the element is undergoielgment natural deformation modes are used as a basis for

pure bending. constructing the element stiffness matrix. For example, the
» Volumetric lockingoccurs when a nearly incompressible’RIC triangular shell elemenf580-583 is divided into
material (Poisson ratio close to 0.5 used. three beams with each beam possessing four natural defor-

Locking can occur in the plane of the element for shell elgoation modes(extension, shear, symmetric bending, and
ments. In addition, Reissner-Mindlin theory and the dege@Symmetric bendingIn a triangular element that uses three
erate shell theory lead to shear locking in the transverse HuSS sub-elements to model the membrane behavior and

rection. Four techniques are available to eliminate dpree torsional spring sub-elements to model the bending be-
alleviate locking: havior was presented. In Wasfy and Nd628] and Wasfy

[514], an eight-node solid brick element that consists of
twelve truss sub-elements and six surface shear sub-elements
with appropriate stiffness and damping values for modeling
the brick natural deformation modéthree membrane, six
bending, three asymmetric bending, three shear, and three
Reduced integration methods Reduced integration serveswarping modeg was developed. Natural modes elements
two functions: reducing the computational cost of the el&an be designed to avoid locking while accurately modeling
ment and remedying lockingt67,563,579. Unfortunately, the element deformation modes.

if reduced integration is used, then the element bendig,o oqer elements  Another way to reduce locking is to
modes(hourglass modgsare not modeled and, accordingly,;se second and third order isoparametric Lagrangian ele-

they become spurious zero energy modt_as. Adding artificiglnis Third order elements have a bending mode that is
strams,' which are orthogonal t.o'all linear f|'e(dilsus they are nearly shear free and therefore suffer negligible shear lock-
not actlvg-ted by constant straining or by rigid F’Ody mol;oning_ Lee and Bath¢566] showed that the 16-node planar

can stabilize these modp467,469,578 In early implemen- rectangular Lagrangian element has negligible shear and

tations, ad hoc user-input hourglass control parameters WE{ mbrane locking if its sides are straight and the mid-side

used to calculate the associated artificial stress. The glo Ales are evenly spaced. Higher order elements have been
response was found to be sensitive in some cases to th&?ﬁiom used in EMS applications because:

parameterg574]. The ad hoc parameters were later elimi-
nated[470,471,478,57) by using the Hu-Washizu varia-* They suffer membrane locking when they are curved
tional principle to determine the magnitude of the stabiliza- [571].

tion parameters. Stabilized reduced integration elementdhey are computationally expensive.

cannot model bending with only one element through theThey are more complex and involve more DOFs.
thickness because they do not have a physically correcMesh generation is more difficult.

bending mode. Even two to three layers of elements may noMid-side and corner nodes are not equivalent. This makes
provide accurate results. In Harn and Belytsch&@5], an it difficult to connect them to other elements and joints.
adaptive procedure is devised in which the number ofAlso, it complicates the formulation and modeling of
guadrature points for the normal stresses is changed depentheir inertia characteristics and their use in contact/impact
ing on the deformation state of the element. problems.

* Reduced integration methods
* Assumed field methods

* Natural-modes elements

e Higher-order elements



Appl Mech Rev vol 56, no 6, November 2003 Wasfy and Noor: Computational strategies for flexible multibody systems 569

 Their accuracy, stability, and locking behavior are sensitiy&84], and Borriet al [585]. Spatial finite rotations can be

to the location of the mid-side nodes. uniquely represented using a second-order orthogonal rota-
tion tensor¥. The six orthogonality conditions¥(¥ "=1)
2.5 Treatment of large rotations can be used to reduce the representation to a minimum of

A major characteristic of FMS is that the flexible Compot_hree. There are a number of difficulties associated with ro-

. . taftional DOFs:
nents undergo large rigid body rotations. The treatment o
large rotations in the floating, corotational, and inertial frame Using three parametefgg, Euler anglesor four param-
approaches is discussed subsequently. eters(eg, rotation vectgrlead to singularities at certain
positions. For example, for rotation magnitudes greater

25.1 Floa_ltmg frame ) than, the rotation vector at a node is not unids,37.
In the floating frame approach, large rotations are handled aipjg gingularity can be removed using a correction routine

the component level using _the component’s_ﬂoatlng_ frame ¢y, rotations greater tham. Alternatively, the incremental
The deformation of the flexible components is described byrotation vecto35] can be used. Incremental rotation vec-

small displacement and slope DOFs that are defined reIativ<~E‘orS are additive. can be transformed as vectors. and are
to the floating frame. The fact that the component is movingfree of singulariti’e:{35 474 ’

and rotating introduces nonlinear inertia coupling, tangentue.ll,.l.he relation between the various rotation parameters and

O e e Tl orce. A Sthe eneralzed physical momenis and the momeris of -
9 9 ' ertia involve complicated trigonometric functions.

terms are discussed in Subsection 2.8. The position and ori: . . : .
. . : . * In spatial problems with rotational DOFs, the rotational
entation of each floating fram@r flexible component with : . . .
. . part of the equations of motion can be written with respect
respect to the global inertial reference frame, can be deter; o .
. . . . . to the global inertial framdspatial frame [35,39 or a
mined using three position coordinates and a minimum ofbod attached nodal fram@naterial frame [33—39. Re-
three orientation coordinates. The position coordinates defin?err% the rotational eauations to the inertial fram.e i spa
the origin of the floating frame and the orientation coordi- 9 d P

nates define the rotation matriR) of the floating frameEq. tlal_probllil”r]ts. Ieadti o a m_o_menf[ f[)f Eertla tenfoc; which
(1)). Commonly used orientation angles are the three Eule/arnes with time, hus requiring it to be computed every
me step. On the other hand, if the rotational equations are

angles. However, it is known that the use of three parameters™ ; .

to define the spatial orientation of a body leads to singulari-"v”_tten ,W'th respec;t to a material frame, th(_an the moment
ties at certain orientations. Thus, researchers prefer to u58f Inertia Fensor \,N'th respect to that frame IS constant,
non-minimal spatial orientation descriptions such as EulérNtérpolation of different types of rotational DOFsuch as
parameters, two unit vectors, rotation vector, or rotation ten-EUl€r angles, Euler parameters, rotation vecton istmot

sor (see Table B The various types of spatial orientation duivalent. _ _

descriptions were first used in rigid multibody dynamics ard /nterpolation of incremental and total rotation measures
then ported to FMD. Note that in planar problems there is noSPOIlS the objectivity of the strain measure with respect to
problem with rotation parameterization because the orientaligid body rotation[586]. In addition, interpolation of in-
tion of the floating frame is easily defined using only one cremental rotations, especially in the inertial frame ap-

angle. proach, leads to accumulation of rotation errors in a path
, L dependent way538,584.
2.5.2 Corotational and inertial frame « Drilling rotational DOFs were used in shell elements

In the inertial and corotational frame formulations, the final [472-474,587 membrane elements [506,520,521,
expression of the internal force vector of a finite elementsgg 589, as well as solid elemen{§31]. This makes the
involves a rotation or deformation gradient matrix which:  glement compatible with beam elements. However, it was
« Defines the local rigid body rotation shown in Ibrahimbegovic and Fr¢g21] that the introduc-

« Transforms the DOFs relative to the inertial frame to local tion of drilling rotational DOFs can amplify the shear lock-
DOFs ing effect. The accuracy of the element was recovered by

« Transforms the local internal forces back to the inertial Using the method of incompatible modes to remedy the
frame shear lockind521,531.

When modeling beams and shells, rotational DOFs are oftegcently, in Shabanp446,483,590,59)1 an absolute nodal
used. The types of nodal rotation parameters used in c@@ordinates formulationwas developed, in which global
junction with the corotational frame and inertial frames arglope DOFs are used instead of rotational DOFs. This leads
listed in Tables 4 and 5, respectively. Many researches uigean isoparametric formulation with a constant mass matrix.
more than one type of rotation parameters. For example, The formulation was first used with a corotational type frame
Parket al[502] and Downer et al.36], the rotational pseudo for planar beams. Then it was used with the global inertial
vector is used for calculating the internal forces and Eulélame as the only reference frame in Berzeri and Shabana
parameters are used for the time integration. Reviews of t#95] and Berzeriet al [451]. The application of this formu-
different types of rotation parameters and the relations Hetion to spatial problems requires the use of 12 DQksee
tween them are given in Argyrig82], Spring[534], Atluri  translational DOFs and nine slope DQIper nodd 465,526

and Cazzan[535,583, lbrahimbegovic[535|, Betschet al as opposed to only six DOFs per notthree translational
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DOFs and three rotational DOFfor elements that use tra-formulation, the reference configuration is the unstressed
ditional rotational DOFs. More research is being conductednfiguration(or the initial configuration at time)0In the

to develop elements that use this formulation and assess thdirformulation, the reference configuration is the configura-

accuracy, convergence, robustness, and computational &féin at the previous time step. The UL and TL formulations

ciency. can be used with the floating, corotational, or inertial frame
In order to circumvent the difficulties associated with rogpproachegsee Tables 35

tational and slope DOFs, some researches use only Cartesiamh UL formulations the stress-strain relation is more natu-

nodal coordinates to model beams and shells. In this caggly expressed in rate form relating a stress rate tensor to an
the equations of motion are written with respect to the globghergy conjugate strain-rate tensor. Jaumann stresgsge
inertial frame and the mass matrix is constant. The treatme@bften used in inertial frame formulations and Cauchy stress
of large rotations, in this case, is straightforwarequiring a ate [468,597 is often used in corotational frame formula-
rotation or deformation gradient matyixrhe kinematic con- tions. UL formulations are used in conjunction with corota-
dition necessary for modeling beams and shells is that thgng [468—471 and inertial[ 94,444,475 48]lframe formu-
transverse displacements and slopes between elements; 4(gns in large strain applications such as crash-worthiness,
continuous(this condition may be satisfied only in a globaj e g forming, and nonlinear structural dynamics. Those ap-

sensg This condition can be satisfied at element interfac cations often involve plastic material behavior. UL formu-
without using rotational DOFs by using the vectors conne 5

ing th des 1o define the inter-el t sl b tions are most suited for systems which involve large
Ing the nodes 1o deine the inter-element Slopes or by USINgaing ang plastic material behavior because the constitutive
solid elements. Three-node torsional spring beam formu

. . 1OMU& ess-strain relations used in these a lications, such as
tions [5,15,85,86,91,448,482,5p2chieve slope continuity . . : bp .

. S visco-plastic material models, are usually expressed in terms

between elements by using the direction of the vector con: :

. ; S of strain and stress rates Batp#68,53(. In UL formula-

necting two successive nodes as the direction of the tangent :

1ons, because the stress state at each time step depends on

to the beam at the midpoint between the two nodes. Thh ted st tate at th . " . cal
technique was also used to develop a triangular three-nc; & computed Siress state at the previous time step, numerica
| errors such as iteration errors, time integration errors, and

shell element in Argyriet al [593] and an eight-node shel .
round-offs can accumulate from one time step to the next

element in Wasfy and Nod®1]. The latter element exhibits ) e SR
negligible locking because it has the correct bending mod&&USing the response to drift in tind39,449. This drift is

However, the element has the same difficulties of other higfiuch more critical in FMD applications because they in-
order elements outlined at the end of Section 2.4. volve much larger rigid body rotationgvhich usually in-
Recently, many researchers developed displacemeYFflveS many revolutionsand much longer simulation times

based solid elements, based on continuum mechanics pﬂﬂative to metal forming and crash-worthiness applications.
ciples, that can be used to model beams and shells: The response drift is more critical in implicit methods than in

) explicit methodq468] because the chosen time step is usu-

* Hexahedral eight-node elemeis27,571,594 ally much larger than the smallest time step of the system,
* Pentagonal six-node elemélis95) thus resulting in larger time integration errors. Also, the re-
* Hexahedral 18-node element with two layers of nodes eagh),\se qrift is more critical for inertial frame formulations

havmg hine nodegthus th? thl_ckness direction is IIn(?a,rlythan corotational frame formulations because the latter elimi-

mterpo!ate@i [571’596' This high-order elc_ement exhibits nate the rigid body rotation before the UL stress update. Park

the difficulties outlined at the end of Section 2.4. et al [502] and Downeret al [36] developed a corotational
All the above elements used the assumed natural strainur formulation along with an explicit solution procedure to
stress methods to remedy locking. Unfortunately, those el@odel spatial Timoshenko beams. Meek and Wat@$)] de-
ments have only been tested in static and quasi-static lat@goped a corotational UL formulation along with an implicit
deformation problems, but have not yet been tested in dygjution procedure for modeling shells.
namic problems. In Wasfy and No@528] and Wasfy[514] Many inertial and corotational frame formulations use an
the natural-modes eight-noded brick element based on {)g formulation for rotations in which rotations are described
inertial reference frame was designed to accurately model th¢ increments with respect to the configuration at the previ-
e_lement deformation modes_while avoiding locking and spyy;s time stefieg,[35,474). This formulation is very conve-
rious modes. It was shown in Wasf§14] that the element pient hecause incremental rotations are vector quantities and,
accurately solved standard benchmark dynamic shell refore, are additive and free of singularities. However,
beam problems. The element was also used to simulate Yg.ic and Crisfield586] showed that, similar to the UL

deployment process of a Iarge articulated space SUUCHR, o update, this can lead to accumulation of rotation errors
over 180 sec. The model consisted of beams, shells, revoIH]tea path dependent way

joints, prismatic joints, linear actuators, rotary actuators, and TL formulations do not suffer from the response drift

PD tracking controllers. problem during stress updates because the strain is always
referred to a fixed known configuration. Most floating frame
2.6 Reference configuration formulations use a TL formulation because displacements
Two reference configuration choices are used in practice: telative the floating frame are relatively small and, thus,
tal LagrangianTL) and updated Lagrangidk/L). In the TL there is no advantage in using an UL formulation. Also, most
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corotational frame formulationgsee Table ¥ and inertial which Cartesian joint coordinates are calculated by starting
frame formulationgsee Table § which are developed spe-from the base body to the terminal bodiésrward path and

cifically for FMS, use a TL formulation. the joint reaction forces are eliminated from one body to the
_ o ) next until the base body is reachdaackward path Since
2.7 Discretization techniques constraints are automatically incorporated in the equations of

In the majority of FMD literature on floating, corotational,motion from leaf-bodies to the base body, for open-loop sys-
and inertial frame approaches, the flexible components agens, only the dynamic equilibrium equatio(Bqg. (3)) are
discretized using the finite element method. Other discretizgeeded to model the system. For closed-loop systems, how-
tion techniques have been used in conjunction with the floalver, loop-closure constraint equatiofg. (2)) must be

ing frame approach. These are: added. The dynamic equilibrium equations have the same

« Normal mode techniquésee Modal Reduction in Subsec 0™ as Eq.(3), except that now the system matrices are
tion 2.8.4 dense because the set of generalized coordinates is minimal.

« Finite difference§101,179 The relative coordinate formulation algorithm was first ap-

- Boundary element methd@13] plied to open-loop rigid multibody systems in Chdde0]

« Element-free Galerkin methodEFGM) [598] and to open-loop FMS in Hughegl33], Book [135],

« Analytical modeling[11,60,66,67,315—316In analytical Changizi and Shabangl10], and Kim and Haug[138].
modeling techniques, generally only one link of the multifhen, it was extended to closed-loop FMS by adding

body system is assumed to be elastic while the others &-joint  constraints to the equations of motion
rigid. [111,112,147,148,130The closed-loop constraints, as well

as prescribed motion constraints, are usually included using
2.8 Special modeling techniques used in conjunction Lagrange multipliers. The relative coordinates formulation in
with the floating frame conjunction with a recursive solution procedure has been

Since the equations of motiggq. (3)) for the floating frame demonstrated to yield near real-time solution for some prac-

are written with respect to the floating frame, which is Hcal proplems(eg,[154,§99,6oﬂ). . .
non-inertial frame, special modeling techniques are needed':ee""lt've nodal coordinates, along W'th. a recursive SO'.U_
to handle the nonlinear inertia forces. In addition, other spggn proce_dure, have recently been used in co_njun_ctlon with
cial modeling techniques which are used in conjunction with corotanan-'_[ype f‘_’rm‘_"a“o” for FMS which includes
the floating frame approach include: the description of rigilaealms and rigid .bod|es n Eam ,al [479].and Choet al
body motion in terms of absolute or relative coordinates80l- The corotational frame in this case is the frame of the
treatment of geometric nonlinearities, and modal reducti@fliacent node to the element. Similar to the floating frame, a

methods. Table 3 lists the references where these technigif&&!rsive algorithm including forward and backward paths is
were developed. used. A loop-closure constraint equation was added for mod-

eling closed-loop FMS.
2.8.1 Absolute and relative coordinates Relative coordinates techniques involve the additional
An important classification of rigid body coordinates of thetep of computing the tree. This can be inconvenient for
floating frame is whether absolute or relative coordinates ajgriable structure FMS and FMS involving contact/impact.
used. In the absolute coordinates formulation, the coorgiy addition, for FMS involving closed loops, the solution

nates of each bOdy are referred to the global inertial I’efQjependS on the choice of the location of the cut-joint
ence frame. Joints and motion constraints couple and c@gmstraint.

strain the rigid body coordinates of the bodisach that they
are no longer independéntThis method is also called the2-8.2 Nonlinear inertia effects
augmented formulatiomecause the resulting equations of\s mentioned previously, in the floating frame approach,
motion involve sparse matrices and a non-minimal numbegually both inertia and internal forces are evaluated with
of DOFs that include six spatial degrees of freedom for eat@spect to the floating frame. Since the inertia forces are
body, Lagrange multipliers associated with the constrairggpressed relative to the floating frame, which is a moving
between the bodies, and elastic coordinates of each bofiigme, they include, in addition to the linear mass times flex-
The formulation simplifies the introduction of general conible accelerations relative to the floating frame term, three
straint and forcing functions for both open and closed-lodgpes of terms: nonlinear tangential, centrifugal, and Coriolis
FMS. inertia forces. These terms couple rigid body acceleration of
In the relative coordinates formulation, the coordinates ttie floating frame and the flexible body accelerations relative
a body in a chain of bodies are expressed in terms of ttethe floating frame such that a vibration of the body pro-
coordinates of the previous body in the chain and the DOHsces a rigid body motion and vice versa.
of the joint connecting the two bodies. Thus, for open-loop In the early research on the floating frame approach, the
systems, the generalized coordinates are independent aadpling terms were neglected. A rigid body dynamic analy-
their number is minimal. This formulation is also called thsis was first conducted to find the rigid body motion and
joint coordinate formulation because the joint DOFs are uséder-body reaction forces of the flexible multibody system.
to determine the position and forces of each body. This foFhen, for each discrete configuration of the system, the re-
mulation allows the use of a recursive solution procedure attion forces are applied to each flexible body to find its
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flexible deformations. Thus, at each discrete position, thigid body rotation, and flexible coordinates, respectively.
multibody system is assumed to be an instantaneolise corresponding system’s mass matrix in Et).can be
structure. This approach was adopted in the kinetoxitten as:
elastodynamics of mechanisrtey,[9,57,58,63). The effect M M M
of the coupling between flexible and rigid body motion be- i T T
comes more important as the ratio between the rigid body M = Mgy My (8)
inertia forces and the flexible body inertia forces decrease. sym M
This ratio increases by mounting flywheels with high mo- ] . . .
ments of inertia to the axis of the rotating flexible bodyne matrix M1y is a constant translational mass matrix
Researchers working on kineto-elastodynamics of mech4ich represents the mass of the entire bady; is the
nisms found that adding the coupling terms has very littgPnstant finite element mass matrM,, is the rotary inertia
effect on the respong@81,31Q. This is because the mecha natrix whlc_h repres_ents the inertia t_ensor of the flexible
nisms have large flywheels and are stiff closed-loop FM80dY (M is approximately constant if the body deforma-
For FMS that do not have large flywheels, such as robof@ns are small, otherwise it is time varyindv ,; and M
manipulators and space structures, the coupling terms &f€ time-varying matricegvhich are a function of the gen-
essential for accurate response prediction. eralized coordinatgswhich represgnt the inertial pouplmg
The importance and need for the rigid-flexible motioR€tween the gross rigid body motion and the flexible defor-
coupling were recognized very early in the development §ations, andVl 4y is a time-varying matrix representing the
the floating frame approach. Viscomi and Aj6¥] and Chu inertial cogplmg betwee_n Fhe rigid body translation and rigid
and Par(179] derived the partial differential equation gov-Pody rotation. The Coriolis and centrifugal forces are qua-
erning the motion of the flexible connecting rod of a SHde,dratIC_ln velocities and are also nonlinear in the generalized
crank mechanism which includes the inertial coupling termgoordinates. They are added to E4):
Sadler and Sandof102] and Sadler[178] developed a _ 19
lumped mass finite difference type nonlinear model for flex- F.=Mq+ > ﬁ
ible four-bar linkages. Thompson and B&Bi 6] presented a
variational formulation for the dynamic modeling of linkagesvhereM{ is the Coriolis force vector an&i/dq ("M §) is
where Lagrange multipliers are used to impose displacemém centrifugal force vector.
compatibility at the joints, and some coupling terms are in- Another important nonlinear inertial effect is dynamic or
cluded. Cavin and Dustfl23] derived the governing semi- centrifugal stiffening. The centrifugal component of the iner-
discrete finite element equations of a single flexible bodia force acts along the axis of the rotating body causing an
including the coupling terms using a body mean-axis formaxial stress that increases the bending stiffness of the body
lation. The axial deformation was neglected in Viscomi and5,204,208. In addition, if this body is connected to other
Ayre [67] and Sadler and Sandpt02], and was included in bodies, then the rotation of the other bodies will cause a
Chu and Paf179]. Neglecting the axial deformation meanstiffening effect on the root body because of the transfer of
that the centrifugal stiffening effect and the nonlinear inertidhter-body forces through the joinfd11,203,214,221,232
coupling terms which involve the axial deformation, are ndf a classical beam element is used for the flexible compo-
glected. The effect of these additional terms is negligible forent, the bending deformation is not coupled with the axial
mechanisms with high axial stiffness undergoing relativelyeformation, which means that dynamic stiffening is ne-
slow rotation and small deformations. glected. Many flexible multibody analysis codes developed
The limitation of computational speed and the lack ah the early 1980s had this flaw. Karet al [205] showed
a standard formulation of the coupling terms betweehat, for a rotating flexible beam undergoing a spin-up ma-
rigid body and flexible body motion made the inclusion ofeuver, neglecting the centrifugal stiffening term results in
these terms difficult until the late 1970s. Then a series tife wrong prediction that the beam diverges during the ma-
papers presented floating frame absolute coordinates fimiuver. They demonstrated that by using a nonlinear strain-
element formulations which include the coupling termdisplacement relation, which couples the axial and bending
[72,103,106,108,180,181,27(Floating frame formulations strains, proper stiffening effects are included. This was fol-
based on relative coordinates which include the couplingwed by numerous other studies investigating the dynamic
terms were presented by Kim and Haug8] and Ider and stiffening effect and developing new modeling techniques to
Amirouche[111]. Shabana and Weha@£06,18( suggested accurately incorporate the effect in general Fi4é8e Table
the current widely used form of the inertia coupling terms3). In a finite element formulation, the centrifugal stiffening
This form can be easily used in conjunction with modal reéerm is usually included in a nonlinear stiffness matfiy,
duction techniques and it clearly identifies the various cothat is added to the partitioned equation of motisee Eq.
pling terms. In this form, the generalized coordinates atg)) yielding the following form for the system stiffness ma-

(G'™™M@q) 9)

partitioned in the following way: trix:
q=lar gy a' @) o9 °
k=0 0 0 (10)
where subscript¥, 6, andf denote rigid body translation, 0 0 Ki+Kye
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whereK, is the linear constant stiffness matiiiX a linear computational speed is twofold. First, a larger integration
constitutive material law is us¢Ky, is nonlinear and time- time step can be used. Second, the reduction in the number
varying which may include, in addition to the coupling beef flexible DOFs reduces the number of equations of motion
tween axial deformation and transverse bending deformatititat need to be solved. Detailed deformation and stress fields
which gives rise to the centrifugal stiffening effect, quadratim a flexible body can be calculated using an FEM program
strain-displacement terms which account for moderate fleix-a post-processing stage. This can be done by applying the
ible deflections(see the succeeding subsecjiofhe use of computed inertia forces in addition to the applied loads and
the nonlinear stiffness matriy, makes it difficult to use constraints to a detailed FE model of the flexible body
modal reduction techniques. This is further discussed in tf@12,601 or by applying the deformations following from
Subsection 2.8.4. the modal coordinates to the FE mo¢é02].
2.8.3 Treatment of geometric nonlinearities The mode _shapes and natgral fre_quencies that are usgd in
. modal reduction can be obtained either by modal reduction
In order to extend the deflection range of a body when th? . . . ) -
floating frame approach is used, quadratic terms in the strajn- finite element modeil_or by using expenment.ally ident
displacement relation can be i,ncluded In Table 3 publici{(-ad modeg 269 The ability to use modal I’ed.UCtIC(IGESpe—
. ) . . ; : Cially experimentally identified modgss the main factor for
tions in which these terms are included are listed. The noji-

linear quadratic strain terms are added to the nonlinetzt\]re widespread use of the floating frame approach in model-

stiffness matrix<y, (Eq. (10)). An important effect, which is "9 FMS. Very early in the development of the floating frame
included by incorporating the axial-bending quadratic stra{?r\}o%ojgg(’j i:?nd:(;elrﬁduscugcne 2;(3c'?uc;ge\‘/:/itrr?ggiibtlgc:m%l;i
terms, is the foreshortening effect, which is the shortening Ofees [52-54,50,238 e?ndpin the Kineto-elastod namiczpof
the projected length of a beam relative to its referen . N y
echanism$104,233. Then, later modal reduction was ap-

igh fi [ heni . Thi h = s
straight configuration when it bends. This means that a tra%l ed to finite element models of general FNiSe Table B

verse displacement of a point on the beam gives rise to Modal reduction can achieve large reductions in compu-
axial displacement. In the floating frame approach, becau odal reduction ca 9 P

S . . . :
the deformations are superimposed on the rigid body refé??'on time only if the body mass and stifiness matrices are

ence configuration, the rigid body length is usually kept Coﬁ_(_)nstantﬂe, are not a function of time or generalized coor-

stant, which means that foreshortening is neglected. A%l_nate& The modal reduction, in this case, is performed

counting for foreshortening requires updating the boa%;e at tth.e begmnlngt] of thte St'nlﬁlat'on'(;f :hedmafs or St'ftf'b
inertia tensors. Foreshortening becomes more important S matrices are not constant, then modal reauction must be

the deflection increases. perfor'med at each tim.e stgp, which defeat; the purpose of
reducing the computation time. If the deflection of the body
2.8.4 Modal reduction is small and its angular velocity is low or constant, then the
A major advantage of using the floating reference frame limdy mass and stiffness matrices are approximately constant
that the physical finite element nodal coordinates can be easth respect to the floating frame. Large deflections intro-
ily reduced using modal analysis techniques based on usindute quadratic terms in the strain-displacement relations.
reduced set of eigen-vectors of the free vibration discrettarge variable angular velocities make the centrifugal stiff-
equations of motion as flexible modal coordinates. The rening term time varying. Thus large deflections and large
duction is achieved by eliminating the high frequencyariable angular velocities make the stiffness matrix, and
modes, which carry little energy. Modal reduction offers ahence the natural frequencies and mode shapes of the flexible
efficient way to reduce the number of DOFs with the minibodies, nonlinear and time-varyinga function of the
mum deterioration in accuracy. Based on the coordinate pélexible body coordinates and angular velociti¢82,204,
titioning strategy suggested in Shabana and Wehags7,258. For example, Khulief[32] showed that the re-
[106,180, modal reduction can be done by using the followsponse of the coupler and follower of a four-bar linkage cal-

ing transformation for the generalized coordinates: culated using modal coordinates deviated significantly from
that using physical coordinates. Rgtial [43,44] developed
ar 0 0 ar a time varying stiffness matrix that can be used to extract
Jop=[0 1 0[{0qy (11) time-varying Eigen modes of centrifugally stiffened beams,
O 0o o wl|lPs which can be superposed on the linear Eigen modes. The

method, however, requires a modal reduction at each time
wherel is the identity matrix,WW is the modal matrix that step.
consists of a finite set of eigenvectdrp to the eigenvector  The nonlinear inertial coupling terms make the inertia ten-
corresponding to the desired maximum natural frequencgor of a body nonlinear. However, using the coordinate par-
and P; is the vector of generalized modal coordinates. liitioning technique developed in Shabana and Wethag#6],
many FMS applications, the high frequency modes carlipear modal reduction techniques can be applied only to the
little energy and thus have a negligible effect on the overdlexible coordinates mass matii%84,191,236,253,262,27.1
dynamic motion of the multibody system. Also, the presende order to allow the floating frame and modal coordinates to
of the high frequency modes increases the stiffness of the used in problems involving large deflections, several re-
equations of motion and requires the use of a small integisearchers developed a sub-structuring procedure in which
tion time step. So if these modes are eliminated, the gaineéach body is divided into a number of sub-structures
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[21,167,278,281-283,285,287Modal reduction is per- model or from experiments. Experimental modal identifi-
formed for each sub-structure relative to a frame fixed to it. cation is extensively used for transportation vehicles and
Thus, in large deflection problems the deflections inside agpace structure@g, [604,603).

sub-structure are still small and modal reduction is still valig. £ small deflections and low angular velocity applications

The fiexible behavior of a body is dependent on the (such as space structures applicatjpiise floating frame

choice of thg component modes since a flexible body Canformulation, in conjunction with modal coordinates, offers
only deform in the space spanned by the selected modes. Tht

%e best mix of speed and accuracy. In the 1970s and 1980s

calculation and selection of these modes requires experienc% duction i tational effort offered b dal
and judgment on the part of the analyst. This is because thé € reduction in computtational efiort otiered by modal co-

boundary conditions, which are used to calculate the defor-ordm&,ltes was essentia_l to be able to solve practical prob-
mation mode shapes, do not usually fit a standard descriptioff™S in & reasonable time.

(such as simply supported, fixed-fixed, or cantilevermad The corotational and inertial frame approaches share the fol-
sometimes the description may be configuration dependémwing advantages over the floating frame approach:
[246,264. In addition, the choice of the deformation modes . N .
depends on the choice of the definition of the ﬂoatin'g The translational part of the inertia tensor is linear and

frame—fixed [282] or moving body axeg275]. Thus, in c(-)nstant.. ) .

practical application of modal reduction, the analyst muétK,'nemat'(_: nopllnear effects such gs large deflect!ons, cen-
insure that the experimental or numerical modes used matcfifugal stiffening, and foreshortening are automatically ac-
the boundary conditions of the actual system where the come0unted for. The accuracy of accounting for these effects
ponent will be placed87]. Thus, modal reduction requires increases with mesh refinement.

experience on the part of the analyst. Several researchBespite the aforementioned advantages, the corotational and
have addressed the issue of the selection of the deformatiqértial frame approaches have not been widely used for

modes and their relation to the boundary conditions amgodeling FMS until the early 1990s due to the following:
floating frame definition[109,256,261—-266,275,6Q3For

large FMS, which can involve thousands of components, thel Ne corotational frame approach arose out of research in
modal reduction step may require a very long time from anComputational structural dynamics, while the inertial frame
experienced analyst. Thus, the increase in model preparatiofiPProach arose out of research on the large deformation

time can far outweigh the reduction in computer time. nonlinear finite element methods. The floating frame ap-
) ) ) proach, on the other hand, arose out of research on rigid
2.8.5 Governing equations of motion multibody dynamics, which is conceptually closer to FMD.
There are many choices for writing the governing equatiQnpiogdal reduction techniques cannot be easily applied with
of motion of a multibody system. These include: Lagrange’s o rrent corotational and inertial frame formulations. There-
equations, the Hamilton principle, Kane’s equations, andgyre for small deflection FMS problems, the computation
Newton-Euler equations. In the first three choices, scalag; . is generally considerably larger than that of tech-

quantities such as kinetic energy, potential energy, and V'r'niques relying on the floating frame and modal reduction.

tual work are used. In these formulations the nonworkm.g.l.he limited computational speed up to the late 1980s made

constraint forces are automatically eliminated from the deri- . o .
: : : - .~ the corotational and inertial frame approaches unattractive
vation of the equations of motion. This is useful for rigid . .
for solving practical FMS problems.

body dynamic type analyses because it means reducing -thﬁigid body closed loops are difficult to include in a coro-

number of unknown forces by the number of nonworking "= | and inertial f f lation b h .
constraint forces. However, in FMD the constraint forcestaltlona and inertial irame formulation because the optl-

are working forces because they cause deformations; therd UM solution procedure for rigid body closed loops is fun-
fore all the forms of the governing equations lead to similar d@mentally different from the optimum flexible body
semi-discrete equations of motion. In Table 3, papers aréorotational or inertial frame solution procedures.
classified according the type of governing equations of md-In Practical multibody applications, some components may

tion used during the derivation of the semi-discrete equationd’€ Very stiff. Those components require very small integra-
of motion. tion time steps, which make the solution very slow. In a

floating frame approach, on the other hand, when modal
reduction is used, the stiff modes can be discarded.
 For the inertial and corotational frames, the computation

] ) ] ] . time is the same for small deflection and large deflection
The floating frame approach, in conjunction with modal co- nrohlems. This is because the formulation used in model-
ordinates, is currently the most widely used method for mod—mg large deflections is the same formulation required to

eling FMS. This is because: account for the large rigid body rotation. Therefore, the

+ The floating frame approach provided a direct way to ex-small deflection assumption, which is valid in a large num-
tend rigid multibody dynamics codes for modeling FMS. ber of practical FMS, does not reduce the computation

» Reduced modal coordinates can be used in conjunctioriime. In addition, in the inertial frame approach, the com-
with the floating frame formulation. Mode shapes and fre- putation time is also the same for small strain and large
guencies can be either obtained from a finite elementstrain problems.

2.9 Summary of the key advantages and limitations of
the three frame formulations
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Recent advances have relaxed some of the above difficultied.agrange multiplier method
Some of these advances are: * Penalty method

e Computer speeds have increased by nearly three orders (ﬁugmented La_grang|an method
: . . : » Relative coordinates method
magnitude since the mid-1980s. At the same time, com- . ) :
. : » Special methods for hinge Joints
puter prices have dropped. Thus, the computational cos ;
. . : *Internal element constraints

has considerably decreased, making the corotational and1 o _
inertial frame formulations economical for more practicalable 6 shows a partial list of papers where the various meth-
FMS applications. In addition, new clusters of massivel§ds for constraint enforcement are used.
parallel processors allow fast solution of many practlcaod_l_1 Lagrange multipliers
large FMS.

e There are many commercial codésg, DYNA, MSC/
DYTRAN, and ABAQUS/Explici based on the corota-
tional and inertial frame approaches that incorporate rigid o
components, with the restriction that at least one flexible Fr=— ‘9_)\ (15)
component must be present in a closed loop. These codes Jq
also have a large library of joints such as revolute, pris-
matic, cylindrical, spherical, planar, and universal joints.are added to the global equations of motion. In ELp),

+ Multi-time step explicit and hybrid explicit-implicit proce- d®/4dq is the Jacobian of constraint equations ani the
dures[489] have been developed to solve stiff problemgector of Lagrange multipliers. Lagrange multiplier method
with disperate time scales at a considerable saving in cois-used to incorporate holonomic and non-holonomic con-
puter time. straints in rigid multibody systems.

él'he method was applied to FMS using the floating frame

proach in Thompson and BafB816], Song and Haug

103], and Blejwas[368] and is currently the most widely

In the Lagrange multiplier technique, constraint reaction
forcesFy (see Eqgs(2,3)) of the form:

These recent advances, coupled with the advantages of th
corotational and inertial frame formulations, have mal
these formulations very attractive for practical FMS applic . . . . !
tions. Many researchers recently applied the corotatiortéﬁed method for mcprporatmg cqnstralnts n thg floating
frame approach to beam-type FM1,38,46,47,84—88, rame formulat|or_1. It is also used in the relative joint coor-
91,453,460 and to shell-type FM$91,466. Also, many re- dinates formulation to enforce loop-closure constraints.

searchers recently applied the inertial frame approach thuations(Z) and(3), which are the governing semi-discrete

beam-type FMS[34—37,39,48—50,96,97,501-§0and to equations of motion of the FMS, form a system of DAEs of
shell-type FMS[514 518 524 528 Y size N+ m-+c, whereN is the total number of bodies is

the total number of elastic DOFs, ands the total number of
Lagrange multiplier§103]. For the absolute coordinate for-
fﬁufﬁgggsg\N(L:Ah/ﬁgngNG IN FLEXIBLE mulation, the number of Lagrange multipliers is equal to the
_ o . _ _total number of constraints. In this case, the equations of
Constraints can be divided into three main types: prescribgfbtion have the maximum number of coordinates and thus
motion, joints, and contact/impact. The three types can B formulation is called the augmented formulation. The

written in the following compact form: number of DOFs can be reduced tbl6 m—c independent
f(q,t)=0 (Prescribed motion (12) coordinates prior to the solution procedure by eliminating the
dependent coordinates and associated Lagrange multipliers.
f(q)=0 (Jointy (13) A variety of methods have been developed to perform this

reduction and obtain an expression of the dependent DOFs in
terms of the independent DOFs. These include: the orthogo-
whereq is the vector of generalized system coordinatés, nal complement to the constraint matrizero eigenvalue
the running time, andl is the generalized constraint functiontheorem [5,371,606—61]) the singular value decomposition
These constraints give rise to constraint reaction forces thaéthod[72,611,612, coordinate partitioning methods using
are normal to the direction of motion. In addition, they canU factorization[147,613—-618 and up-triangular decom-
produce friction, damping, and elastic forces in the directigsosition of the constraints Jacobian matrix using House-
of motion. In the following subsections, the various FMDholder iterationg113,619—622 Using the relative coordi-
techniques for modeling joints, prescribed motion comate formulation, this reduction is automatically obtained for

f(g)=0 (Contact/impact (14)

straints, and contact/impact are reviewed. tree type FMS[111,112,157 For closed-loop FMS, a
_ ) ) _ Lagrange multiplier is needed for each loop-closure con-
3.1 Joint and prescribed motion constraints straint. The Lagrange multiplier method has also been used

Prescribed motion constraints and joints are modeled by weth the inertial frame approach for modeling revolute joints
ing constraint equations which relate some of the generaliZ&®5,560, universal jointd623], and prismatic joint$624].
coordinates in such a way as to allow only the kinematic The Lagrange multiplier method has the advantage that
motion allowed by the constraint or joint. The methods fahe constraints are satisfied exactlyithin the accuracy of
incorporating general constraints into the differential equ#he numerical iterationsand that the equations of motion for
tions of motion of FMS, include: arbitrary configuration FMS including holonomic and non-
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Table 6. Classification of a partial list of references on constraint enforcement methods

Method Floating frame Corotational frame Inertial frame
Lagrange Thompson and Barf316], Song and Haug Wau et al [87,457, Housner{46], Bauchauet al [505,56(0, Bauchau
multiplier [103], Blejwas[368], Shabana and Wehage Housneret al [47], Devlooet al [463]. [623,624, Ibrahimbegovicet al [512].
[106,180, Samantd628], most references
after 1980.
Penalty Serna[373], Bayoet al [177]. Devlooet al[463]. Avello et al[39], Orden and Goicolea

[533], Orden and Goicolefs33],
Wasfy and Nooif528].

Augmented Parket al[502,5464, Cardonaet al
Lagrange [629], Cardong 347],
Downeret al [36].
Relative Open-loop multibody systems(tree Closed and Open-Loop multibody
coordinates configuration). systems
Hughes[133], Book [135], Singhet al Parket al[479], Choet al [480].

[107], Usoroet al [136], Benati and Morro
[137], Changizi and Shabarja10], Kim
and Haug 138], Han and Zha$139)],
Shaband140,143.

Closed and Open-Loop multibody systems.
Kim and Haug[147], Ider and Amirouche
[111,113, Keat[148], Nagarajan and
Turcic [149)], Lai et al [150], Ider[151],
Pereira and Proendd52], Nikravesh and
Ambrosio[153], Hwang[155], Hwang and
Shaband117,156, Shabana and Hwang
[116], Jain and Rodriguefl54], Amirouche
and Xie[144], Verlindenet al [157],
Tsuchia and Takeygl58], Pereira and
Nikravesh[118]. Pradharet al[160].

Modeling hinge Pan and Haug255]. Yang and Sadlef84], Hsiao and Jan{29],  Simo and Vu-Quo¢34,50.
joints by sharing Wasfy [85,86,460,63)) Wasfy and Noof91],
a node Elkaranshawy and Dokainigi31],
lura and Atluri[453].
Internal element Ibrahimbegovic and Mamoufb11],
constraints Ibrahimbegovicet al [512],

Jelenic and Crisfieli627],
lura and Kanaizuk$598].

holonomic constraints can be constructed systematically.tidl frame approach for flexible and rigid multibody systems
disadvantage of the method is that it leads to a systeminafAvello et al [39], Goicolea and Ordef532], and Wasfy
DAEs with a non-minimal set of coordinatesN&-m+c. and Noor528]. Penalty springs can be used to connect com-

Also, zero terms are introduced on the diagonal of thgynents with incompatible nodal interfaces and to represent
equivalent nonlinear stiffness matrigsee Subsection 4.1,1 the shape and stiffness of joir{i826].

which considerably increase its stiffness and required solu- Following is a systematic way for choosing the stiffness
tion effort. Coordinate reduction methods for obtaining the

BN+m—c set of coordinates require additional computaqf the penalty spring. If the joint stiffness is on the order of

tional effort and often produce a stiffer system of DAEs tha‘?e sﬂffnes; of the other components of the F_M _S’ th.en the
is harder to solve. penalty spring stiffness can be set equal to the joint stiffness.

In this case, the method is physically appropriate. Often,

3.1.2 Penalty method however, the joint stiffness is several orders of magnitude
In the p_enalty methodZ the reaction forces associated with %her than the stiffness of other components/elements. In
constraints can be written dsee Eq(2)): this case, the stiffness of the penalty spring can be chosen to
abT b be equal to the stiffness of the stiffest element in the system.

R:ﬁaﬂ (16) The constraint will not be satisfied exactly, however, this

. . . . choice will insure that the error introduced due to the penalty
wherew is a diagonal matrix that contains the penalty factors " . o . . S
ring will be of similar magnitude to the discretization er-

for each constraint equation. The method has the disadvaR _ o .
tage that the constraint equations are not satisfied exactly 494 Also, this choice insures that the penalty spring does not

that large alead to stiff equations; however, it avoids thénake the system stiffethus harder to solvethan it already
difficulties of the Lagrange multiplier approach of solving 4- Thus, in summary, the stiffness of the penalty spring
system of DAEs. The penalty method was used in Betyal should be equal or less than the physical joint stiffness.
[177] and Avello et al [625] for modeling joints in rigid The penalty method can also be used to impose the rigid-
multibody systems. It was used in conjunction with the ineity constraint of a rigid body532,539-541 Goicolea and
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Table 7. Classification of a partial list of references on the various types of joints

Joint Type Floating frame Corotational frame Inertial frame
2D revolute  All references on planar FMS. Most references on planar FMS.  Most references on planar FMS.
3D revolute  Shaband140], Cardonaet al [629], Most references on spatial FMS.  Most references on spatial FMS.
Huang and Wang190].
Spherical Most references on spatial FMS. Most references on spatial FMS.  Most references on spatial FMS.
Universal Bauchau 623], Jelenic and Crisfieli627].
Cylindrical Shaband21,14Q. Orden and Goicolefb33], Bauchay 624).
Prismatic Chu and Pa179], Buffinton and Kane Bauchau 624], Orden and Goicolefs33],
[338], Pan[339], Panet al[340,341], Wasfy and Nooif528]
Hwang and Haug342], Shaban421,14Q, Axially moving beam: Downer and Park503],
Azhdari et al [354], Gordaninejackt al Vu-Quoc and Li[561].
[343], Buffinton [344], Al-Bedoor and
Khulief [345], Verlindenet al [157], Fang
and Liou[194], Theodore and GhosgB46).
Planar Orden and Goicolef533].

Lead screws Chalhoub and Ulsoy639].
Amiroucheet al [640].

Bagci and Kurnoo[348].

Gears Cardond 347].

Cardona and Geradi38].

Cams

Orden[532] modeled rigid bodies by using multiple pointsertial and corotational frames, hinge joints can be modeled
on the body connected using stiff penalty springs. by letting two bodies share a node and then constrain the
relative rotation at that node as required by the joint
tL%l,50,86,453,46p The Lagrange multipliers or penalty
g]ethods can be used to impose the rotation constraints, but
re not required for imposing the translation constraints.

3.1.3 Augmented Lagrangian method

The augmented Lagrange method combines both
Lagrange multiplier and the penalty methods in order to r
duce the disadvantages of both methods. By introducinga
penalty spring whose stiffness is comparable to the stiffne34.6 Internal element constraints

of other components of the FMS, the number of iteratior®ecently, a type of methods for enforcing constraints that do
and effort required to solve the system of DAEs can be raet require penalty parameters or Lagrange multipliers have
duced. The constraint is satisfied exactly at the end of easéen developed. The methods are based on explicitly impos-
solution time step. Downeretal [36] and Park etal ing the constraints into the element arrays and the time-
[502,546, used the augmented Lagrange method with thetegration solution procedure. Ibrahimbegovic and Mamouri
inertial frame approach to model general holonomic arj@11] incorporated revolute, prismatic, universal, and rigid
non-holonomic constraints. A coordinate partitioning schenjeints into a spatial geometrically exact beam element. Also,
was used in Parkt al[502] to eliminate the Lagrange mul-in Jelenic and Crisfield627], a spatial geometrically beam
tipliers. element with arend releaseavhich introduces the joint kine-
matics in the element formulation was used to model revo-
lute, prismatic, and universal joints. lura and Kanaizuka
l];ggs] developed a similar approach for translational joints by
using a modified shape function in an element-free Galerkin
formulation. The method has the advantage of not requiring
Sagfiitional variables or additional algebraic equations. How-
ever, it requires reformulating the existing elements.

3.1.4 Relative coordinates

For open-loop FMStree configuratiop joint constraints can
be automatically satisfied using the floating frame and t
relative coordinate formulatiofsee Table 2 As mentioned

in Subsection 2.8.1, the coordinates of a bzlyild body) in

a chain of bodies are expressed in terms of the coordinate
the previous body(or parent body in the chain and the
DOFs of the joint connecting the two bodies. Thus, the joir&2 Joint types

constraints are automatically incorporated from the root bogypje 7 shows a classification for the various joint models
to the tip body. However, closed loops and prescribed motigReq and developed in the literature. These are:
constraints still need the addition of constraint equations. . . . .
These types of constraints are usually enforced using theReVOIUte’ Sphencal, anql Universal JomtEhese joints
Lagrange multiplier technique[111,112,153,157 The connect two bodies at a point. All the translational displace-

Lagrange multipliers can then be eliminated in order to opent components at the joint are equal for the two b_o<_j|es
tain a minimal set of coordinatéd53,24q. while some rotational freedom is allowed, thus these joints

are also called hinge joints. The revolute joint leaves only
3.1.5 Special method for rotational hinge joints one rotational DOF free and constrains the remaining two,
Rotational hinge joints constrain the translational DOFs b#ie universal joint leaves two rotational DOFs free and con-
tween two bodies and allow some rotational motion. Thestrains one, and the spherical joint leaves all three rotational
include: spherical, universal, and revolute joints. For the ilDOFs free. The revolute joint is the most common type of
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joint and thus it has been used in most multibody dynamicsechanism$333,334, clutcheg552], belt drives551,553,
studies. For a revolute joint in 3D, two constraints are adde@riable kinematic structure mechanistirsvolving addition
in order to constrain the relative rotation between the tw@ deletion of joints, robot grasping, and docking and as-
bodies to the plane of the revolute joint. Clearances in 28¢$mbly of space structurdsariable mass FMS involving
revolute joints were addressed by Dubowsky and FreuddR&SS cap_ture/relea)s[-’1335,336,64®. _There are four .phyS|—
stein [631], Winfrey et al [632], Dubowsky and Gardner C&l_conditions present in a contact/impact problem:

) . 1) The displacements of the contact point on the first body
[69,70, Soong and Thompsd633], and Amirouche and Jia and the corresponding contact point on the second body
[634]. Lubrication effects were modeled in Liu and L[i&35]

. . must be such that the two bodies do not overlap.
and.Ba_uchau anq Rodrigué@36] by solving the Reynolds 2) The reaction forces at a contacting point on the first body
lubrication equation.

Prismatic, Planar, and Cylindrical JoinisThese joints and the corresponding point on the second body must be

connect a point on a body to a line or surface on anothgr equal in the static contact limit. . .

. o . The total momentum and energy of the two impacting
body. Prismatic joints allow only one translational DOF an bodies must be conserved in case there is no other source
constrain the two remaining translation DOFs as well as the of energy or momentum gain or dissipation
three rotation DOFs. Planar joints allow two translationzﬂ In case there is a relative motion betvveen.the o
DOFs and constrain the remaining translation DOF as wePI : . . . o :
as the three rotation DOFs. Cylindrical joints allow only one tacting bOd'e.S’ a friction force in a direction tangenua! to
translational DOF along an axis and one rotational DOF both.contacur_\g surfacgs must be added. The.magnltude
around that axis and constrain the remaining DOFs. Pris- of this force is a funguon of the norrr_lal reaction f_orpe
matic joints are used in slider-crank mechanisms which are betwegn the two bod|e_s. .The most.W|de_Iy used fngnon

: . . -~ model is the Coulomb friction model in which the friction
present in many machines, most notably internal combustion . : .
engines. force is proportional to the normal reaction force.

Gears Gears are devices for the transmission of rotafyontact/impact modeling methods attempt to model the
motion from one shaft to another. The general type of gea@ntact/impact phenomena while satisfying the above condi-
is 3D gearing where the two shafts are not necessarily pgans. In order to satisfy condition 1, a method for detection
allel. All kinds of gears are a particular case of 3D gearingthen contact occurs—contact searching—is needed. Zhong
eg, spur gears, bevel gears, hypoid gears, worm gears, aftd Mackerlg641] classify contact searching algorithms ac-
Cardona[347] developed a methodology for modeling gencording to: master-slave algorithnié86] and hierarchical-
eral gears within an inertial frame formulation using a set égrritory algorithms(HITA) [641,643—-64% In the HITA,
holonomic and non-holonomic constraints. Two nodes, ofieur types of hierarchies can be used: the contact bodies, the
at the center of each gear, are used to model the gear joi@ntact surfaces, the contact segments, and the contact

Cams Cams are devices for the transformation of rota@OdeS. The territory of each hierarchical branch is used to
motion to a desired linear motion. Cams are most notafigtect contact, thus speeding up contact searching by elimi-
used in internal combustion engines to control the air intak@ting higher level branches without having to search
and exhaust from the cylinders. They are also widely usedtftrough the lower level branches.
industrial machines. Bagci and Kurnd@48] modeled cam Once contact is detected, two main types of methods have
driven linkages using the theory of elasto-dynamics in whid/e€n used to satisfy conditions 1 and 2. These are: contact
the linkage is considered as an instantaneous structurefoige based methods and momentum-impulse methods. Con-
each Snapshot of motion. The periodic response of a calact force based methods can be further divided into: the
driven valve train with clearances was studied in Wang afgnalty method, the Lagrange multipliers method, and the
Wang[637]. The dynamic response of cams, including inte@ugmented Lagrange methd®41]. Momentum-impulse
mittent motion and Coulomb friction, was studied by Cafnethods can be divided into: global and local methods. In
dona and Geradif638]. this section, the contact/impact modeling methods that are

Lead ScrewsLead screws are devices for the transformaised in conjunction with FMD applications are reviewed.
tion of a large rotary motion to a much smaller linear motiorkiterature classification for the various FMS Contact/Impact
thus gaining a large mechanical advantage. Chalhoub dn@deling methods are shown in Table 8 and a brief explana-
Ulsoy [639] used the floating frame approach to model #on of each method will be given in the subsequent subsec-

flexible robot driven by a lead screw. tions.
_ 3.3.1 Penalty method
3.3 Treatment of contactimpact In the penalty method, the contact pressure is assumed to be

Contact/impact modeling is used in a number of applicati@yual to the amount of penetration times a penalty parameter.
areas including: crash-worthiness analysis, metal forminghis is equivalent to introducing penalty springbetween

and multibody dynamics. A review article on contact/impadhe contacting points. A penalty damper can also be used.
by Zhong and Mackerlg641] includes about 500 referencesThe same procedure described in Subsection 3.1.2 for select-
While some publications deal exclusively with one applicang the penalty stiffness and damping for joints can be used
tion area, other publications develop general contact/impaetcontact/impact modelingeg, [641,646). A physical con-
methods. Some FMD applications which involve contactact force model such as Hertzian contact force can also be
impact are: joint clearance$636], intermittent motion used[647-649. In Khulief and Shabanf650] the stiffness
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Table 8. Classification of a partial list of references on conta¢impact modeling methods

Contact/Impact

method Floating frame Corotational frame Inertial frame

Penaltyphysical Khulief and Shabang650], Wu and Haug Leeet al[665], Lee[666,667, Osmont[668], Shethet al

contact force [281], Huh and Kwak{658], Ko and Kwak [669], De la Fuente and Felig&70], Ibrahimbegovic and
[659,66Q, Amiroucheet al [661], Dias Wilson [671], Hunek[672], Shaoet al [673], Huang and
and Pereird662]. Zou [674], Laursen and Sim¢$529], Qin and He[675],
Effect of Modal Reduction Laursen and Chawl&676], Bauchau[648], Leamy and
Escalonaet al [649]. Wasfy[551,552, Bottasso and Trainel[i677].

Friction Model
Hauget al [663], Pereira and Nikravesh
[118], Lankarani and Nikravesf664].

Lagrange Hauget al [663], Wu and Haud281], Belytschko and Nedl679], Taylor and Papadopould$80], Shaet al [681], Wriggers
multiplier Jia and Amirouch¢678]. Belytschko[490]. et al [682], Bauchay651].

Global Khulief and Shabang333], Bakr and

momentum Shaband653], Rismantab-Sany and

conservation Shaband654], Hsu and Shaban®83],
Gau and Shabar{®84,683, Yigit et al
655,654, Lankarani and Nikravesf686,
Kovecseset al[337], Marghituet al [687].
Effect of Modal reduction
Palaset al [657].
Coulomb Friction
Zakhariev[688].

Local momentum Wasfy [85,630, Wasfy and
conservation Noor [642].

and damping coefficients were determined using a momerary large penalty parameter at the expense of adding an
tum balance approach. In practice, for contact between sefftra solution variable—the Lagrange multiplier.

bodies, a large penalty stiffness is used. The larger the valueAs in the augmented Lagrangian method for joints, both a
of the penalty stiffness, the more the non-penetration congienalty parameter and a Lagrange multiplier can be used in
tion is satisfied, but the smaller the required solution time contact constraint equation. The penalty parameter re-
step. duces the number of iterations required to solve the system

Coulomb friction can be also modeled using a penalgguations.
approach where, for small relative tangential velocities bg—

tween the two bodies, the friction force is proportional to thle 33 tth)tf)aI mot:nen;umllmpulshe methods | tion 1
tangential velocity, up to the Coulomb friction force!" contact force based approaches, a normal réaction force

[651,651. The larger the value of the proportionality con_between the two impacting surfaces can be readily calcu-

stant, the closer the friction model is to the Coulomb frictio,sted' Momentum/impulse methods, on the other hand, pre-

law. The penalty contact method, along with this approx lict the jump discontinuities in the system velociti_es and
mate penalty Coulomb friction law, was used to accurate! ternal reaction forces as a result of the impact using mo-
ntum and impulse conservation equations. Momentum-

model the dynamic response of belt drives including accur

rediction of the belt stick and slio arcs over the pulleydnPulse based methods are well established for impact of
[p551|5é3 ! P v pu ylrélgid bodies(eg, [652]); however, they have only been re-

The penalty method can be used to model intermitterg;ntly applied to impact of flexible bodies. In Khulief and

motion mechanical elements. For example, in Leamy a

Wasfy [552] a one-way clutch element between two puIIeyg‘ ; ) ; ; o
was used in which the transmitted torque in the clutch trangguations were used to predict the jump discontinuities in the

mission direction is equal to a penalty parameter multiplile-zFJEIOC't'eS and joint reaction forces of intermittent motion

by the relative angular velocities between two pulleys a O,VIS' The momen_tum-lmpulse method was applle_zd to all_the
zero in the opposite direction, generalized coordinates of the two impacting flexible bodies.

In Rismantab-Sany and Shabal@b4], the convergence of
3.3.2 Lagrange multiplier and augmented Lagrange the series solution obtained by solving the generalized im-
methods pulse momentum equations was used to prove the validity of
In the Lagrange multiplier method, Lagrange multipliers artae approach. In Yigiet al [655,658 the validity of the ap-
introduced in the variational form of the governing equgproach was verified experimentally using a flexible rotating
tions. Then, constraints are added between nodes in contasam impacting on a rigid surface. For methods based on the
to force them to have the same displacement. Lagrange mildating frame approach and modal reduction, contact/impact
tipliers associated with a constraint represent the contéctroduces jump discontinuities in the system natural fre-
force. The Lagrange multiplier method is suitable for contaguencies and mode shape36]. The influence of contact/
between very stiff bodies. It eliminates the need for an arimpact on the choice of the reduced modes was studied in
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Table 9. Classification of a partial list of references on explicit and implicit solution procedures

Procedure Type Floating frame Corotational frame Inertial frame

Iterative-implicit Song and Hau@103], Semi-Implicit with Newton Iterations Nagarajan and Sharifi537], Simo and VuQuoc
Shabana and Wehdd®6), Housner[46,47), Hsiao and Jan{29,437, [34,49,50, Cardona and Geradif35], Geradin
Bakr and Shabanfl 28], Hsiaoet al[438], Hsiao and Yang444], [702], Bauchau et al [505,56(Q, Bauchau and
Rismantab-Sany and Shabdn®1], Elkaranshawy and Dokainigl31], Theron[703], Ibrahimbegovic and Al Mikdad37].
Shaband21],Haug and Yerj617], Banerjee and Nagarajdr48],
Fisette and Vaneghef618], Devlooet al [463].
Simeon[689).

Energy conserving: Crisfield and Shi Energy Conserving:

[89,90, Galvanetto and Crisfielf445]. Simo and Tarnow518], Simo et al [691], Stander
and Stein[497], Ibrahimbegovic and Al Mikdad
[704], Orden and Goicole§533], Ibrahimbegovic
et al [512], Borri et al[513], Bauchauet al[524].
Energy Decaying: Bauchau[623], Bauchau and
Hodges [508], Bauchauet al [524], Borri et al

[513].
Explicit Metaxas and Kol173]. Flanagan and Tayld4 75|, Wasfy Park et al [502], Downer et al [36], Wasfy [514],
[85,86,460, Wasfy and Noof91], Leamy and Wasfy551,553.
lura and Atluri[453].
Implicit-Explicit Parket al[502,546, Lim and Taylor[536].

Palaset al [657]. The global momentum method has an indures, multi-time step methods, parallel computational strat-
herent assumption that the impact propagates in the flexillgies, object-oriented strategies, computerized symbolic ma-
body at an infinite speed. This assumption is valid for stiffipulation, adaptive approximation strategies, and methods

3.3.4 Local momentum/impulse conservation methods .

. . . - .~ 4.1 Solution procedures
This technique is based on the use of the rigid body impact
modeling tools, namely, conservation of momentum and tlgl.1 Implicit solution procedures
restitution equations as local velocity constraints. This tech implicit solution proceduregsee Table B a solution for
nique was presented in Wasf$30] and Wasfy and Noor the system displacements that simultaneously satisfies the
[642]. The restitution and conservation of momentum equagquations of motion and constraints is sought at each time
tions (which are equivalent to the energy and momentustep given the solution at the previous time step. Since the
conservation equations in case there is no friction betweequations are nonlinear, Newton-Raphson equilibrium itera-
the contact surfacg¢sare used as local postimpact velocitytions are performed to guarantee that an equilibrium solution
constraints on the impacting nodes. So, in this approads,reached at each time stpf0—42,530. A typical solution
contact is considered to be a local phenomenon in whidhgorithm is summarized in the following three equations:
only the motion of the impacting node is directly altered by

*1(1) _rAx
the impact. The motion of the rest of the finite element model g™ oa={ath (172)
is indirectly altered due to the transfer of the impact effect [K*]§9At{Aq*}§$‘2{-):{Af*}§ﬁ)& (17b)
through internal(structural forces. The contact force be- i1 i1
tween the surfaces is modeled by the internal forces in the{dq* }{§ 3P ={a* }+{Aq* 15 (17c)

contact region. Frictional effects can be modeled by i””%heret is the running timeAt is the time step, K) is the

ducing two restitution coefficients, one in the normal Impag aion number, and* is the vector of generalized coordi-
direction and one in the tangential impact direction. Unl'kﬁates.[K*] and Af* are the equivalent tangent nonlinear

impact modeling of rigid bodies, the restitution coefficientg,t”.fness matrix and the vector of equivalent generalized
are not used to model the energy loss in the body as a Wh%?ces. [K*] and Af* are functions of{g* }ﬁ'fﬁ) and the
(this is left to the internal material damping set off by th%ystem stiffness, damping, and inertia forces. Equaih)

large deformation rates caused by the impartto model s, inciudes algebraic equations for the prescribed motion,

energy dissipation as sound and heat due to impact and ffiGis “anq contact constraints. The iterations start by setting
tion; they only model the local friction force effect at th

) he value of the generalized coordinates at the first iteration
contact point. of the next time stepig* }(}),, to be equal to the value of the
generalized coordinates at the previous time $t£; (Eq.

4 SOLUTION TECHNIQUES (178)). The equations of motion are linearized, by neglecting
In this section, implicit and explicit solution procedures thahe quadraticA terms, at the configuration at time step
are used to solve the semi-discrete equations of motion alohg\t and cast in terms of a linear system of algebraic equa-
with the constraint equation&gs. (2 and 3) are reviewed. tions(Eq.(17b)). This system of equations is solved fvg*
Also, some of the methods used to enhance the speed amthg Gauss elimination, LU factorization, or the conjugate
accuracy of the solution procedure and the numerical modghdient method. A new estimate of the generalized coordi-
are reviewed. These methods are: recursive solution prooedes is calculated using E(L7c) and used to calculate a
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new equivalent tangent stiffness matrix and the equivalerduction of the dependent coordinates. In the direct method,
force vector, which are in turn plugged back into Efjrb). the constraint equations are directly added to FEtjb)
The iterative procedure is repeated until the maximum errfgr03,128,694 The direct method leads to a maximal number
between iterations is less than a certain tolerance. For muéif- coordinates. The resulting equivalent stiffness matrix
body dynamics problems, the solution time and, thus, thi&*] is generally a sparse matrix. The sparsity of the system
number of time steps is large compared to other figddsh equations is computationally advantageous because it has
as metal forming and crash-worthiness analysi$ius, the been shown that it is usually more efficient to solve a large
iterative solution tolerance must be set at a small valusystem of sparse equations rather than a smaller system of
which means that a large number of iterations will be relense equation$95]. But in order to take advantage of the
quired. This is because any error admitted into the solutionejuations sparsity, sparse matrix storage and decomposition
a time step will affect the time evolution of the solution in anust be used. It is inefficient to store and decompose a
path-dependent walp30]. sparse matrix using a 2D array. The most commonly used
Implicit solution procedures are unconditionally stablenethod of storing sparse matrices is to store the row and
However, the time step should be at least an order of maglumn indices and the value of each nonzero entry of the
nitude smaller than the smallest natural period that needsnt@trix. A sparse Gauss elimination or LU decomposition can
be resolved. An advantage of implicit solution proceduresen be performe@95]. Many commercial packages based
over explicit procedures is that the time step can be mueh the floating reference frame and absolute coordinags
larger than the smallest natural period of the system, whilbAMS and DADS take advantage of the sparsity of the
can be very small for very stiff systems. Modes with a natequations by using sparse matrix technig[&26]. Pan and
ral period of the same order or smaller than the chosen timgug[379] developed an inertia lumping technique for re-
step are not accurately modeled. Therefore, some experiefgeing off-diagonal couplingie, increasing the sparsjtyf
is needed, when using an implicit solution procedure, [rK*].
choosing a time step that provides a response within engi- Alternatively, in methods based on reduction of the de-
neering accuracy. pendent coordinates, the number of DOFs is reduced\to 6
In the evaluation of K* ], a time integration formula is 4 m—c independent coordinates prior to the solution proce-
needed. The most widely used formulas are: the Newmadkre by identifying the dependent coordinates and expressing
method[29,31,37,47,437,438,448, 6l Runge-Kutta method them in terms of the independent coordinates using a variety
[30,623,689 Gear's algorithn{84,103, 690, or more gen- of techniquegsee Subsection 3.1.1This results in a mini-
erally, backward differentiation formulas. The Newmarkng| number of coordinates and dense system equations. The
method is simple, fast, and unconditionally stable for ”neféfomputational advantage gained by the reduction in the num-

problems, however it has been shown to be unstable for lagg of coordinates is generally offset by the following:
rotation nonlinear problemg39,497,518,69]L Gear’s algo-

rithm and backward differentiation formulas are particularlyy The characteristic matrices are denser.

suited to DAEs since they can be tuned to be stable forThe nonlinearity of the equations is increased.

stiff equations[690]. The generalized Alpha-method in-* The reduction routine requires a matrix factorization at

cludes a parameter for filtering frequencies above a certairfach time step21,140.

level [480,693. Geometric integration relies on differen-The floating reference frame with relative coordinates also

tial geometry and Lie group theory to achieve total energisads to a dense, strongly coupled equivalent stiffness matrix.

linear momentum, and angular momentum conservati@ut, recursive solution procedurésee Subsection 4.2.tan

[512,513,518,69]L Some researchers found that the energye ysed.

conserving schemes can produce non-physical high frequen-Similar to the floating frame, a major issue in an implicit

cies in the internal stresses, especially when material damptution procedure based on the corotational or inertial

ing is presenf524,623. This is due to the fact that the choframes are incorporating the constraint equations into Eq.

sen time step is generally at least two orders of magnituge7n). The various techniques for incorporating the con-

larger than the smallest characteristic time in the proble&raints are discussed in Subsection 3.1.

The unmodeled high-frequency modes produce the non-

physical response. Geometric integration energy decayifig-2 Explicit solution procedures

schemes were developed based on various numerical intedfeexplicit solution procedurei$97], a solution for the nodal

tion techniques such as Runge-Kutta and finite differenégcelerations that satisfies the equations of motion and con-

(eg, [513,524,560,623,698 which allow filtering the high straints is sought at each time step. If a lumped mass matrix

frequencies by gradually reducing the total energy in a cois-used, then the system’s equations of motion are uncoupled

trolled fashion. at each time step and they can be directly solved for the
There is a very close relationship between the solutisrodal accelerations. A typical explicit algorithm starts by

methods and the constraints modeling methods. The floati@ggluating the vector of internal forces;fema) from the

frame approach is usually used in conjunction with thknown nodal positions and velocities at time stepThen,

Lagrange multiplier method for imposing the constraintgnternal forces are added to the external fortggna The

Two methods are used to include the constraint equationseiquations of motion are then directly used to calculate the

Eqg. (17b), namely: the direct method and methods based aacelerations at time stdp- At:
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X1 at=M " (Fintemart fexternalt (18) sati_sfaction[85386|. For joints and contact/impact the, fol-
lowing constraint enforcement methods can be used:

A time integration formula such as the trapezoidal rule fs The penalty metho528,551,552

used to integrate the acceleration into the velocities ahdl "€ augmented Lagrangian method in conjunction with a
positions at time step+ At. Equilibrium iterations can be ~Separate implicit solution for the Lagrange multipliers
performed within a time step to improve the stability and (36,502,548 o ) . . . _
increase the critical time stég5,91]. Two equilibrium itera- * Lagrange multiplier method in conjunction with a conju-
tions correspond to predictor-corrector type algorithms. 9ate gradient iterative projection algoritt{i681]

As the number of equilibrium iterations increase, the aj 1 3 Explicit-implicit solution procedures

gorithm approaches an iterative-implicit conjugate gradieffecognizing the advantages of explicit methods for flexible
algorithm. _ _ , multibody systems undergoing high speed/acceleration and
. Explicit temporal mtegrat.lon techniques are only condi, ¢ of implicit methods in dealing with stiff DAEs, Lim and
tlonall_y stable becau§e_ the_z time step must b(_a smaller Fhan lor [536] suggested using an explicit integrator for flex-
equation’s characteristic time. If the same time step is Usgfl, podies and an implicit integrator for rigid bodies along

for the entire FMS, then that time step must be smaller thigy, 5 node based explicit-implicit partitioning for interface
the smallest natural period of all finite elements. This iMsjaments.

poses a severe time step restriction and generally means that
a very large number of time steps is needed to obtain th& Enhancements of the computational process
dynamic response of practical FMS. On the other hand, the

advantages of explicit solution procedures are: 4.2.1 Recurswe sc_yluﬂon procedurgs o _
Recursive formulations are used in conjunction with the

* All the system modes are accurately resolved. _floating reference frame and relative coordinates. The rela-

* Physical material damping does not produce non-physiggls joint variables describe the large translation and rotation

high frequency oscillations in the response as in implicleyeen successive system components. The recursive solu-

methods, but actuglly he_lps damp_ out the high f_requenck%n procedure consists of two main stefi85], 1) the re-

* The number of arithmetic operations at each time step d§sjve evaluation from base to tip of the body position,
only O(N), whereN is the number of DOFs. This is ing|ocity, and acceleration in terms of all the previous bodies
contrast ";"th implicit solution procedures, which require f, the chain, and Pthe recursive evaluation from tip to base
leastO(N) number of arithmetic operations per time Stegg the internal forces and moments. Using the relative coor-
due to matrix decompositions. Thus, there exists a CritiCginate formulation, the joint constraints are automatically in-
N above which explicit procedures are computationallyj,qeq for open-loop systems with no prescribed motion
more efficient than implicit procedures. _ constraints. Thus, the resulting equations for open loops do

* They areembarrassinglyparallel because all the equations, ot incjyde Lagrange multipliers and consist of a minimum
of motion are decoupled at a time stégee Subsection get of independent coordinates. The gain in computational
4.2.3. speed is thus twofold. First, the recursive solution algorithm

Explicit solution procedures were first used for transiems O(N) [147,150,154 where N is the number bodies,

analysis of large structures. They were applied to nonlineahich means that the computational time grows only linearly

structural dynamics using the corotational formulation in Bewvith the number of rigid bodies. Second, a minimal set of
lytschko and Hsieli45], Belytschkoet al[698], Hughes and equations of motion is used. The algorithm was applied to

Winget[481], Flanagan and Tayld#75], and Rice and Ting open-loop rigid multibody systems in ChagE30], Witten-

[439]. They are also used for contact/impact large deformburg [131] and Robersorn132], and to open-loop FMS in

tion structural dynamics and crash-worthiness analgesis Book [135], Changizi and Shaband10], Kim and Haug

[681,699,700). Explicit solution procedures are well suited 138], Shaband 140,141, Shabaneet al [142], and Amir-

for problems involving high deformation rates and higheuche and Xid144]. Then, it was extended to closed-loop

speed wave propagation such as automobile crastMS by adding cut-joint constraints to the equations of mo-

worthiness analysis. Table 9 lists the references where ¢on [111,112,116,117,147,148,150,151-156]15khe cut-

plicit solution procedures are used for FMS. joint closed-loop constraints, as well as prescribed motion
A variety of time integration formulas are used with exeonstraints, are usually included using Lagrange multipliers

plicit solution procedures such as: central differefd89], along with Newton type equilibrium iterationseg,

Newmark method85,86,91,46(), and fourth order Runge- [111,112,147). The recursive algorithm is, in most studies,

Kutta method 453]. applied to hinge type joint¢revolute and spherical joints
The incorporation of constraints in explicit solution pro{eg,[154]). It was also applied to prismatic and cylindrical

cedures depends on the type of constraint. Hinge-type joifdénts in Shabanat al[142]. In Hwang[155], Shabanat al

do not introduce extra constraint equations because they ¢a#2], and Hwang and Shabahtl7,156, a recursive proce-

be modeled by sharing a node between two bodidsire for decoupling the elastic and rigid body acceleration

[34,50,460Q, thus they do not require any special treatmenivhile maintaining the coupling between rigid body and flex-

For prescribed motion constraints, the constraint equatioibde body motion was developed. The relative coordinates

can be executed within the explicit iterations to enforce thdiormulation, in conjunction with a recursive solution proce-
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dure, has been demonstrated to yield a near real-time sali the other hand, implicit solution procedures, which in-
tion of the FMS dynamic response in Bakal [599], Hwang volve matrix decompositions, cannot be easily parallelized
et al [600], and Jain and Rodrigud154]. and usually cannot achieve a theoretical linear speedup at the
- element level because the matrix decomposition involves in-
4.2.2 Mult-time step methods terdependent operations. Implicit solution procedures based

In multi-time step methods, each local part of a flexible bodyy, ¢ floating frame and absolute coordinates can be paral-

is integrated in time using its own time step, thus eliminatinlgnzed at the body level708]. Implicit solution procedures
the need to integrate the entire FMS using the smallest Sysiseq on the floating frame, relative coordinates, and a re-
tem time step. Small or stiff components can be integratefjye solution procedure are difficult to paralielize at the
with small time steps while large or compliant componenig,yy |eve| because all the operations from the tip to base
can be integrated using larger time steps. This can leadygyies and vice versa have to be performed in order. These
considerable gains in computational speed for practical FMégorithms can be parallelized for each branch of bodies

which usually involve components with disparate timesqg 500,709 or for the evaluation of the various variables
scales. Multi-time step methods have not yet been used[irsl 710,711

FMD, however they have been successfully applied to large-
scale nonlinear structural dynamics applications such 4£.4 Object-oriented strategies
crash-worthiness analydig05]. Also, they are implemented The main advantage of an object-oriented strategy is that it
in commercial nonlinear structural dynamics explicit codgsrovides the best known mix of modularity and reusability.
that can also be used to model FMS such as DYNA-3D a®dS can be naturally described using an object-oriented
DYTRAN. strategy[712]. This is because an FMS consists of modular
Multi-time step methods can be implemented with imeomponents or objects that can be connected together in an
plicit [706] and explicit{489,709 methods. They can also bearbitrary arrangement. The following classes of objects have
used to mix implicit and explicit integration in the samebeen identified in the literatufg@09,713—720 system com-
solution[488,489,706,707 By alleviating the time step re- ponents, prescribed motion, contact/impact surfaces, joints,
striction of explicit solution procedures, multi-time stegorces, sensors, physical materials, and material colors. A
methods make explicit procedures competitive with implicletailed parametric solid geometric model of each compo-
procedures for problems with a small humber of DOFRsent can be included as part of the component’s data struc-
(~1000 DOFs). Thus, multi-time step methods are mosttyre. Typical objects used in each of these classes are shown
used in practice with explicit solution procedures. in Fig. 4. Each class has a set of standard properties and
The first multi-time step algorithms allowed only integemethods that are inherited by objects in that class. The inher-
time step ratio$706,707 (ie, a minimum time stepAt was itance construct allows new object types to be easily created.
selected and all other time steps can only take on values@dmmunication between objects is performed only through
nAt, wheren is a positive integer This restriction was re- the standard methods and properties. Object representation
laxed for structural dynamics problems in Neal and Besompletely hides oencapsulateshe underlying mathemati-
lytschko[705]. Two types of time step partitions can be used:al models. The object-oriented strategy also allows complex
nodal partitions and element partitions. objects to be assembled from simpler objects. Object-
Although the area of FMD probably has a lot to gain, ilriented strategies were applied to the construction and
terms of increasing the computational efficiency, from gemnalysis of rigid multibody systenjg15,721,722and FMS
eral multi-time step iterative-implicit and explicit solution[718,720,723
procedures, which include an algorithm for modeling general A major advantage of an effective and comprehensive
constraints, such procedures have not yet been presentedhbject-oriented representation of FMS is that it can be used
the literature. to generate many types of models wich are used in the analy-
sis, design, and manufacturing of FMS such as finite element

4.2.3 Parallel computatpnal strategies . models, geometric solid models, machining codes, rapid pro-
The development of solution procedures that can be 'mp'l%typing coordinates. etc.

mented on parallel computer architectures is very important
for practical FMD applications. Using a large number of pro4.2.5 Computerized symbolic manipulation
cessors, it may be possible to achieve real-time simulation®ymbolic manipulation can be used to speed up the solution
large-scale practical FMS. This can be used in applicatiopsocedure. This is because some terms in the final equations
such as real-time control of FMS, real-time virtual realitgan be factored out or canceled out in some situations. Thus,
simulation of FMS, and computational steering. The mogtthe symbolic expression of the output can be obtained and
important aspect of a parallel solution procedure is thben simplified, the number of arithmetic operations needed
speedup versus the number of processors. Algorithms th@bbtain an output can be considerably reduced. Typically, in
achieve a linear speedup have the largest potential benefiigid multibody systems, a reduction in the number of arith-
Explicit solution procedures with a lumped mass matrimetic operations by a factor of five can be achieved using the
are embarrassingly parallel at both the element and nodgmbolically simplified final expressiofg24]. The manipu-
level within a time step, and have a theoretical linear parallieition and simplification of the symbolic expressions is done
speedup ratig91,699. This means that the element forcesising a symbolic processor. Generally, the final symbolic
and nodal accelerations are independent within a time steguations are integrated numerically in time because the re-
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sulting differential equations are nonlinear and, thereforevilith the coarsest possible discretization provided that an al-
is very difficult to obtain closed form expressions. gorithm for adaptively increasing and decreasing the discreti-
Symbolic manipulation has been extensively developedtion as needed is used.
and used in rigid multibody systemig25], but has only been  Three types of adaptive strategies are currently used:
recently applied to FM3see Table B Cetinkunt and Book h-adaptivity[490,727), p-adaptivity[ 727], and modal adap-
[323] applied computerized symbolic manipulation to flextivity [106,180,728 In h-adaptivity, the finite element mesh
ible open-loop type flexible manipulators. By using cut-joinis refined(fission and unrefinedfusion depending on the
constraints to model closed loops, Fiseataal[159,324 and level of straining which occurs during the simulation. h-
Melzer [328] used computerized symbolic manipulation foadaptivity is routinely used in the area of crash-worthiness
modeling beam type FMS. A recursive relative coordinatnalysis. It has been applied to FMS in Metaxas and Koh
formulation was used to derive, symbolically, the equatiofd73] and Ma and Perking729]. The latter used it in study-
of motion. Fisetteet al[159] and Valemboist al[726] used ing the dynamics of tracked vehicles for accurately account-
power series monomials to approximate the beam shapweg for the finite length of the track segments when an Eule-
while Oliviers et al [329] used a polynomial Taylor seriesrian formulation is used for modeling the track. In
expansion. Shi and McPh¢830,33] used linear graphs in p-adaptivity, the degree of the polynomial shape function
which nodes represent reference frames on rigid and flexilalpproximation is increased or decreased depending on the
bodies, and edges represent components that connect tlaseunt of deformation of the element. Modal adaptivity is
frames to generate the equations of motion of FMS in syrased in conjunction with the floating frame approach. In
bolic form. The application of the technique to spatial Eulemodal adaptivity, the number of modes used to approximate
Bernoulli beams was presented in 8hial[267,333. Taylor, the shape of body is increased or decreased during the simu-
Chebyshev, or Legendre polynomials were used to approbition depending on the applied forces and the angular ve-
mate the beam shape. locity magnitude[106,18Q. The number of modes can also

. N : be increased following an impact or a sudden change in ki-
4.2.6 Adaptive approximation strategies nematic structuré728].

During the simulation of an FMS, some part of the system
may deform beyond the range of accuracy of the underlyidg2.7 Accounting for uncertainties

discretization. This routinely occurs in vehicle crashfhere are two main sources of uncertainty in modeling
worthiness analysis, but may also occur in highly flexiblphysical systems: assumptions and approximations in the
multibody systems. If the simulation is started with the fineshodel; and imprecision in determining the values of the sys-
possible discretization, then the solution may be too expelem’s parameters. This means that the system response can-
sive because of the small time step needed and the large be determined precisely and we can only determine the
number of elements. Alternatively, the simulation can stdobunds on the response that correspond to the known bounds
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on the system parameters. Depending on the type of unceffhe number of DOFs is much larger than the number of
tainties present, there are three methods for assessing thactuators A flexible body has an infinite number of DOFs.

effects of uncertainties on the respori&80]: probabilistic  In practice, the body can be discretized into a finite number
methods, anti-optimization methodsr convex methods  of DOFs using a variety of techniques such as the finite
and methods based on fuzzy set theory. If the probabilityelement method and modal analysis. However, the number
distributions of the system parameters can be obtained, thegt 5ctuators is still generally much less than the number of
probabilistic analysis is appropriate. The response in thiSDOFs, which unavoidably makes the controller incapable

case is obta_uned in terms of a probablllt)_/ distribution in time, of exactly following a desired trajectory. At best, the con-
which can, in general, be calculated using Monte-Carlo type

. . : . . troller can follow a trajectory that minimizes the error be-

simulations. When the information about the system is frag- . . .
tween the desired and the actual trajectories.

mentary (eg, only upper and lower bounds on the system . . .
characteristics are knownthen anti-optimization methods " Waye prgpagatlon QelayAn actuator action at one t_|p ofa
can be used to find theast favorable respond@31l]. If the  flexible link takes time to propagate to the other tip.
uncertainty is due to vague and imprecise system characfefeversed initial actionThis effect can be observed in a
istics and insufficient information, then fuzzy-set based treat-rotating flexible link. When a torque is applied to the link
ment is appropriate. The latter type of uncertainty is morein one direction, its tip position initially moves in the op-
prevalent in FMS because of our limited measurement techposite direction.
nology and knowledge, and the complexity of these systemge |ast two difficulties are a result of the fact that the ac-
In fuzzy-set analysis, some of the system’s parameters §f§ors and control points are non-collocaf@87]. For ex-
expressed in terms of fuzzy numbers. A fuzzy number doggysje  in robotic manipulators the actuators are located at
not have a precise value but rather can take on a rangetﬁaé joints and the desired position is the tip of the end-

values with each value assigned a possibility value betwegﬁector. Park and Asadf738] used a force transmission

0and 1. In Wasfy_ and Nod528,732,73} and Leamyet al mechanism to reduce the distance between the control forces
[555], an approximate fuzzy-set method called thertex : )
nd the controlled endpoint, thus reducing the non-

methodwas used to obtain the time envelopes of the posé}-II tion betw h tat d th trol point. Thi
bility distributions of various FMS response quantities giveﬁ0 ocation between fhe actuator and the control point. This
the fact that some of the system’s paramet@mt charac- was shown to reduce the endpoint vibrations for a single

teristics, material properties, and external fojceere ex- fexible link. _ _
pressed in terms of fuzzy numbers. FMD including forward and inverse dynamics are exten-

sively used in the analysis and design of controllers of FMS.
Forward dynamics is used in control in the following two

5 CONTROL OF FLEXIBLE MULTIBODY ways:

SYSTEMS » Simulating the behavior of the controllefhe controller
The area of control of FMS is currently a very active re- can be first tested on the numerical model to insure that the
search area due to its applications in flexible robotic manipu-controller does not cause any type of failygeich as in-
lators [734] and articulated space structurgg34—738.  stability, excessive vibrations, large stresses) &icthe
Table 10 lists representative papers on control of FMS forphysical FMS.

each of these two applications. Control of FMS is concemgdpesign optimization of the controlleForward dynamics is
with finding actuator forces that produce a desired motion of ,coq in a design optimization procedure to find the best

the multibody system. Thus, Inverse dynamics is part of CONcontroller parameters that meet the performance require-
trol. However, control can be directly done on the physical

tem without i numerical model. This is done b ments(such as high maneuvering speed and small residual
syste out a using a humerical modet. This 1S done yvibrations). The design optimization procedure typically
using a control law along with sensaiesg, encoders, accel- . . :
: starts by simulating the response of the system with a few
erometers, and strain gau@gdbat measure the current con-

figuration of the system. The measurements are fed to thSets of controller parameters. These simulations are then
control law, which calculates actuator forces necessary td'S€d 10 @ssess how changes in the parameters affect the
make the difference between the measured configuration anB€rformance. Then, the parameters are modified in such a
the desired configuration go to zero. This is calddsed- ~ Way as to obtain a better performance. The procedure is
loop control. Control can also be done in an open-loop fash-repeated until the best performance is obtained. The design
ion where only the initial configuration of the system is Optimization procedure can also be used to find the best
known and a force profile ifed-forwardto the actuator to ~geometric and material parameters for the integrated FMS/
produce the desired motion. However, closed-loop control iscontroller (eg, [739)).
almost always used in practical applications to be able &mjarly inverse dynamics can be used in control in the
respond to un-modeled dynamics, disturbances, and payl?@ﬁjowing ways:
variations. These effects will unavoidably make the open-
loop controller diverge with time from the desired trajectory. Assessing the performance of closed-loop contrallers
Three main difficulties make the control of FMS much Since, the actuator forces obtained using inverse dynamics
harder than the control of rigid systems: are by definition the forces that give the closest possible
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Table 10. Classification of a partial list of references on FMS control

Robotic
Manipulators

Planar/Spatial

Planar

Book et al [746], Berbyuk and Demidyuk747], Cannon and Schmitf748], Goldenberg and Rakhsha
[749], Chalhoub and Ulso}639,750, Bayo[751,754, Bayo and Moulin753], Bayoet al[754], Nicosia
et al [755], De Lucaet al[756], Sasiadek and Srinvas@n57], Yuanet al [758,759, Asadaet al [745],
Castelazo and Leg760], Shamsa and Flashmgr61], Chen and Mend762], Chedmailet al[420], Feliu
et al[314], Chang[419], Aoustin and Chevalleral¥63], Kubica and Wand764], Eisleret al [765], Xia
and Menq[766],Levis and Vandergrif{ 767], Ledesma and Bayp740], Book [734], Kwon and Book
[768], Yigit [769], Gordaninejad and Vaidyaram&B56], Park and Asadf738|, Rai and Asad&739], Hu
and Ulsoy[770], Meirovitch and Lim[771], Choiet al [772,773, Chiu and Cetinkunt774], Lammerts
et al[775], Gawronskiet al[776], Meirovitch and Chei777], Milford and Asokanthah778], Yanget al
[779], Aoustin and Formalsky780], Mordfin and Tadikond4781], Mimmi and PennaccHi782].

Spatial

Bgok[783], Pfeiffer [784], Ledesma and Bayjr41], Jianget al [785], Ghazavi and Gordaninejd@86).

Number of links

Single-Link

Car?non and Schmitf748], Goldenberg and Rakhsh#@49], Bayo[751], Sasiadek and Srinvas@in57],
Yuanet al[758], De Lucaet al[756], Nicosiaet al[755], Chen and Men{j762], Castelazo and Ld&60,
Shamsa and Flashmigt61], Feliuet al[314], Chang 419], Kubica and Wangj764], Levis and Vandergrift
[767], Kwon and Book[768], Park and Asad@738|, Rai and Asad4739], Choi et al [773], Chiu and
Cetinkunt[774], Milford and Asokanthar{778], Aoustin and Formalsky780], Marghitu et al [687],
Mordfin and Tadikond&781], Mimmi and PennaccHi782).

Multi-link

Book et al [746], Book [783], Berbyuk and Demidyuk747], Chalhoub and Ulsoy639,750, Pfeiffer
[784], Baruh and Tadikondf787], Asadaet al [745], Jonker[559], Chedmailet al [420], Cetinkunt and
Wen-Lung[788], Aoustin and Chevallergr63], Yuanet al[759], Xia and Mend 766), Eisleret al[765],
Ledesma and Bay{740,741, Yigit [769], Gordaninejad and Vaidyaram&856], Hu and Ulsoy[770],
Meirovitch and Lim[771], Jianget al [785], Meirovitch and Chen777], Zuo et al[789], Lammertset al
[775], Gawronskiet al[776], Ghazavi and Gordanineja@86], Geet al[790], Ghanekaet al[791], Yang
et al[779], Banerjee and Singho$&92], Xu et al [793].

Control type

Regulator control

Sasiadek and Srinvas@ii57], Castelazo and Lele60], Shamsa and Flashmgf61], De Luca and Sicil-
iano[794], Aoustin and Formalsk}/780].

Tracking control

Book et al [746], Goldenberg and Rakhsh@49], Chalhoub and Ulsoy639,750, Bayo [751], Pfeiffer
[784], Yuanet al[758], De Lucaet al[756], Nicosiaet al[755], Asadaet al[745], Chedmailet al[420],
Chang[419], Xia and Menq[766], Ledesma and Bayf740,741, Kwon and Book[768], Yigit [769],
Gordaninejad and Vaidyaram#856], Hu and Ulsoy[770], Meirovitch and Lim[771], Zuo et al [789],
Lammertset al [775], Gawronskiet al [776], Chiu and Cetinkunf774], Meirovitch and Cher{777],
Ghazavi and Gordaninejdd@86], Yim and Singh[795], Milford and Asokanthan778], Yanget al [779],
Banerjee and Singho$&92].

Vibration control

Ider [796].

Force control

Hu and Ulsoy[770], Yim and Singh[795].

Feedback

Linear state(actuator/joint) feedback Angular position (encoderg

Most referenceseg, Milford and Asokanthar778], Aoustin and Formalsk{780].
Angular velocity (Tachometer9

Aoustin and Formalsky780].

Endpoint feedback Position

Cannon and Schmit748], Feliu et al [314], Jianget al [785].

Acceleration (Accelerometep

Chalhoub and Ulsoy750], Milford and Asokantharh778].

Force (Force sensoy

Hu and Ulsoy[770].

Joint type

Revolute joints

Most references.

Prismatic joints

Gordaninejad and Vaidyaram&856], Hu and Ulsoy[193].
Lead-Screws

Chalhoub and Ulsoy639,750.

Material model

Linear Isotropic

Most references.

Composite materials

Gordaninejad and VaidyaramB56|, Ghazavi and Gordaninejdd@86.

Space Structures

PlanafSpatial

Control Type

Planar

Schafer and Holzacfi797], Yen[798], Banerjed 482, Yen[799].

Spatial

Krishma and Bainuni800], Banerjed 482).

Retargeting flexible antennas and panels

Ho and Herbef406], Meirovitch and Quinj409], Meirovitch and Kwak 370,801, Kakad[412], Bennett
et al [802], Banerjed 482], Kelkar et al[803,804, Yen [798], Singhoseet al [805].

Vibration Control

Schafer and Holzackv97], Krishma and Bainumpi800], Meirovitch and Quinrj409], Fisher[806], Li and
Bainum[807], Banerjed482], Suet al[808], Kelkaret al[803,804, Kelkar and Joshi809], Dignath and
Schiehlen556].
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Table 10. (continued).

Attitude Control in the presence of disturbances

Ho and Herbel[406], Fisher[806], Ramakrishnaret al [242], Maund et al [810], Bennettet al [802],
Cooperet al [811], Yen[798,799, Mosieret al [812], Wasfy and Noof528], Nagataet al [162].
Deployment Control

Wasfy and Noof528].

Feedback

Relative displacement
Schafer and Holzacfr97].

Mechanisms

Planar Crank-slider

Liao and Sund813], Gofron and Shaban&60,361, Choi et al[772], Liao et al [814].
Tracking

Gofron and Shaban860,361.

Vibration control

Liao and Sund813], Choiet al[772], Liao et al [814].

Type of Frame

Floating frame

Most references.

Corotational
frame

Eisleret al [765].

Inertial frame

Wasfy and Nooif528].

Control law

PID control

Cannon and SchmitZ748], Berbyuk and Demidyuk747], Schafer and Holzacf¥97], Goldenberg and
Rakhshd 749], Chalhoub and Ulsoy639,750Q, Pfeiffer[784], Shamsa and Flashmgf61], Chang[419],
Yuanet al[759], Yigit [769], Gordaninejad and Vaidyaram@Bb6], Park and Asadf738], Tu et al[815],
Choi et al [773], Ghazavi and Gordaninejdd86], Ghanekaret al [791], Aoustin and Formalsky780],
Wasfy and Nooif528], Mordfin and Tadikond4781].

Proportional

Book et al [746], Book [783], Gawronskiet al [776].

Non-linear

Castelazo and Lefr60].

Adaptive control

Sasiadek and Srinvasfir67], Yuanet al[758], Chen and Men{j762], Bennettet al[802], Lammertset al
[775], Milford and Asokanthar778], Yanget al [779,818.

Robust control

Hu and Ulsoy{770], Liao et al [814].

Neural-Network

Maundet al [810], Chiu and Cetinkunf774], Yen [798,799.

Pseudo-
Linearization

Nicosiaet al [755], Levis and Vandergriff767), Nagataet al [162].

Linear quadratic
regulator (LQR)

Cannon and SchmitZ 48], Meirovitch and KwakK 370], Chedmailet al[420], Feliuet al[314], Liao and
Sung[813], Meirovitch and Lim[771], Choiet al [772], Suet al [808], Dignath and Schiehlef556).

Fuzzy control

Kubica and Wand764], Zeinoum and Khorrami817], Xu et al [793].

Computed-
torque method

Reference system: Rigid-body model

Goldenberg and Rakhsh@49], Pfeiffer [784], Chedmailet al [420], Chang[419], Gofron and Shabana
[360], Tu et al [815], Meirovitch and Che777].

Reference system: Linearized Flexible-body model

Bayo[751,752, Bayoet al [754,81§, Bayo and Moulin[753], De Lucaet al [756], Asadaet al [745],
Feliu et al[314], Williams and Turcid819], Kokkinis and Sahrajafi742], Gawronskiet al [776].
Reference system: Flexible-body model with rigitflexible coupling terms

Phamet al [820], Ledesma and Baypr40], Ledesma and Baypr41], Gofron and Shabani&860,361,
Chenet al [743], Xia and Menq[766], Gordaninejad and Vaidyaram&856], Kwon and Book[768],
Ghazavi and Gordaninejd@86|, Lammertset al [775].

Reference system: Flexible-body model with rigitflexible coupling terms and geometric nonlinearity
Eisler et al [765], Rubinsteinet al [744], Banerjee and Singho$&92].

trajectory to the desired trajectory, a good measure of perwould provide the optimum control forces. However, this
formance of the closed-loop controller is the difference requires that the inverse dynamics computation be com-
between the controller’s forces and the inverse dynamicspleted faster than real-time, which is currently difficult for

forces.

» Feed-forward open-loop control of FM&werse dynamics
can be used to calculate, in advance, the actuator force

practical FMS.

Ttge inverse dynamics problem can, in general, be solved by
ng a Newton type iterative procedure on the forward dy-

necessary to move the FMS from the initial position to yst

desired position. These forces can then be applied to {ARMIcS solutiori740-744. It was obtained in Korayeret al
system. This type of control is calledomputed torque [248] using a symbolic manipulator and the assumed mode

method The computed torque method is usually used fethod. Since, for FMS, the number of forces is always less
conjunction with a secondary closed-loop controller thfan the number of response DOFs, inverse dynamics gener-
fine-tunes the pre-calculated torques to minimize the tracklly cannot generate the precise desired trajectory and can
ing errors and vibrations. only achieve the closest possible trajectory to the desired

On-line real-time closed-loop control of FM$ this case trajectory. For stiff manipulators with linearized equations of
inverse dynamics is used as the control law. In theory, thisotion, the inverse dynamics solution can be obtained by
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solving first the inverse kinematic problem and then solvingtion of an onboard appendage, the docking or separation of
the dynamic algebraic equations of motion for the systemanother structure, or solar radiation pressure. Attitude con-
torques[745]. trol can be achieved using control moment gyros or reac-
In Table 10, papers that deal with the control of FMS are tion control jets. The current orientation of the space struc-
classified according to the type of application, the deforma-ture can be obtained either by referring to a fixed earth
tion reference frame, and the strategy for the control law. Intarget, fixed stars, or by using high-speed gimballed iner-
the Subsection 5.1, we will discuss the two main applicationstial navigation gyro§812].
of control of FMS, namely, control of flexible manipulatore Deployment controlMany new space structures are de-
and control of flexible space structures. In Subsection 5.2ployable. They are folded in order to fit in the shroud of
the various types of control laws, which were applied to the launch vehicle. Then, once in orbit, they are deployed
FMS, are reviewed. An integral part of a control system isinto their final configuration using mechanical joints/
comprised of the actuators and sensors. Brief overviews ofictuators or inflation. In Wasfy and No§528], the de-
the various actuator and sensor types and computationgdloyment process of the Next Generation Space Telescope
models used in conjunction with control of FMS are given in (NGST) was simulated. The NGST structure is deployed

Subsection 5.3. using revolute and prismatic joints along with rotary and
o linear actuators and PD controllers. Another type of de-
5.1 FMS control applications ployment is deployment of space tethers, which can be

Robot control is a very large research area with many dedi-used for raising/lowering the orbit of satellites and genera-
cated journals and conferences. About two decades ago, reion of electricity[555,821.

searchers started extending their control strategies and m?gble 10 lists the papers dealing with each of the above

els from rigid manipulators to flexible manipulators - -
operations. Most references used the floating frame approach
[79,80,748. The direct way for extending rigid body model perat . "9 PP

to flexible bodi ‘ the floating Sor modeling the flexible bodies. This is due to the fact that
o fiexible bodies was 10 use the Toaling rame approagiy, angular velocities and accelerations for space structures

. . Bre small and that these structures are usually analyzed using
egies use the floating frame approach. The research on ¢ ydal techniques. The choice of reduced modes and its ef-

trol of flexible manipulators is classified in Table 10 accor ects on the controller design were discussed in Hablani

ing to the number of spatial coordinatgdanar motion or [233,235,236and Mordfin and TadikondE781]
spatial motiof, the number of links(one link or multiple T '

links), control type(regulator or tracking type of feedback,
joint types, and material model. The majority of the papes2 Control laws
presented numerical and experimental results for planar nfde two main requirements for an FMS controller is that it
nipulators. We note that for spatial manipulators, the nonlimust be fast and must accurately follow the desired trajec-
ear centrifugal and Coriolis inertia forces take on a mudbry. These two requirements are, in general, contradictory,
more complicated form than for planar manipulators. The, the faster the controller the less accurate it is and vice
type of feedback is also critical for flexible manipulators. Forersa. There are many types of control laws with each offer-
rigid manipulators, linear state feedback, which is obtainedg benefits under some conditions. Often, more than one
using encoders on each robot joint, is sufficient to determitye of control law is used in the same system in order to
the position of the end-effector. For flexible manipulatorspaximize the benefits. Table 10 lists the most popular types
other types of sensors such as strain gages, accelerometdrspntrol laws along with the papers in which they are de-
and cameras are used to feed back to the controller the staped and used. Control laws can be roughly divided into
of deformation of the manipulator. two main types: non-model-based laws and model-based
Similarly, control of articulated space structures is a vetaws (where a computer model of the FMS is used as an
active research area because of the need to control the shafegral part of the control layv The non-model-based laws
and attitude of these structures. The following types of coare:

trol operations are performed on space structures:  Proportional-integral-derivative (PID) controlPID con-

» Retargeting of flexible appendagesch as antennas, solar trol is the most widely used control law in practice. There
panels, mirrors, and lens to constantly point towards a de-are many situations in FMS where PID control with con-
sired object. Depending on the speed of relative motion ofstant gains is not appropriate. This includes articulated
the object, this can either be a regulator or a tracking prob-multi-link FMS such as robotic manipulators because of
lem. the large configuration changes when the manipulators

 Active vibration contral Following a disturbance on the move and the change in centrifugal stiffening and inertia
space structure such as an impé&eg, docking or mass loads with the angular velocity.
capture or a motion of an appendage, structural vibratiors Fuzzy contral In fuzzy control, the controlled variables
occur. These vibrations must be damped out quickly be-space is partitioned into overlapping ranges. A stable con-
cause they reduce the precision of onboard instruments. troller is assigned with a fuzzy membership function to

« Attitude control The orientation of the entire space struc- each range. Then, based on the current state of the system,
ture should be controlled at all time to maintain the desiredthe desired state, and the membership function and range
orientation. Disturbances are typically caused by the mo-of each controller, a fuzzy output is calculated. This output
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Table 11. Classification of a partial list of references on coupled actuator-FMS models

Electrical Piezo-electric actuators Liao and Sund813], Zeinoum and Khorrani817], Choiet al [772], Thompson
and Tao[822], Yen [799], Liao et al [814], Maiber et al [823], Rose and Sachau
[362], Ghiringhelliet al [544].
Electro-rheological fluid actuators: Choi et al [773].

Chemical Rocket thrusters Reaction jets for space structuresCooperet al [811].
Flywheels Control Moment Gyros for space structures attitude control:
Cooperet al [811], Wasfy and Noof91].
Mechanical Pressure Hydraulic actuators:Cardona and Geradii824], Chang[419].

is then defuzzified to yield crisp actuator forces. This strat-earized configuration. Nicosgt al[755] used this strategy
egy was applied for position and vibration control of flex- for position tracking control of a single flexible link.
ible link maipulators 764,817.  Linear quadratic regulator (LQR)In LQR control, a pro-

« Neural-Networks (NN)In this type of control, an artificial ~ portional variable gain controller is used. The gain is
NN is trained to apply the actuation forces given the cur- evaluated using a quadratic performance measure that in-
rent system state and the error between the current ang@ludes the square of the difference between the actual sys-
desired positions. This is achieved by using another coniem and a linearized model. This strategy was used for
troller as the training controller. The disadvantage of NN tracking control of a two-link planar manipulator in Ched-
controllers is that they need to be trained using a represenmail et al [420], orientation regulation of a flexible link
tative variety of all possible system configurations and mounted on a free rigid platform in Meirovitch and Kwak
control scenarios. For multiple body spatial systems, this[370], and tracking control of a three-link manipulator
can translate into a very large training set. Chiu andmounted on a free rigid platform in Meirovitch and Lim
Cetinkunt[774] used NN for regulation control of a single [771].
flexible link. Yen[799] proposed using NN control along® Computed torque method (CTMj the CTM, the inverse
with distributed piezo-ceramic sensors and actuators fordynamic torques are first obtained. These torques are fed
tracking a desired trajectory of a flexible structure with forward to the system in an open-loop fashion. Then, an-
minimum vibrations. other type of feedback closed-loop controller such as PID

controller[776], LQR method 777], or adaptive controller

[775,819 is used to fine tune the pre-calculated torques in

< Adaptive contralln adaptive control, a PID type controller order to minimize the tracking errors and vibrations.

with adaptive gains is used. The gains are automaticallyyery important step in the design of a control law is to
adjusted' during operation based on the response of B}Fove the stability of the controlled system. Classical linear
system in such a way that the response of the systefiois cannot be used because FMS are inherently nonlinear.
closely matches that of a reference model. The forwa@[ability proofs can be done using the Lyapunov function,

dynamics simulation of the reference model is carried OUich measures the total energy of the system. The neces-
in real time during the operation of the FMS. The differ

sary condition for stability is that this function is strictly

ence between the response of the reference model and figtre asing for an arbitrary configuration of the system.

of the physical system is used to adapt the PID gains

and/or.the reference model paramgters. Since the forv_v%rg Actuators and sensors

dynamics problem must be solved in real time, a floating

frame based reduced order modal model is often used%®8.1 Actuators

the reference model. One to three modes are used for eAdbuators are an essential part of a control system because

body. they produce the forces necessary to move the FMS. Actua-
* Robust contral In robust control, an upper and lowertors convert a form of energy such as electrical, chemical, or

bound is established on the system parameters. The corechanical into mechanical energy that produces forces or

troller is designed to yield a stable bounded response givermments on the FM&ee Table 11 for a partial list of papers

the range of uncertainty in the input parameters. Robushere the actuator models are coupled with FMS models

control is used in conjunction with another type of contrdfrom the modeling point of view, actuators can be classified

law such as adaptive, PID control, or sliding mode contrahto stiff actuators and compliant actuators. Stiff actuators

Hu and Ulsoy{ 770] used the robust control strategy alongan be modeled as a prescribed motion because the motion

with an adaptive controller for position and force trackinghey produce is not affected by the reaction forces of the

of a single flexible link. FMS. For compliant actuators, the reaction forces of the
» Pseudo-Linearizatiofor Feed-Back Linearizatignin the FMS affect the commanded motion of the actuator. Thus

pseudo-linearization method, a state/control space coortfiere is atwo-way coupling between the actuator and the

nate system is found such that the FMS in the new codfMS. So, a model of the actuator must be included in the

dinate system has a linearized mo@¥icosiaet al[755]). model of the FMS. A typical stiff actuator is a low speed,

A standard PID controller can then be applied in that liraigh power rotary electric DC motor mounted on a stiff

The model-based laws are:
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Table 12. Classification of a partial list of references on coupled FMD models

Application Space structures: Krishma and Bainunj800,82€¢, Modi et al [115].
Thermo-mechanical High speed flexible mechanical system§haband363|, Sung and Thompson
[364], Wasfy[85].
Frame type Floating frame: Krishma and Bainunj800,826, Shaban4363|, Sung and

Thompson364], Modi et al [115].
Corotational frame: Wasfy [85].

Electro-mechanical Smart structures with piezo-electric actuators:Liao and Sund813],
(Mechatronics) Thompson and Taf822], Choiet a[772,773.

Review articles: Loewy [838], Matsuzaki[839)].

Electro-dynamics of tethered SatelliteslLeamyet al [555].

Review article: Done[827].
Aeroelasticity multibody beam model: Du et al [365,368.

External flow Fluid-structure interaction for a cylinder mounted on springs: Nomura[831].
) Fluid-flow over free and falling airfoils: Mittal and Tezduyaf833], Johnson
Fluid-structure and Tezduyaf832).
interaction Floating and submerged structures:Casadei and Halleup834], Concaet al

[828], Kral and Kreuzef840].

Internal flow Coupled FMS-fluid interaction: Ortiz et al [829].
Effect of explosions on containersCasadei and Halleup834].
Liquid sloshing in moving vehicles: Sankaret al [841], Rumold[830].

shaft. An electric AC high speed motor is a compliant actuaensor feedback of the closed-loop controller into: linear
tor because the torque it produces is inversely proportionalstate feedback control, endpoint feedback, and strain rate
the angular velocity. Future FMS will be required to run dieedback.

high speeds and high accelerations, and at the same t'-ml% linear state feedback control, the sensors are collocated

consume less energy. Under these conditions taking into aCith the actuators. For example, in manipulators, the ac-
count the compliance of the actuator becomes more impor ’ '

: : tuators are located at the joints and the relative joint angles
tant for accurately modeling the system dynamics.

are measured using encoders. This is the most widely used
5.3.2 Sensors type of feedback.

Sensors measure the local or global motion of a body. Thdn endpoint feedback, the sensors and actuators are non-
measurement is sent to the controller through the feedbacko!located. The feedback measurements can be used in an

loop in order to adjust the controller commands. Generally,aCt'Ve controller to damp the unwanted vibrations and to

sensors are designed such that their transfer function is linSrrect the error in endpoint position due to the flexibility
f the FMS. This feedback can be done using accelerom-

ear. Also, generally, the measurement action of the senso?
should have negligible effect on the motion of the system.eters[750'759'770’77:6 CCD camera$314], Laser rang-

Sensors can be classified according to the type of motion thalf'9 SEnsors, electromagnetic tracking, or ultrasound track-

they measure into position, velocity, acceleration, and strain:ng't in feedback. the strain at di t ints | d
energy sensors: n strain feedback, the strain at discrete points is measure

as a function of time. This information can be used to

 Position sensors measure the relative position and/or oriestimate the deformed shape of the structure and the end-
entation of a point on the system. They include: encoderspoint location as well as to measure the structural vibra-
(rotary and linear, incremental, and absolutanging sen-  tions[420,759. Thus, this type of feedback can be used in

sors (laser and light sensors, high speed caméraks], endpoint control and active vibration control.
electromagnetic tracking, and ultrasound trackirend gy-
roscopes for measuring orientation. 6 COMPUTATIONAL STRATEGIES EOR
* Velocity sensors(tachometens measure the relative ve-coUPLED FMD PROBLEMS
locity.

Accel ; the absolut leration. A FI}/ID is primarily concerned with predicting the time history
ccelerometers measure the absolute acceleralion. ACGH e mechanical respongdisplacement, strain, and stress

erometers are mostly used to measure the V|brat|onsf Id9 of an FMS. The mechanical response of the FMS can
flexible structures. They can also be used to measure

o o i SR . coupled with other types of physical fields such as: ther-
position, but a double integration in time is NECeSSaal, electric, magnetic, and fluid velocity fields. In coupled

which causes drift of the calculated position in time. Thugroblems, the governing equations for all the fields must be

they are usually combined with another type of lower resQg, e simultaneously. A special case of coupled field prob-

lution pQS|t|0n sensor. ) ) lems is when the coupling between two fields is much stron-
* The main types of strain sensors are strain gages a§i in one direction. In this case, the primary field is calcu-
piezo-electric sensof862,772,814 lated first, independent of the secondary field, and the
Control strategies can be classified according to the typesgfcondary field is then calculated using the primary field.
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New applications of FMS and the need for cheaper, lightdree beams and plates exposed to solar radiation, where the
and faster systems are increasing the demand to perfagffects of surface reflectivity and the incidence angle were
coupled response predictions. Some of the important typest@ken into account. Shabaf263] studied the effect of tem-
coupled FMD problems, along with examples of their pragerature on the vibrational response of a crank-slider mecha-
tical applications, are listed in Table 12. In this section, th@sm.

literature on the computational aspects of thermo-mechanicalFuture mechanisms and manipulators are likely to be even

coupling and fluid-structure coupling is reviewed. faster and lighter than current systems, and to be made of
new materials such as composites, ceramics, and plastics.
6.1 Thermo-mechanical coupling Those systems are expected to generate more heat due to

o . material damping. Since they have poor heat conduction,
Temperature change produces strain in a flexible body.' ey are expected to be more prone to thermal deformation

adgltflqnt,. metchanflcal gn?rgr)]/ Iotsses due t(;l'mha'Fenal damptuallge large temperature gradients. Accurate modeling of the
and iriction transtorm into heat energy, which Increases _W?otion of these systems requires models that can account for
temperature of the bo_dy. Thus, there is a t_wo-way coupli d two-way thermo-mechanical coupling. Wa8§] used a
between the deformation and temperature fields. The coup otational frame formulation and solved the fully-coupled

displacement-temperature fields can be calculated by simg mi-discrete momentum and energy equations to predict the
taneously solving the equation of motigomomentum equa- ermo-mechanical response of FMS
tions) and the energy equation. There have been considera&?le '

studies of coupled thermo-mechanical problems with small
deformation and large deformatiof825]; however, very 6.2 Fluid-structure interaction

little vvprk has been done on thermo-mechénica| dynamig earthbound FMS operate in a fluid medium, mainly air or
analysis of FMSmechanical systems undergoing large rotagater. For relatively low speed operation in air, the effect of

tion). The thermal effects in a FMS include: the fluid flow on the structural response is negligible. How-

« Heat conduction, in the bodies and between the bodies £¥€r, for very high speed operation in air, and operation in
joints liquids such as water, the effect of the viscous and inertia

« Thermal stresses. The constitutive relation relating ti@éfects of the fluid must be taken into account. A classical
stress tensor to the temperature change must be adde#ay to account for those effects for flexible structures is the
the stress-strain relation. added mass and damping meth@bne [827] and Conca

« Heat generation due to the stress power term in the enefjyal [828]). This method was used to account for fluid ef-
equation fects for helicopter blades and airplane wir@one[827]).

« Heat generation due to friction in the joints and on contabt Du et al [365,368, a 2D quasi-steady thin airfoil theory
surfaces was used to calculate the aerodynamic loads for a beam at-

« Heat flux from or to the surroundings due to radiation ari@ched to a moving base. Ortét al [829] used the floating
convection(heat convection may be a function of the rigidrame approach to model a flexible double-link pendulum

body motion attached to a container carrying a fluid. Potential flow with
« Heat flux due to conduction when two bodies are in corfodified Raleigh damping was used to model the fluid. Ru-
tact mold [830] modeled planar liquid sloshing in moving ve-

« The physical material properties such as Young’s moduld¥clés using a finite-volume multigrid code for solving the
material damping, Poisson ratio, thermal conduction codfll incompressible Navier-Stokes equations coupled with a

ficient, thermal expansion coefficient, etc, are a function #fulti-rigid body code.
temperature. A detailed account of the fluid flow and the interaction at

. . tge fluid-structure interface are needed for an accurate and
The reported work on thermo-mechanical modeling of FM ; L . )
eneral solution of FMS-fluid interaction problems, such as:

has bgen driven by. two main qpplications: space structur%F engines, rotorcraft, wing propelled aircraft, water sub-
and high speed flexible mechanical systems. Space Strumdr%%srged me,chanical S};stems and fluid flow in ;‘Iexible pipes
in orbit are subjected to severe uneven radiation heating frogem '

. . €g, blood flow. These problems can be solved by simulta-
the sun(the temperature gradient between the side eXloosnég:)usly solving the Navier-Stokes equations for the fluid and

to the sun and the opposite side can reach 400°C). The tr}%r- . . !

. . e FMS equations of motion. New computational tech-
mal gradients produce high thermal stresses and deforma- -
. - : niques have been developed to account for the large rigid
tions. In addition, the energy loss due to damping from ttBa . . . . )
oo ) . . ody motion of FMS while they move in a fluid medium.
vibrations and motion of the structure is converted into the{_— . ]

. . hese include:

mal energy. It is now recognized that the deployment of fu-
ture large space stations and other space structures, whichhe Arbitrary Lagrangian-EuleriafALE) formulation.
carry sensitive instruments, will require a much deeper un-This method can be used to model the fluid flow through a
derstanding and accounting of the thermo-mechanical effectsnoving fluid domain831—-834.
[115]. The reported studies have focused on one-way couMoving the fluid mesh along with the flexible solid com-
pling where only the temperature affects the deformation.ponents smoothly and evenly by modeling the fluid mesh
Krishma and Bainuni800,824 and Modiet al[115] devel-  as a very light and very flexible elastic solid domain tied to

oped computational methods for modeling the deflections ofthe solid mesth832]
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« Using overlapping CFD mesiChimera grid$[835]. Each 7.2 Design optimization

body can be surrounded by its own grid. The grids froRpe 4im of design optimization is to obtain the system pa-
different bodies overlap due to the rigid body motion an meters that minimize an objective function, which com-

deformation. Overlapping grids have been used in the CED. .
simulation involving separation of multiple rigid bodiegPTIses measures of the system performance requirements and

during flight[836,837. the system cost while satisfying performance constraints.
« Automatic re-meshing of the fluid domain if the deformaPredicting the system’s dynamic response is needed in the
tion of the domain is excessif832] course of the design optimization process in order to evaluate

« Coupling between the fluid and structural forces at the i€ objective function and/or the constraints. Strategies for

terface by writing the dynamic equilibrium of force equadesign representation and design optimization of FMS
tions at the interface nod¢834] coupled with FMD modeling have been developed in the

following references: Schiehld@13], Daberkowet al[714],
7 DESIGN OF FLEXIBLE MULTIBODY SYSTEMS Haug [709], Daberkow and Schiehlefir17], and Hardell

In addition to the ability to predict the dynamic response (g§44]' In Table 13 a classification of a partial list of refer-

FMS, two main capabilities are needed for the design Sgces devoted _to FM.S _desjgn optimization techqiques s
FMS. These are design representation and design optimi§ own. The design optimization problem can be written as:

tion. minf(\;)

7.1 Design representation subject tog;(\)<0 i=1---N, j=1---M (19)

The aim of design representation is to find an effective strat-

egy for storing all the required information about the systerheref is the objective function; is design variable num-
Hierarchical object oriented FMS representation strategi€€ri, g; is constraint function numbgr N is the total num-
have been demonstrated to be very effectsee Subsection ber of design variables, arid is the total number of con-
4.2.4). An object-oriented design representation strategy caiaints. Typical design variables include system dimensions

be used in a virtual product deve|0pment environment ﬁﬂd material properties. Typlcal constraints include limits on
allow the following capabilities: weight, stresses, and displacements. The constraints can be

] ] o ] . combined in the objective function using either Lagrange
+ Creation of the modeh an intuitive user-friendly graphi- 1 ,itipliers or a penalty method. The evaluation of the objec-

cal environment _ tive function and/or the constraints requires a forward dy-
* Automatic generation of the different types of representgamics solution for the FMS. This makes the constraint

tions needed during the design and manufacturing Preguations a nonlinear function of the design variables. Non-
cessesrom a single general object-oriented representatigfear optimization problems can be solved numerically us-
of the FMS. The types of representations include: geomgty gne or more of the following methods: gradient descent,
ric solid models, finite element models, normal mode mogy ristics, expert systems, and genetic algorittses Table
els, CNC machining codes, rapid prototyping model§g) Gradient descent algorithms start from an initial design
manufacturing steps/processes, assembly steps, eiC.  giate and iteratively find a local minimum design state by
* Dynamic simulationThe FMD analysis code can be eMgpanging the variables in the direction of the steepest descent
bedded in the virtual product development environment g jient. The main limitation of a gradient descent algorithm
allow building the model and predicting the dynamic réjg {hat the design variables must be continuous. A popular
sponse in one integrated environment. , _gradient descent algorithm for mechanical systems is the se-
* Visualization of the FMS de'5|gfrh|s mvolve; dlsplaylr)g _quential quadratic programming technidi@#5—847. If the
the system's model from different views with a realistiGiesign variables are discontinuous, discrete, or integer type
rendering during the design process so that the user Gaflameters(such as material type, system configuration,
quickly make design changes. _ ~_ number of supports, etcthen more suitable optimization
* Interactive Visualization of the simulation resulis in-  tachniques are heuristics, expert systems, and genetic algo-
volves displaying an animation of the system motion th@,ms  Since most design problems involve both continuous
is calculated using the FMD code. The user can change they giscontinuous type variables, a hybrid optimization pro-
parameters of the visualization such as the animatigaqyre consisting of two or more optimization algorithms
speed, the model color, graphs parameters, etc. The 989y pe ysed. Heuristics, expert systems, and gradient descent
metric model can be overlaid on the finite element modg|qqrithms have been used in the design of flexible planar
in order to display an animation comprising the geometri¢, o -hanisms by Imam and Sand66], Thorntonet al [848],
details of the system instead of the idealized beam or Shé'lleghorn et al [849], Zhang and Grandifi850], Hill and
finite elements. The simulation can be visualized on Singlﬁ’/ﬁdha [851], Liou and Lou[852], Liou and Liu[853,854,
screen desktop workstations all the way up to multi-screeolr'lld Liou and Patr#855]. To the authors’ knowledge, there
stereoscopic immersive virtual reality faciliti€g23,843.  ,1e o reported studies on the use of genetic algorithms for
Graphical design environments that include some of thiee design optimization of FMS.
above capabilities have been presented in the literdege For gradient optimization methods, partial derivatives of
[714,720,848. Also, many commercial FMD codes cur-the objective function, and the constraint functions with re-
rently provide the above capabilities, to some degree.  spect to the design variables are needed. This requires the
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Table 13. Classification of a partial list of references on FMS design optimization

Evaluation of
sensitivity coefficients

Direct
differentiation

Imam and Sandd66], Haug[845], Bestle and Eberhar@46], Woytowitz
and Hight[856], Wasfy and Noof91], Liu [857], Pereiraet al [372], Dias
and Pereird858].

Finite differences

Imam and Sandd66], Wasfy and Noof91], Ider and Ora[859,86(0.

Reference frame

Floating Rigid multibody systems:

Haug[845], Bestle and Eberhar846].

No coupling between rigid body and flexible body motion(KED):

Imam and Sandd66], Thorntonet al [848], Cleghornet al [849], Zhang

and Grandir{850], Liou and Lou[852], Liou and Liu[853], Yao et al [245],

Liou and Liu[854], Liou and Patrd855].

Coupling between rigid body and flexible body motion:

Dias and Pereirf861], Ider and Ora[859], Oral and Idef860], Pereiraet al[372].
Inertial Woytowitz and Hight856].

Applications

Rotating beam

Woytowitz and Hight856].

Manipulators

Yao et al[245], Rai and Asad#&739], Oral and Ide860].

Mechanisms Imam and Sandd66], Thorntonet al [848], Cleghornet al [849], Zhang
and Grandir{850], Liou and Lou[852], Liou and Liu[853,854, Liou

and Patrd 855, Hulbertet al [862].
Dias and Pereiré861], Pereiraet al [372].

2D crash-worthiness

Optimization algorithm Gradient descent Sequential quadratic programming:

Haug[845], Bestle and EberhariB46], Woytowitz and Hight{856], Bestle[847],
Ider and Ora[859], Oral and Idef860], Hulbertet al [862].

Feasible direction method:

Dias and Pereir@861], Pereiraet al[372].

Heuristics/ Imam and Sandd66], Thorntonet al [848], Cleghornet al[849], Zhang
gradient descent and Grandir{850].
User driven Newton-Raphson iterations:Hill and Midha[851].

Liou and Lou[852], Liou and Liu[853,854, Liou and Patrd855].

Expert systeni
heuristics

Genetic algorithms No references.

evaluation of partial derivatives of the response variableficult to evaluate using the direct differentiation approach
with respect to the design variables. This can be done eitlilrcause analytical derivatives cannot be defined at disconti-
by direct differentiation of the equations of motion or bynuities.

finite differencegsee Table 1B In the direct differentiation  The finite difference approach requirlis- 1 evaluations
approach, if the semi-discrete equations of motion are writf Eq. (20). The finite difference approach is simpler to

ten as: implement since it does not involve formulating new equa-
oo o | ce tions and variables. In addition, gradients of discontinuous
MEXE=Fint fex (20)  variables can readily be calculated using finite differences.

then direct differentiation of Eq20) yields:
8 EXPERIMENTAL STUDIES
axe afge ey IM®__

o " (1) In the past, design and analysis of practical FMS relied
I2NEENON I\ IN; primarily on experiments. Starting in the 1980s, compu-
ter speeds and the advances in computational modeling
_ . " . has allowed a much greater reliance on computer models.
tiation approach, n addition to solvmg_ _EgZO), Eq_. (_21) Experimental studies are, however, still very important be-
must be solved\ times for the N-sensitivity coefficients cause they can be used to develop, improve, and assess the

o e .
ax®ldx; [91]. However, the use of the automatic d'ﬁerem'aéccuracy of numerical models. In Table 14, experimental

tion facilities for generating the governing equations for th§tudies reported in the literature are listed and classified by
sensitivity coefficientdEq. (21)) alleviates the complexity

. . . : o application.
associated with the direct differentiation approach. However},) P

this is accomplished at the expense of additional storage and

computational time. In addition, some types of design va¥- FUTURE RESEARCH DIRECTIONS

ables involve discontinuous operators such as absolute valds,in other fields, the future research directions of FMD will
maximum, or minimum operators. Examples of these valtbe driven by the applications. Some of the recent and future
ables are maximum allowable stresses and deflections. Hpplications are outlined in Subsection 9.1. Those applica-
values of these variables can shift discontinuously in botions will likely require higher model fidelity and faster com-
space and time. The gradients of these variables are vepntational speed. Research topics that are likely to produce

e

j j

where\; is design variable numbgr In the direct differen-
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Table 14. Classification of a partial list of references on FMS experimental studies

Four-Bar Alexander and Lawrencg863], Jandrasits and Lowdri1], Turcic et al [310),
Linkage Thompson and Sunf52], Sunget al [864], Liou and Erdmar{26], Sinhaet al
[865], Liou and Pend385], Giovagnomi[866).
Composite materials: Thompsonet al [351], Sunget al [353].

Mechanisms Crank-Slider Thompson and Suni52], Sunget al [864].
Composite materials: Sunget al [353].
Smart materials: Choi et al[772], Thompson and TafB822].
Joint clearances:Soong and Thompsdi633).

5 links or more Caraccioloet al [867].
Machines Chassapis and Lowei387].
One link Cannon and Schmit748], Feliu et al [314],

Liou and Pend385], Kwon and Bool 768], Milford and Asokanthari778],
Aoustin and Formalsky780].
Smart materials: Choi et al[773].

Manipulators

Two or more Chalhoub and Ulsoy750], Panet al [340], Chedmailet al [420], Yuanet al [759],
links Hu and Ulsoy[770], Yang et al [779], Lovekin et al [868], Gu and Piedboeuf
[869,870Q.
Tracked Vehicles Choi et al [646], Nakanishi and Isogdi430].
Space structures Mitsugi et al [871], Lovekin et al [868].

improved model fidelity and speed are identified in Subseaore difficult to model due to material nonlinearity and an-
tion 9.2. The new models must then be integrated in tligotropy. In addition, complex material failure modes will
design process of FMS. Research topics that can helpnitake prediction of allowable operation limits more difficult.
integrating FMD models into the design process are identi- Bio-dynamical system3ypical applications include: limb
fied in Subsection 9.3. replacement; vehicle occupant crash analysis; motion/force
analysis for athletes, animals, and insects.

Robots There is an increasing interest to develop intelli-
The current trend in the various applications of FMS is tQjent autonomous robots that can perform tedious tasks in-
wards cheaper, lighter, faster, more reliable, and more precigga of humans. These robots must have an effective control
systems. In addition to traditional FMS applications listed IBirategy to enable them to walk on rough terrains and ma-
Sect?on 1, some of the recen'F application_s, which will Iike'Y\ipuIate, grasp, and move objects using arms and hands.
require more FMD research in order to improve the modey,qe rohots are also likely to be lightweight and flexible.
f|deI|_ty and computatlo_nal speeq, include: . Active model based contralf robots, manipulators, and

High speed, lightweight manipulator€urrently manipu- sa)ace structures

e

lators are constructed using bulky stiff links and are mov Micro and nano electro-mechanical systems (MEMS and

at slow speeds so that they do not experience excessive IQE'MS) These systems have many applications in the medi-
flections and vibrations. New lightweight stiff materials al, electronics, industrial, and aerospace fields; and, there-
8. , : p ; :

piezo-electric actuators and sensors, and high speed mo§ L . .
) fare, have been receiving increasing attention from research-
based closed-loop control are pushing the speed and Welg :

9.1 Recent and future FMS applications

limits of manipulators. These new manipulators can be us & " _zlgcer:t ye?rs. MEMS havte dmm&:ws (;‘."‘”9'”9 fromfa
in a wide array of applications such as industrial productio gw mifimeters to one micrometer, while the dimensions o

nuclear waste retrieval, and fast assembly of space struct S range .from submicron ~ dimensions -down t.o
in orbit nanometer/atomic scale. There are already practical applica-

Large high precision deployable lightweight space strudions of MEMS, such as airbag deployment ac_celerometers,
tures Stable and high dimensional precision space structu NEMS such as carbon Nanotube manipulators and
are needed for new high resolution and high sensitivity opfoPes(872]. Typically, MEMS and NEMS involve at least
tical and radio telescopes as well as very high bandwid@f€ moving component that is coupled with an electric
communication satellites. Those space structures will be dgd/or magnetic field. Due to their small size, viscous fluid
ployed in orbit from a small package that fits in the shroud ¢oW effects can affect the motion. MEMS can be modeled
the launch vehicle into their large useful configuration. E&Sing the classical mechanics techniques presented in this
fects such as joint friction, material damping, thermal heaaper. For atomic sized NEMS, quantum effects are impor-
ing, and solar radiation pressure must be included in thogét and can be modeled using classical molecular dynamics,
models. tight-binding molecular dynamics, or density functional

High speed, lightweight mechanismidew lightweight theory(a theory used to solve the multibody nuclei-electrons
stiff materials such as advanced composites and ceramics S¢Brodinger equationwhich are various levels of approxi-
increasingly being used in automobile and airplane enginesitions for the atomic force$873]. Many MEMS and
and production machines. The flexibility effects in thesMEMS include: components that undergo large rigid body
mechanisms will be larger than current mechanisms anmbtion while experiencing deflections and vibrations; kine-
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matic joints; control actuators/motors; and sensors. In addielement must accurately account for the following: large
tion, many MEMS and NEMS such as manipulators and arbitrary spatial rigid body rotation, large deflections, large
gears[874] experience frictional contact/impact. Therefore, strains, transverse shear deformation, rotary inertia, initial
many of the modeling methodologies developed for classicakurvature, twisted(warped beams and shells, arbitrary
FMS can be adapted to MEMS and NEMS. cross sections, general nonlinear anisotropic material con-
Coupling of physical experiments and simulatioi®e  stitutive law including material damping and friction, and
cost and number of physical tests of FMS, can be greatlymaterial failure.
reduced by coupling the physical experiment to the simula-Contact/impact friction modelsTraditionally, friction is
tion [842]. For example, the physical test can be performedmodeled using a Coulomb friction model. However, more
on an automobile suspension system while the rest of th%ophisticated models such as asperity based mdégls
vehicle is simulated. By using actuators and sensors at thf876,872) exist and need to be incorporated in FMS
interface between the physical test and the simulation, th"contact/impact models. Friction is likely to be very impor-

interface forces required for the test and simulation can bggnt in applications such as docking and assembly of space

generated. _ o _ _ structures, and grasping payloads using robotic manipula-
Real-time interaction with virtual FMSn virtual reality ;.o

app_lications, the user intgracts with a computer generggegoin't models More research is needed to assess velocity-
environment. The interaction can range from man'p”|at'”gforce/moment relation(including friction and dampinyg

the virtual objects using the mouse and keyboard to toucmn%learanceﬁo,%ﬂ, and dimensional precision and hyster-

"’.‘”d holdmg' the objects using haptic glovi12]. A real . sis of joints(Wasfy and Noof733]). These effects are not
time FMD simulator can be used to generate the both visual_ ... -
: . ) - critical for low speed and/or low precision systems. How-
and haptic feedback such that the virtual objects behave like . .
; o ever, for future systems, understanding those effects will
real-world objects[173,875. Applications range from 3D " . . o
. be very critical for the design of high performance joints.
computer games to training.

Movies and computer gamdsMD models can be used t09.2.2 Formulations

generate a realistic visual animation of the motion angh understanding of the mathematical foundations of exist-
contact/impact response of various objects. ing formulations is needed. This includes the following:

9.2 High performance FMS models research » Mathematical relation between the three types of reference
. .. frames Further research is needed to determine the math-
In order to design, construct, and operate FMS that satisfy ; :
the current and future applications requirements, more res matlgal relations bgtween the three reference frame for-
search is needed to improve FMD models fidelity and Com_mulatlons for the various types of _elements, model reduc-
putational speed. This will reduce the reliance on physicaltlon methods, and mass matrix typeSumped or

prototypes, thereby reducing the development cost and timeCOHSiSter)t This can help in identifying the assumptions,

Model fidelity can be improved by incorporating all the rel- the limitations, and the range of validity of the response of

evant phenomena affecting the response into the modefach formulation. Spme studies h_ave _shown the equiva-
Computational speed is especially needed for inverse dynam€nce of the corotational and the inertial frame formula-
ics and design optimization problems because of the |argé|on§[453]. Also, if the flexible motion inertia forces in the
number of iterations involved in those solution procedures.floating frame approach are referred to the global frame,
In addition, some new applications, such as model basedhen the floating frame can be considered as one corota-
control and interacting with FMS in virtual reality environ- tional frame for the entire body.
ments, require real-time or near real-time response predicRotational DOFs for the corotational and inertial frames
tion. In the past, accuracy was sacrificed in favor of compu-In corotational and inertial frame formulations, many types
tational speed because, otherwise, practical FMS problem§f rotational DOFs are used such as Euler angles, incre-
could not be solved in a reasonable amount of time on existmental rotation vector, rotation pseudo vector, rotation ten-
ing computers. Currently, the increasing speed of computersor, and global slopesee Tables 3 and)4in some stud-
provides opportunities for high-fidelity rapid simulations of ies, rotational DOFs are not used®5,91,527. More
complex FMS. Improving FMD model fidelity and speed research is required to determine the advantages and limi-
requires more research in the following subtopics of FMD. tations of the various types of rotational DOFs, particularly
their effect on the rotational inertia moments. Also, more

9.2.1 Basic ?gdels ded to i he basi del hresearch is needed to determine the advantages and limita-
Mor_e research Is needed to !mprove the basic models of th¢g of formulations that use rotational DOFs versus for-
flexible components. These include: mulations that do not use them

« Accurate and efficient beam, shell, and solid elemeXts ¢ Hybrid frame formulationsThese are formulations where
curacy requires that the element does not exhibit any typemore than one type of reference frame is used in the same
of locking or spurious modes and that it must pass allproblem. This can be advantageous for FMS with disparate
accuracy tests. Efficiency means that the element is notanges of rotational speeds and/or relative deformations of
prohibitively expensive relative to other available elementsthe flexible components. Hybrid formulations will require
that can solve the same problem to the same accuracy. Théeveloping solution procedures that can handle multiple
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reference frames for inertia and internal forces, differeahalyses. Noteworthy examples include: coupling of the dy-
types of rotational DOFs, and multiple time step sizes. namics of electro-magnetic and piezo-electric actuators and

« Effect of nonlinearities on modal coordinatéhe floating sensors for smart structures and MEMS; thermo-mechanical
frame approach in conjunction with modal reduction isoupling for space structures, and fluid-structure interaction
used extensively for space structures and flexible manigor submerged mechanical systems.

lators. However, gwde_h_nes ShOUId be developed for _ﬂbe.Z.S Verification and validation of numerical simulations
range of angular velocities, stiffness, and system configu-

. - . . n order to verify and validate the accuracy of the numerical
rations within which modal coordinates produce accurate . . .
; . imulation benchmark, experimental and numerical test
results. Also, nonlinear modal reduction methods need 30
. roblems are needed.
be further developed in order to accurately account fgr
nonlinearities(centrifugal stiffening, foreshortening, ands Benchmark experiment§hese are needed in order to vali-
large deflections and changes in kinematic structure date and assess the accuracy of the computational models
(addition/deletion of joints and constraiints in representing key effects such as: spatial motion, open/
) . closed loops, high speed rotation, large deflections, etc.
9.2.3 Computational strategies o Most past experimental studies focused on simple FMS
Improved compytatlonal strategies are needed, which mclud@eg, rotating beams, two-link manipulators, four-bar link-
enhancements in: ages, and crank-sliderthat are designed to highlight only
« Solution strategiesGuidelines are needed for choosing ON€ Or two of these effecttsee Table 1p While these
implicit and explicit solution procedures. Future research€Sults are useful, more results that cover various orders of
magnitude and combinations of these effects are needed. In
addition, there is also a need for benchmark experimental

results of large practical FMS. State-of-the-art sentsge

« Parallel solution proceduresProcedures that can achieve a SUPSection 5.3)2and data acquisition facilities should be
linear speedup of the number of processors to the numbeSed in these experiments in order to provide detailed high
of DOFs are the most advantageous. Explicit methods/€SClution measurements of strains and displacemiegis

naturally satisfy this condition. More research is needed to[869'87Q)' ) ) )
develop implicit or implicit-explicit hybrid methods that® Benchmark simulationdhere is a need to develop a set of

achieve a near linear speedup. Also, more research ig)enchmark simulations for verification and comparison of
needed to implement the parallel solution procedures or'Fhe congt_eguor?alﬁmodels. Th(l)lse tests rlnl(stt lf)fe desgneg to
new, massively parallel, heterogeneous computer clus'tergarget Individual effects as well as coupled effects. A sub-

in such a way as to minimize the idle time of each proces_set of those accuracy tests are the beam, shell, and solid

sor and the volume of communication between Iorocessors(_alements benchmark tests developed in the finite element

« Adaptive strategied-urther research is needed to incorpo- structural analysis fieldeg, [567’568)' In addition, FM.S
rate h, p, and modal adaptive methods to FMS. Also, fur-aceuracy tests for the following effects are needed: cen-

ther research is needed for model adaptation in which thetrlfugal stiffening, high accellera'tlo.ns, vibratiorigode
reference frames, element formulations, etc, can beshspes an'd. dnatt)uzjal frquenoleﬁr&ctmnal Icontac't, Ia|1rg'e
switched during the simulation. fil:nlet;ary rigid body motion, and very long simulation
e Symbolic Manipulation Symbolic manipulation can re- '
duce the number of mathematical operations needed during

the numerical simulation. Symbolic manipulation has beeh3 FMS design research

rec_:ently used in conjunction with the floating frame f_ormuFOr typical mechanical systems, the computer analysis/
lations (eg,[159,324); however, it has not been applied tosimyation time is now only a small fraction of the total
the corotational or inertial frame formulations design process time. Most of the time is spent in formulating
* Accounting for uncertainties and variabiliie§MS have he problem, generating the computer model, and post-
inherent uncertainties due to assumptions and approximancessing the results. The following technologies, when in-
tions in the model and imprecision in estimating the valugggrated with FMD techniques, can significantly reduce the

of the system’s parameters. Computational procedures thakign time and help design better performiig close to
can predict the response under these uncertainties and vghtimum FMS:

abilities need to be developed. More research is needed to ) ) . )
develop and apply techniques based on probability theofypbject oriented strategieé\n object-oriented strategy can

should address developing mixed explicit-implicit multi-
time step solution procedures for FMS to maximize the
advantages of both solution methods.

fuzzy set theoryf732], and interval analysig731]. effectively couple design, simulation, and manufacturing
tools, which will result in large savings in product devel-
9.2.4 Coupled FMD analyses opment time and cost. This is consistent with the current

This is perhaps the field which will experience the largesttrend of transforming CAD systems into virtual product
growth in the near future because it is grossly underdevel-development systems with embedded numerical simulation
oped and, at the same time, there are many practical applitools.

cations in biomechanics, aeronautics, space structures, ardesign optimization method$-MS involve continuous,
micro and nano-mechanical systems that require coupledliscontinuous, discrete, and integer type design variables.
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While there are many papers on gradient descent methods
(see Table 1}l these methods work only on continuous
variables. There is significantly less work on knowledge-
based expert systems and there is virtually no work on thé&’]
use of fuzzy expert systems and genetic algorithms for thcf\8
design of FMS. The latter two techniques have prove
very effective for many other types of nonlinear optimiza-
tion problems, thus their application to FMS is likely to be (o]
very beneficial. For example, using fuzzy expert systems
in conjunction with fuzzy-set model&32], some of the [10]
system design parameters can be defined using linguistic
values. The linguistic description is more natural for hufi1]
mans. In addition, classifying the ranges of the parameters
using the linguistic quantifiers can help in exploring a large
design space faster. [12]
« Virtual reality. This technology can help analysts and de—lg]
signers to visualize, construct, and interact with FMS mooﬁ-
els on a computer. Virtual reality can be integrated witfi4]
FMD in two ways. First, it can be used as a tool for Con[15]
structing the FMS geometry. Second, a near real-time for-
ward dynamics capability can be incorporated in a virtudlL6]
reality environment for interacting with the FMS using[m
hand worn gloves and other haptic devices. This offers theg
user a realistic visual view as well as realistic motion and
reaction forces behavior of the FMS. ]
« Collaborative design and analysis of FM&ollaborative
visualization and simulation environments allow geof20]
graphically dispersed teams to work together in developir*[gl]
and analyzing virtual prototypes of FMS. These environ-
ments will significantly reduce the development time[22]
lower life cycle costs, and improve the quality and perform]
mance of future FMS. The Internet can provide the com-
munication infrastructure for these environments. (24]

(6]
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