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Abstract

In the limit of small activator diffusivity e, the stability of symmetric k-spike equilibrium
solutions to the Gierer-Meinhardt reaction-diffusion system in a one-dimensional spatial domain
is studied for various ranges of the reaction-time constant 7 > 0 and the diffusivity D > 0 of the
inhibitor field dynamics. A nonlocal eigenvalue problem is derived that determines the stability
on an O(1) time-scale of these k-spike equilibrium patterns. The spectrum of this eigenvalue
problem is studied in detail using a combination of rigorous, asymptotic, and numerical methods.
For k = 1, and for various exponent sets of the nonlinear terms, we show that for each D > 0,
a one-spike solution is stable only when 0 < 7 < 79(D). As 7 increases past 79(D), a pair
of complex conjugate eigenvalues enters the unstable right half-plane, triggering an oscillatory
instability in the amplitudes of the spikes. A large-scale oscillatory motion for the amplitudes
of the spikes that occurs when 7 is well beyond 79(D) is computed numerically and explained
qualitatively. For k& > 2, we show that a k-spike solution is unstable for any 7 > 0 when
D > Dy, where Dy > 0 is the well known stability threshold of a multi-spike solution when
7 =10. For D > Dy, and 7 > 0, there are eigenvalues of the linearization that lie on the (unstable)
positive real axis of the complex eigenvalue plane. The resulting instability is of competition
type whereby spikes are annihilated in finite time. For 0 < D < Dy, we show that a k-spike
solution is stable with respect to the O(1) eigenvalues only when 0 < 7 < 79(D; k). When 7
increases past 79(D; k) > 0, a synchronous oscillatory instability in the amplitudes of the spikes
is initiated. For certain exponent sets and for k& > 2, we show that 70(D;k) is a decreasing
function of D with 7o(D; k) — 10, >0 as D — D, .

1 Introduction

Since the pioneering work of Turing [29], there have been many studies determining the conditions

for the onset of instabilities of spatially homogeneous patterns in reaction-diffusion systems in
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both bounded and unbounded spatial domains. Various types of weakly nonlinear theories, many
of them associated with the complex Ginzburg-Landau equation, have been used to study the
weakly nonlinear development of these Turing instabilities. There have been many results in this
direction. A survey of pattern formation in many different physical settings is given in [2]. However,
in the singularly perturbed limit, many reaction-diffusion systems can allow for the existence of
equilibrium solutions that exhibit a high degree of spatial heterogeneity. A very common pattern of
this type is a spike pattern, whereby one of the components of the system becomes spatially localized
at certain points in the domain. In different contexts these localized patterns are referred to either
as spots (cf. [18]) or pulses (cf. [4]). In contrast to the study of the stability of spatially homogeneous
solutions, the instabilities and the dynamics of these spatially localized patterns are not nearly as
well understood. In this paper, we determine the conditions for the onset of oscillatory instabilities
for symmetric k-spike equilibrium solutions to the singularly perturbed Gierer-Meinhardt reaction-
diffusion model in a bounded one-dimensional spatial domain. An equilibrium spike pattern is
said to be symmetric when the spikes have a common amplitude. Asymmetric equilibrium spike
patterns, where the spikes have different amplitudes, have been constructed asymptotically in [30].

The Gierer-Meinhardt (GM) model, introduced in [11], has been widely used to model localiza-
tion processes in nature, such as cell differentiation and morphogenesis (cf. [12]), biological pattern
formation (cf. [17]), and the formation of sea-shell patterns (cf. [18]). In Appendix A, we show
that in the limit where the activator diffuses more slowly than the inhibitor, the GM system can

be written in dimensionless form as

P
at:E2am—a+%, —l<z<l, t>0, (1.1a)
Tht:Dhmc—h—l-e_l(]z—s, l<z<l, t>0, (1.1b)
az(£1,t) = hy(£1,t) =0; a(z,0) = ag(z), h(z,0) = ho(x) . (1.1c)

Here a, h, 0 < e < 1, D > 0, and 7 > 0, represent the activator concentration, inhibitor con-
centration, activator diffusivity, inhibitor diffusivity, and reaction-time constant, respectively. The
parameters D > 0 and 7 > 0 are assumed to be constant. The usual assumption on the exponents
(p,q,m,s) (cf. [11]) are that they satisfy

qm
(p—1)
To illustrate our analytical theory, we will give explicit stability results for the five different com-

p>1, qg>0, m>1, s>0, with (= —(s+1)>0. (1.2)

monly used exponent sets (p, g, m, s) given by

(2,1,2,0), (2,1,3,0), (3,2,2,0), (3,2,3,1), (4,2,2,0). (1.3)



For the case 7 = 0 and € < 1, the stability and existence of symmetric and asymmetric k-
spike equilibria for (1.1) has been analyzed using formal asymptotic techniques in [14] and [30].
A rigorous framework for these stability analyses is given in [33]. A dynamical systems approach
is used in [5] to construct multi-spike equilibrium solutions for (1.1). The existence of symmetric
k-spike equilibria for (1.1) was proved in [28]. A formal asymptotic analysis of small amplitude
solutions to activator-inhibitor systems was given in [15]. For the case 7 = 0, the dynamics of
k-spike patterns to (1.1) was analyzed in [13]. In [27] various types of instabilities for the dynamics
of one-spike solutions of the GM model with D = O(1) and 7 > 0, and for a related reaction-
diffusion system known as the Schnakenburg model (cf. [26]), were highlighted numerically. These
instabilities include sudden oscillations of slowly drifting spikes.

For 7 > 0, there are only a few stability results for spike solutions to the GM system, and most
of these results are for the shadow GM model obtained by letting D — oo in (1.1b). For 7 > 0,
the numerical results shown in [20] suggested that oscillatory instabilities can occur for a boundary
spike solution to the shadow GM model. For 7 > 0, and D sufficiently large, the stability of a
one-spike solution to (1.1) was analyzed rigorously in [21] under the condition that the exponents
(p,q,m, s) in the model are such that ¢ — 0" in (1.2). For the shadow GM model, it is proved in
[3] that there are two eigenvalues in the spectrum of the linearization around a spike solution that
are along the positive real axis when 7 is sufficiently large, and a Hopf bifurcation as 7 increases
past some critical parameter is suggested. A combination of rigorous, asymptotic, and numerical,
techniques is used in [31] to determine the conditions for the onset of oscillatory instabilities of an
equilibrium one-spike solution to the shadow GM model in N spatial dimensions. The origin of
the term “shadow system” first appeared in [22] in the context of examining bifurcation-theoretic
properties of solutions to a general class of activator-inhibitor systems in the singularly perturbed
limit where the diffusion coefficient of the inhibitor tends to infinity.

Our goal is to study the stability of symmetric k-spike patterns of (1.1) for finite D and for 7 > 0.
Intuitively, for a fixed value of D, a spike pattern should become unstable as 7 increases. This is
because for large 7 the inhibitor field responds slowly to small local fluctuations in the activator
concentration. In addition, for a fixed 7 > 0 and for the shadow limit D — oo, multiple-spike
solutions are unstable since the inhibitor field has no spatial variation to suppress the autocatalysis
term a”/h? in (1.1) that is responsible for spike formation. Hence, we would expect that for
sufficiently large values of D, multiple-spike solutions will be unstable even when 7 is small. Our
results characterize the onset of these instabilities precisely.

In our analysis, valid for ¢ — 0, we linearize (1.1) around a symmetric k-spike equilibrium

solution and use a Green’s function method to derive a nonlocal eigenvalue problem that determines



the stability of this solution with respect to the O(1) eigenvalues. These eigenvalues are referred
to in [14] as the large eigenvalues. Our derivation of the nonlocal eigenvalue problem using Green’s
functions is related to the approach used in [23] to analyze the stability of transition layer solutions
to the Fitzhugh-Nagumo model. For k > 1, we determine conditions on 7, D, and the exponent
set (p,q,m,s), such that the spectrum of this eigenvalue problem is in the stable left half-plane
Re()\) < 0. The small eigenvalues of order O(£?) in the spectrum of the linearization of (1.1) around
a k-spike equilibrium solution are asymptotically independent of 7 as € — 0. Thus, the spectral
result of [14] still holds for the small eigenvalues.

The spectrum of the nonlocal eigenvalue problem is studied using a combination of functional-
analytic, asymptotic, and numerical techniques. We first summarize some rigorous results for the
case of a one-spike solution where k = 1. When k = 1, we prove in proposition 3.7 that there is
a value 79(D) > 0, such that when 7 = 79(D) there is a complex conjugate pair of eigenvalues on
the imaginary axis Re(\) = 0. We use a winding number approach to prove in propositions 3.3
and 3.4 that, when either m = 2 and p > 1 or when a certain monotonicity condition holds, the
number of eigenvalues M in the unstable right half-plane is either M = 0 or M = 2 for any 7 > 0.
In proposition 3.7, when either m = 2 and p = 2, or m = p+ 1 and 1 < p < 5, we prove that
for any D > 0 there exists a value 7.(D) > 0 such that there are exactly two eigenvalues along
the positive real axis Re(\) > 0 for any 7 > 7.(D). When m = 2 and 7 > 7.(D) these are the
only two eigenvalues in the right half-plane. Many additional results are obtained numerically. For
k =1, and for each of the exponent sets of (1.3), we compute the function 74(D) for which there is
a complex conjugate pair of eigenvalues on the imaginary axis. We find that 7o(D) is a decreasing
function of D, with 79(D) tending to the shadow limit value 755 > 0 as D — oo. For each of the
exponent sets of (1.3), we show numerically that as 7 increases past 79(D), these eigenvalues cross
strictly into the right half-plane and that they merge onto the positive real axis at some critical
value 7 = 7.(D) > 19(D). Hence, numerically we find that there are exactly two eigenvalues in the
right half-plane for each 7 > 79(D). For 7 > 7.(D), these eigenvalues remain on the positive real
axis and their asymptotic behavior as 7 — oo is given in propositions 3.8 and 3.9. The function
Te(D) is computed numerically for each of the exponent sets of (1.3).

The stability properties of multi-spike solutions with & > 2 are more intricate. For k£ > 2, and
for certain ranges of m and p, we prove in proposition 5.3 that a k-spike solution is unstable for
any 7 > 0 when D > Dy, where D, > 0 is the stability threshold for multi-spike solutions when
7 = 0 computed in [14] (see proposition 2.6 below). For D > Dy and any 7 > 0, there is at
least one eigenvalue of the spectrum of the linearization on the (unstable) positive real axis. For

0 < D < Dy, we show that a k-spike solution is stable with respect to the O(1) eigenvalues only



when 0 < 7 < 79(D; k). When 7 increases past 79(D; k), an oscillatory instability is triggered. For
the exponent sets of (1.3) and for k > 2, we show that 79(D; k) is a decreasing function of D with
T0(D;k) — o1, > 0 as D — D, . For D — 0, we have that 79(D;k) — 7o, where the value 7o,
depends on the exponent set (p,q,m,s), but is independent of k. Further qualitative features of
the spectrum of the nonlocal eigenvalue problem for & > 2 are obtained.

To confirm our spectral results for £ = 1, we compute full numerical solutions to (1.1) for values
of 7 near 7y and for values of 7 well beyond 7y. For the exponent sets of (1.3), we first verify that
an oscillatory instability is triggered for 7 slightly beyond 7y. This is shown by computing the
amplitude a,, of each spike as a function of t. The amplitude a,, of a spike is defined to be the
value of the activator concentration a at the center of the spike. Numerical results are then shown
for values of 7 well beyond the critical value 7y5. For these values of 7, we show numerically that
there can be a very complicated large-scale oscillatory motion in the amplitude of the spike. A
qualitative explanation for these oscillations is given. For multi-spike solutions with k& > 2, we also
verify the stability results from full numerical computations of (1.1) near the threshold values.

To visually illustrate the types of instabilities that can occur, consider a four-spike solution to
(1.1) for the exponent set (p,q,m,s) = (2,1,3,0) with ¢ = 0.01 (this is experiment 3 of §5). For
three different parameter sets of D and 7 we computed the solution to (1.1) numerically using the
routine DO3PCF from the NAG library [19]. The equilibrium solution a. and h, is shown in Fig. 1(a)
when D = 0.18. In each case, for the initial condition for (1.1) we took a 2% localized perturbation
off of a, and h., with the perturbation chosen so that it is identical for the first and third, and for
the second and fourth, spikes. The precise form for this perturbation is given in (5.19) below. The
spike amplitudes a,,, are defined to be the values of a at the local maximum points. When ¢t = 0 we
have a;,, = a(zy,t) for n = 1,..,4, where z,, = =1+ (2n — 1)/4 for n = 1, ..,4 are the equilibrium
spike locations. We remark that for each of the three parameter sets of D and 7, the spike locations
remained essentially at their equilibrium locations over the O(1) time interval shown in the figures.
On this O(1) time interval, only the amplitudes of the spikes change appreciably. This is because
the dynamics of the spatial locations of the spikes evolve on a much longer time-scale of order
O(e72) (cf. [13]). In Fig. 1(b) we show a competition instability that occurs when D = 0.18 and
7 = 0.02. For this value of D, which exceeds the critical threshold D4 = 0.1658 discussed above,
there is one eigenvalue of the linearization of the four-spike equilibrium solution on the positive
real axis. The corresponding unstable eigenfunction introduces a competition between the spikes.
When D = 0.15 < Dy, in Fig. 2(a) and Fig. 2(b) we plot the spike amplitudes when 7 = 1.3 and
7 = 1.2, respectively. For this value of D, the critical value of 7 where a Hopf bifurcation occurs, as
discussed above, is found to be 79(D;4) = 1.275. In Fig. 2(a), the spike amplitudes of the resulting



oscillatory instability are found to synchronize, so that as t increases the spikes eventually oscillate
with a common amplitude and phase. In Fig. 2(b), 7 is below the critical value. In this case,
the spike amplitudes exhibit a slow oscillatory decay back to their equilibrium values. Our goal is
to characterize explicitly the conditions for the onset of these instabilities, and to determine the

mechanism that initiates both synchronous oscillatory instabilities and competition instabilities.
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Figure 1: The parameters are k = 4, (p,q,m,s) = (2,1,3,0), ¢ = 0.01, and D = 0.18. Left figure:
ae (solid curve) and h, (dashed curve). Right figure: The spike amplitudes when 7 = 0.02, with
am1 (solid curve), a,,o (widely space dots), a,,3 (heavy solid curve), and a,,4 (dashed curve).

Our study of the stability of symmetric k-spike patterns to (1.1) is related to the studies of the
stability of pulse-patterns to the Gray-Scott model in [4], [6], and [7], and of spike patterns to a
particular form of the GM model in [8]. As outlined in Appendix A, the form of the GM model
studied in [8] corresponds precisely to taking D = e7 in (1.1b) and replacing the finite domain
in (1.1) by the infinite domain —oco < x < oco. Introducing p by p = 1/7, it was shown in [§]
(see page 491) that, for the exponent set (p,q,m,s) = (2,1,2,0), a one-spike solution undergoes a
Hopf bifurcation when p = 0.36. Moreover, a complex conjugate pair of eigenvalues in the right
half-plane merges onto the positive real axis when g = 0.053. As discussed in Remark 3.10 of §3,
these previous results are consistent with our stability results for (1.1) when D < 1 and ¢ < 1.

There are three key qualitative differences between the analysis here and in [8]. Firstly, the

GM model is studied on an unbounded spatial domain in [8], whereas we study (1.1) on a bounded
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Figure 2: Spike amplitudes for k =4, (p,q,m,s) = (2,1,3,0), D = 0.15, and ¢ = 0.01. For the left
figure 7 = 1.3, while for the right figure 7 = 1.2. In these figures the solid curve is both a,,; and
am3, while the dashed curve is a,,2 and a;4.

domain with the Neumann boundary conditions (1.1c). This introduces an additional parameter
into the analysis representing the length of the domain, or equivalently a finite O(1) value of the
inhibitor diffusivity D. Secondly, for the GM model of [§8] on an infinite domain, a class of multi-
spike equilibrium solutions corresponding to widely spaced pulses was constructed analytically. All
of these solutions were found in [8] to be unstable. In contrast, in our analysis of (1.1) based on finite
domain, we show that a k-spike solution with k > 2 is stable with respect to the O(1) eigenvalues
when 0 < 7 < 79(D; k) and 0 < D < Dy, and is unstable for any 7 > 0 when D > Dj. Finally, a key
feature of the analysis in [8] is that the nonlocal eigenvalue problem is reduced to a transcendental
equation for the eigenvalue parameter that involves certain generalized hypergeometric functions.
In our study, we follow a PDE-based approach whereby we are able to give some rigorous proofs
of qualitative features of the spectrum of the linearization in the unstable right half-plane, without
requiring any numerical computations of special functions. Moreover, since our approach is not
based on a dynamical systems framework as in [8], it should also be possible to extend our analysis
to analyze spike stability in multi-dimensional spatial domains. In spite of these differences, the
approach taken here and in [8] are complementary, and many of the qualitative features of the

spectrum of the linearization of the GM model first discovered in [8], and found previously for the



Gray-Scott model in [4], [6], and [7], also hold for (1.1) on a finite domain.

There has been much recent work on the dynamics and stability of weakly interacting spikes
and transition layers in reaction-diffusion systems on the infinite line (see [10] and [9] and the
references therein). For this class of problems, the localized structures, representing homoclinic
or heteroclinic connections for each of the chemical species, interact only via their exponential
tail behavior. Moreover, because of the weak interaction, many of the spectral properties of the
linearized operator for a multi-spike solution can be closely approximated by the spectral properties
of the linearization around a one-spike solution. For the GM model (1.1), this type of weak
interaction theory approach applies only to the case where D = O(g?), so that both a and h
are singularly perturbed. In this limit, pulse-splitting behavior is known to occur for (1.1) (see
[27] and remark 6.2 of [25]). In addition, since a and h are both localized when D < 1, we may
safely approximate the finite domain by an infinite domain provided that we are not examining any
strong interaction properties, such as spike reflection off of a boundary. However, since we assume
that D = O(1) in (1.1), weak interaction theory is not relevant to our analysis of (1.1). When
D = O(1), the inhibitor field A does not decay to zero between neighboring spikes (see Fig. 1(a)),
the finite domain plays a key role, and the spectrum of a multi-spike solution is very different from
that of a one-spike solution.

The outline of this paper is as follows. In §2 we use the method of matched asymptotic expan-
sions in the limit € — 0 to derive the nonlocal eigenvalue problem that determines the stability
of a symmetric k-spike equilibrium solution to (1.1) with respect to the O(1) eigenvalues of the
linearization. This analysis is an extension of the work in [14] for the case 7 = 0. Some previous
equilibrium and stability results of [14] for the case where 7 = 0 are summarized. In §3 the nonlocal
eigenvalue problem is studied in detail for the case of a one-spike solution, and conditions for the
onset of an oscillatory instability are derived. In §4, the results of §3 are compared favorably with
full numerical results computed from (1.1). In addition, we also compute large-scale oscillatory
motions that occur for a one-spike solution when 7 > 7. In §5 we use many of the results in §3 to
obtain the conditions for which a multi-spike solution with k > 2 is stable. The mechanism initi-
ating synchronous oscillatory instabilities and competition instabilities are also discussed. Finally,
in §6 we summarize our rigorous results for the prototypical exponent set (2,1,2,0), and we give a

few open problems.



2 Derivation of the Nonlocal Eigenvalue Problem

In this section we summarize some previous results on spike equilibria, and on spike stability for
the case where 7 = 0. In addition, for 7 > 0, we extend the analysis in [14] to derive the non-
local eigenvalue problem associated with linearizing (1.1) around a symmetric k-spike equilibrium
solution. This eigenvalue problem is central to the analysis in §3 and §5.

In [14], a k-spike equilibrium solution was constructed asymptotically in the limit ¢ — 0 using
the method of matched asymptotic expansions. The result is summarized below.
Proposition 2.1 (From [14]): Fore — 0, a symmetric k-spike equilibrium solution to (1.1), labeled

by ac(x) and he(x), is given asymptotically by

k k
_ H
ae(x) ~ HY Z w e —zn)] ; he(x) ~ o Z Go(z; ) - (2.1)
n=1 n=1
Here w(y) is the unique positive solution to

w —w+wl =0, —00 <y <00, (2.2a)
w—0 as |y| — oo; w (0) =0, w(0)>0. (2.2b)

The Green’s function Go(x;x,) in (2.1) satisfies
DGoyr — Gy = —6(x — ), —l<z<l1; Goz(£1;2,,) =0. (2.3)

The constants H, v, and ag in (2.1), for which he(xy) = H for alln =1,..,k, are defined by

_ 1 o q
HYm—(s+1) = = / m = 2.4
. b _Oo[w(y)] dy, v PR (2.4a)

k -1
= Y Goloimn) = [2vBtan ()] L wy= (2.40)

n=1
Finally, in (2.1) the spike locations satisfy

(2n —1)

—  n=1.k. (2.5)

Tn, =—14+
To determine the stability of this solution, we substitute

a=a.+eMo, h=he+eMn, (2.6)



into (1.1), where ¢ < 1 and n < 1. This leads to the eigenvalue problem

p—1 P
DaGe qGe
_yma™ ! _q sal
Dnpy — (1 +7A)n = —¢ 1Tg¢+g 1hg+177’ -l<z<1, (2.7b)
¢ (£1) =np(£1) =0. (2.7¢)

The spectrum of (2.7) contains two classes of eigenvalues. There are eigenvalues that are O(1)
as ¢ — 0 and there are k eigenvalues that are O(g?) as e — 0. We refer to these eigenvalues as the
large and small eigenvalues, respectively.

In [14] the spectrum of (2.7) when 7 = 0 was analyzed in the limit ¢ — 0. It was found that
the eigenfunctions corresponding to the small eigenvalues are, asymptotically for ¢ — 0, a linear
combination of the translation modes w'’ [6_1(:17 — xn)] Moreover, the small eigenvalues can be
determined in terms of the eigenvalues of a certain matrix eigenvalue problem. From an explicit
calculation of the spectrum of this matrix eigenvalue problem, it was shown that, for £ > 2, the
small eigenvalues are real and, furthermore, are negative if and only if D < Dy, for some critical
value Df. Since 1 +7X\ = 1+ O(e?) in (2.7b) when A = O(e?), the derivation and the leading
order results for the small eigenvalues given in [14] also apply to the present case where 7 > 0 with
7 = O(1). Thus, with this observation and with Proposition 11 of [14], we obtain the following
stability result with respect to the small eigenvalues:

Proposition 2.2: Assume that 0 < e < 1, k > 2, and 7 > 0 with 7 = O(1). Consider the eigen-

values of (2.7) of order X = O(g2). Then, for e — 0, these eigenvalues are real and, furthermore,

are negative if and only if D < Dy, where

1
[kIn(y/F+vr+ 1))

Here ( is defined in (1.2). For the case of a one-spike solution with ¥ = 1 and 7 = 0, it was found in

Dy

r=(t. (2.8)

[14] that the spike is stable with respect to the small eigenvalue for any D > 0. For the same reason
as given above, a one-spike equilibrium solution is stable with respect to the small eigenvalues for
any 7 > 0 with 7 = O(1).

The spectrum of (2.7) is considerably more difficult to analyze for the large eigenvalues with
A=0(1) as e — 0. We begin by deriving a nonlocal eigenvalue problem that governs the stability
of a symmetric k-spike solution with respect to these eigenvalues.

10



To do so, it is convenient in (2.7) to introduce the new variables,
a. = Hu, he = Hu, b=H¢p, n=Hnq. (2.9)

Substituting (2.9) into (2.7), and dropping the overbar notation, we obtain the eigenvalue problem

puP~! quP

2 —
E s — P+ v qﬁ—mn—)\qﬁ, —-l<z<1, (2.10a)
mu™=! su™
Dy — (L +7A)np = —! B TR -1 1 2.10b
”7 ( + T )77 € bmag'[)s ¢ + € bmagvs_;’_l 77 ) < x < Y ( )
¢z(E£1) = ne(£1) =0. (2.10c¢)
In (2.10b), by, and a4 are defined in (2.4).
As in [14], we look for a localized eigenfunction for ¢ in the form
k
dx) ~ > cn® e (@ — )] - (2.11)
n=1

Since ¢ is localized near each x,, both terms on the right-hand side of (2.10b) are multiples of

Dirac masses near each x = x,,. Thus, for ¢ < 1, n satisfies

k . k
Dngy — <1+T)\—|—aiZ§(:E—:En)>T}:—bm </ wm_lq)dy> cnd(r —zn), |x| <1,
g oo 1

n=1 m Qg - n—=
(2.12a)
Ne(—1) = (1) = 0. (2.12b)
This problem for 7 is equivalent to
Dipw — (1470 =0, ap1<x<zH, n=1.,k+1, (2.13a)
], =0, n=1..k, (2.13b)
[Dna],, = —wn + ain(:cn), n=1,..k, (2.13c)
g
Ne(—1) =n2(1) = 0. (2.13d)
In (2.13), we have defined z¢g = —1, 2511 = 1, [v], = v(2py) — v(2y-), and w, by
wp, = ;:Z; /_OO W™ D dy . (2.13e)

11



To determine the eigenvalue problem for A, we first need to compute n(z,) from (2.13). To

do so, we solve (2.13a) on each subinterval and use the continuity condition (2.13b) and the jump

condition (2.13c) to patch the solution across each subinterval. This calculation results in the

matrix problem

Bsm=1[(1+ T)\)D]_l/2w,

where

w= mc/ W o dy .

bty J oo

Here we have defined

77(331) w1 c1

3
Il
€
Il
o
Il

n(zk) Wk Ck

The matrix B; in (2.14) is given in terms of a tridiagonal matrix B by

S

By =B+ ———
ag\/(1+7A)D

Here I is the k x k identity matrix, and B has the form

dy fr 0 - 0 0 0

Ixex oo 0 0 0

0 f)\ (Y 0 0 0
B= L L ’

0 0 0 (Y f)\ 0

0 0 0 - fa ex fa

0 0 0 - 0 fr dy

with matrix entries

_ 20 Or) _ 205\ _ 20,
d,\:coth<7>+tanh<?>, e,\_2c:oth< 2 >, Hh= csch< ? )

In (2.18b), ) is the principal branch of the square root function defined by

0y =00V1+TA, 0p= D '/2.
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(2.18b)
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Next, we substitute (2.14) and (2.11) into (2.10a). Since v(zy) =14 o(1) as € — 0, we obtain
the following nonlocal problem for ®(y), for n =1, .., k:

D [ee]
cn (@ =@+ purle) — e < / wm—1¢d> Bilc), = ca\®, 2.19
( P ) bmagy/(1+70) D \Jooo v) (B, (219

with ®(y) — 0 as |y| — oo. Let x and ¢ be an eigenpair of the matrix eigenvalue problem
Be = kc. (2.20)

These eigenpairs were calculated explicitly in Proposition 2 of [14] as

) — 1
kj = ex + 2f) cos <%> , ji=1,..k, (2.21a)
1 2 ) — 1
= NG 1,.,1); e = \/;cos (% (I — 1/2)> L =2k, (2.21b)
with C;‘ = (c1,5, ¢k ;). Thus, from (2.17), the eigenvalues x4 of By in (2.14) are related to s by
s
ks = K+ . 2.22
ag\/(1+7X)D (2.22)

Substituting (2.22), and Bsc = ke, into (2.19), we obtain the following problem for the O(1)
eigenvalues of (2.7):

Proposition 2.3: Assume that 0 < e < 1 and 7 > 0. Then, with ® = ®(y), the O(1) eigenvalues
of (2.7) satisfy the nonlocal eigenvalue problem

[ wm i dy
Lo® — xyuwP | —5%——— | = \?, —00 <y < 00, (2.23a)
f_oo w™ dy
®—0, as |y| — oo. (2.23b)

Here the operator Ly, referred to as the local operator, and the multiplier x are defined by

qam

s+ agky/(1+7A\) D’

Lid=®" —®+pu'd;

(2.24)

where k, given in (2.21a), is an eigenvalue of B.
Using (2.18b), (2.4b) for a,4, and (2.21a) for k;, we can write the multiplier x = x(z;j) in (2.24)
as

) -1
TS (1—cos[ﬂ(]-1)/k])]> . (2.250)

X = x(2;4) = qm <8 + tanh (60/k) tanh (63/k) + sinh (20, /k)
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where
2=TN, 0\ =60pvV1+ 2z, 6o =D 1/2. (2.25b)

The eigenvalue problem (2.23) is nonstandard since it is nonlocal and because the multiplier x
of the nonlocal term depends on A. A nonlocal eigenvalue problem similar to (2.23) was studied
in [4], [6], [7], [8] in regards to the stability of a one-spike solution to the Gray-Scott model and
the GM model. For 7 > 0, the continuous spectrum for (2.23) is on the negative real axis with
A < max (—1, —T_l), and is thus bounded away from the origin.

In §3 and §5 below, we require various limiting formulae for x in different cases. When D < 1,

we get to a first approximation from (2.25) that

. qam
i)~ —t—\ D<1. 2.26
Notice that, in this limit, x(z;7) is independent of j and k. Alternatively for D > 1, we get from

(2.25) that

, qm[s+1+2"", j=1, D>1,
x(2:5) ~

qm (% [1— cos (7(j — 1)/1{:)])_1 j=2.k, D>1. (227)

Next, we calculate the behavior of x as 7 — co. Assume that A is real with A > 0 and A = O(1) as
7 — o00. Then, from (2.25), we get

am

X(2;7) z tanh <@> , T — 00, A=0(). (2.28)

k
Thus, in this limit, x = O (7'_1/2) as T — 00, independent of j.

For the case 7 = 0, the stability thresholds with respect to D were calculated in [14]. The
following rigorous result, obtained in [32], was critical to the stability analysis of [14]:
Theorem 2.4 (From [32]): Let ag > 0 be real and Ly be as defined in (2.24). Consider the
following eigenvalue problem for ® € H(R):

ffooo wm P dy
Ly® —ap(p — Nuw? | ————— | = 1D, —00 <y <00, (2.29a)
f_oo wmdy
®—0 as |yl — oo, (2.29b)

corresponding to eigenpairs for which X # 0. Here w satisfies (2.2). Let \g # 0 be the eigenvalue
of (2.29) with the largest real part. Then, if ag < 1, we conclude that

Re(Xg) > 0. (2.30)

14



Alternatively, if ag > 1, and if either of the following two conditions hold
(i) m=2, 1<p<5, or (i) m=p+1, p>1, (2.31a)

then
Re(\g) < 0. (2.31h)

Proof: The proof of (2.30) is given in Appendix E of [14]. The proof of (2.31) is given in Lemma
A and Theorem 1.4 of [32], and is reproduced in Appendix F of [14]. [ |

For the special case ap = 0, (2.29) reduces to the spectrum of the local operator L. This
problem was first studied in [16], where the following result was obtained:

Theorem 2.5 (From [16]): Consider the local eigenvalue problem Lo¢y = vy for ¢, € HY(R). This
problem admits the eigenvalues vy > 0, 11 =0, and v; <0 for j > 1. The eigenvalue vy is simple,
and the corresponding eigenfunction ¢ has one sign.

Notice that for any aq in (2.29), the translation mode ® = w’, which is an odd function, is an
eigenfunction of (2.29) corresponding to the eigenvalue A = 0. Since the eigenvalues of the local
operator Ly do not lead to oscillatory instabilities, we are only interested in the eigenvalues of
(2.23) for which [ w™ '®dy # 0.

To recover the stability results of [14] we set 7 = 0 in (2.25) to get x(0;7). Let Ao be the eigen-
value with the largest real part of (2.23) with x replaced by x(0;7). Then, from the monotonicity
result that x(0;5 — 1) > x(0;7) for j = 2,..,k, it follows upon comparing (2.23) and (2.29) that,
when condition (2.31a) is satisfied, we have Re(\g) < 0 for each j = 1,..,k if and only if

x(0;k) > (p—1). (2.32)

Thus, it is the smallest value of x(0;j) for j = 1, .., k that sets the stability threshold. By calculating
x(0; k), and substituting the result into (2.32), we recover proposition 7 of [14]:
Proposition 2.6 (From [14]): Let 7 =0 and ¢ < 1. Assume that condition (2.31a) holds. Then,

the k-spike symmetric equilibrium solution of proposition 2.1 is stable with respect to the O(1)

etgenvalues if and only if

D < Dy =%, k=1,2,.., (2.33a)

,ukzgln [ak—i-\/ai—l] , ap =1+ {1+cos (%)] ¢t (2.33b)

Here ¢ is defined in (1.2). The critical values Dy, are related to the critical values D}, in proposition
2.2, regarding the stability with respect to the small eigenvalues, by Dy < Dy for k > 2.

15



From (2.33) we note that D; = co when k& = 1. Thus, when 7 = 0, a one-spike solution is
stable with respect to the large eigenvalues for any D > 0, with D independent of €. For the case
where D is exponentially large as ¢ — 0, the eigenvalue problem (2.23) must be modified slightly
to incorporate the effect of the finite domain. A more refined analysis (see proposition 13 of [14]),
based on this modified eigenvalue problem, has shown that when 7 = 0 a one-spike solution is
stable when D < D,, where D, = O (5262/5) as ¢ — 0.

The stability Theorem 2.4 easily yields the following instability result for 7 > 0:

Proposition 2.7: Let 7 > 0, e < 1, and k > 2. Assume that condition (2.31a) holds. Then, when

D is sufficiently large, the k-spike symmetric equilibrium solution of proposition 2.1 is unstable with

respect to the large eigenvalues.

Proof: This result follows readily since from (2.27) we have x(z;j) — 0 as D — oo for any
j=2,..,k and 7 > 0. By comparing the eigenvalue problems (2.23) and (2.29), we conclude that
the eigenvalue )y of (2.23) with the largest real part will satisfy Re(Ag) > 0. [

Finally, we reformulate (2.23) into a form more amenable to the analysis of §3 and §5. Let ¢ (y)

be the solution to
Loy =" — ¢+ puwP ' = M + wP; Y —0 as |yl — o0. (2.34)

Then, the eigenfunctions of (2.23) can be written as

=13 g
M . (2.35)

® = x(TA; ) J
X(TA )Y [ dy

We then multiply both sides of (2.35) by w™~! and integrate over the domain. Assuming, as men-
tioned earlier that ffooo w™1® dy # 0, we then obtain a transcendental relation for the eigenvalues
of (2.23) given by g(\) = 0, where

1 oo wm™ e dy

= —YQ — = — s = — -1 w? . .
INE o N SNE TR el (2.36)

3 The Stability of One-Spike Solutions

In this section we study the spectrum of (2.23) in detail for the case of a one-spike solution. The
eigenvalues of (2.23) are the roots of g(A) = 0 in (2.36). With this formulation we can obtain some
qualitative, but rigorous, results on the spectrum of (2.23). Many of the results derived in this

section are used in §5 to study the stability of multi-spike solutions. We remark that some of the
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results in propositions 3.1 and 3.2 below were obtained previously in the analysis of [31] of spike
oscillations for the shadow GM system in N-spatial dimensions.

We begin by separating (2.36) into real and imaginary parts by writing
9 =9gr+igr, f=Ffr+ifr, A= AR +iAr, Y =v¢r+ir. (3.1)
Substituting (3.1) into (2.36), and using the formula (2.25a) for x with j = k = 1, we obtain

2w Np dy

gr(A) =Re[C(N)] — fr(), fr(A) = _foo g (3.2a)
> wmdy
oo wm—l
) =mCO - i, i = I, (3.20)
> wmdy

Here we have defined C'(\) by

- 1 s V147X [tanh (6)) -  —1/2
C()\) = X(T)\; 1) = am + am [tanh (00) , 0y=60vV1l+71XN, 69=D . (3.2C)

In (3.2), the functions g and v, obtained from separating real and imaginary parts in (2.34),
satisfy the coupled system

Loyr = AgYr — Arpr + wP; Loyr = AgY1r + A\1YR , (3.3)

with ¢p — 0 and ¢y — 0 as |y| — .

3.1 Critical Parameters for a Hopf Bifurcation

We first look for a pure imaginary eigenvalue of the form A = i\;. Without loss of generality
we may assume that A\; > 0. Using (3.2) and (3.3), the eigenvalues of (2.23) along the positive
imaginary axis Ay > 0 are the roots of the coupled system gr = gr = 0, given by

dr(A1) = Cr (A1) — frR(M\D) ar(\r) =Cr () — fr () (3.4a)
where
0 m—1 2 211 0 m—1[72 21-1
fr(\p) = Jow LSO[LOJ N whdy ; fr(\) = A oo[LOer M| dy
f_oo w™ dy f_oo w™ dy

(3.4b)

Here we have defined
Cr(A\1) =Re[C(AD],  Cr(Ar) =Im[C(iA))] . (3.4c)
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Some qualitative results on the spectrum along the imaginary axis can be obtained by first
determining some analytical results on the functions f r and fl. The following result holds for f R:

Proposition 3.1: The function fR in (3.4b) has the asymptotic behavior

- 1 -
fr(Ap) ~ o kAT +OD), as Ar—0;  frROA\)=0(\?), as A —oo, (3.5a)
where

foooo wm_nggwp dy

Ke = = T dy . (3.5b)

In the special case where m =p+1 and p > 1, we can calculate k. explicitly as

(p+3) L1 _ c
2(p—|—1)(p—1)2[ —], for m=p+1. (3.5¢)

p—1 4
In the special case where m = 2 and p > 1, we have,

R e

Re =

Ke = = 3.5d
=1 [ widy (3:54)

Furthermore, when m = 2 and p > 1 we have the global result that
fr(Ar) <0, for A;>0. (3.6)

Proof: The global result (3.6) was proved in [31]. For convenience, we reproduce the result here.
The proof relies heavily on two explicit formulae for the local operator Ly defined in (2.24). By a

direct computation, we have

—1 w 1 /
L, w:ﬁ—l—iyw , (3.7)

w

-1 )
Ly wP = P

where w is defined in (2.2). Setting m = 2 in the expression for fr in (3.4b), we integrate by parts
and use (3.7) for Low, to get

_ 2 wP [L(z)—l—)\%]_l wP dy
M) =(p—1)—==
) = (p= p =

Differentiating (3.8) with respect to A7, and integrating the resulting expression by parts, we obtain

(3.8)

~ _ 2
[ ) Py S (B )y
ffooow2dy =—2p=DM ffooow2dy

frOD) = =2(p—1)As . (3.9)
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Therefore, f}z < 0 for A; > 0, which proves (3.6).

We now establish the local behavior (3.5) for fr. The asymptotic behavior for fp as A\; — oo in
(3.5a) is immediately clear. It remains to show the local behavior for fr as Ay — 0 given in (3.5).
It is clear that all the odd derivatives of fR at A\ = 0 are zero. Using (3.4b) for fR, we calculate
that

~ ) wm—lL—lwpd 1 O [e'e) wm_lL_gwpd
fr(0) = S 0 T = ) S o = (3.10)
f_oow dy 2 f_oow dy

Using (3.7) for Ly 'w?, we obtain fr(0) = 1/(p — 1). The formula for . in (3.10) is precisely (3.5b).
When m = 2, we can use (3.7) for Ly w? to readily obtain (3.5d). When m = p + 1, we can use
(3.7) for Ly w? and Ly'w to get

L Jwrngt [+ | dy .
AR J oo wrttdy ' (310

We then integrate by parts in (3.11) and use (3.7), to obtain

[ee} w / — o0 ’LU2 /
I R (m + gyw > Lyt w dy 1 o (m + Syww > dy 519
T JZo wm dy (1) [ wrtldy ' (3.12)
Finally, integrating by parts in (3.12), we get
1 1 1] [ wid
ko = 1 Jewtdy (3.13)
p—1)2|p—1 4 f_oo wPtl dy
The ratio of the integrals in (3.13) was evaluated in Appendix B of [31], with the result
* w?d 3
Jwwdy _ p+ (3.14)

ffooo wrtldy  2(p+1)°
Substituting (3.14) into (3.13), we obtain (3.5¢). This completes the proof of proposition 3.1. W

Next, we establish some analytical results on the function f; in (3.4b). We summarize the result
as follows:
Proposition 3.2: The function f[ in (3.4b) has the asymptotic behavior

~ A 1 1 =
fion~ 2L LT o0h, as v—0i FO0 =007 as A oe.

p—1 2m
(3.15)
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In the special case where either m =p+1andp >1, orm =2 and 1 < p <5, we have the global

result,
fr(Ar) >0, for Ar>0. (3.16)

Proof: We now prove this proposition. The asymptotic behavior for f[ as Ay — oo in (3.15) is
clear. To establish the local behavior (3.15) as A; — 0, we use (3.4b) for f7, and (3.7), to get

poy 2 L Lty 1 [ gtedy 1 Jen [ ] dy
! [ wmdy (p—1)  [% wmdy (»—1) [ wmdy

(3.17)
The last integral in (3.17) is readily evaluated to obtain the local behavior (3.15).
We now prove the global result (3.16) for m = p + 1. Setting m = p+ 1 in (3.4b), we write

f[()\]) as
' S [E3+ N wrdy

f[()\[) = )\[N(/\[), N()\I) = =

3.18
j‘_oo wp+1 dy ( )

We calculate

2
: S (L34 T ) ay 11 1
N'(Ar) = —2) 0, N(O)= -
) ! S wrtdy = © p—1[p—1 20+1)

(3.19)

Thus, for p > 1, we have N(0) > 0, N'(A;) < 0 for A; > 0, and N(\;) — 0 as A\; — co. Hence
N(Ar) > 0 for A; > 0. This establishes (3.16) when m = p + 1.

We now prove (3.16) for the more difficult case where m = 2. For the shadow GM model where
D = oo this result was proved as a consequence of Theorem 2.3 of [31]. We can adapt the proof
given there to our case where D is finite. Let 7 = 79 and Ay = i/\?, with /\? > 0, correspond to a
root of g(A\) = 0. Then, repeating the proof as in [31], we can show for 1 < p < 5 that (see equation
(2.29) of [31]),

(3.20)

2 — S w? dy
0 < [x(10X0; 1) = (p — 1)|* < —Re [Aox(10)0; 1)] T= wriidy )

From the relation (3.2c) between y and C, and using Ag = —iA}, we obtain from (3.20) that

0 < —Re [Xox(m0A0; 1)] = Re (3.21)

Ny | A0
C (X)) | [CEAYE

Thus, we have CN’I()\g) > 0 and, consequently, fj(/\?) > 0. This proof does not require any explicit
formula for \9. However, since 0 < fg (\) <1/(p-1), Cr(0) = (s +1)/(gm) < fr(0), and jr =0
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has exactly one root, we can get any value for A} on A} > 0, by choosing the ratio (s + 1)/(gm)
accordingly. This gives an indirect proof that f[()\ 7) > 0whenm =2and 1 < p <5, and completes
the proof of proposition 3.2. |

We now describe the numerical procedure used to compute the eigenvalues of (2.23) along the
imaginary axis, and we give some numerical results. We first use the BVP solver COLSYS [1] to
compute w satisfying (2.2). We then fix a large value of the inhibitor diffusivity D, and compute
the value 79, A} for which gg = §r = 0 in (3.4a). When D = oo, which corresponds to the shadow
GM model, a numerical value for 7y and for )\(} were computed in [31]. Thus, we have a good initial
guess for Newton’s method when D is large. We then use Euler continuation and Newton’s method
to follow this root of ggr = gy = 0 as D is decreased. At each step, ¥g and 1y are computed from
the coupled BVP system (3.3) with Az = 0 using COLSYS [1]. In this way, we obtain curves 7 = 79
and A\j = /\? as a function of D for which (2.23) has a complex conjugate pair of eigenvalues on the
imaginary axis. The calculations are performed for the five different exponent sets (p, g, m, s) given
in (1.3). In each case, we find numerically that 7y is a decreasing function of D with 79 — 75 > 0
as D — 0, where 7 is independent of D. This limiting behavior for 7y is a consequence of the
independence of x on D when D < 1, as seen from (2.26).

In Fig. 3(a) we plot 79 and A} versus D for the exponent set (2,1,2,0). For this set, 7o — 2.75
as D — 0, and 79 — 0.771 as D — oo. A similar plot is shown in Fig. 3(b) for the exponent set
(2,1,3,0). For this case where m = 3, 7y is larger than in Fig. 3(a) where m = 2. In particular,
70 — 5.4 as D — 0. In Fig. 4(a) and Fig. 4(b) we plot 79 and A} versus D, respectively, for
the other exponent sets of (1.3). These results, together with other numerical experiments we have
performed, suggest that for each D > 0, 7y increases with m and decreases with p. Thus, oscillatory
instabilities occur for smaller values of 7 when p is larger, and are delayed as m increases. For the
five exponent sets of (1.3), the small oscillation frequency )\? shows only a small variation with
respect to D.

To determine the number of eigenvalues of (2.23) in the right half-plane, we calculate the
winding number of g(A) in (3.2) over the counterclockwise contour composed of the imaginary axis
—iR < ImA < ¢R and the semi-circle I'g, given by |A\| = R > 0, for —7/2 < arg\ < 7/2. Assuming
that 7 is chosen so that there are no zeros of g(\) on the imaginary axis, we let R — oo and use the
argument principle to determine the number of zeros of g(\A) in the right half-plane. The function
g(\) in (3.2) is analytic in the right half-plane, except at the simple pole A = 1y > 0, where 1 is
the unique positive eigenvalue of the local operator Ly (see Theorem 2.5 above). For any 7 > 0 and
D finite, C(\) ~ bv/X as |A\| — oo for some b > 0. Also, f(\) — 0 as |\| — co. Thus, for any 7 > 0,
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Figure 3: Plots of 79 (solid curve) and A} (dashed curve) versus D for the exponent sets (2,1,2,0)
and (2,1,3,0).

2.5 T T ml T T
3.0 F ]
20 - 7 25 A |
15F - 200
T0 A? 15 ;///, -
1.0 . J
1.0 F N
~_
00 Il 1 Il 1 00 Il 1 Il 1
0.0 2.0 4.0 6.0 8.0 10.0 0.0 2.0 4.0 6.0 8.0 10.0
D D
b) A9
(a) 7o (b) A7

Figure 4: Plots of 7y and )\(} versus D for three exponent sets. The solid curve is (4,2,2,0), the
dashed curve is (3,2,2,0), and the heavy solid curve is (3,2,3,1).
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the change in the argument of g over I'g as R — oo is /2. By using the argument principle, and

g(\) = g(\), we then obtain the following criterion:
Proposition 3.3: Let 7 > 0 and assume that there are no zeros of g(A) on the imaginary axis.
Then, the number of eigenvalues M of (2.23) in the right half-plane Re(\) > 0 satisfies

M:Z—I—%[argg]m, r>0. (3.22)
Here [argg]FI denotes the change in the argument of g along the semi-infinite imaginary axis I'y =
iAr, 0 < A; < o0, traversed in the downwards direction.
This criterion, together with proposition 3.1, leads to the following key result:

Proposition 3.4 Assume that 7 > 0, m = 2, and p > 1. Then, for any D > 0, the number of
eigenvalues M of (2.23) in the right half-plane is either M =0 or M = 2. This result for M also
holds whenever fr in (8.4b) is a monotonically decreasing function of \r.

Proof: The proof of this result is simple. Define C'(\;) = C(iA;) = Cg+iC;. Then, for any 7 > 0,
we have from (3.2¢) that C' ~ by/iA; as A\; — +oo for some b > 0. Thus, since fr — 0 and f; — 0

as A\; — 400, we have gr/gr — 1 as A\; — 400, with ggr > 0 and g > 0. Hence, the starting point

for the argument of g on I'y is 7/4 as A\t — +00. At A\; = 0, we have from (3.2c) and (3.4c) that
Cr(0) = (s + 1)/gm and C7(0) = 0. The local behavior in (3.5a) and (3.15) gives fr(0) =1/(p — 1)
and f7(0) = 0. Hence, since fz(0) > Cr(0) holds from the condition (1.2) on the exponents, we
have that gr(0) < 0 and g7(0) = 0. Thus, the ending point for the argument is on the negative real
axis in the gr and gy plane. Next, a simple differentiation shows that C’R(AI) is a monotonically
increasing function of A\; when 7 > 0 and D is finite. Hence, using the monotonicity result (3.6)
on fr that holds for m = 2 and p > 1, the condition §r = 0 is satisfied at only one value of \; for
each 7 > 0. The sign of g; at this unique root of ggr = 0 determines whether the winding number
is 3m/4 or —5m/4. If gr > 0 at the unique root of gg = 0, we have [argg|p, = 3m/4. If g < 0 at
this root, we get [arg g, = —57/4. Substituting this result into (3.22), we obtain proposition 3.4
for m = 2. |

The key condition in this proof is that gg = 0 has exactly one root for each 7 > 0. Thus,
proposition 3.4 will hold whenever fR in (3.4b) is a monotonically decreasing function of A.

To illustrate these analytical results, in Fig. 5(a) and Fig. 5(b) we show a graphical determi-
nation of the zeros of gr and gr for the exponent set (2,1,2,0) with D = 1. Since m = 2, we are
guaranteed by proposition 3.1 that f;% < 0, with fr > 0. In Fig. 5(a) we plot fr together with Cp
at the critical value 7 = 79 and A\; = )\?. In this figure, we have also plotted C’R for three values

of 7 larger than 7y. It is easy to show that when 7 > 0 and D is finite, we have é}z > 0 for all

23



A7 > 0. In addition, when D is finite and 7 > 0, Cp is an increasing function of 7 for each A\; > 0.
Thus, the unique root A\7 to gr = 0 is a decreasing function of 7 when D is finite, and it has the
limiting behavior A — 0% as 7 — 4o0. In Fig. 5(b), we plot fl and C7 at the critical value 7 = 7,
together with C at three values of 7 > 79. Since m = p = 2, we have from proposition 3.2 that
fr >0 for A\; > 0. Again, it is easy to show that when D is finite, C; is an increasing function of
Ar when 7 > 0, and for each A\; > 0 is an increasing function of 7. Hence, from the local behavior
(3.15), it follows that at the root of ggr = 0, we have gr > 0 when 7 is sufficiently large. From the
proof of proposition 3.4, we conclude that there are exactly two eigenvalues in the right half-plane

when 7 is sufficiently large.

1.5 1.5
1.0 - _.-""'._.-/-;'///'/ 9
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0.0 1 1 1 1 0.0 / 1 1 1 1
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(a) gr = 0: plots of fr and Cr (b) g1 = 0: plots of f; and Cy

Figure 5: The roots of ggr = gr = 0 shown graphically for the exponent set (2,1,2,0) with D = 1.
The heavy solid curve in the left and right figures are fR and fl, respectively. The solid curves
are Cr (left figure) and C; (right figure) at 7 = 79 = 1.343. The top, middle, and bottom, dashed
curves are Cg (left figure) and C; (right figure) for 7 = 4.0, 7 = 2.0 and 7 = 1.5, respectively.

We have made plots similar to Fig. 5(a) and Fig. 5(b) for each of the exponent sets of (1.3).
Although the monotonicity result (3.6) is proved only for m = 2 and p > 1, we have found
numerically that f}/% < 0 for each exponent set of (1.3). Thus, gg = 0 has a unique root. In
addition, although f[ > 0 is proved in (3.16) only when m = p+ 1, or when m =2 and 1 < p <5,
we have found numerically that f; > 0 for the exponent sets of (1.3). Thus, the results for the
exponent sets of (1.3) are all qualitatively exactly the same as for the set (2,1,2,0). To illustrate

this, in Fig. 6(a) and Fig. 6(b) we show the graphical determination of the root to ggr = gr = 0 for
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the exponent set (2,1,3,0) when D = 1. Once again, for 7 > 79, with 7 sufficiently large, there
must be two eigenvalues in the right half-plane. Numerically, we used the winding number criterion
(3.22) to verify that there are always two eigenvalues in the right half-plane for 7 > 7 for each of

the exponent sets in (1.3).

0.6
Cr, fr o Cr, fr
04+

02

L
0.0 1.0 2.0 3.0 4.0 5.0 6.0 0.0 1.0 2.0 3.0
A1 A1

(a) gr = 0: plots of fr and Cr (b) gr = 0: plots of f; and Cr

Figure 6: Same caption as in the previous figure except that here the exponent set is (2,1, 3,0) and
D = 1. The dashed curves are C'g and Cj for three values of 7 > 7y = 2.48. The top, middle, and
bottom, dashed curves are for 7 = 4.3, 7 = 3.5 and 7 = 2.8, respectively.

Finally, we make a few remarks. Firstly, the frequency of small oscillations, )\?, is smaller
for finite D than it is for the shadow GM model where D = co. This follows since Cr(\;) =
(s +1)/(gm) when D = oo, and Cf is an increasing function of both A; and 7 when 7 > 0 and
D is finite. Secondly, we note that the analysis is significantly more complicated for large values
of p. When p > 5 and m = p + 1, the local behavior of proposition 3.1 proves that fg is locally
increasing near A\; = 0. The non-monotonicity of fz could change the winding number calculation
and lead to more eigenvalues in the right half-plane. In addition, from the local behavior (3.15), we
have that f; < 0 in a neighborhood of the origin if p > 1 + 2m. However, f; tends to zero through
positive values as \; — +o00. Thus, fI = 0 at some point. This suggests that it is possible that
70 < 0, implying that M > 0 when 7 = 0. We have not explored these different possibilities that
can occur for large values of p since the previous numerical simulations have all had p < 4 (cf. [11],
[12], [17], [18]).
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3.2 Eigenvalues in the Right Half-Plane

Next, for a fixed value of D, we use Newton’s method to track the roots of g(A\) = 0 for 7 > 7
as they enter the right half-plane. At each step, the coupled BVP system (3.3) is solved using
COLSYS [1]. This generates a path A(7) = Ar(7) + iA;(7) as 7 is increased past 7p. For each
of the exponent sets of (1.3), we have found numerically that this path converges monotonically,
with )\,R > 0 and /\II < 0, towards the positive real axis. For each exponent set of (1.3), we have
found that the complex conjugate pair of eigenvalues merges onto the real axis at Agp = )\%, for
some critical value 7 = 7.(D) > 79(D). As 7 increases past 7.(D), one eigenvalue tends to zero
as 7 — oo, while the other eigenvalue tends to v; as 7 — oo. This path, and its conjugate, are
plotted in Fig. 7(a) and Fig. 7(b) for the exponent sets (2,1,2,0) and (3,2,2,0) when D = 1.
This numerical evidence supports the conjecture that there are exactly two eigenvalues in the right
half-plane for any 7 > 79. This type of path in the spectrum is qualitatively very similar to that
found for the N-dimensional shadow GM problem studied in [31]. A similar spectral result was
first shown to occur for the Gray-Scott model in one spatial dimension in [7]. It was also found in
[8] in their analysis of (A.9) for the stability of a one-spike solution to the GM model on the infinite

line.

0.8 |- b

04 B

A 00k .. ... A PORR
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—0.8 q

(a) (p7Q7m75) = (27 17270) (b) (p7Q7m75) = (3727 270)

Figure 7: Plots of the path of A = Ag+iA; for D = 1 as 7 increases past 79(D). As 7 increases, the
paths converge monotonically onto the real axis at some critical value 7 = 7.(D) with A = /\%.
For 7 > 1.(D), one eigenvalue tends to zero, and the other eigenvalue tends to the eigenvalue vy > 0
of the local operator Ly as 7 — oo.
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Our next goal is to prove rigorously that there exists a value 7 = 7.(D), such that for each
T > 7.(D) there are exactly two eigenvalues on the real axis. To do so, we first look for eigenvalues
A = AR on the positive real axis. From (3.2) and (3.3), they satisfy gr(Ar) = 0, where

0 wmt —Ap) LwP
9r(Ar) = Cr(Ar) — fR(AR),  fr(AR) = oo (Lo — Ar) dy

(3.23)

Here Cr(Ar) = C(ARr), where C'(Ag) is given in (3.2c). Clearly fr(Ar) — +00 as Ag — v, where
vy is the principal eigenvalue of the local operator defined in (2.24). We need some analytical results
on fr(Ar). Our results are summarized as follows:

Proposition 3.5: The function fr in (3.23) has the asymptotic behavior

fR(AR) ~ ! + An [ ! !

p—1 p—1 p_l—%]JrﬁcA%JrO(A%), as Ag —0, (3.24)

with fr — +00 as Ar — v, . Here k. is defined in (3.5b). Assume that either m = p+ 1 and
p>1, orm=2withl <p<>5. Then, we have the global result

fr(Ar) >0, for 0<Ap<up. (3.25)
Furthermore, assume that either m =p+1 and 1 < p <5, orm = p = 2. Then, we have convexity
fr(Ar) >0, for 0<Ar<up. (3.26)

Finally, on the interval Ag > vy, we have
frR(AR) <0, for Arp>1up. (3.27)

Proof: We now prove these results. To establish the local behavior (3.24) as Ag — 0, we use fr
in (3.23) to calculate

f_oooo wm_nglwp dy , f_oooo wm_1L0_2wp dy . 2f_°ooo wm_nggwp dy
foooo w™ dy ) r(0) = ffooo w™ dy ) r(0) = ffooo w™ dy
(3.28)
Using (3.7) for Ly w?, we get fr(0) = 1/(p —1). The integral for f5(0) was calculated in (3.17).
The integral for f(0) is fg”(0) = 2k., where . was given in (3.5b)-(3.5d). This proves (3.24).
Next, we prove the global result (3.25) and (3.26) for the case m = p+ 1. When m = p + 1,
(3.23) for fr becomes,

fr(0) =

[ wP (Lo — Ap) ™" wP dy
Joo wrtt dy '

fr(AR) = (3.29)
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By differentiating (3.29) we obtain

2
[ w? (Lo — Ap)2wpdy 7% (Lo — AT wr] dy
fjooo wPtl dy B fjooo wpt dy

fr(AR) = >0. (3.30)

This establishes (3.25) for m = p+1. To prove the convexity result, we first note that f}g()\ r) > 0on

0 < Ar < 1. Thus, if f}%(O) > 0, the result (3.26) follows. By differentiating (3.30), and comparing
with (3.5b), we readily obtain that f(0) = 2k, where k. is given in (3.5¢) when m = p+ 1. Hence,
F(0) = — . 3.31

A= G e -1 1 (8.3

Thus, f}%(O) > 0 when 1 < p < 5. Therefore, by the remark above, f}%()\R) >0on0<Ag <1y
whenm=p+1land 1 <p<5.

Next, we prove the global result (3.25) and (3.26) for the case m = 2. When m = 2, we use
(3.7) to write fg in (3.23) as

Joow(Lo—Ar) " (Lo = Ap)w+Agwl dy 1 Ap [T w(Lo—Ap) ' wdy

fR(/\R) == (p—l) ffooow2 dy B (p_l) (p_l) fi)ooow2 dy
(3.32)

By differentiating (3.32) we obtain

2
1 ffooow(Lo —)\R)_lwdy AR f_oo {(LO - )\R)_l w} dy
(p—1) oo w? dy (-1 oo w?dy ’

FrQr) = (3.33a)

and
[e') —1 2
1 )2 [(Lo — AR) W} dy  oxnp [* w(Lo—Ar) P wdy
(p—1) 7w dy (p—1) 75 w2 dy

To establish the sign of these terms, we need some properties for the auxiliary functions hq(«) and
hs(a) defined by

fr(AR) =

(3.33b)

hi(a) = /OO w(Lo—a) L wdy, hs(a) = /OO w (Lo — o) P wdy. (3.34)

— 00 — 00

From (3.33a), the result fr(Ag) > 0 follows if we can show that hi(a) > 0 on 0 < a < 1. From
differentiating h;(c) in (3.34), it is clear that h}(a) > 0. Next, we use (3.7) to calculate

. > /w1 1 1\ [>
hl(O):/ wLg wdy:/ (p—1+§yww>dy:<]?1_1>/ w”dy . (3.35)
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Thus, when 1 < p < 5 we have h1(0) > 0. Since ; () > 0, we obtain that iy () > 0on 0 < a < v.
This establishes (3.25) when m = 2 and 1 < p < 5. From (3.33b) it is clear that a sufficient, but
not necessary, condition for the convexity of fg is that hz(a) > 0 for 0 < a < . Since hy(a) > 0,
the result (3.26) is proved when m = 2 if we can show that h3(0) > 0. This detailed calculation,
which we give in Appendix B, shows that the determination of the sign of h3(0) can be reduced to
a quadrature. From (B.4) of Appendix B, we get

o) (i g e 6 )

o) 25 o) o

The function L ! (ywl> is given explicitly in (B.6) in terms of a quadrature. We cannot calculate
hs(0) analytically, but (3.36) is readily evaluated numerically to give h3(0) = 2.7 when p = 2. Thus,
we have convexity of fr when m = 2 and p = 2. However, for integer values of p with p > 2, we
calculate h3(0) < 0. Therefore, this method for proving the convexity of fgr fails when p > 2.

Finally, we prove the global result (3.27) for fr on the interval A\g > 1. For this result we need
the following technical lemma:

Lemma 3.6: Let £(y) be an even solution to
(Lo —Ar)€ =, for 0<y< oo, (3.37)

satisfying §I(O) =0, for which & decays exponentially to zero as y — oco. The function v is assumed
to be even, smooth, and satisfies v(y) > 0 on 0 < y < oo, with v — 0 exponentially as y — +oo.
Let vy > 0 be the principal eigenvalue of Lo as given in Theorem 2.5 of §2. Then, for any Ar with
AR > 1, we have {(y) < 0 fory > 0.

The proof of this Lemma is given in Appendix C. By applying this result to v = wP, we have
(Lo — )\R)_l wP < 0 for y > 0 when Ar > 1. From the definition of fr in (3.23), we then conclude
fr(AR) <0 on Ag > vy, which proves (3.27). This completes the proof of proposition 3.5. [

Next, we derive a few key properties of the function Cr(Ag) in (3.23), given explicitly by

VIT TAg (tanhd
CR(/\R):qim+ +TR<an A>, 0y =001+ Ag, Oo=D Y2, (3.38)

qm tanh 6y

A simple calculation gives,
T 90

Cr(AR) ), (3.39a)

- 2gm tanh 6, R(€
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where R(§) and & are defined by

tanh &
3

Since R(£) > 0 for € > 0 and R(§) = O(€71) as € — oo, it follows that C’;% > 0 for Ag > 0, and

Cp= O(7%/2) as T — oo for any Ag > 0. Moreover, for each value of 7 > 0 and D > 0 it follows
that the function C'g is concave for Ap > 0 if we can show that R/(ﬁ) < 0 for any & > 0. We

R(&) = + sech?¢, £=00\/14+TAR. (3.39b)

calculate,
: tanh h?
R (&) =— azz § + Secg £ 2tanh £ sech?¢ . (3.40)
This can be re-written more conveniently as
/ 1 . 2
R (&) = 287 cosh’E [2¢ — sinh(2€)] — 2 tanh £ sech®¢ . (3.41)

Since z < sinh(z) for z > 0, we have R (€) < 0 for £ > 0. From (3.39a), this proves that for any
D >0 and 7 > 0, the function Cr(AR) is concave for Ag > 0. This leads to the next proposition.
Proposition 3.7: Suppose that either m = 2 and p =2, orm =p+1 and 1 < p < 5. Then,

for any D > 0, there exists a value 7, = 7.(D) > 0, such that there are exactly two eigenvalues of
(2.23) on the positive real azis for all T > 1.. These two roots are in the interval 0 < Ar < vy. For
T > T., and m = 2, these are the only two eigenvalues in the right half-plane. In the limit T — oo,
one of these eigenvalues tends to zero, while the other eigenvalue tends to vy . This also proves the
existence of a value 79(D) > 0 such that there is a pair of complex conjugate eigenvalues on the
imaginary azis when T = 19(D).

This result states that, under certain m and p, once the eigenvalues have merged onto the real
axis, they remain on the real axis for all 7 > 7.
Proof: We now prove this result. Firstly, any roots of gr(Ar) = 0 must satisfy 0 < Ag < 1. This
follows readily since Cr(Ag) > 0 for 7 > 0 and fr(Ag) < 0 for Ag > 1 by (3.27) of proposition 3.5.
On the interval 0 < Ap < vy, and for these ranges of m and p, we have from proposition 3.5 that fr
is monotonically increasing, fr is convex, and fg has the limiting behavior fr — +00 as Ag — 1, .
In addition, since fr(0) = 1/(p —1) and Cgr(0) = (s+1)/(gm), we have fr(0) > Cr(0) from
condition (1.2). For 7 = 0, Cr(Agr) = Cg(0) for all Ag > 0. Since, from (3.39a), Cx(Ar) — +00
as 7 — oo, and C’;% is monotonic in 7, there will exist a value 7 = 7, for which gg = 0. For 7 < 7,
we have gr < 0. Since fgr is convex and CFg is concave there will be exactly two roots to gg = 0
for any 7 > 7.. This indirectly also proves the existence of a value 79(D) such that there is a pair

of complex conjugate eigenvalues on the imaginary axis when 7 = 79(D). This follows, since by
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proposition 2.6 we know that Re(A) < 0 when 7 = 0 and by proposition 3.7 we know that there
are two eigenvalues on the positive real axis when 7 > 7.(D). Since Cg(0) is independent of 7,
eigenvalues cannot cross into the right half-plane along the real axis as 7 is increased. Hence, by
continuity they must have crossed into the right half-plane along the imaginary axis at some value

70(D) > 0 (possibly non-unique). This completes the proof. [ |

(a‘) (p7Q7m75) = (27 17270) (b) (p7Q7m75) = (3727 270)

Figure 8: The roots of gr = 0 are shown graphically for two exponent sets with D = 1. The heavy
solid and solid curves are fr and Cg, respectively, at the critical value 7 = 7.. For (2,1,2,0),
T. = 10.25, while for (3,2,2,0), 7. = 3.97, The top, middle, and bottom dashed curves in the left
figure are Cr for 7 = 30, 7 = 25, and 7 = 18, respectively. The top, middle, and bottom dashed
curves in the right figure are Cg for 7 =9, 7 = 7, and 7 = 5, respectively.

In Fig. 8(a) we show graphically the determination of eigenvalues of (2.23) along the positive
real axis for the exponent set (2,1,2,0) when D = 1. Since p = m = 2, the proposition 3.7 applies.
In this figure, we plot fr (heavy solid curve) and Cg (solid curve) versus Ag when 7 = 7, = 10.25.
The dashed curves in this figure are Cg for three values of 7 > 7.. For each 7 > 7. there are exactly
two roots to gr = 0. The curve fg is convex, while Cp is concave. For the exponent sets in (1.3),
proposition 3.7 applies only to (2,1,2,0) and (2,1,3,0). Although, we do not have a proof that
fr is convex for the other exponent sets of (1.3), we have verified numerically that this is indeed
the case. Thus, the determination of roots along the real axis will be qualitatively identical to that
shown in Fig. 8(a). In particular, in Fig. 8(b) we plot fr and Cg versus Ar for the exponent set
(3,2,2,0) when D = 1. For this set we find numerically that 7. = 3.97.
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Next, we use Newton’s method to compute the curves 7. and )\% versus D for the exponent sets
in (1.3). In Fig. 9(a) and Fig. 9(b), we plot 7. and )\%, respectively, for the exponent sets (2, 1,2,0)
and (2,1,3,0). We find that 7. is a decreasing function of D, and that 7, is larger when m = 3 than
when m = 2. There is only a slight variation of A}, with respect to D. In Fig. 10(a) and Fig. 10(b),
we plot 7. and )\%, respectively, for the other exponent sets of (1.3). In each case, we find that 7.

is a monotone decreasing function of D.

40.0
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0.45

TC
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0.40

0.0 2.0 4.0 6.0 8.0 10.0 0.0 2.0 4.0 6.0 8.0 10.0

(a) 7c versus D (b) A%, versus D

Figure 9: Plots of 7. (left figure) and \% (right figure) for two exponent sets when D = 1. The
solid and heavy solid curves are for the exponent sets (2,1,2,0) and (2, 1,3,0), respectively.

For each of the exponent sets of (1.3), we have verified numerically that there are two eigenvalues
along the real axis for 7 > 7.. We now derive asymptotic formulae for these eigenvalues and their
corresponding eigenfunctions in the limit 7 — oo. It is convenient here to write the eigenvalue
relation (3.23) as

oW g dy
Cr(ARr) = ] T — . (3.42)
Jow™ dy
Here Cr(\R) is given in (3.38), and 9 solves
(Lo — Ar) YR = wP. (3.43)

As 7 — 00, one eigenvalue tends to zero and the other tends to the eigenvalue vy of the local

operator L. For this larger O(1) eigenvalue, we have the following asymptotic result:
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(a) 7c versus D (b) X% versus D

Figure 10: Plots of 7. (left figure) and A}, (right figure) for three exponent sets when D = 1. The
solid, dashed, and heavy solid curves are for the exponent sets (4,2,2,0), (3,2,2,0), and (3,2,3,1),
respectively.

Proposition 3.8: For 7 > 1, there is an eigenvalue of (2.23) with A\g = O(1) as 7 — oo. For

7> 1, it has the asymptotic expansion,

Ap =X~ v+ 01 /TP hr =y ~ T2 Agdi + O(1) (3.44)
The constants Ag and §1 are given by,
oSy (e oudy) (J wron dy) .
°” [ wnlggdy’ T co [T W dy ’ (3.45)
where
co = v (tanh 6p) ™" . (3.45b)
qm

Here vy and ¢y are the principal eigenpair of the local operator Ly (see Theorem 2.5 in §2 above),
with ¢y9 normalized so that ffooo ¢120 dy =1.
Proof: To derive this result, for 7 > 1, we expand

AR =Ny~ 0o+ 01 /72 4 bR =1 ~ T 2o + b1 + (3.46)
Substituting (3.46) into (3.43), and collecting powers of 71/2, we obtain

Lotwo — 0ot = 0; Lotp1 — 0ot = 01¢po + w? . (3.47)
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Thus, dg = vy > 0 and Ypg = Ag¢ig, where Ag is an unknown constant. We normalize ¢ by
ffooo ¢l20 dy = 1. Then, the solvability condition for the equation for v; in (3.47) determines d; as

51 = —Aal / ’lqubl() dy . (348)

To determine Ag, we substitute (3.46) into (3.42). This determines A as

co [2o wmdy
Ag = 2o , 3.49
: 7o wm gy dy (3.49)

where cg is given in (3.45b). The constant ¢ is the leading coefficient in the expansion Cr(Ag) =

cot/? +0O(1) as T — co. Then, substituting (3.49) into (3.48), we determine &; as in (3.45a). This

completes the derivation of proposition 3.8. |

The asymptotic behavior of the eigenvalue that tends to zero as 7 — oo is summarized as
follows:
Proposition 3.9: For 7 >> 1, there is an eigenvalue of (2.23) with Ar = O (T_l) as T — oo. For

7> 1, it has the asymptotic expansion,

w w
A PR L.L T (3.50)
T T2 T
The functions Vo and g1 are given by,
w wo w 1
_ _ WLl 3.51
1[)80 p_17 wsl p_1|:p_1+2yw:|7 ( )
where w satisfies (2.2). The positive constant wy is the unique root of
A 1
C = — 3.52
r(wo) P (3.52a)
and the constant wy s
1 1
Wy = 0 [ - —} . (3.52b)
(p —1)Cg(wo) lP =1 2m

Here the function Cr(w) is simply Cr(w) = Cg (w/T).
Proof: To derive this result, we substitute (3.50) into (3.42) and (3.43). Collecting powers of 7,
we obtain
fjooo wm_lﬂlso dy
ffooo wndy
S w™ W dy
[ owmdy

Lotpso = w?, Cr(wo) = (3.53a)

Los1 = wotbso , w1 Cp(wo) =

(3.53b)
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Here Cr(w) = Cg (w/7). By using (3.7), we readily obtain that the solutions 140 and 1 are as
given in (3.51). By substituting these solutions into the integrals in (3.53), and by calculating the
integrals explicitly, we obtain (3.52). Finally, we show that wy > 0 and is unique. Using (3.52a),

and (3.38) for Cg, wp can be written as the root of the transcendental equation

~— ( tanh |6p\/1
R(wo) = 1+w0<an [0 +w0]>_1z<’ HO:D_1/2. (3.54)
tanh 6y
Here ¢ > 0 is the combination of exponents given in (1.2). Clearly R(—1) = —1, R(0) = 0,

R (w) > 0 for w > —1, with R(w) — co. Hence, for any ¢ > 0 and D, (3.54) has a unique root
wo, satisfying wy > 0. Since wg > 0, the small eigenvalue of (3.50) approaches the origin through
positive real values as 7 — o0, but it cannot cross through the origin into the left half-plane. This

completes the derivation of proposition 3.9. |

The results in propositions 3.8 and 3.9 apply to all m and p satisfying the basic condition (1.2).
In Fig. 11(a) and Fig. 11(b), we compare the asymptotic formulae, given in propositions 3.8 and 3.9,
with the corresponding numerically computed values when D = 1. The exponent sets for Fig. 11(a)
and Fig. 11(b) are (2,1,2,0) and (4,2,2,0), respectively. These plots show that the asymptotic

results (3.44) and (3.50) are quite accurate, even for only moderately large values of 7.
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T
(a) (p,g;m,s) = (2,1,2,0) (b) (p,q,m, s) = (4,2,2,0)

Figure 11: Plot of the eigenvalues on the real axis for two exponent sets when D =1 and 7 > 7.
The solid curves are the numerical results, and the dashed curves are the asymptotic approximations
of propositions 3.8 and 3.9. One eigenvalue tends to zero and the other tends to vy as 7 — oo.
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An open problem is to prove a transversal crossing condition that ensures that whenever there
is a pair of complex conjugate eigenvalues on the imaginary axis at some value 7 = 79(D), then they
remain inside the right-half plane for 7 > 79(D). This condition would also imply that 7o(D) is
unique. If we write the eigenvalue path as A\(7) = Ar(7)+iA7(7), the transversal crossing condition
is equivalent to proving that )\/R(To) > 0 whenever Ag(79) = 0. A simple calculation shows that
)\IR(TQ) > 0 for a root A =iA\Y on the imaginary axis if and only if

Im {% f’(A)} <0  when z=1i\r, A=i\. (3.55)

Here we have written C' = C(z), where z = 7. In [31], we were able to prove a transversal crossing
condition for the N-dimensional shadow GM model, since in that case the root of Cr(A;) = fr(Ar)
remained fixed as 7 increased. We have not been able to give a rigorous proof of the sign in (3.55).
Remark 3.10 When D < 1, the key parameter in (1.1) is 7. As discussed in Appendix A, our
spectral results for a one-spike solution when D < 1 should correspond to the spectral results
obtained in [8] for the GM system (A.9) of Appendix A, provided we identify p = 1/7 in (A.9b).
For the parameter set (p,q,m,s) = (2,1,2,0), it was shown in [8] (see page 491) that there is a
Hopf bifurcation when 2 = 0.36. The corresponding value of A; on the positive imaginary axis
computed in [8] is A\; = 0.86. From the data used to generate Fig. 3(a) with D < 1, our numerical
values for the Hopf bifurcation point are 7 = 2.75 and A; = 0.867, which are consistent with those
of [8]. In addition, it was shown in [8] (see page 491) that the complex conjugate pair of eigenvalues
in the right half-plane merge onto the positive real axis at Ap = 0.38 when p = 0.053. From the
data used to generate Fig. 9(a) and Fig. 9(b) with D < 1, our corresponding values are A\p = 0.386

and 7 = 18.7. These results are again consistent with those of [8].

4 Numerical Validation: Small and Large-Scale Oscillations

We now confirm numerically our predictions for the onset of an oscillatory instability as 7 increases
past 19. We also give numerical results for the large-scale oscillations that occur when 7 is well
beyond 79. To do so, we solve the GM model (1.1) numerically using the NAG library routine
DO3PCF [19] with 2000 uniformly spaced meshpoints and stringent control on the accuracy of local
time-steps. The initial condition for the GM model (1.1) is taken to be

a(z,0) = ae [1 + 0.02 cos (%) e_xQ/(ZEQ)} , h(z,0) = he(x), (4.1)

where a, and h, are the one-spike equilibrium solutions given in proposition 2.1. The initial

condition for a. represents a 2% localized perturbation. To show the oscillatory behavior, in each
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of the figures below we plot a,, = a(0,t), referred to as the amplitude of the spike, versus ¢.

In Fig. 12(a) we plot a,, versus t for two values of 7 for the exponent set (4,2,2,0) with D =1,
and ¢ = 0.03. For this data, the critical value 7y for the onset of an oscillatory instability as
predicted by the spectral analysis in §3 is 79 = 0.197. From Fig. 12(a), we note that when 7 = 0.19
the oscillations generated by the initial perturbation are damped out, whereas when 7 = 0.2, the
oscillations grow. A similar plot is shown in Fig. 12(b) for the exponent set (3,2,2,0) with D =1,
and ¢ = 0.01. For this data, we compute 79 = 0.497. The oscillations are seen to decay when
7 = 0.485, and they grow when 7 = 0.5. We have performed many other numerical simulations for
different exponent sets and for different values of D to confirm our spectral results for the onset of
an oscillatory instability.

Next, we plot a,, versus ¢ for values of 7 near 7y, and for values well beyond 79. In Fig. 13(a)
we plot a,, versus ¢, showing small-scale oscillations for the exponent set (2,1,2,0) with D = 1 and
e = 0.01. For this data, 7o = 1.343. From Fig. 13(a), the oscillations die out when 7 = 1.3 and they
grow when 7 = 1.35. In Fig. 13(b) we increase 7 to 7 = 1.38. For this value, we observe a very
intricate large-scale motion in the spike amplitude. In Fig. 14(a), we increase 7 to 7 = 1.5. For
this value, the amplitude of the spike exhibits a few large transient oscillations, but then eventually
collapses to zero. Similar spike collapse behavior occurs for this exponent set at even larger values
of 7. When 7 > 7., the eigenvalues of the linearized analysis are on the real axis. In this case,
we have found that a,, — 0 as t — oo monotonically, without any oscillations. The behavior for
T near Ty suggests that the resulting Hopf bifurcation at 7 = 7¢ is probably subcritical, since we
have found numerically that the emerging small-scale oscillations are unstable. In particular, in
Fig. 14(b) we plot a,, versus t for the exponent set (3,2,3,1) with 7 = 1.3, D = 1, and ¢ = 0.02.
For this set, the critical value 7y is predicted to be 19 = 1.22. For the value 7 = 1.3, it is shown in
Fig. 14(b) that a,, — 0 as t — oc.

These numerical results suggest that when 7 is only slightly beyond 7y, there can be a large-
scale oscillation that persists for long time intervals, such as that shown in Fig. 13(b). However,
for larger values of 7, the numerical evidence suggests that the amplitude a,, of the spike should
eventually tend to zero as t increases. It is beyond our scope here to give an analysis of these large-
scale oscillations. However, we now derive a heuristic criterion for the stability of the degenerate,
uniform solution a = 0 and h = 0. What we now show is that the uniform solution is linearly stable
when 7 > 7" =¢q/(p — 1).

Consider a one-spike time-dependent solution to the GM model (1.1), where the spike is located
at z = 0. We construct a solution by the method of matched asymptotic expansions. In the inner

-1

region near z = 0, we introduce y = ¢~ "z, and we expand a = ag(y,t) + €a1(y,t) + ---, and
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Figure 12: Plots of a,, versus t for two exponent sets when D = 1. In the left figure, 7 = 0.19
(heavy solid curve), and 7 = 0.2 (dashed curve). In the right figure, 7 = 0.485 (heavy solid curve),
and 7 = 0.5 (dashed curve). The critical values are 7o = 0.197 (left), and 79 = 0.497 (right).
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Figure 13: Plots of a,, versus t for several values of 7 for the exponent set (2,1,2,0) with ¢ = 0.01
and D = 1.0. In the figure on the left, the heavy solid curve is for 7 = 1.3 and the dashed curve is
for 7 = 1.35. In the figure on the right, 7 = 1.38. The critical value 7y is 79 = 1.343.
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Figure 14: In the figure on the left we plot a,, versus ¢ for the exponent set (2,1,2,0) with 7 = 1.5,
D =1, and € = 0.01. The figure on the right corresponds to the exponent set (3,2,3,1) with
7=13, D=1, and € = 0.02. In both cases, a,, — 0 as t increases.

h = ho(y,t)+ehy(y,t)+---. Substituting this expansion into (1.1), we obtain that hg = H(t), and
that ag satisfies
ag

Tk —00 < Y < 00} apg— 0 as |yl — oo. (4.2)

apt = Aoyy — Ao +

Here H(t) is a function to be determined. In (4.2), we introduce the new variable v defined by

a = H", where v = ¢q/(p — 1). From (4.2), we obtain that v satisfies
H .
Vg = Vyy — 1—|—7F v+ P, —00 < Y < 00, v—0 as |yl — 0. (4.3a)

In the outer region, a is exponentially small, and h = O(1). Since the term e~'a™/h® in (1.1Db) is
localized near x = 0, we obtain from (1.1b), that for ¢ <« 1, h satisfies

—00

Thi = Dhgy — h + HST! </ [v(y, t)]™ dy> i(z), -l<z<1; hy(£1,t) =0. (4.3b)

Here ¢ > 0 is defined in (1.2), and §(z) is the Delta function. The matching condition of the inner

and outer solutions for h provides the coupling between (4.3a) and (4.3b). This condition requires
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that
h(0,t) = H(t). (4.3¢)

In the v, h formulation of (4.3), we can investigate the stability of the zero solution to small
localized perturbations in a. For 0 < ¢ < 1, suppose that h(xz,0) = oho(x) > 0 on |z| < 1,
and v(y,0) = ovp(y) > 0, with vy(y) — 0 exponentially as |y| — oco. Since ¢ > 0 in (4.3b), the
linearization of (4.3) for o < 1 is

H
Thy = Dhay —h,  —l<z<1;  hy(£l,¢)=0, (4.4b)

H/
vt:vyy—<1+’y—>v, —00 <y < 00} v—0, as |yl — o0, (4.4a)

with v(y,0) = vo(y), h(z,0) = ho(z), and h(0,t) = H(t). The problem (4.4a) for v is readily solved
by Fourier transforms to get

ol 8) = <%>7 e_(l—'y/r)tg(y,t)’ gy, t) = 2%/% /_Z vo(s) e—(y—s)2/4t ds . (4.5)

Here U(0) = ho(0), and U(¢) is to be determined from
TUur = Dugy , —-l<z<1; uzy(£1,t) =0; u(z,0) = up(x); U(t) =u(0,t). (4.6)

For t > 1, we readily calculate that

U(t) ~ % /11 uo(x) dz + e~ P cos(mx) + -+, by = /11 uo(x) cos(mzx) dx . (4.7)

From (4.5), we predict that the zero solution is stable when 7 > 7" = ~, where v = ¢/(p — 1),
and is unstable when 7 < 7%. As a remark, if we took an initial condition with v(y,0) = O(1)
and h(z,0) = oho(x), with ¢ < 1, then the linearization would have (4.4b) for h, and (4.3a) for
v. The resulting equation for v, with the v? term retained, is highly unstable when v = O(1) since
it closely approximates the nonlinear heat equation for which the linearized operator is the local
operator Ly of Theorem 2.5. Thus, v should grow exponentially with a growth rate close to vy,
where vg > 0 is the principal eigenvalue of the local operator Ly in Theorem 2.5. However, if v
does increase exponentially, then the integral term in the h equation (4.3b) that is proportional
to HT! becomes significant. This term has the effect of limiting the growth in v by introducing
a large positive coefficient H ’/ H in (4.3a). This type of self-limiting growth is presumably a very
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rough outline of the mechanism of the large-scale oscillations found in the numerical simulations
above.

For the exponent sets (2,1,2,0), (2,1,3,0), and (3,2,3,1), we have computed numerically that
79 > 7 when D = 1. Therefore, to test our prediction of the stability of the zero solution, we
take the exponent set (3,2,2,0) with D = 1, for which 7* = 1. For this data set, 79 = 0.497 and
7. = 3.97. Thus, if we choose 7 > 1, we should expect that if a,, gets close enough to the basin
of attraction of the zero solution, it will approach the zero solution as ¢ increases. Alternatively,
if we take a value of 7 with 0.497 < 7 < 1 then the one-spike equilibrium solution is unstable and
the zero solution is unstable. In this case, we should observe a very intricate oscillatory motion
that persists over long time intervals. In Fig. 15(a) we plot log,(1 4 a,,) versus ¢ for the exponent
set (3,2,2,0) with 7 = 1.05, D = 1, and ¢ = 0.02. In Fig. 15(b) we plot log;o(1 + v,,) versus
t, where vy, = a,,(t)/[h(0,t)]. This definition of v, is motivated by the analysis leading to (4.3)
above. For this value of 7, which exceeds 7* = 1, we do indeed observe that a,, and v,, tend to
zero as t — oo. However, since the amplitude of a,, can become very large during the transient
process, the plot has been done on a logarithmic scale. Alternatively, in Fig. 16(a) and Fig. 16(b)
we plot logo(1+ ay,) and logyo(1+v,y,) versus ¢ for the same data, but now with 7 = 0.65. For this
case, where both the one-spike solution and the zero solution are unstable, we do indeed observe
a persistent, large-scale oscillation punctuated by sudden, and large, peaks in the amplitude a,,.
Notice that, in agreement with the qualitative analysis above, v, does become very small, but the
zero solution seems unstable. The ultimate fate of this solution as ¢ — oo is unknown. A related
type of intermittent behavior was computed numerically in [31] for the shadow GM model, under
certain parameter regimes. In [24] it was shown that the Gray-Scott model can exhibit various
types of chaotic pulse dynamics in certain parameter regimes when the two diffusion coefficients
in the model are both asymptotically small. The irregular behavior observed above is significantly
different in that it occurs for an O(1) inhibitor diffusivity and an O(g?) activator diffusivity.

5 The Stability of Multi-Spike Solutions

In this section we study the stability of multi-spike solutions. From (2.36), the eigenvalues of (2.23)

are the union of the zeros of the functions g;(A) = 0 for j =1, .., k, where
2 wm™ (Ly — N wP dy

B =G0 = TO), ) = e (1)
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Figure 15: Plots of a,, and v,, versus t for the exponent set (3,2,2,0) with 7 = 1.05, D = 1, and
e = 0.02. Here vy, (t) = amn(t)/h(0,t). Notice that there is one very large peak in a,,, but that a,,
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€ = 0.02. The large-scale oscillation persists for long time intervals.
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Here we have defined C;(\) = [x(7);4)] ", where from (2.25a),

R N Y R TR

~gm ' gmtanh (6p/F) (5.2)

with ) = 0pv/1 + 7A and 6y = D~Y/2,

As we will explain below, there is one main difference between the spectrum of (2.23) for a
one-spike solution and for a multi-spike solution with & > 2. In order to explain this difference
precisely, we need a few properties of Cj(Ag), when Ag is real with Ag > 0.

Proposition 5.1: For any fized 7 > 0 and D > 0, we have a monotonicity result for Ag > 0 that

Cr(AR) > Coi(Ag) > ... > C1(Ar) >0,  CL.(Ar) < Ch_1(AR) < ... < C1(AR)- (5.3a)
For any fired D > 0 and 7 > 0, and for each j = 1, .., k, we have for Agp > 0 that
Ci(Ar) >0,  Ci(Agr) <0, Ci(Ag)=0(r"?), as 7 — +o0. (5.3b)

Define the functions Bj(D) = C;(0) for j =1,..,k. These functions are independent of T, and for
D >0 and j = 2,..,k, they are monotonically increasing in D. For j = 1, B1(D) is independent
of D. We have

, 1
B)(D)>0, for D>0, and j=2,.k; Bl(D):SqJTFn. (5.3¢c)

Finally, for j =2,..,k, we have B;(D) =1/(p — 1) when D = Dj, where

Dj = 1 a; =1+ [1 — cos <M>] ¢t (5.3d)

:k2 [log(ajﬂ—,/a?—l)]z’ K

Here ¢ is defined in (1.2), and the relation D;_y > D; holds for j =3, .., k.
Proof: We now prove this result. To prove (5.3a), we use (5.2) to calculate for j = 1,..,k — 1 that

21+ 7Ar sin[m(j — 1/2)/k]sin[n/k]
gmtanh (6y/k) sinh (26, /k)

> 0. (5.4)

Cit1(Ar) — Cj(AR) =

This proves Cj11(Ar) > Cj(Ag) for j =1,..,k — 1. Clearly, Cj(Ar) > 0 for A\p > 0. By differenti-
ating (5.4), we obtain for j = 1,..,k — 1 that

/ / _ sin[n(j — 1/2)/k]sin [r /K] <2907'> (tanh & — &)

Cir1(Ar) = C5(Ar) = gmtanh (6y/k) k& ) sinh®€ cosh ¢’ (5.5)

J J
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where £ = 260, /k. Since tanh ¢ < £ for £ > 0, we have CJI'H()\R) < C;»()\R) for j =1,..,k —1, which
proves (5.3a).
Next, we prove (5.3b). Here it is convenient to define £ = 0,/k > 0. We then differentiate

C;(ARr) in (5.2), and rearrange the resulting equation, to obtain

/ Ty
CiAr) = 2kgm tanh (6 /k) (&) (5.6)

Here R;(&) is defined by
(= _ - W
Ri(¢) = 2¢ cosh? € ¢ sinh?(2¢)
v =1—cos[m(j —1)k], ji=1.k. (5.7b)

[sinh(2€) + 2(1 — ;)&] + [sinh(2¢) — 2¢] , (5.7a)

Since 0 < 7, < 2 for j = 1,.., k, it follows that R;(£) > 0 for £ > 0, since both terms in the square
brackets in (5.7a) are positive when £ > 0. Therefore, C’;-()\R) >0for \g >0and j =1,..,k To
prove that C;(Ar) is concave, we must show that R;-(f) < 0 when & > 0 for j = 1,..,k. The proof
of this is straightforward, but lengthy, and we leave the details to the reader. For 7 — oo, we have
¢ — oo and R;(§) = O (1/£). Therefore, for any £ > 0 we have R;(§) = O(r=Y?) as 7 — co. From
(5.6), we conclude that C;-()\R) = O(7'/?) as 7 — oo for any Ag > 0. This proves (5.3b).

Next, we prove (5.3c). Defining B;(D) = C;(0), we calculate from (5.2) that

s+1) i

qm 2gm sinh? (6y/k)’
Here ~; is defined in (5.7b). For j = 1, we have v; = 0, and B;(D) = (s+1)/gm < 1/(p — 1).
By differentiating (5.8), we get B;-(D) > 0 for j = 2,..,k. This proves (5.3c). Finally, by setting
B;(D) =1/(p—1) for j = 2,..,k, and using (5.8), we obtain after a little algebra that D = Dj;,
where Dj is given in (5.3d). A simple calculation shows that Dj_l > [)j for j = 3,..,k. This

0y = D7Y/2. (5.8)

B;(D) = (

completes the proof. [ ]

We now use these properties of Cj(Agr) to determine the spectrum of (2.23) on the positive real
axis. When A = Ag, we have from (5.1) that the eigenvalues of (2.23) are the union of the roots
of Cj(Ar) = fr(ARr), for j = 1,..,k, where fr(Agr) = f(Ar). The properties of fr(Ar) were given
previously in proposition 3.5. This leads to the proposition.

Proposition 5.2: Let k > 2, and suppose that either m =p+1 andp > 1, or m =p = 2. Then,

when D > Dy, and for any T > 0, the number of eigenvalues M of (2.23) on the positive real azis
satisfies
E—1<M<k+1. (5.9)
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These eigenvalues are all located in the interval 0 < Ag < vy, where vy is the principal eigenvalue
of the local operator Ly in Theorem 2.5. Moreover, suppose that 0 < D < Dy, where Dy, is given
in (2.33) of proposition 2.6, and T > 0 is sufficiently large. Then, there are exactly 2k eigenvalues
on the positive real axis.

Proof: We now prove this result. Suppose that D > Dy. Then, by (5.3a) and (5.3¢), we have
that C;(0) > 1/(p — 1) for j = 2,.., k. Moreover, C;(Ag) is increasing and concave from (5.3b). By
proposition 3.5, fr(0) = 1/(p — 1) and fg is increasing and convex on the interval 0 < A < 1y
when either m = p+1 and p > 1, or m = p = 2. The function fr tends to +00 as A\gp — 1,
and by (3.27), we have fr < 0 for Ag > 1. Thus, for each j = 2,.., k, there is exactly one root to
gj(Ar) = 0 for any 7 > 0 on the interval 0 < Agp < 1. Therefore, we have at least k — 1 eigenvalues
on the real axis when D > Ds. For j = 1, C1(0) < fz(0), and hence for 7 sufficiently small there
will be no roots to g1 (Ag) = 0. The concavity of C7 and the convexity of fgr, together with the
fact that Ci — 00 as T — 00, proves that there will be exactly two roots to g;(Ar) = 0 when 7 is
sufficiently large. Thus, the total number of roots on the real axis is at most k + 1. Next, we prove
the second conclusion of this proposition. By comparing (5.3d) for Dj and (2.33) for Dy, we have
that Dy = Dy. When D < Dy, we are guaranteed from proposition 5.1 that C;(0) < 1/(p — 1)
for j = 1,..,k. The curves C; are concave for j = 1,..,k, fr is convex, and C; = 0(71/2) as
T — o0, uniformly in Ar. Hence, for 7 sufficiently large, each of the curves C;(Agr) will intersect
fr(AR) exactly twice, yielding exactly 2k roots on the positive real axis. This completes the proof
of proposition 5.2. |

As a remark, in the limit 7 — oo, we can readily extend propositions 3.8 and 3.9 to determine
the explicit asymptotic behavior of each pair of roots of g; = 0 for j = 1,..,k. We leave the details
to the reader.

When D = oo and 7 = 0, it is well known that a multi-spike solution with & > 2 is unstable for
the shadow GM model as a result of having k — 1 eigenvalues of the linearization on the positive
real axis (cf. [32]). Proposition 5.2 proves that a multi-spike solution to the full GM model (1.1)
for any 7 > 0 has a very similar type of instability as for the shadow GM model with 7 = 0 until
D is decreased to the value Dy. For the exponent set (2,1,2,0) we calculate from (5.3d) that
Dy = 0.5766 when k = 2, Dy = 0.4798 when k = 3, and Dy = 0.4470 when k = 4. Since these
values are numerically rather small, it is clear that the shadow GM model instability result holds
for a wide range of D.

We now use the numerical method of §3 to graphically illustrate the conclusions of propositions
5.2 for a three-spike solution to (1.1) for the exponent set (2,1,2,0). In Fig. 17(a) we take D =
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0.52 > Dy = 0.4798. For the value 7 = 2.0 chosen in Fig. 17(a), there are exactly two eigenvalues
of (2.23) on the positive real axis. In Fig. 17(b) we we take take the values 7 = 12.5 and D =
0.134 < D3 = 0.181. For this value of 7, each of the curves C;(Ag), for j = 1,2, 3, intersects fr(Ar)
exactly twice. Thus, we have six positive real eigenvalues. As a remark, for each of the exponent
sets of (1.3) we verified numerically in §3 that fr(Ag) is monotone increasing and convex. Thus,
although we are unable to give a rigorous proof, the results of proposition 5.2 should hold for all

of the exponent sets of (1.3).

(a) D > Do (b) D < Dy,

Figure 17: Plots of fr(Ar) (heavy solid curve) and Cj(Ag) (dashed curves) for j = 1 (bottom
curve), 7 = 2 (middle curve), and j = 3 (top curve), for a three-spike solution for the exponent set
(2,1,2,0). In the left figure 7 = 2.0 and D = 0.52 > Ds, so that proposition 5.2 guarantees at least
two roots. In the right figure D = 0.13 < D3 = 0.181 and 7 = 12.5. In this case there are six roots.

The main difference between the spectrum of (2.23) for one-spike and multi-spike solutions is
that for a multi-spike solution eigenvalues can cross through the origin along the real axis Im(\) = 0
as D is varied. Since C;(0) is independent of 7, the eigenvalues of (2.23) can never cross through
the origin along the real axis for any fixed D as 7 is increased. Thus, instabilities as 7 is increased
can only occur from Hopf bifurcations, whereas instabilities that occur as D is increased can occur
from real eigenvalues entering the right half-plane. As D is increased, eigenvalues can cross between
the left and right half-planes in either direction. To see this, suppose that 7 > 0 is sufficiently small
and D < Dy. Then, gr(Ar) < 0 for Ag > 0. Keeping the value of 7 fixed, we then increase D
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slightly past the value Dy. When D > Dy, there is a root of gx(Ag) = 0 in Ag > 0, and hence an
eigenvalue of (2.23) has crossed through the origin into the positive real axis. Next, suppose that
D < Dy, but that 7 is sufficiently large so that gx(Ar) = 0 has exactly two roots in 0 < Ap < vp.
For this value of 7, as D is increased past Dj one of these roots crosses from the right to the left
half-plane, since when D > Dy, there is exactly one root to gx(Agr) =0 in 0 < Ap < 1.

We now determine eigenvalues on the imaginary axis. Setting A = i¢A; in (5.1) and defining
9j(iAr) = grj(Ar) +igrj(Ar), we obtain that the eigenvalues of (2.23) along the imaginary axis are
the union of the roots of the coupled systems gr; = gr; = 0, given by

Grj(A1) = Crj(Mr) — fr(Ar), Grj(A1) = Cri(\) — fr(hg)., i=1.k. (5.10a)
Here we have defined éRj and élj by
Cri(Ar) =Re[C;(iAr)] . Crj(Ar) =Im[C;(iAr)] (5.10b)

where Cj is given in (5.2). The functions fr and f; are as defined in (3.4b), and their properties
were given in propositions 3.1 and 3.2 of §3, respectively.

We can readily generalize the winding number criterion given in proposition 3.3. Suppose that
7 > 0, and that there are no zeros of g;(\) on the imaginary axis for j = 1,..,k. Then, for k£ > 1,
the number of eigenvalues M of (2.23) in the right half-plane is

k
Z arggjlp , for 7>0. (5.11)
7=1

s

Mo
_4

Here [arg gj]FI denotes the change in the argument of g; along the semi-infinite imaginary axis
I'r =iAr, 0 < A7 < 00, traversed in the downwards direction.

Our next result gives conditions for the stability and instability of a multi-spike solution to the
GM model (1.1).
Proposition 5.3: Let k > 2 and suppose that eitherm =p+1 andp > 1, orm =2 and 1 <p < 5.

Then, a multi-spike solution is unstable for any T > 0 when D > Dy, where Dy, is given in (2.33)
of proposition 2.6. Next, suppose that 0 < D < Dy, withm =2 and 1 < p < 5. Then, a multi-spike
solution is stable on an O(1) time-scale for 0 < 7 < 19, where 19 > 0 is sufficiently small.

Proof: We now prove this result. As noted in the proof of proposition 5.2 we have Dy, = D). When
D > Dy, we are guaranteed from (5.3c) that C(0) > 1/(p — 1). Under the conditions on m and p
given in proposition 5.3, we have from (3.25) of proposition 5.3 that fp(Ag) > 0 and fr — oo as
Ar — 1 . Hence giy(Ag) = 0 has a root in 0 < Agp < 1. Therefore, a k-spike solution is unstable
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for any 7 > 0 when D > Dj. Next, suppose that D < Dj. Then, since C;(0) < 1/(p —1) for
j =1,..,k, the curves Cj(Ag) and fr(Ar) will not intersect when 7 is sufficiently small. Hence,
for 7 small, there are no eigenvalues of (2.23) on the real axis. We now show that for 7 sufficiently
small, there are also no eigenvalues on the imaginary axis. When 7 = 0 we have éRj()\ 1) = éRj (0)
for j = 1,..,k. For 7 > 0, we can readily verify from (5.2) and (5.10b) that C~’Rj is an increasing
function of A; for j = 1,.., k with éRj(O) > 0. Since for m = 2 and p > 1, we know that fR is
monotone decreasing from (3.6) of proposition 3.1, we have that gr; = 0 has a unique root for each
j=1,..,k. As in the proof of proposition 3.4, we will have that [arggj]FI = —5m/4 for each j if we
can show that gr; < 0 at the root of gg; = 0. This is clear, since for m =2 and 1 < p < 5, we have
fr > 0 from (3.16) of proposition 3.2, together with C7;(0) = 0 and Cr; = O(r) as T — 0 for finite
Ar. Hence, for j = 1,..,k, there exists a 79 > 0 such that [arggj]FI = —5m/4 for all 7 satisfying
0 <7 < 79. Substituting this result into the winding number criterion (5.11), we get M = 0. This
proves stability on an O(1) time-scale. To ensure stability on an O(s~2) time-scale, recall that the
additional criterion in proposition 2.2 needs to be satisfied. This completes the proof of proposition
5.3. [

Therefore, when 0 < D < Dy, we will have stability on an O(1) time-scale until 7 increases past
some value 7y > 0. We now determine this critical value. First, we claim that for each j =1, .., k,
there exists a value A\ = )\(I]j(D) and 7 = 79;(D) > 0 such that gr; = gr; = 0 in (5.10a). This
follows since by proposition 2.6, the eigenvalues of (2.23) are in the left half-plane when 7 = 0,
and by proposition 5.2 each g; has two roots on the positive real axis when 7 is sufficiently large.
Hence, since eigenvalues cannot enter into the right half-plane along the real axis as 7 is increased,
by continuity of the eigenvalue branch with respect to 7 they must have entered the right half-plane
at some points A\; = )\(I]j(D) and 7 = 79;(D) > 0 for j = 1,..,k. Even without the existence of a
transversal crossing condition to ensure that 7 = 79;(D) is uniquely determined, we still have the
result that for 0 < D < Dy, a k-spike solution for (1.1) will be stable on an O(1) time-scale when

0 <7< 1(D;k) =Min (r;(D); j=1,..,k) . (5.12)

This defines a function 7o(D; k).

The numerical method of §3 is used to compute the curves 7o;(D) for j = 1,.., k for each of the
exponent sets of (1.3). The value 79(D; k) is then computed from (5.12). For each of the exponent
sets of (1.3) we have found numerically that there is a strict transversal crossing condition in that
for any 7 > 79;(D), the function g; contributes exactly two eigenvalues to the right half-plane.
Moreover, for the exponent sets of (1.3), we have found that for each value of k and D, with

0 < D < Dy, the criterion (5.12) yields 7o(D; k) = 191(D). Moreover, there is an ordering principal
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of the form 79;(D) < 19j41(D) for j =1,..,k — 1. Thus, the numerical evidence suggests that the
7 = 1 mode determines the stability threshold for 0 < D < Dy.

In Fig. 18(a), we plot the curves 79(D; k) for k = 2,3,4, for the exponent set (2,1,2,0). The
critical values Dy, are labeled in the figure. In Fig. 18(b) we also plot the curves (D) for
2 < j < k. These curves represent the values of 7 where additional pairs of complex conjugate
eigenvalues first enter the right half-plane. For k = 1,2, 3 we have found numerically that 7o;(D) <
Toj41(D). In Fig. 19(a) and Fig. 19(b) we plot 79(D;k) for the exponent sets (2,1,3,0) and
(3,2,2,0), respectively. Similarly, in Fig. 20(a) and Fig. 20(b) we plot 7(D;k) for the exponent
sets (3,2,3,1) and (4,2,2,0). As seen from these figures, the threshold curves 79(D;k) are all
qualitatively quite similar. For a given exponent set, there is a universal limit 7o(D; k) — 79, as
D — 0, where 7g, is independent of k. This results from the asymptotic independence of x(7A;j)
on k when D < 1, as seen from (2.26).

(a) To(D; k) versus D (b) o5

Figure 18: Left figure: we plot 79(D; k) (solid lines), for k = 2, ..,4, for the exponent set (2,1,2,0).
The values of Dy, (vertical dashed lines) are Dy = 0.5767, D3 = 0.1810, and Dy = 0.0915. Right
figure: we also plot 79;(D) (dashed curves) for 2 < j < k and k = 2,3,4. These dashed curves are
the values of 7, where more pairs of complex conjugate eigenvalues first enter the right half-plane.

Next, we suggest an explanation to support the conclusion that the 7 = 1 mode corresponds to

the minimum in the stability criterion (5.12). We begin by trying to establish an ordering principle
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for Cr; and Cr;. From (5.10b) and (5.2), we readily calculate for j = 1,..,k — 1 that
Crjs1—Crj = BiRe[E(©)],  Crjy1— Crj = BIm[E(E)] . (5.13a)

Here 8; and F(&) are defined by

- k sin [w(j — 1/2)/k] sin [7/k] ¢
7= <90qm> ( tanh (6o /k) > >0, EE) = sinh ¢’ (5.13b)
with o
¢ = 70\/1“'7)\1. (5.13¢)
1o(D; k) |

(a) (p7Q7m73) = (27 17370) (b) (p7Q7mvs) = (3727 270)

Figure 19: Plots of 79(D; k) (solid curves) for the exponent sets (2, 1,3,0) (left figure) and (3,2, 2,0)
(right figure). For (2,1,2,0), the critical values are Dy = 1.080, D3 = 0.3310, and Dy = 0.1658.
For (3,2,2,0), the critical values are Dy = 0.5767, D3 = 0.1810, and D4 = 0.0915.

Let £ = {p+1i&;. When A\; = 0 we have g = 20 /k > 0 and £; = 0. With the principal value of
the square root, we have £g > 0 and £g > & for A\; > 0. As A\; — oo, we have £g ~ &7 ~ \f]e”/‘l.
Thus, to establish an ordering principle as A\; ranges from 0 < A\; < oo, we must determine the
signs of the real and imaginary parts of F(£) in the region g > 26y/k > 0 with 0 < & < &g. By
calculating F(§) explicitly in (5.13b), it is easy to see that Re[E(£)] > 0 for 0 < &7 < 7/2, and
that Im [E(£)] < 0 for some range 0 < &7 < &.. The value £, > 0 is tedious to determine. Thus, for
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A1 sufficiently small, we have from (5.13a) that there is an ordering principle for any D > 0 and
7 > 0 of the form
Crjv1(A1) > Cri(A1),  Crjsa(Ar) < Cri(Ar). (5.14)

This ordering principle only holds for A; sufficiently small. For A\; sufficiently large, it is easy to

see that the signs of the real and imaginary parts of £ will change.

- T T
0.3 F i
\
| K\;
\\
. 02 ; = \, i
7o(D; k) :
0.1 4
0.5 F b
0.0 1 1 L 1 L | 0.0 - L 1 1 "
0.0 0.1 0.2 0.3 04 0.5 0.6 0.00 0.05 0.10 0.15 0.20 0.25
D D
(a) (p,g;m,s) = (3,2,3,1) (b) (p,q,m, s) = (4,2,2,0)

Figure 20: Plots of 79(D; k) (solid curves) for the exponent sets (3,2, 3, 1) (left figure) and (4, 2,2,0)
(right figure). For (3,2,3,1), the critical values are Dy = 0.5767, D3 = 0.1810, and D, = 0.0915.
For (4,2,2,0), the critical values are Dy = 0.2349, D3 = 0.0778, and D, = 0.0410.

We now argue that if the ordering principle (5.14) holds up until beyond the values of A; where
éRj and é]j intersect fR and fl, then we are guaranteed that the stability threshold in (5.12) is
set by the j = 1 mode. This implies that 79(D; k) = 791(D). For each of the exponent sets of (1.3),
we have verified numerically that this ordering assumption is satisfied. To illustrate graphically
this analysis, in Fig. 21(a) we plot the numerically computed functions fR and éRj for j =1,2,3
for a three-spike solution for the exponent set (2,1,2,0) with D = 0.1465. From proposition 3.1
we know that fR is monotone decreasing, and hence since éRj is increasing, there is exactly one
crossing point for each j in Fig. 21(a). Similarly, in Fig. 21(b) we plot the corresponding f; and C~'1j
for j =1,2,3. From these figures we notice that the ordering principle (5.14) holds until, at least,
after the crossing points. The plots in Fig. 21(a) and Fig. 21(b) correspond to the numerically
computed value 7 = 791 = 1.18. From Fig. 21(a) and Fig. 21(b), we see that the implication of
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this ordering principle is that when gr; = 0 for j = 2,3, we will have gr; < 0. Repeating the
steps in the proof of proposition 3.4, we calculate that the contribution of g; for j = 2,3 to the
winding number is [arg g;|, = —5m/4. Thus, when 7 = 701, there are no zeros of g; for j = 2,3
in the right half-plane. Hence, the complex conjugate pair for g; when 7 = 791 is the first pair to
cross into the right half-plane. For each of the exponent sets in (1.3), we found numerically that
To(D; k) = 701(D). The discussion above suggests the underlying mechanism behind this result.
The ordering principal (5.14) for small A7, also suggests why 79; < 7941 for j =1,..,k — 1.

1.4 1.2 ‘ ‘
1.2 - | wl / #
............... 08 f _
. . 08F 4 L L
CR7fR < Cl7f10'67 b
0.6 - B
04 F 4
04 J
0.2 i 02 =
0.0 . . : ! 0.0 I ! ! |
0.0 1.0 2.0 3.0 4.0 5.0 0.0 1.0 2.0 3.0 4.0 5.0
)\] )\I
(a) fr; Crj for j =1,2,3 (b) fr; Crj for 5 =1,2,3

Figure 21: Left figure: Plots of fr and C’Rj for 7 = 1 (heavy solid), j = 2 (solid), and j = 3
(dashed). Right figure: Plots of f; and Cr; (same labels) for j = 1,2,3. The exponent set is
(2,1,2,0) with £ = 3, D = 0.1465. The plot is for 7 = 791 = 1.18 at which g; = 0. Notice that at
the roots of gr; = 0 for j = 2,3, we have gr; < 0.

Next, we consider the limit D — D, . In this limit, the complex conjugate roots of gry = 0
approach the real axis. This occurs since Cy(0) — 1/(p — 1) from below. When D = Dj, we have a
double root at the origin. For D > D;. the roots split, with one root moving along the real axis into
the right half-plane. Thus, as discussed earlier, it is the j = k£ mode that determines the instability
of a k-spike solution for D > Djy. We now characterize the merger of this complex conjugate pair
onto the real axis as D — D, . We define 6 = D, — D with 0 < ¢ < 1. We then look for a solution
A =1Ar and T = T to

Cr(TA; D) = f(N), F@xr) = frRO) +ifi(Ar) (5.15)
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Here we have indicated the explicit dependence of Cy on z = 7A and on D. Since A\; — 0, the
local behaviors of fz and f; given in (3.5a) and (3.15) of propositions 3.1 and 3.2 are central to the
calculation. Performing a Taylor expansion of C in both D and A, we substitute the expansion into
the left-hand side of (5.15) and use the local behaviors (3.5a) and (3.15) to calculate the right-hand
side of (5.15). Equating real and imaginary parts, we obtain the local scaling result for § < 1 that

‘ - oC 1/2
A~ i6t/? </€cla—5(O:Dk)> , (5.16a)

. . 1 1 1\ [8C, -1
Tok ~ Tox +0(1), Tok = p—— 1 (p—— 1 %> [—82 (0; Dk)} : (5.16b)
In (5.16a), we need to assume that k., defined in proposition 3.1, is positive. From (3.5¢) and (3.5d)
this occurs for m = p+ 1 with p > 1, and m = 2 with p > 1. This condition implies that fp is
locally decreasing for A; small. This local behavior yields the scaling law A\; = O (\/Dk — D) as
D — D, for the j = k mode.

5.1 Competition Instabilities and Synchronous Oscillations

Finally, we illustrate the physical manifestations of the different types of unstable modes that give
rise to the initial instability. As discussed above, and verified numerically, the oscillatory instability
for 0 < D < Dy is a result of the j = 1 mode. The corresponding eigenfunction has the form given
in (2.11) with coefficients given in (2.21b). Thus, from (2.9), (2.11), (2.21b), and from (2.35) which
relates ® to 1, we conclude that the initial instability for 0 < D < Dj has the form

k
a = a+ 6™ + c.c, o(x) = chl/J ez —an)], =1, n=1,k. (5.17)
n=1

Here c.c denotes complex conjugate, § << 1, and t(y) is the solution to (Lo — A) ¢ = wP at the
value A = i)Y, 7 = 79(D; k) corresponding to the zero of gi(\) = 0. The key point here is that,
since ¢, = 1 for n = 1, .., k, the initial form of the instability is to synchronize the amplitudes of
the spikes. In contrast, suppose that Dy < D < Dj_; and that 7 is sufficiently small. We have
shown above that the instability that occurs here is a result of only the 7 = k mode. For this mode
there is exactly one eigenvalue Ar on the positive real axis. Therefore, using (2.21b) with j = k,

the initial instability has the different form

k
a=ac+ 06, o(x) :chw ez —zn)] . ¢ =cos <@ (n—1/2)> n=1,.,k.
"~ (5.18)
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Here 9 (y) is the solution to (Lo — Ar) ¢ = wP, at the value A\ = A\p for which gi(Ar) = 0. Since
Zﬁ:l ¢, = 1, this type of initial instability conserves the sum of the amplitudes of the spikes.
However, it introduces a spike competition as it increases the amplitude of some of the spikes while
decreasing the amplitude of others. As shown in the numerical experiments below, this instability

has the effect of annihilating spikes.

5.2 Numerical Validation: Small and Large-Scale Oscillations

We now illustrate numerically the rigorous and formal asymptotic results given above for the
stability of multi-spike solutions. As in §4, we solve the GM model (1.1) numerically using the
NAG library routine DO3PCF [19] with 2000 uniformly spaced meshpoints and stringent control
on the accuracy of local time-steps. The initial condition for the GM model (1.1) is now taken to

be a localized perturbation off of a. in the form

a(z,0) = ae

k
1+0.02 Z by, cos <@> e_(:”_m”)z/@g)] ) h(x,0) = he(z). (5.19)
n=1

Here b, = 1 if n is odd and b,, = —1 if n is even. The functions a. and h. are the k-spike equilibrium
solutions given in proposition 2.1. In each of the figures below we plot the amplitude a,,, of each
spike, defined by @, = a(xy,t), versus t. To illustrate the theory, we consider three experiments.
In each of these experiments the time-scale chosen was much smaller than O(e~2). Therefore, the
spike locations remained essentially frozen at their equilibrium values.

Experiment 1: Consider a two-spike solution to (1.1) for the exponent set (2,1,2,0) with ¢ =
0.01. In Fig. 22(a), we plot the equilibrium solution a. and h, when D = 0.59. Notice that the
initial perturbation (5.19) is different for the two spikes. Since D > Dy = 0.5766, this solution is

unstable as a result of one eigenvalue of the linearization on the positive real axis. In Fig. 22(b),

we plot the amplitudes a,,; and a,;,2 of the spikes when 7 = 0.02. As t increases, one of the
spikes is annihilated, but there is no oscillatory instability. This instability, whereby one spike
is annihilated in a competition, is suggested by (5.18). In Fig. 23(a) and Fig. 23(b) we plot the
spike amplitudes when D = 0.5472. For this value of D, the critical threshold, 7o(D;2), for an
instability is 79(D;2) = 1.012 as obtained from Fig. 18(a). For the value 7 = 0.99 < 1.012, we
show in Fig. 23(a) that the initial perturbations in the spike amplitudes die out as ¢ increases.
However, this only shows that we have stability on an O(1) time-scale. The threshold for stability
with respect to the small O(e?) eigenvalues in the spectrum is that D < D3, where D3 is as
given in proposition 2.2. For the data given, we calculate D5 = 0.3218. Since D = 0.5472 > D3,

we would expect to see another instability that is only triggered after a much longer time-scale
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t =0(e72%) ~ 1.0 x 10%. In Fig. 23(b), we take D = 0.5472 and 7 = 1.1 > 10(D;2). For this value
we observe that an oscillatory instability is triggered. As t increases, the phase and amplitudes
of the two spikes become synchronous as suggested, at least near the onset of the instability, by
(5.17). As shown in Fig. 23(b), when 7 = 1.1, the long-time behavior of the solution appears to be

a synchronous periodic oscillation of the amplitudes of the two spikes.
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Figure 22: Experiment 1: The left figure is a. (solid curve) and h, (dashed curve) for k = 2 with
D = 0.59. In the right figure we plot the spike amplitudes versus ¢ when 7 = 0.02 and D = 0.59.
The solid curve is a,,; and the dashed curve is a,,2. As t increases the second spike is annihilated.

Experiment 2: Next, we consider a three-spike solution to (1.1) for the exponent set (2,1,2,0)
with ¢ = 0.01. In Fig. 24(a) we plot the equilibrium solution a. and h, when D = 0.19. Notice that
from (5.19), the initial perturbation is the same for the first and third spikes, but is different for the
second spike. Since D > Dy = 0.1811, but D < Dy = 0.4798, there is exactly one eigenvalue on the

positive real axis. In Fig. 24(b), where we plot the spike amplitudes when 7 = 0.02, we observe that

the middle spike is annihilated as t is increased, and there is no oscillatory instability. This type of
competition instability is again suggested by (5.18), since the unstable eigenvector from (5.18) is
¢ = c3 =1/2 and ¢o = —1. For other initial perturbations of the spike amplitudes, we were able to
obtain solutions where the first and third spikes were annihilated leaving only the middle spike. In
Fig. 25(a) and Fig. 25(b), we plot the spike amplitudes when D = 0.1695. For this value of D, the
critical threshold for an instability is 79(D;3) = 1.128 from Fig. 18(a). When 7 = 1.05 < 1.128, we
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Figure 23: Experiment 1: In the left figure we plot the spike amplitudes a,,; (solid curve) and a2
(dashed curve) for k =2, D = 0.5472, and 7 = 0.99. In the right figure a similar plot is made for
D = 0.5472 and 7 = 1.1. The critical value is 75 = 1.012.

show in Fig. 25(a) that the initial perturbations in the spike amplitudes die out as t is increased.
However, as in experiment 1, this only shows stability on an O(1) time-scale. From proposition 2.2
we require D < D} = 0.143 to obtain stability on an O(¢~2) time-scale. Finally, in Fig. 25(b) we
take 7 = 1.15 and D = 0.1695. An oscillatory instability is triggered, the oscillations synchronize
near the onset of the instability, and the numerical evidence suggests that the final pattern is a
synchronous periodic oscillation of the amplitudes of the three spikes.

Experiment 3: Finally, we consider the four-spike example mentioned in §1 for the exponent set
(p,q,m,s) = (2,1,3,0) with e = 0.01. For this exponent set, the critical value of D is Dy = 0.1658.
Since D = 0.18 > Dy in Fig. 1(b), and 7 = 0.02 is small, there is only one eigenvalue of the lineariza-

tion in the right half-plane and it is on the positive real axis. The resulting competition instability
was shown in Fig. 1(b). From the data used to generate Fig. 19(a), we calculate 79(D;4) = 1.275
when D = 0.15. For the value 7 = 1.3 and D = 0.15, we predict the onset of an oscillatory insta-
bility that synchronizes as t increases. This was precisely the behavior shown in Fig. 2(a). When
7 =1.2 and D = 0.15, there are two complex conjugate eigenvalues of the linearization that have
small negative real parts. The resulting slowly decaying oscillation in the spike amplitudes was
shown in Fig. 2(b). Finally, consider the parameter set D = 0.18 with 7 = 1.75. Since D > Dy
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Figure 24: Experiment 2: The left figure is a, (solid curve) and h, (dashed curve) for k = 3 with
D = 0.19. In the right figure we plot the spike amplitudes versus t for 7 = 0.02 and D = 0.19. The
solid curve is a,,1 and a,,3, and the dashed curve is a,,2. As t increases a,,2 is annihilated.
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Figure 25: Experiment 2: In the left figure the solid curve is the spike amplitudes a,,; and a,,3.
The dashed curve is a,,2. The parameter values are k = 2, D = 0.1695, and 7 = 1.05. In the right
figure a similar plot is made for D = 0.1695 and 7 = 1.15. The critical value is 7p = 1.128.
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there is an eigenvalue on the positive real axis. In addition, for these values of 7 and D there is also
a pair of complex conjugate eigenvalues that have small positive real parts. The threshold value
of 7, where this additional unstable mode entered the right half-plane is computed to be 7 = 1.72.
Therefore, we predict that the onset of the instability will be, approximately, a superposition of
a synchronous oscillation and a competition instability. In Fig. 26(a) we plot the resulting spike
amplitudes. The oscillations indeed becomes synchronized after a short time period. However, near
t = 30, the spikes a,,2 and a,,4 are annihilated. This annihilation behavior is shown more clearly on
the magnified time interval of Fig. 26(b). This type of oscillatory competition is to be contrasted
with the monotone behavior shown previously in Fig. 1(b) for the same parameter values, but with
7 =0.02.
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Figure 26: Experiment 3: The spike amplitudes when k& = 4, (p,q,m,s) = (2,1,3,0), ¢ = 0.01,
D =0.18, and 7 = 1.75. Here a1 (solid curve), a2 (widely spaced dots), a,,3 (heavy solid curve),
and @, (dashed curve). The time interval for the right figure is near when a,,2 and a4 are
annihilated.

6 Conclusions

We have analyzed the stability of one-spike and multi-spike equilibrium solutions for (1.1) in the

limit ¢ — 0 for different ranges of D and 7. The analysis was a blend of rigorous, asymptotic,
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and numerical methods. The results given in the propositions have been proved rigorously. Let
us summarize the rigorous results established for the prototypical exponent set (2,1,2,0). In
proposition 3.4 we proved that there are either zero or two eigenvalues in the right half-plane
for any 7 > 0. In proposition 3.7 we proved that there is a value 7.(D) > 0, such that when
T > 7.(D) there are exactly two eigenvalues on the positive real axis on the interval 0 < Ag < 1.
In proposition 3.7, we proved that these eigenvalues must have entered the right half-plane as a
complex conjugate pair at some value 7 = 79(D) > 0. The asymptotic behavior of the eigenvalues
on the real axis for 7 > 7.(D) is given in propositions 3.8 and 3.9. In proposition 5.3 we prove that
a multi-spike solution with k£ > 2 is unstable for any 7 > 0 when D > Dy, where Dj was given
in proposition 2.6. In proposition 5.2, we prove that when D > Ds (see (5.3d)), then there are at
least k — 1 eigenvalues on the positive real axis. Moreover, in proposition 5.2, we prove that when
0 < D < Dy, there are exactly 2k eigenvalues on the positive real axis for 7 sufficiently large. In
proposition 5.3, we prove that there exists a 79 > 0, such that a k-spike solution is stable on an
O(1) time-scale when 0 < D < Dy and 0 < 7 < 79.

For a one-spike solution, and for certain exponent sets, we have shown in Fig. 12(a), Fig. 12(b),
and Fig. 13(a), that small-scale oscillations in the spike amplitude occur when 7 increases past
the critical value 79. We conjecture that this behavior occurs for all exponent sets satisfying (1.2).
Large-scale oscillations in the spike amplitude for 7 well beyond 7y, that await a mathematical
understanding, were shown in Fig. 13(b), Fig. 14(a), Fig. 14(b), Fig. 15(a), Fig. 15(b), Fig. 16(a),
and Fig. 16(b). For multi-spike solutions, our analysis has suggested two different instability mech-
anisms for different ranges of D and 7: competition instabilities and synchronous oscillations in the
spike amplitudes. The conditions for the onset of these instabilities were predicted in §5. In the
figures corresponding to Experiments 1-3 in §5.2 we have illustrated these instabilities numerically.

We now list several interesting open problems. We begin with the technical problems that await
rigorous proof. A central problem is to establish analytically the transversal crossing condition
(3.55) that guarantees that eigenvalues enter the right half-plane at some 7 = 7y and remain in the
right half-plane for 7 > 7. A second technical problem is to establish more general conditions on
the exponent set (p,q,m,s) under which fR()\I) in proposition 3.1 is monotone decreasing. This
condition is key to the winding number criterion that guarantees that each g; for a k-spike solution
contributes, exactly, either zero or two eigenvalues to the right half-plane. Finally, it would be
interesting to prove that the stability threshold for a multi-spike solution for the range 0 < D < Dy,
is set by the j = 1 mode, as was found numerically and suggested analytically for the exponent
sets of (1.3). From (5.17), the existence of such a threshold mode is the mechanism that leads to

the onset of a synchronicity for the amplitude and phase of the spike oscillations.
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Another open problem suggested by the numerical computations is to investigate the nature
of the small and large-scale oscillations computed in §4 and §5. One problem is to determine
analytically whether the Hopf bifurcation is subcritical or supercritical. Another problem is to
investigate rigorously the stability of the degenerate zero solution studied asymptotically in §4.
In 84, we argued that the zero solution is stable only when 7 > ¢/(p — 1). However, for certain
exponent sets, such as for (3,2,2,0), the threshold 7y for an oscillatory instability for a one-spike
solution can satisfy 79 < q/(p — 1). Hence, if one chooses 7 in the range 79 < 7 < ¢/(p — 1), then the
zero solution is unstable and a one-spike equilibrium solution is unstable. The resulting oscillation
shown in Fig. 16(a) and Fig. 16(b) is intricate and has large dramatic peaks in the amplitude. These
peaks become even more pronounced as D is increased. In particular, for the shadow limit D — oo,
an extremely large amplitude, and irregular, oscillation was shown numerically in [31] to occur for
the shadow GM model in N-dimensions. It would be interesting to study this problem analytically.
Finally, for a multi-spike solution on the range 0 < D < Dy, it would be interesting to study
analytically the large-scale synchronous oscillations computed in §5 for values of 7 slightly beyond
To(D; k). These oscillations that occur for k& > 2 seem much more regular than the oscillatory
instabilities that occur for a one-spike solution.

It would also be of interest to extend the framework of the analysis given here to include
other reaction-diffusion systems that have localized spike patterns, such as the Schnakenburg model
(cf. [26]) and the Gray-Scott model (cf. [7]). In addition, it should be possible to analyze a modified
GM system that includes a saturation effect on the activator autocatalysis term a?/h? in (1.1a).
A qualitative discussion of such saturation mechanisms is described in [18] (see section 2.4), and a
preliminary mathematical analysis of the resulting modified GM system is given in [23]. Finally,
since our framework for studying spike stability has not relied on dynamical systems techniques, it
should also be possible to extend this framework to analyze spike stability in a multi-dimensional

spatial domain.

Acknowledgements

J. W. thanks the support of RGC of Hong Kong and a direct grant from CUHK. M. J. W. thanks
the grant support of NSERC, and the IMS of the Chinese University of Hong Kong for hosting a
period of his sabbatical leave from UBC. The use of the computer facilities from the University of

Washington Applied Math group is most gratefully acknowledged.

60



A Nondimensionalizing the GM Model

The dimensional Gierer-Meinhardt model is
AP

Ar = DiAyy — aA + ﬁﬁ , (A.1a)
Am
HT = DQHyy - éH + Oﬁ 5 (Alb)

where «, (3, &, and o, are positive constants. The exponents (p, g, m, s) satisfy (1.2). We assume

that Dy/D; is large, and so we introduce a small parameter ¢ by

Dy 9

—= =& °K, A2

D1 € 0> ( )
where Ky > 01is O(1) as € — 0. In this limit, (A.1) supports spike solutions that are localized in

A. We introduce dimensionless variables a, h, t and z, by
T = wt, x=y/L, A=¢e"qqa, H =¢e¢"""hoh, (A.3)

where ag and hg are constants. Substituting (A.3) into (A.1), we get

1 Dy 1— b\ @

L= PLre — aa v perali-proma (%) @ (Ada)
w 12 h¢ | ha

1 D2 —Vgm—+v, s ag’ a™

;ht — ﬁhqu _ Sh + o€ am—+ h(1+ ) <h(s](-)l,-1> ﬁ . (A4b)

To ensure that the amplitude of a spike is O(1) as ¢ — 0, we must make the coefficients of a? /h?
and a™/h® be O(1) and O(e~!) as e — 0, respectively. This condition yields that

Vg = p%lg_l ) vp = (7, (A.5)

where ¢ was defined in (1.2). To eliminate as many parameters as possible in (A.4), we choose w
and L by w = 1/a and L? = D172 /a. The constants ag and hg are taken to be

EOT @ EOTT e

Then, (A.4) becomes

a/p
ap = ag, —a + T (A.7a)
D m
Thy = T’ <—D?> hayx —h + 5_1_(]113 . (A7b)
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Finally, substituting (A.2) for Dy/D; into (A.7b), we obtain the dimensionless system (1.1), where
7 and D in (1.1) are defined by

T=af D=7Ky. (A.8)

In [8] spectral results are proved for the following reaction-diffusion system (see equation (1.2)
of [8]) on the infinite line —oo < y < oo:

Vi = 8V, — V 4+ pUe2VP2 (A.9a)
Uy = Uyy — pU + U VP (A.9b)

Here ¢ < 1, while 71 and 75 are positive O(1) constants. In the GM model of (1.1) we identify
a; = —8, g = —q, ;1 = m, and o = p. The usual assumptions (1.2) on the exponents are assumed
to hold. To compare our form (1.1) of the GM system with (A.9), we set D = e7 in (1.1b), with
e < 1, and consider (1.1) on the infinite domain —oo < x < co. When D < 1, the inhibitor field
decays exponentially away from a spike core. Therefore, in this limit it is reasonable to replace the
finite domain in (1.1) with an infinite domain. Introducing the new variable y by = = €'/2y, we
transform (1.1) to

ay = eayy —a+a?/h?, (A.10a)
hy = hyy — h/T + e 1a™/(Th®). (A.10b)

Next, we introduce the new variables U and V by a = agV and h = hoU, where ag and hg satisfy
ab ™' /hd = 9, e tal/(Thi™) = 1. (A.11)
In terms of U and V', (A.10) becomes

V, =V — V +7VP/UY, (A.12a)
Uy = Uy — U7 + V™ |US. (A.12b)

This system is precisely (A.9) if we identify é = ¢'/2 and = 1/7.
Therefore, we conclude that our results in the limit D < 1 for the spectrum of the linearization
of (1.1) around a one-spike equilibrium solution should correspond to the spectral results obtained

in [8] provided we identify 7 = 1/u. This correspondence is compared quantitatively in Remark
3.10 of §3.
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B Calculation of an Integral

A sufficient condition for the convexity result (3.26) when m = 2 is that h3(0) > 0, where h3(«) is
defined in (3.34). Using (3.7) for Ly w and (3.34), we calculate

o0 1 & 1 [ /
hs(0) = /_ wLy 3w dy = m/_ wLy?w dy + 5/_ wLg? (yw ) dy . (B.1)
Integrating by parts on the second term in (B.1), and using (3.7) for Ly w, we get
1 © w 1 ’ 1 > w 1 ’ ’
h = Lot —+ = — — 4= Lot < . (B.2
{0 (p—l)/oow ’ (p—1+2yw> dy+2/_ [p—1+2yw} ’ yw) W (B2

— [e.e]

Integrating by parts on the second term in (B.2), we get

1 > 1 o0 / 1 [ /
hO:i/ wLy'wd +7/ wig! (yu') d +—/ w'Ig! (yo') dy. (B3
Finally, we integrate by parts on the middle term in (B.3), and calculate f_oooo wly Lw dy explicitly.

This gives the main formula,

o= [p-2] (e [ g [ ) )

1 o0 ! /
+—/ <w+yw)L51<yw>dy. (B.4)
1)

In (B.4) we must calculate the function £ = L 1(yw/). This function changes sign, but since it
it is even, we consider only the domain 0 < y < co. To calculate £, it is convenient to first find an

even function that satisfies Loy, = 0. A simple calculation gives

1 5 10 1
e =be | — 4+ 2 - = - , h =2, B.
e =b [w+3 3 <w—|—2yw>} when p (B.5a)
Ve =b l—§(w+ w’) when p=3 (B.5b)
e — Ye w 9 Y 9 P = . .

Here b, is a constant chosen so that ¢.(0) = 1. A formula for 1, for arbitrary p can be written in
terms of a quadrature. The function . is even, it grows exponentially as y — oo, and there is a
unique y* where 9. (y*) = 0. Since ¢ is even, we look for a solution for £ in the form & = vi).. This

gives the following formula for £

’ 1 v o,
W) =Y, V)= o [ Do (s ds (B.6)
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We must choose the lower limit to be y* in the integral in (B.6) to obtain a removable singularity
for v at y*. Next, we multiply the equation Lo = yw by w', and integrate over the domain
0 <y < ootoget

£(0) = w#(o) /Oooy [w/(y)r dy. (B.7)

Since 1.(0) = 1, this implies that v(0) = £(0) < 0. We then integrate (B.6) with this initial value
and determine v(y), which yields £(y). We can then evaluate the integrals in (B.4) numerically.
When p = 2, we use w = %Sech2 (y/2). In this way we calculate that h3(0) = 2.7 when p = 2.
However, our computations show that h3(0) < 0 when p = 3, 4.

C The Proof of Lemma 3.6

In this appendix we prove Lemma 3.6. The proof is by contradiction. Assume that there exists a
yo > 0 with £(yo) > 0. Then, by continuity, it follows that £(y) > 0 on y € (y1,y2), with either:
(i) £(y1) = &(y2) = 0, with & (1) > 0 and £ (y2) < 0, where 0 < 1 < y2 < 00, or (ii) y1 = 0 with
£(0) >0, £(0) =0, &(y2) =0, and £ (y2) < 0, where 5 < oo.

Let vy, ¢j9 be the principal eigenpair of Ly as in Theorem 2.5. Since ¢;9 has constant sign, we
can assume that ¢;9 > 0 for y > 0. We then multiply (3.37) by ¢;9, and integrate by parts over the
interval y1 < y < ys, to get

Y2 , ]
(Y0 — AR) / b10§ dy + b€ |37 = / bpvdy . (C.1)
Y Y

1 1

In both cases (i) and (ii) we obtain that ¢;of |42 < 0. Therefore, since Ag > g, the left-hand side
of (C.1) is negative, whereas the right-hand side of (C.1) is positive. This is a contradiction, and

hence {(y) <0 on y > 0 when Ar > 9. This proves Lemma 3.6.
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