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Abstract: The far-field high-energy diffraction microscopy technique is presented in the context
of high-energy synchrotron x-ray diffraction. For each grain in an illuminated polycrystalline vol-
ume, the volume-averaged lattice orientations, lattice strain tensors, and centre-of-mass (COM)
coordinates may be determined to a high degree of precision: better than 0.05�, 1 3 1024, and 0.1
pixel, respectively. Because the full lattice strain tensors are available, corresponding mean stress
tensors may be calculated unambiguously using single-crystal elastic moduli. A novel formulation
for orientation indexing and cell refinement is introduced and demonstrated using two examples:
first, sequential indexing and lattice refinement of a single-crystal ruby standard with known
COM coordinates; and second, indexing and refinement of simulated diffraction data from an
aggregate of 819 individual grains using several sample rotation ranges and including the influ-
ence of experimental uncertainties. The speed of acquisition and penetration depth achievable
with high-energy (that is, .50 keV) x-rays make this technique ideal for studies of strain/stress
evolution in situ, as well as for residual stress analysis.

Keywords: HEDM, 3DXRD, polycrystalline materials, strain tensor, stress tensor, synchrotron

radiation, x-ray diffraction, computer programs

1 INTRODUCTION

An empirical understanding of the most salient

structure/mechanical property relationships exists

for many alloy systems. Such an understanding,

however, generally fails to provide a truly predictive

capability for capturing the mechanical response of

a polycrystalline aggregate. Both anisotropy in the

mechanical properties of single crystals and complex

intergranular interactions can lead to significant

deformation heterogeneity even under macroscopi-

cally simple loading conditions. As a result, the

development of crystal-scale models that accurately

capture deformation behaviour within a polycrystal-

line aggregate remains a vast research frontier.

Unfortunately, the relative lack of experimental data

– particularly three-dimensional – at the relevant

length scale has seriously retarded efforts to validate

such models. Much has been learned from mechani-

cal tests on large single crystals; certainly an under-

standing of phenomena such as crystallographic

slip under simple loading conditions (for example,

uniaxial tension) has been gained. However, single

crystals of many alloy systems are extraordinarily

difficult, if not impossible, to obtain. Much has also

been learned from aggregate-averaged diffraction

measurements during in situ deformation [1–3],

but the superposed nature of the data limits the abil-

ity to isolate the relative effects of specific micro-

structural features and deformation mechanisms.

Therefore probes of the crystal-scale stress–strain

responses deep within deforming aggregates are

vitally needed. As evidenced by many recent publi-

cations, high-energy synchrotron x-ray diffraction
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experiments employing in situ loading hold enor-

mous potential as such grain-scale probes of mechan-

ical behaviour [4–9].

Synchrotron light sources have become an indis-

pensable tool in the field of experimental mechanics,

as the combination of high flux and high energy have

enabled in situ observations of evolving microstruc-

ture and micromechanical state in bulk metallic sam-

ples. The far-field high-energy diffraction microscopy

(HEDM) method presented herein was developed

following the work of Poulsen et al. [10] and

Lauridsen et al. [11] on the three-dimensional (3D)

x-ray diffraction (3DXRD) method. Far-field HEDM is

a transmitted beam, rotating crystal technique that

interrogates embedded neighbourhoods of grains

simultaneously. This is in contrast to the Laue micro-

diffraction technique developed by Larson et al. [12]

and Tamura et al. [13] in which a micron-sized poly-

chromatic beam is rastered over the sample surface

to generate local maps of lattice orientation and

(deviatoric) strain over a sample volume encompass-

ing a small neighbourhood of grains [14–16].

Margulies et al. [4] and Martins et al. [5] demon-

strated the feasibility of applying the 3DXRD tech-

nique for obtaining fully 3D lattice strain tensors for

individual grains embedded in polycrystalline speci-

mens subject to loading in situ. More recently,

Mosciki et al. [17] and Oddershede et al. [9] have

pushed the limits of resolution while extending the

technique to encompass large aggregates (~1000

grains). Note that the far-field techniques lack intra-

granular resolution; the orientations and strain

tensors obtained are volumetric averages over the

individual grains, a condition that puts some restric-

tions on the gross shape and extent of the measured

diffraction spots. In this paper we present a method

for identifying an embedded neighbourhood of

grains by orientation indexing, and subsequently

determining the centre-of-mass coordinates and

mean strain tensor for each grain. The HEDM

method presented here differs from the recent work

of Oddershede et al. [9] in two main aspects:

(a) the orientation indexing method;

(b) the use of finite deformation kinematics to rep-

resent the distorted unit cell.

We also seek to provide a more rigorous verifica-

tion and validation of the HEDM methodology using

two carefully constructed example applications

rather than presenting an application to measured

data for which the exact parameters of the grain

population are not known. There are various choices

for strain measures that can be calculated from the

distorted lattice with respect to some strain-free

reference lattice. A method for calculating strain

measures that is crystallographically self-consistent

with the application of symmetry is presented. Stress

tensors can in turn be calculated directly from the

strain tensors using anisotropic linear elasticity.

In the far-field geometry, the detector distance is

large (for example, ~1 m) with respect to the beam

dimensions defining the diffraction volume. As such,

the positions of the diffracted beams on the detector

are dominated by the x-ray energy and the crystal

lattice configurations of diffracting grains rather than

their positions in the beam; all spots lie approxi-

mately on the Debye–Scherrer rings associated with

the reference unit cell(s). Nevertheless, the 3D data

obtained using a single fixed detector are shown to

provide sufficient resolution to determine the cen-

tres of mass of equiaxed grains to within ~10 mm

(see section 3.1). Near-field analogues to the HEDM

method presented in this paper are being developed

by Suter et al. [18, 19] and Ludwig et al. [20], among

others. In the near-field geometry, spatial resolution

is gained at the expense of angular (read: strain)

resolution by employing a working distance on the

order of the diffraction volume dimensions (for

example, ~1–10 mm). These techniques provide spa-

tial orientation maps, which may be processed to

reveal grain boundary networks in 3D [20, 21]. A

multi-detector instrument that enables both near-

and far-field data acquisition is currently available

at beamline ID-11 of the European Synchrotron

Radiation Facility (http:www.esrf.eu), and two more

are under development at the Advanced Photon

Source (http://www.aps.anl.gov) and Petra-III (http://

petra3.desy.de/), respectively.

For the most part, the diffraction probes provided

by the 3DXRD and HEDM efforts have to date

merely demonstrated the utility of the experiments.

Instead of acquiring data from a large statistically

significant number of grains, the tendency in the

early experiments has been to focus more on proof

of concept by using strong reflections from a few

favourably oriented grains(s). However, transitioning

the method from such a heroic effort to an actual

capability – i.e. to move the exploratory science from

the development of the experiment to the under-

standing of the material response – has been a major

undertaking. The development of electron backscat-

ter diffraction (EBSD) via scanning electron micro-

scope (SEM) as the de facto standard microstructure

analysis tool is an excellent example of such an evo-

lution. Early EBSD efforts focused on demonstrating

that the full lattice orientation could be obtained by

analysing the Kickuchi patterns [22]. Indexing more

than a handful of Kickuchi patterns, however, was

prohibitive until the process was automated through
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the work of Wright et al. [23]. A great deal of effort

was expended beyond the pure discovery phase to

turn EBSD into a capability, but now almost every

paper published in the area of polycrystalline metals

contains an EBSD – or orientation imaging micro-

scopy – orientation map. The HEDM technique is

currently at this pivotal developmental moment, and

there are several groups working to achieve the

methodological and algorithmic breakthroughs that

will enable its more widespread application in the

field. Several key capabilities have enabled the col-

lection of data from an entire neighbourhood of

grains simultaneously during in situ loading. This is

in contrast to early 3DXRD experiments where the

crystal or grain of interest was manually centred on

the goniometer axis to prevent precession and sim-

plify the data reduction [6, 8]. As with automated

EBSD, high-speed x-ray detectors have enabled col-

lection of multiple diffraction patterns per second.

In addition, new detector control algorithms have

enabled literally continuous loading [24].

In the method described herein, entire neighbour-

hoods of grains are characterized simultaneously

using fixed box beam and single rotation axis perpen-

dicular to it. This includes centre-of-mass coordi-

nates, orientations, lattice strain tensors. In one of the

seminal 3DXRD references, Margulies et al. [4] sug-

gested that with enough reflections, complete charac-

terization of many grains should be theoretically

possible. In the current paper, we describe a working

methodology to achieve precisely that end: determin-

ing the orientation, centroid location and lattice strain

tensor of multiple grains within a deforming polycrys-

talline aggregate.

The overall goals of this paper are (i) to detail the

data reduction methodology developed for full char-

acterization of the deforming aggregate, (ii) to demon-

strate the method using results from a manually offset

ruby single-crystal standard, and (iii) to demonstrate

an application for studying a polycrystalline sample

using simulated diffraction data. This experimental

framework is currently being implemented at beam-

line 1-ID-C at the Advanced Photon Source for deter-

mining the centroids, orientations and lattice strain

tensors for individual grains embedded within poly-

crystals during thermo-mechanical processing in situ.

We seek to illustrate the immense potential of this

experimental capability.

The data reduction methodology is outlined in

detail in section 2. The method is exercised in sec-

tion 3.1 via the determination of orientation, lattice

parameters (equivalent to strain determination),

and centroidal coordinates of a ruby single crystal

(NIST SRM 1990) for six prescribed centroidal dis-

placement vectors. In section 3.2 , the ability to

process large aggregates is illustrated using simu-

lated diffraction data from an aggregate of 819

grains with randomly assigned orientations and

strain states. We consider results described here as

the current state of our experimental capability. We

conclude with suggestions for future experiments

and areas for improvement in the data reduction

methodology. All data and software used in this

work can be provided upon request.

2 HEDM METHOD

The far-field HEDM method is essentially a rotat-

ing-crystal method (see Cullity [25], Warren [26])

using high-energy synchrotron x-rays and an area

detector at a large working distance. The fundamen-

tal experimental setup – shown schematically in

Figure 1(a) – has been described previously in

Fig. 1 Schematic describing the geometry of the far-
field HEDM instrument (a), and the detector
and sample coordinate systems (b). Note
that (a) does not show the geometry of the
tilted (actual) detector plane, nor the local
coordinate system of grains that are not cen-
tered in the x-ray beam for clarity; these coordi-
nate systems, fX0s Y0s Z0sg and fXdYdZdg, are
shown in a simplified 2-d plan view (h = 90�,
v = 0�, px = 0) in (b)
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references [4, 5, 7, 9, 11]. Positioning stages below

the rotational stage (along Xl) and above it (along

each axis of {XsYsZs}) are required to (i) centre the

rotation axis onto the x-ray beam, and (ii) centre the

sample (or a particular embedded grain) on the rota-

tion axis. High angular resolution is achieved via

small effective pixel size at a large working distance,

and large volumes of reciprocal space may be inter-

rogated by (i) using a large detector and high-energy

x-rays such that multiple orders of diffraction are

compressed into the viewing angle 2u, and (ii) by

rotating the sample through a large range of v.

The primary role of the data reduction is to accu-

rately assign reciprocal lattice vectors to diffraction

spots, as described in section 2.2. The components of

the reciprocal lattice vectors (or equivalently scatter-

ing vectors) are derived from the centres of the dif-

fraction signals, or spots. The centres of these spots

may be obtained from intensity-weighted centroids

in thresholded segmentation algorithms (less accu-

rate), or by fitting them with symmetric profile func-

tions such as elliptical Gaussians (more accurate).

The uncertainty in such fit Bragg peak positions has

been discussed by Withers et al. [27] in the context of

1D peaks obtained via neutron diffraction; a similar

study in the context of 3D diffraction signal, synchro-

tron x-ray diffraction, and flat-panel detectors has

been recently undertaken by Edmiston et al. [28].

2.1 Mathematical conventions

In order to describe the HEDM method in detail, it

is necessary to define several coordinate systems.

The crystal lattice itself may be parametrized by

its primitive vectors a, b, and c. They share a com-

mon origin at a lattice site and are subject to the

conditions

k a k = a
k b k = b
k c k = c

1
bc b � c = cos a
1

ca c � a = cos b
1

ab a � b = cos g

(1)

The six scalar cell parameters a, b, c, a, b, gf g rep-

resent a convenient parametrization of the reference

unit cell, which typically correspond to an unloaded

state at a reference temperature. Crystal symmetry

operations (excluding triclinic) generate equiva-

lences among cell parameters; however once a crys-

tal is deformed, the reference symmetry is broken

and all six parameters must be considered as inde-

pendent. The treatment of strained crystals in the

context of the reference crystal symmetry is dis-

cussed in detail in section 2.6.

For writing components of crystal-relative vectors

and tensors, it is convenient to define a right-

handed orthonormal (RHON) frame, fXcYcZcg, that

is fixed to the reference crystal lattice. The conven-

tion employed herein is consistent with that pro-

posed by Nye [29]. Explicitly stated, a k Xc and

(a3b) k Zc, as depicted in Fig. 2. The change-of-

basis matrix, A, that takes components in the direct

lattice to the crystal frame is

A = a b c½ �c

=

a b cos g c cos b

0 b sin g �c sin b cos a�

0 0 c sin b sin a�

264
375 (2)

where cos a� = cos b cos g�cos a

sin b sin g
and �½ �c denotes compo-

nents in the crystal frame (see 30).

The reciprocal lattice, which forms a dual basis to

the direct lattice, is a very useful concept in diffrac-

tion [25, 31] and is used extensively in section 2.2.

The reciprocal lattice vectors are definedy as

a� =
1

v
b3c

(3)

b� =
1

v
c3a

(4)

c� =
1

v
a3b (5)

where v = a � b3c represents the volume of the pri-

mitive cell. The change-of-basis matrix, B, that takes

components in the reciprocal lattice to the crystal

frame is written analogously to equation (2) as

yThis is the so-called crystallographer’s convention where the
prefactor of 2p is omitted.

Fig. 2 The convention for describing the reference
(read: unstrained) lattice has a k Xc and c� k Zc.
Note that a triclinic primitive cell is depicted
for generality. The crystal orientation, Rs

c, takes
components in the crystal frame, fXcYcZcg, to
the sample frame, fX0s Y0s Z0sg
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B = a� b� c�½ �c =
1

v

bc sin a� sin b sin g 0 0

�bc sin a� sin b cos g ac sin a� sin b 0

�bc( cos a� sin b cos g + cos b sin g) ac cos a� sin b ab sin g

264
375 ð6Þ

where a�, b�, c�, a�, b�, g�f g are the reciprocal lattice

parameters defined analogously to the direct lattice

parameters in Fig. 2 and equation (1).

A second RHON frame, fXsYsZsg, is attached to

the polycrystalline sample (see Fig. 1). Typically the

choice of axes is significant with respect to process-

ing history (for example, rolling, transverse, and

normal directions for samples cut from rolled sheet)

or applied load (for example, tensile axis). This

frame also facilitates the definition of the crystal

(grain) orientation as the change-of-basis matrix, Rs
c,

that takes components from fXcYcZcg ! fXsYsZsg.
In the lexicon of Kocks [32], this definition of an

orientation is referred to as the lattice orientation.

A third RHON frame, fXlYlZlg, is fixed with

respect to the x-ray beam and oscillation axis of the

goniometer (see Fig. 1). The sample and laboratory

frames are related to each other by a rotation of v

about Yl, and Zl is directed upstream of the incident

x-ray beam. The change-of-basis matrix, Rl
s, that

takes components in fXsYsZsg ! fXlYlZlg is then

Rl
s =

cos v 0 sin v

0 1 0
� sin v 0 cos v

24 35 (7)

A fourth RHON frame, fXdYdZdg, is attached to

the detector plane and is used to measure the posi-

tions of diffracted beams in the experiment (see

Fig. 1). The origin is defined as the intersection of

the direct beam (- Zl) and the image plane, Xd is

aligned with the image horizontal, Yd is aligned with

the image vertical, and Zd is the detector plane nor-

mal. Note that in general the detector will be slightly

tilted such that Z
0

d k= Zl.

A fifth RHON frame, fX0dY0dZ0dg, represents the

ideal or untilted detector frame. It shares the same

origin as fXdYdZdg, but X
0

d k Xl, Y
0

d k Yl, and Z
0

d k Zl.

This frame is useful for describing the coordinates of

a diffracted beam, which is discussed later. The deter-

mination of the change-of-basis matrix, T, that takes

components in fXdYdZdg to fX0dY0dZ0dg is a critical

step in the calibration of the diffraction instrument.

Lastly, it is necessary to define a sixth RHON

frame, fX0s Y0s Z0sg, in cases where the grain is

smaller than the diffraction volume (see Fig. 1(b)).

This frame is related to fXsYsZsg by a translation

vector, p, which represents the coordinates of the

grain centre-of-mass in the sample frame. In cases

where p 6¼ 0, properly relating the values of the

observed angles 2u and h to the underlying grain

requires an v-dependent correction (that is, the

action of Rl
s on p). This is due to the fact that 2u and

h are directly related to reciprocal lattice vectors,

which are in turn determined by the position and

orientation of the diffracting grain’s crystal lattice.

These relationships are discussed further in section

2.2. Conversely, systematic (read: harmonic) devia-

tions in measured diffraction spots that have been

associated with a grain can be exploited to deter-

mine p, which is discussed in section 2.6.2.

2.2 Diffraction

Reciprocal lattice vectors, denoted as G, are perpen-

dicular to the crystallographic planes whose Miller

indices are equivalent to their components in the

reciprocal lattice [25, 31]. Let dG represent the spac-

ing between the crystallographic planes having nor-

mals n k G. In the chosen convention, dG = 1= k G k.
Diffraction is observed when the Bragg condition

l = 2dG sin uG (8)

is satisfied; here l is the x-ray wavelength and uG is

the scattering angle associated with G. The scatter-

ing angle is equivalently defined as the grazing angle

between the x-ray beam and the diffracting plane,

or half the angle between the direct (transmitted)

and diffracted beams (see Figs 1(a) and (b)).

Let Q denote a scattering vector associated with

an observed diffracted beam. For elastic scattering –

as is employed by the HEDM method – the Bragg

condition can be written equivalently as

Q� G = 0 (9)

The three equations in the components of this

vector equation are known as the Laue conditions

Cullity [25, 31]. equations (8) and (9) imply that Q

satisfies

Q

k Q k � Zl = sin u (10)

Equation (E: bragg Condition Q) describes the

locus of scattering vectors that satisfy a specific

Bragg condition: a cone aligned with the incident

x-ray beam opening upstream from the sample with

vertex angle p 2 2u. The size and position of the

detector determines the maximum visible scattering

angle, 2umax. For all reciprocal lattice vectors having

associated 2uG\2umax, any G oriented such that
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G

k G k � Yl

���� ����\ cos uG
(11)

will be observed twice for v 2 ½�p, p), that is, each

time it intersects the cone of possible scattering vec-

tors for its corresponding uG. In the case where

G

k G k � Yl

���� ����= cos uG (12)

it will be observed only once in the same v-interval,

as these G are tangent to the cone. The components

of a reciprocal lattice vector written in the lab frame

are obtained as

G½ �l = Rl
s � Rs

c � B � h
h
k
l

8<:
9=; (13)

=
2 sin u

l

cos h cos u

sin h cos u

sin u

8<:
9=;, (14)

where the integers {hkl} are both the reciprocal lat-

tice vector components as well as the Miller indices

of the crystallographic plane to which G is normal

[25], and the angles u, h, and v are measured directly

from the diffraction instrument (see Fig. 1). Recall

that both the detector orientation and the COM coor-

dinates of the diffracting crystal influence the map-

ping of pixel coordinates on the detector to 2u and h.

Reciprocal lattice vectors are alternately parametrized

herein by their associated Miller indices fhklg !
Ghkl, or their diffractometer angles, f2u, h, vg ! Ghkl.

By convention we choose to map the angles h and v

into the interval [2p,p); the scattering angle u is

restricted to the interval (0, p=2) by equation (8),

although typical values for 2umax in far-field HEDM

are <20�. For a general angle x the mapping x !
½�p, p) is achieved using the expression

x̂ = mod
x + p

2p

� �
�p (15)

where mod a
b

� �
is the remainder of a=b, and x̂ is the

mapped angle. A similar expression can be used to

compute a distance measure between angles x0 and

x1 insensitive to the choice of branch cut

k x1 � x0k\ = mod
(x1 � x0) + p

2p

� �
�p

���� ���� (16)

Note that k� k\ is non-negative and in the interval

[0, p]. This metric can be used to calculate a figure

of merit for matching predicted and measured G

using their angular parametrizations f2u, h, vg (see

section 2.5 ). Equations (11), (12), and (13) can be

used to calculate the number of expected reflections

for a given grain (that is, embedded crystallite). To

maximize the number of unique observable reflec-

tions, the strategy is to maximize umax, the h-range,

and the v-range. Note that maximizing umax and the

u (read: strain) resolution are conflicting specifica-

tions. A general rule of thumb is to choose the work-

ing distance, D, such that the effective pixel size

is ~1024. Then x-ray energy may be tuned in the

50–100 keV range to fit the desired reflections into

the range determined by umax. Ancillary equipment

such as tensile loadframes, diamond anvil cells, or

furnaces necessarily limit the achievable v-range, the

consequences of which are examined in section 3.

2.2.1 Friedel pairs

The reciprocal lattice vectors fhklg ! Ghkl and

f �h �k �lg ! G �h �k �l are referred to as Friedel pairs. By

definition

Ghkl + G �h �k�l = 0 (17)

As Friedel pairs refer to the same set of crystallo-

graphic planes in the lattice, they refer to the same

interplanar spacing, dG. They are particularly valu-

able in the HEDM experiment because they com-

prise two distinct observations of the same physical

quantity.y Their role in both grain indexing, position

fitting, and cell refinement are discussed in subse-

quent sections.

Given the angular components of an observed

scattering vector, f2u, h, vg ! Q, the Friedel pair to

Ghkl k Q can always be found as f2u, � h, v + pg
! G �h �k �l. However, for reflections satisfying equation

(11) and h 6¼ 6p=2, G �h �k�l can also be found at

v + DvFP where DvFPj j 2 ½2u, p). Here DvFP is defined

as the minimum goniometer angle required to bring

the Friedel pair of Ghkl into a Bragg condition. An

expression for DvFP can be obtained by applying

equations (9), (10), and (13) to 2Q with Rl
s written

in terms of DvFP

cos h cos u sin DvFP � sin u cos DvFP = sin u (18)

Equations of this form can be solved by applying

the linear combination identity

n sin (x) + m cos (x) =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 + m2
p

sin (x + )

where = arctan
m

n

� �
+

0 for n ˜ 0

p for n\0


 (19)

yThe structure factors – and thus diffracted intensities – for

Ghkl and G �h �k �l need not be equal for non-centrosymetric space
groups. However, equation (17) always holds.
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The Friedel pairs are then parametrized as

f2u, h, vg ! Ghkl (20)

f2u, h + p, v + DvFPg ! G �h �k �l (21)

Note that the case where n = 0 in equation (19)

(that is, h = 6p=2), corresponds to the case

described in equation (12), and Ghkl and G �h �k �l are

visible only once each for v 2 ½0, 2p); Fig. 3 shows

DvFP as a function of h for several values of 2u.

2.3 Detector angular calibration

The angular calibration of the detector transforms

(Cartesian) pixel positions in the detector frame,

fXdYdZdg, to scattering angle and azimuth, (2u, h).

Figures 1(a) and (b) illustrate the definition of these

quantities with respect to the six coordinate systems

described in section 2.1. It is convenient to work

with components in fX 0

dY
0

dZ
0

dg herein. The diffrac-

tion centre is denoted by P1
0
, the coordinates of

which can change as a function of v if p 6¼ 0. Let the

change-of-basis matrix T take components from

fXdYdZdg ! fX
0

dY
0

dZ
0

dg; this describes the effect of

detector tilt (that is, non-orthogonality with respect

to the incident x-ray beam). Presently, an Euler

angle approach is taken to represent the tilt of the

detector plane

T[R(gzZ
000

d ) � R(gyY
00

d) � R(gxX
0

d) (22)

where gx, gy, gz are the tilts about the X
0

d, rotated Y
0

d,

and rotated Z
0

d axes, respectively.y The coordinates

of a point on the detector provide the components

of P4 in fXdYdZdg. The point P2 is the common ori-

gin of fXdYdZdg and fX 0

dY
0

dZ
0

dg, and P2
0

is the inter-

section of the transmitted beam through P1
0

with

the ideal detector plane. The point P3 represents the

intersection of the diffracted beam with the ideal

detector plane, and can be found using (i) a para-

metric equation for the diffracted beam originating

from P1
0

intersecting the detector at P4, and (ii) an

equation for the ideal detector plane

P3 = P1
0
+ u(P4� P1

0
)

0 = Z
0

d � (P3� P2)

�
) u =

Z
0

d � (P2� P1
0
)

Z
0
d � (P4� P1

0
)

(23)

The scattering angle and azimuth can then be

found as

2u = cos�1 �Z
0

d � d(P3� P1
0
)

� � (24)

h = tan�1 Y
0

d � (P3� P2
0
)

X
0
d � (P3� P2

0
)

 !
, (25)

where ( b� ) indicates a unit vector.

yThis is an active rotation convention.

Fig. 3 Solution of equation (22) as a function of h for values of 2u 2 f2�, 5�, 8�, 11�, 14�g
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The reverse transformation taking f2u, h, vg to

the detector-relative coordinates of P4 is computed

analogously to equation (23), interchanging P3 and

P4 and using

P3 = r cos h, r sin h, 0ð Þ+ (P2
0 � P2)

(26)

where r = jP2
0 � P1

0 j tan 2u: (27)

It is significant to note that this geometric

description is completely general and allows for arbi-

trary detector configurations, including cases where

the beam does not intersect the detector plane.

The angles fgx, gyg as well as the beam centre

(P2) and working distance, D = jP2� P1j, can be

determined using a powder diffraction pattern

from a standard reference material (for example, Si,

LaB6, Ce02) measured at a known wavelength.

Determining gz requires non-axisymmetric diffrac-

tion patterns, such as an HEDM measurement of a

single crystal. Note that gz is the angle between pro-

jection of Yl and Yd (that is, up in the diffraction

image).

The details of the least-squares approaches used

to determine these quantities will be described else-

where. In all cases, the objective function provides a

figure of merit representing the misfit between the

spatial positions of the measured and predicted

diffracted beams as a function of the detector

geometry.

A subtle detail not dealt with in this paper is spa-

tial distortion in the detector. It is tacitly assumed

that the measured components in fXdYdZdg are dis-

tortion-free. The intrinsic distortion of the GE 41RT

detector used to collect the data presented in sec-

tion 3.1 – as well as correction thereof – is discussed

by Lee et al. [24]. It is significant that the spatial dis-

tortion is free of high-frequency components, con-

trary to what is observed in many fibre optic

coupled CCD cameras. This allows for straightf-

orward and accurate correction of the raw data.

Methods for determining p using a calibrated detec-

tor, or alternatively refining the beam centre coordi-

nates (P2
0
) using Friedel pairs, are described in

section 2.6.2.

2.4 Spot finding

In the HEDM method, a 3D diffraction image is gen-

erated by exposing the detector while rotating the

crystal through an interval Dv [11]. While it is desir-

able to minimize Dv to maximize the accuracy of

the measured Q / G components, practical concerns

regarding data volume and speed of measurement

in the in situ test dictate typical values of

Dv = 0:258�18. Each image frame is then keyed to the

mean value of v for each exposure ( _v is constant).

The identification of individual diffraction peaks in

a single image – so-called spot finding – comprises

the critical data reduction step.

The diffraction spots integrated over each Dv will

exhibit intrinsic broadening along the angular direc-

tions fdq2u, dqh, dqvg. These are related to (i) the

intragranular strain distribution and bandwidth of

the x-ray beam (dq2u); and (ii) the intragranular

orientation distribution or mosaicity (dqh and dqv).

Well-annealed samples will generally have intrinsic

angular widths of \0.1�. Increasing dislocation con-

tent, for example, resulting from plastic deformation,

can lead to spreads of several degrees or more in h

and v. Beyond this limit, the spots become generally

indistinguishable by segmentation methods and the

patterns must be handled using forward modelling

[18] or powder diffraction methods [1, 33]. The

reader is directed to the work of Poulsen [34] for a

comprehensive discussion of the image processing

limitations of the 3DXRD/HEDM method.

Diffracted beams are identified in the 2D or 3D

diffraction images by segmentation. Presently con-

nected component labelling is employed on thre-

sholded greyscale images. As thresholding is a

somewhat heavy-handed approach to separating

the useful data from noise, some care must be taken

in its application. The intensities of diffracted beams

from fully bathed grains will depend on several fac-

tors, including:

(a) the structure factor of the associated reflection;

(b) the associated grain volume;

(c) the elevation of the associated Ghkl out of the

Xl – Zl plane (i.e. the Lorentz factor).

Spots may also be split between v-frames and

require merging. Hence, differential thresholding

can be employed to avoid systematically biasing

against smaller grains or weaker reflections in the

segmentation process.

Connected component labelling can be applied

to binary images (0 below threshold, 1 above) in

n-dimensions. Therefore it is possible to handle

merging spots in v simply by segmenting the 3D

image (fXd, Yd, vg or preferably f2u, h, vg). However,

this can become impractical for large image stacks.

Furthermore, applying the appropriate merging logic

can render sequential 2D image processing equiva-

lent to a 3D connected component labelling. Two

merging heuristics are generally applied: the stricter

involves merging spots labelled on adjacent v frames

that have any overlapping pixels, while the looser

involves merging spots that have centroids within
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a certain distance tolerance. The former is desirable

for data where Dv is smaller than the intrinsic spot

width, dqv; the latter is more appropriate for the case

where Dv ˜ dqv. Potential alternatives to the con-

nected component labelling algorithm, such as the

watershed algorithm, are discussed in section 4.

Centroidal coordinates may be quickly estimated

by using an intensity-weighted mean position over

the full 2D or 3D bounding box containing the

labelled spot. Because the intrinsic spreading of

the spots in far-field HEDM data is aligned with the

angular coordinates f2u, h, vg such an average could

have a large error if calculated in the semi-Cartesian

space fXd, Yd, vg for broad spots. Therefore it is

much more accurate to perform the weighted aver-

age in the f2u, h, vg space. More accurate still is to

estimate the centroid of a spot by fitting a 2D or 3D

profile function. In the present implementation, 2D

or 3D elliptical Gaussians are employed. Generally

speaking, the defocusing associated with the far-

field HEDM geometry effectively smears the hetero-

geneous intensity distributions and it is reasonable

to approximate the spot shapes with symmetric

profile functions. However, spot morphology may

become increasingly complex – and highly asym-

metric – depending on the extent of organized dislo-

cation structures in the originating grain. One such

example is the formation of dislocation cell struc-

tures in low stacking fault energy metals such as

copper, as explored by Jakobsen et al. [35]. In the

case where simple profile functions (for example,

Gaussian, Lorentzian, pseudo-Voigt) do not provide

satisfactory fits of the spots, then additional analysis

is required. Two potential approaches include: for-

ward-modelling techniques that uses discretization

of the grain in physical and/or orientation space

[18, 36]; applying a superposition of symmetric

profile functions. Both topics are beyond the scope

of this paper.

Various measures are taken to create a robust fit-

ting algorithm for the spot intensity distributions.

We employ numerical quadrature with the number

of quadrature points per pixel in each direction

chosen automatically to accurately capture any sub-

pixel variation in the spot intensity. In this way,

accuracy in the fitting procedure is maintained even

when spot widths are only a few pixels. Pixels in the

vicinity of the spot are included in the fit so that the

background and tail of the distribution are well

constrained.

The use of fit quality in estimating the uncer-

tainty in the spot position, and hence Q/G compo-

nents, has been explored in detail by Edmiston et al.

[28]. Errors in the detector angular calibration, as

well as in the accuracy and precision of the

diffractometer stages introduce bias errors in the

spot positions, which is further discussed in section

4. Once the angular calibration of the detector is

accurately determined, all measured data is binned

by scattering angle using a tolerance d2uhkl, and

thus associated with a particular family of crystallo-

graphic planes {hkl}. The active set of {hkl} is at the

discretion of the user. The scattering angle tolerance

need not be fixed; they are rather calculated from

the Bragg law (equation (8)) using a specified toler-

ance on normal strains, dehkl = Ddhkl=d0
hkl, to account

for the effects of unknown strain or errors in the ref-

erence cell parameters. The reference plane spacing,

d0
hkl, is calculated from the reference cell parameters

and equations (6) and (13). To account for the

unknown p, each {hkl}-specific tolerance zone is

padded with half of the widest beam dimension (in

pixels, typically 0.5 mm) on the inner and outer

radii. Reflections within the specified tolerance of

more than one {hkl} are multiply associated until

indexed. To avoid fitting noise, the images may be

masked using dehkl on the active set of {hkl}. Tests

including minimum spot size and maximum v

extent can also be applied to avoid erroneously fit-

ting hot pixels arising from background radiation as

well as dead pixels.

2.5 Grain indexing

Grains are indexed from a set of trial orientations

with candidates chosen among orientations satisfy-

ing a minimum completeness threshold, where

completeness is defined as the ratio of observed to

expected reflections for a given orientation. The

methodology for choosing the set of trial orienta-

tions is critical to the efficiency of the algorithm. For

each trial orientation, the complete set of expected

Ghkl corresponding to the v-range as well as the

constraints given in equations (11) and (12) are cal-

culated. Independent tolerances on the differences

between the components of all measured Q and

each predicted Ghkl must be satisfied in order for

them to be associated. Alternatively, tolerances may

be applied to the differences between the measured

and predicted diffractometer angles f2u, h, vg. It is

often simpler to assign uncertainties to the angles

instead of Q/G components, although the angular

space is more distorted. For data presented in sec-

tion 3, the tolerances on the diffractometer angles

f2u, h, vg were applied using the angular distance

metric described by equation (20). The calculation

of d2u was discussed in the previous section. The

tolerance dv depends on the azimuthal spot posi-

tion accuracy, which in turn depends on the pixel

size and 2u as well as the extent and fit quality of
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the spot itself. The tolerance dv depends on the

oscillation step size Dv however, if Dv is small

enough such that spots are split across multiple

frames, and they are fit to a 3D profile function in

the f2u, h, vg space, then dv can be set tighter than

Dv would otherwise dictate.

Generally speaking, two options exist for generat-

ing the set of trial orientations: back-projecting the

measured data, or direct discretization of orienta-

tion space. Mosciki et al. [17] recently introduced an

indexing method based on the former approach;

by contrast, the GRAINDEX algorithm introduced

by Lauridsen et al. [11] and more recently the

GrainSpotter algorithm employed by Oddershede

et al. [9] follow the latter approach. While no one

algorithm can be labelled as universally ideal for

HEDM data analysis, the former approach is pur-

sued in this paper.

Every observed diffraction spot may be associated

with an orientation fibre in the orientation space

R(f) � G = 6Q for f 2 ½0, 2p) (28)

where R(f) is a one-parameter family of rotations

that bring G k 6Q. These fibres are geodesics on

SO(3) [37, 38]. The 6 on the right-hand side of

equation (32) reflects the centrosymmetry imparted

by the diffraction [32]. If Ghkl and G �h �k �l are equiva-

lent under the crystal symmetry, then only one

branch of the fibre need be considered.

The orientation of a grain is found as the mutual

intersection of all fibres associated with its observe-

able Ghkl. Note, however, that subsets of fibres

belonging to a grain can also intersect at other dis-

tinct points in the orientation space – a fact that

effectively precludes indexing grains by searching for

pair-wise fibre intersections. However, a direct search

along any fibre associated with a grain – employing

appropriate tolerances – will yield the orientation of

its associated grain.

When discretizing the fibre over the angle f, the

total number of unique points may vary from fibre

to fibre under the influence of the crystal symmetry.

Therefore after mapping each to the symmetrically

reduced orientation space, duplicate points are

removed to avoid redundancy. By using a quater-

nion (or any angle-axis) parametrization of the fibre,

it is trivial to generate equi-spaced trial orientations

of a specified misorientation.

The benefits of the fibre search approach are

efficiency and robustness. In particular, robustness

in terms of reliably indexing every complete grain in

the diffraction volume, is highly desirable for the typ-

ical in situ experiment. Because the fibre search algo-

rithm involves a series of 1D searches in orientation

space guided by the data rather than a global 3D

search it is possible to gain efficiency, as described in

the following paragraph. This is particularly advanta-

geous in cases where the beam intersects the entire

sample cross-section and every spot should be asso-

ciated with a complete grain. In cases where the

sample dimension along Xs is much larger than the

beam, a large fraction of spots will be associated with

grains that do not remain in the beam throughout

the full range of v; when there are many such incom-

plete grains, particularly for very large data sets, the

forward search might be more efficient.

The fibre search algorithm is greatly expedited by

removing reflections from the search list once a grain

containing them is indexed, which multiplicatively

reduces the population of unassociated scattering

vectors. In this framework, spots that are claimed by

more than one grain can be marked as potentially

overlapped spots to be handled in post-processing.

This case is common in microstructures containing

twin boundaries or transformed domain boundaries

exhibiting a habit plane. Such conflicted spots are

also removed from the completeness calculation.

Completeness has been shown to be a generally

robust indexing criterion over a wide range of reflec-

tion tolerances. However, there is always the possibil-

ity of erroneously assigning reflections, particularly

when the lattice parameters/strain state is not well

known. This can be mitigated by re-assigning reflec-

tions with tighter tolerances post refinement as the

small number of erroneously assigned reflections will

typically have much higher errors than the average in

a given grain. If the completeness is set too low, then

it is possible to mis-index grains by mis-assigning

spots. However, to apply a high completeness thresh-

old essentially requires the full refinement of the

grain parameters during indexing. While this involves

more computation time, it has been shown to be

generally more efficient overall to properly index

and remove the full set of reflections. In this scheme,

the indexing algorithm provides fully refined grain

objects rather than a list of orientations.

Empirical studies have indicated that for robust-

ness – particularly for aggregates approaching

~50 000 spots and 1000 grains – a reasonable para-

meter set involves:

(a) small steps along the fibre, Df;0:58;

(b) search fibres on 2–3 unique {hkl};

(c) as tight a tolerance as possible on h and v,

dh = dv<Df;

(d) a high completeness threshold, i.e. ˜70 per cent.

Employing larger steps will speed up the search,

and is generally safe for small aggregates and single
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crystals, but at the potential cost of robustness with

respect to exhaustively searching orientation space

and indexing every grain. The final ratio of assigned

to unassigned Q is a good indicator of whether or

not a large number of grains has potentially been

missed – assuming that the spot finding is relatively

free of noise.

The fibre search indexing method is eminently par-

allelizable at the level of the individual fibre searches.

Preliminary results indicate nearly ideal speedup on

up to 16 simultaneous processes (see section 3.2).

Parallel computing makes it feasible to employ a small

fibre step size without adversely affecting the comput-

ing time. Once a candidate orientation is identified, a

grain is instantiated and refined. The full refinement

requires alternately refining the grain parameters and

re-performing the search for measured Ghkl at the

new orientation until convergence is reached (see sec-

tion 2.6). This becomes the limiting computational

step in the algorithm. However, empirical studies with

large aggregates – both simulated and measured –

have indicated that the extra cost per grain translates

into overall greater efficiency by allowing for tighter

tolerances, preventing mis-indexing, and removing

the maximum number of reflections from the search

space as the algorithm proceeds.

It is possible to identify Friedel pairs prior to

indexing (see section 2.2.1), which can be also

exploited in the indexing scheme. Generally speak-

ing, ~30–50 per cent of all observed reflections over

a given v interval are Friedel pairs. Choosing trial

orientations along the fibres associated with Friedel

pairs only – particularly for high-multiplicity reflec-

tions – can significantly reduce the total number of

reflections to test while still providing an exhaustive

search. More attractively, however, the Friedel pairs

may be used to mitigate errors in the calculated

f2u, h, vg for a spot associated with the unknown

centroidal coordinates of the candidate grain (see

Fig. 1(b)). This can be achieved by performing the

search along an averaged fibre R(f) � �Ghkl = 6Q

where �Ghkl = (Ghkl � G �h �k �l)=2, and estimating py. The

latter is acheived by exploiting the fact that

Ghkl + G �h �k �l = 0 (29)

Note that equations (24) and (25) depend on p

through the coordinates of P1
0

and P2
0

and v. These

relations can be exploited in a generalized non-line-

ar least squares problem for py using the residual

rFP(py) = k u( + ) � u(�)k\ k h( + ) � h(�)k\ � p
� 

(30)

Note that rFP = 0 irrespective of the absolute val-

ues of 2u and h, precluding the need for highly accu-

rate cell or orientation parameters. Unfortunately a

single Friedel pair lacks sufficient information to

estimate the in-plane components of p in the con-

text of an unknown strain state (i.e. unknown 2u).

Empirical results using the fibre search indexing

algorithm are shown in section 3.

2.6 Distorted lattice description and refinement

Lattice or cell refinement in the context of this

paper implies optimization of the parameters defin-

ing the orientation and strain of the crystal lattice

after indexing. Twelve independent parameters

define a crystal of a given phase in this framework:

three for position, three for lattice orientation, and

six for lattice distortion. The most general way of

representing the linear transform that takes material

vectors in the reference lattice frame to the sample

frame is the affine transformation

r 0 = F � r + p (31)

where r is a material vector in the fixed reference

lattice and r# is the material vector in the deformed

configuration in the sample. This transform may be

cast as a general deformation in the context of conti-

nuum mechanics, where the tensor F is the defor-

mation gradient. It is convenient to utilize the polar

decomposition of F which yields a pure rotation

(proper orthogonal tensor) and a pure stretch (sym-

metric, positive-definite tensor). Thus both the orien-

tation and distortion of the reference lattice in the

sample frame are captured by F. The polar decompo-

sition may be ordered in one of two ways

F = R �U
= V � R (32)

where R is proper orthogonal, U and V are sym-

metric, positive-definite. Both decompositions are

valid and give unique solutions for F up to a crystal

symmetry operation.

If H(i) is a member of the crystal symmetry groupy

H � SO(3), then F maps to the equivalence class

F� = F �H(i) 8 i 2 ½1, N � (33)

where N is the number of members in the symmetry

group. In this context, the left polar decomposition

(equation (32)) becomes a more expedient choice

for representing F. In the right polar decomposition,

R acts after the application of the stretch tensor,

U, which generally breaks the symmetry of the

yIn the present context, this implies one of the 11 pure rotation
groups.
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reference lattice (the only exception being purely

hydrostatic loading). In the left, R, acts on the sym-

metric reference lattice and is functionally indistin-

guishable to the lattice orientation Rs
c (see section

2.1). Because the reference lattice is physically indis-

tinguishable in the sample frame irrespective of the

choice of R! R �H(i), the components of V are

unique in the sample frame. This is not the case for

the components of U in the crystal frame. The man-

ifestation of the equivalence class F* is in how the

signed (hkl) are assigned to the measured Ghkl.

During indexing, the representative R 2 R� can be

restricted to the fundamental region of orientation

space associated with H. This is done by generating

the equivalence class for each candidate orientation

and choosing the member having the minimum

rotation angle. This selects a specific scheme for

associating signed reciprocal lattice vector compo-

nents (hkl) with the measured Ghkl. During refine-

ment of the cell parameters, however, R is not

restricted to the fundamental region.

The action of F on the direct lattice vector com-

ponents in fXcYcZcg yields the lattice vector compo-

nents of the distorted cell in fX0s Y0s Z0sg

A
0
= F � A
= a

0
b
0

c
0� �

s

(34)

The change-of-basis matrix, B
0
, that takes compo-

nents in the distorted reciprocal lattice to the sam-

ple frame is written analogously to equation (6) as

B
0
=

1

v0
b
0
3c

0
c
0
3a

0
a
0
3b

0� �
s

(35)

where v
0
= a

0 � b
0
3c

0
is the distorted cell volume.

With this definition, the components of G for the

distorted cell may be written in the lab frame as

G½ �l = Rl
s � B

0 �
h

k

l

8><>:
9>=>;

=
2 sin u

l

cos h cos u

sin h cos u

sin u

8><>:
9>=>;

(36)

Edmiston et al. [28] has shown that [G]l are

equivalently obtained as

G½ �l = Rl
s � F�T � B �

h
k
l

8<:
9=; (37)

Equations (36) and (37) provide the connection

between the measured data and the representation

of the distorted lattice and is the basis for construct-

ing the residual used for refining F and p. Note that

p 6¼ 0 affects the detector angular calibration, and

therefore the calculated f2u, hg for a spot measured

on a particular v-frame (see Fig. 1(b)).

2.6.1 Lattice strain and stress tensors

The lattice strain is defined as the elastic distortion of

the unit cell with respect to an unstrained reference

lattice. As the magnitudes of such strains are typically

small they are often treated as a perturbation of the

reference cell. Many references applying synchrotron

x-rays to strain analysis, for both powder diffraction

[1, 39, 40] as well as single crystals [4, 5], take the

approach of directly fitting the components of the

infinitesimal strain tensor, e, in the crystal frame.

This is done using the well-known rosette equations

Dd

d0
=

sin u0

sin u
� 1

= Ĝ � e � Ĝ
(38)

where Ĝ = G=k G k. Equation (38) relates the change in

d-spacing (via change in scattering angle) of crystallo-

graphic planes with normal Ĝ to a normal projection

of. For six or more distinct reflections, a linear system

may by formed on the independent components of (in

3D) and solved via least-squares methods. This

approach is useful in its efficiency and generally wide

scope of applicability to mechanical experiments.

There are scenarios, however, when is not a suitable

strain measure (for example, large elastic strains under

high pressure, such as seen in diamond anvil cells).

A more general approach to strain employs finite

deformation kinematics. If the full deformation gra-

dient linking the reference lattice to the deformed

lattice is known, there are many choices for strain

measures. Hill [41] provided a convenient defini-

tion for a family of some particularly useful strain

measures

E(2m)[
(U2m � I)=2m, m . 0
ln U, m = 0



(39)

Several common strain measures obtained from

equation (39) include

E(0) = ln U logarithmic or Hencky strain (40)

E(1=2) = U� I Biot strain (41)

E(1) =
1

2
(U2 � I) Green� Lagrange strain (42)

In the small-strain limit, all of the above

are equivalent. Each different strain measure is
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work-conjugate to a particular stress tensor, which

is beyond the scope of this paper; a suitable choice

may be selected by the practitioner for the particu-

lar application. In the current implementation, the

Biot strain (E(1=2)) is used out of convenience.

Because the single-crystal moduli are defined in

the crystal lattice, it is convenient to use crystal-

relative strain measures. The current implementa-

tion solves for the components of V in the sample

frame (fX0s Y0s Z0sg). The right stretch tensor is

obtained as U = RT � V � R, which will provide com-

ponents in the crystal frame, fXcYcZcg. The stress

tensor is then obtained as

s =C : E (43)

where C is the fourth-order elastic stiffness tensor

for the single crystal and the components of E are

calculated from U.

The kinematic description presented in this sec-

tion is also suitable for describing the cell distortion

under non-ambient conditions, include the effects

of temperature and pressure. In these cases, it is

convenient to treat the stretch tensor, V, as includ-

ing both thermal and elastic effects, as diffraction

does not distinguish between thermal and elastic

deformations of the lattice. Thermo-elasticity mod-

els employing a single thermo-elastic stretch tensor

include those based on a Grüneisen formalism [42,

43]. Because the full stretch tensor is available, both

the deviatoric and hydrostatic components of the

strain can be evaluated, the latter of which can be

used to determine the equation of state.

2.6.2 Cell refinement scheme

The cell refinement for an indexed grain is achieved

via an unconstrained non-linear least squares sys-

tem in the 12 parameters mentioned previously. A

residual is formed on the components of the mea-

sured and calculated reciprocal lattice vectors, G(m)
hkl

and G
(p)
hkl respectively, in the sample frame

(fX0s Y0s Z0sg). The exponential map parametrization

[44], j = fn, is used to represent the degrees of free-

dom in R, where f and n and n are the angle and

axis of the associated rotation matrix. The six inde-

pendent components of the stretch tensor, V, are

represented in using the Mandel–Voigt parameters

of the associated Biot strain tensor (see reference

[9]). Operating on strain rather than stretch compo-

nents is purely a numerical expedience, as their

relative magnitudes are more. Explicitly stated, the

optimization problem for each grain is

min
p, F

f (p; j, E) = Ghkl
(m)(p)� Ghkl

(p)(j, E)
� �

8 indexed Ghkl

(44)

Equations (14), (24), and (25) provide G(m)
hkl (p),

while equation (37) provides G
(p)
hkl(j, E). Because the

optimization is restricted to the currently indexed

reflections, it is prudent to search over the mea-

sured data post refinement to index any reflections

that may have been omitted (i.e. outside of the

specified tolerances) prior to refinement. Empirical

evidence has shown that this procedure – refine,

then search – generally needs to be repeated two or

three times before convergence is achieved.

It is possible to solve for p independently of the

orientation and strain refinement if considering only

the Friedel pairs indexed for a particular grain. This

requires two or more independent Friedel pairs

using the objective function given in equation (30).

Recall that equation (30) works with angular differ-

ences between the measured quantities rather than

absolute values. While this can be helpful during

indexing, empirical studies have shown that in the

presence of experimental errors it is generally better

to solve for the components of p simultaneously

with F as described above using equation (44).

Edmiston et al. [28] has described a framework to

represent the instrumental uncertainties in f2u,h,vg
as weights in the generalized least-squares formula-

tion. This allows for the propagation of errors into

p and F. Often the oscillation step Dv is large with

respect to the uncertainties in 2u and h. The avail-

able v-range also has a large effect on the propaga-

tion of errors to the various components of p and F.

These are examined using simulated diffraction

data in section 3.2. For a rigorous treatment of the

uncertainty propagation into the degrees of freedom

in F, the reader is referred to the paper of Edmiston

et al. [28].

3 RESULTS

3.1 Ruby single crystal

Six HEDM measurements were performed on a

150 mm diameter spherical ruby single crystal

(NIST SRM 1990; see reference [45]). The space

group for the ruby crystal is trigonal, R�3c, with lat-

tice parameters a = 4:760 8060:000 29 Å and

c = 12:995 6860:000 87 Å in the hexagonal conven-

tion. A tungsten slit aperture located ~1 m

upstream of the sample was used to provide at

5003250 mm (Xl3Yl) beam of 80.725 keV

(0.153 59Å) x-rays at APS beamline 1-ID-C. The

range of oscillation was v2½�608,608� with

Dv=0:258, as these represent typical experimental

parameters. Recall that if ancillary equipment such

as a loadframe is used, the supports typically pre-

vent the ability to use v2½�908,908� without
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blocking the diffracted x-ray beams for some signif-

icant interval. A GE Revolution 41RT flat-panel

detector from GE Healthcare was employed for the

experiment [24, 46]. The salient features that make

this detector particularly suitable for far-field

HEDM include its size (409:63409:6mm) and speed

of acquisition. The spatial distortion in the context

of strain analysis has been well characterized. The

reference pixel size is 2003200mm. A sample of

LaB6 powder (NIST SRM 660) was used for the ini-

tial angular calibration. This was further refined

using a scan of the ruby standard after manually

centring it in the diffractometer. The full list of geo-

metric parameters determined by both standards

are listed in Table 1.

The crystal was found to have angular spreads in

h, v\0:18. A cursory indexing was performed after

locating the crystal in the x-ray beam. It was subse-

quently centred on the diffractometer axis by maxi-

mizing the integrated intensities of two Ghkl as a

function of the sample position in fXl Yl Zlg. This

was accomplished by narrowing the beam to 20 mm

in the dimension parallel to the particular coordi-

nate being centred; that is, the beam-defining slits

were narrowed vertically to centre the grain along

Yl, and horizontally to centre along Xl and Zl. The

(02�2) reflection at f2u, h, vg= f4:58, 128:08, 0:408g was

used to centre the crystal along Xl and Yl, and the

(208) reflection at f6:98, � 162:28, � 59:18g was used

to centre the crystal along Zl. Because the ruby was

spherical, the integrated intensities of these spots

over small Dv were maximized when its centre

intersected the narrowed beam, which presented

the largest diffracting volume. The values of inte-

grated intensity versus sample position over ranges

large enough to move the sample completely out of

the narrowed beam were fit with Gaussian functions

to more precisely estimate the centre coordinate

along each coordinate axis in fXsYsZsg.
The full v-scan on the centred ruby provided a

baseline data set with p = 0, which was also used to

refine the angular calibration of the detector. The

positioning stages above the rotation stage were then

used to manually alter p, and the scans repeated. The

scan speed was _v = 1:98s�1, and the sample was

rotated continuously during acquisition. This provided

good integrated intensities with the strongest reflec-

tions near saturation. The image sets were masked

beyond 2umax = 10:58, and around several rings where

scattering from the slits interfered with the ruby spots.

A relatively low threshold was used after background

subtraction to minimize both the loss of low-structure

factor reflections and the effects of labelling noise.

Each of the six image sets contained ~1800 labelled

spots, with ~700 unassigned to any {hkl} and ~400

multiply-assigned. The unassigned spots were attrib-

uted to scattering from the downstream slit blade as

well as part of a gold wire positioned near the ruby to

aid in coarse alignment in the beam. Hypothetical

methods for removing these extraneous spots from

the segmented image data include more sophisticated

masking and/or background images taken with the

beam on and sample removed.

Each scan was indexed independently using the

{012} Friedel pair in the fibre search algorithm with

Df = 18, de = 5310�3, and dh = dv = 18 and subse-

quently refined. Note that all measured Ghkl were fit

with elliptical Gaussians to determine the associated

f2u, h, vg as discussed in section 2.4. After indexing,

~390 were assigned to the ruby crystal giving an

average completeness of ~85 per cent. Inspection of

the indexed data indicated that Q from some low

structure factor reflections were systematically

absent; these were all in overlapping regions with

stronger reflections, making a priori differential

thresholding impossible.

The results for the input and refined p for each

scan are listed in Table 2. The averaged cell para-

meter values and mutual misorientation over the six

scans are listed in Table 3. The precision and accu-

racy of the cell parameters is an indication of the

achievable strain resolution. The deviation from the

certified lattice parameters given by Wong-Ng et al.

[45] is within 5 3 1024, however they are well within

the range of from the round-robin study in the same

reference. The mutual misorientation represents

the average over the ð62Þ = 15 unique misorientations

calculated over the six scans.

3.2 Simulated aggregate

To illustrate the performance of both the grain

indexing algorithm and the grain parameter refine-

ment, diffraction data were simulated for a large

polycrystalline aggregate. The use of simulated data

provides the ability to verify the robustness of the

Table 1 Results of NIST SRM 1990 ruby sphere pre-

cession test. The beam centre is given relative

to the lower-left hand corner of the detector.

The detector is square with dimensions 409:63

409:6mm, containing 204832048 pixels

Parameter Powder fit Crystal fit

xd [mm] 206.249 206.236
yd [mm] 208.036 208.046
D [mm] 1050.739 1050.667
gx [deg] 4.127 3 1022 6.904 3 1022

gy [deg] 21.783 3 1021 21.587 3 1021

gz [deg] 0 22.304 3 1022
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indexing scheme as well as examine the effects of

errors in the measured f2u, h, vg and restrictions on

the v-range in a systematic manner. This is by no

means an exhaustive test of the indexing and refine-

ment methods. Errors introduced during the image

segmentation (section 2.4), including omitted and

overlapped spots, are not considered here. Indeed, a

comparative study of various segmentation, index-

ing, and refinement methods merits future study.

The present focus is restricted to the effects of

v-range and typical uncertainties in the complete list

of f2u, h, vg ! Ghkl on the determination of p and F.

For this study an aggregate of 819 grains was cre-

ated with COM coordinates on a 13 3 7 3 9 regular

grid spanning 1 3 0.5 3 0.6 mm and initially centred

in fXlYlZlg. The reference lattice and diffraction vol-

ume dimensions were chosen to mimic the Ti-7%Al

(space group P6=mmc, a = 2.925 Å, c = 4.674 Å) exam-

ined in the recent work of Lienert et al. [7]. The grain

orientations and strain states were randomly

assigned. Strain components were chosen from a

scaled normal distribution with a mean perturbation

magnitude of 1 3 103, which is moderately large for

most metals under ambient conditions. From the

simulated p and F, the full set of observable f2u, h, vg
was generated using the detector geometry measured

for the experiment described in reference [6] and

v 2 ½�908, 908�. The full parameter set (listed in

Table 4) represent typical values for a far-field

HEDM experiment. The full data consisted of

65 432 reflections over nine distinct {hkl}. The

strain based tolerance was 1 3 102, which leads to

20143 multiply-assigned spots. To assess the

impact of experimental noise, the diffractometer

angles f2u, h, vg were perturbed with white noise.

The mean magnitudes were set to match the mean

errors between predicted and measured f2u, h, vg
from the ruby scans: u2u = 0:00118, uh = 0:0118,

uv = 0:0238. These are taken as realistic, if not

somewhat idealized, uncertainty magnitudes for iso-

lated spot positions in a typical HEDM experiment.

Three cases were analysed: one using the full v-

range, another using v 2 ½�608, 608�, and a third using

v 2 ½�308, 308�. In each case, the fibre search algo-

rithm was run over the {100}, {002}, {110} fibres using

df = 0:58, dh = dv = df, and a completeness threshold

of 70%. The search was not restricted to Friedel pairs

only. All grains were successfully indexed from the

Table 2 Results of NIST SRM 1990 ruby sphere precession test. All dimensions in mm

Input Measured Difference

px py pz px py pz px py pz

0 0 0 1.5 -0.1 -2.0 1.5 -0.1 -2.0
-100 50 -100 -101.8 51.0 -105.6 -1.8 1.0 -5.6
-100 50 100 -101.5 50.9 94.3 -1.5 0.9 -5.7
-150 -50 0 -151.7 -53.9 -7.3 -1.7 -3.9 -7.3

-50 10 -50 -49.3 10.6 -54.4 0.7 0.6 -4.4
-25 5 -25 -23.0 6.6 -27.7 2.0 1.6 -2.7

Mean Error Magnitude 6 std. dev 1.5 6 0.4 1.4 6 1.2 4.6 6 1.8

Table 3 Cell refinement results from NIST SRM 1990 ruby sphere precession test. Lattice para-

meters {a, b, c} are in Å, and all angles are in degrees

Cell Parameters

a b c

Round-robin [45] 4.7608 6 0.0062 4.7609 6 0.0057 12.9979 6 0.0200
Precession Measurements 4.7610 6 0.0003 4.7602 6 0.0003 12.9890 6 0.0007

a = 89.993 6 0.002 b = 90.023 6 0.004 g = 119.980 6 0.001
Ensemble Misorientation
\ij for ij 2 ð62Þ, 15 combinations 0.003 6 0.001

Table 4 Detector parameters used for the generating

the synthetic aggregate data. These para-

meters were measured from a CeO2 powder

pattern at 80.725 keV for the experiment

described in reference [6]

Parameter Powder fit

xd [mm] 206.252
yd [mm] 208.041
D [mm] 1788.932
gx [deg] 8.842 3 102

gy [deg] 1.864 3 101

gz [deg] 0
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synthetic f2u, h, vg data in each case. The scalability

results of the fibre search algorithm on an SMP paral-

lel architecture for the full v-range are shown in

Fig. 4.

Following the indexing, the grain list was sequen-

tially refined using tighter angular tolerances (dh =

0:1258, dv = 0:258). The full grain parameter refine-

ment and subsequent Ghkl assignment search was

repeated for each grain until the change in the

objective function value was \1310�6; the median

number of iterations was three. Errors were then

calculated from the resulting fits for each grain’s p,

R, and V with respect to their known reference

values. The results are plotted as histograms in

Figs 5, 6, and 7. Note that the errors in p and F drop

to the order of machine precision when the super-

position of noise to the f2u, h, vg coordinates is

omitted, which indicates both self-consistency and

well-posedness of the optimization problem.

4 DISCUSSION

The results for p from the ruby crystal are very

encouraging, considering the large pixel size of the

detector (200 mm) and small angular spread of the

sample. They indicate a mean component accuracy

of ~0.025 pixels. Considering that the sample is

Fig. 4 Speedup of the parallel fiber search as a function of number of processors. Speedup is
calculated as the ratio of wall clock time with 1 process versus N processes on the SMP
architecture. Ideal speedup is indicated by the dashed line

Fig. 5 Stacked histograms of COM coordinate errors calculated from the simulated data for the
indicated v-ranges. All components are written in the lab frame, Xl, in units of mm
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never rotated such that Zs is perpendicular to the

beam (v = 90�), it is not surprising that the relative

error in pz is larger than for px and py. This result is

corroborated by the analysis of the simulated aggre-

gate data. Given the rather small spread of individ-

ual spots in detector pixels (4–5 FWHM), this level

of accuracy appears surprising. However, suffi-

ciently accurate fits of the individual diffraction

peaks were obtained using the adaptive quadrature

discussed in section 2.4 to achieve this level of accu-

racy in the ensemble fits for p and F via equation

(44). Because the effect of p on the components of

all indexed Ghkl
(m) for a grain is strictly a function of

v, accuracy is limited by Dv. While it is desirable to

minimize Dv to maximize accuracy, these results

indicate that choosing Dv;dv, dh can provide suffi-

cient data for fitting distributions to the diffraction

spots with sub-pixel resolution.

Another salient result is the precision of both the

strain (deviation from reference lattice parameters)

and orientation components of F across the six mea-

surements, particularly considering the rather large

displacement imposed between the different tests.

This has very positive implications for tracking of evol-

ving deformations during an in situ experiment. While

the measured lattice parameters presented in Table 3

differ by between 1 per cent and 6 per cent from the

certified parameters given by Wong-Ng et al. [45], they

are well within the range of measured values from the

round-robin study documented in the same paper.

The results from the simulated data offer insight

into the influence errors in p have on the strain. The

addition of white noise to the simulated Ghkl was

motivated by the errors observed in the ruby experi-

ment, which itself represents something of a best case.

A more detailed analysis of the effects of increasing

errors in each of the angular coordinate was not

undertaken here, but is certainly worthy of future

study. Rather, we focused on gleaning the more quali-

tative effects on p and F associated with a restricted

v-range in the presence of typical experimental errors.

This is pertinent to the design of ancillary equipment

for in situ experiments, such as diamond anvil cells,

where restrictions in the v-range are unavoidable.

It bears noting that the total number of reflec-

tions for a typical grain in the simulation is N’80,

which is much less than for the ruby. Restricting the

v-range further reduces N, which affects the

observed errors propagated to p and F. In an idea-

lized sense, the error magnitudes scale as 1=
ffiffiffiffiffi
N
p

.

Errors introduced via the image segmentation, such

as omitted and overlapped spots, are not considered

in this study. Intensity variations due to both struc-

ture factor and grain size distribution can conspire

to cause systematic omissions in measured data,

particularly for small grains. Restricting the v-range,

however, represents a severe systematic omission

that has a much larger effect than randomly omit-

ting the same number of spots.

As the v-range is restricted from ½�908, 908�, where

every Ghkl satisfying equation (11) or 12 is observed

at least once, the mean error magnitudes error

increase unilaterally for p, R, and V. In relative

terms, the orientation errors are least affected, with

the mean increasing from ~0.005� to ~0.01� over

the three trials (see Fig. 6). There is also little

difference between the results from the 120� range

as compared to the full 180� range. These results

indicate that the rotation, or orientation, is rela-

tively well-determined in far-field HEDM even for

restricted oscillation ranges. The largest discrepan-

cies are found in the p and V, which both change

dramatically with decreasing v-range.

For the 60� range, the errors in pz, shown in

Fig. 5, are quite large and widely distributed. The

errors tighten considerably with increasing angular

range, with those for the in-plane components px,

pz becoming equally distributed for the full range.

The errors in py are consistently smaller because its

calculation for a given grain does not depend on the

v coordinates; it is only sensitive to the errors in 2u

and h. The relative standard deviations for the

Fig. 6 Histograms of orientation errors calculated from the simulated data for the indicated v-
ranges. These are the magnitude (angle) of the associated misorientations, and the units
are degrees
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errors in px½mm�=py½mm� for each v-range are 9.0/

8.5 (630�), 7.2/5.9 (660�), and 6.8/4.8 (690�).

When the rotation of the sample is severely

restricted and Z
0

s remains close to the Zl, the errors

in pz effectively corrupt the measured 2u values more

so than h. This is readily apparent in the errors in

the stretch tensor components shown in Fig. 7.

Upon first examination, it may appear counter-intui-

tive that the errors in Vxx are slightly larger and more

widely distributed than those for Vzz. However, this

is precisely due to the large 2u errors imparted by

the large errors in pz. The majority of the data have

largest projections onto X
0

s, but the errors in the

observed strain (read: 2u) are also largest when v is

near 0. The shears in the sample frame are more

isotropically affected in each case. This may be

attributed to the fact that they are most strongly

influenced by the inter-planar angles, and hence the

relative h and v values measured for each Ghkl.

It is interesting and encouraging that the errors in

centroid, orientation, and strain are only marginally

larger for the 120� range as compared to those for the

full range. These results indicate that maximizing the

v-range is paramount to accuracy in the far-field

HEDM method. The potential gains afforded by

smaller effective pixel size, smaller x-ray bandwidth,

and more precise positioning stages pale in compari-

son. Nevertheless, future studies examining more rig-

orously the limits in accuracy as a function of these

higher-order parameters are warranted.

Regarding indexing methods, particularly in terms

of the trade-offs between robustness and speed, it will

be advantageous to have a suite of algorithms avail-

able. It is almost a certainty that different algorithms

will perform better for particular sizes of the aggre-

gates, the volume of reciprocal space interrogated,

and the needs of the experiment (for example, is it

necessary to find few special grains to track or to max-

imize statistics?). The fibre search method presented

in this paper has been shown to be robust, and to

scale quite well using parallel computing (see Fig. 4).

The scope of applicability presupposes, however, that

the data consists of distinguishable spots whose cen-

troids are determinable to relatively high accuracy.

As this experimental technique matures and more

researchers develop the requisite analysis methods and

software, it will become increasingly important to com-

pare methods and identify the limitations, perhaps via

round-robin samples and/or simulated data, to both

grow the user community and advance the technique.

Towards these ends, an ongoing effort rooted in

the analysis presented here is the development of

open-source software package for HEDM data analy-

sis. This includes interfaces for detector calibration,

image processing, indexing, and grain refinement.

Special capabilities include tools for identifying

twins and phase transformation variants.

This technique has potential to advance many

fields of study in materials science by providing

high-fidelity, 3D data at the grain scale. The arena

of applications encompass a wide range of prob-

lems, including (but not limited to) residual stress,

anisotropic elastic moduli determination, determi-

nation of strength on a mechanistic basis (for

Fig. 7 Stacked histograms of relative per cent errors in the fit stretch tensors, V, calculated from
the simulated data for the indicated v-ranges. (a) shows the normal components and (b)
shows the shear components. All components are written in the sample frame, Xs. The nor-
malization factor is the input mean strain magnitude, 1 3 103
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example, slip, twinning, phase transformations),

and recrystallization/grain growth. Efstathiou et al.

[47] have recently integrated HEDM data with finite

element-based simulations to create a framework

for determining single-crystal elastic moduli, pre-

senting an application to a b-Titanium alloy.

Another application of far-field HEDM with poten-

tially significant impact is high-pressure research

employing diamond anvil cells. The ability to iden-

tify the orientation and strain state of new phase/

twin domains as they form in situ could illuminate

phase transformation mechanisms [48] and produce

high-fidelity equation of state and strength mea-

surements [49].

5 SUMMARY

A methodology for applying the rotating crystal

method to high-energy synchrotron x-ray diffraction

is presented. Using far-field HEDM, it is possible to

determine the orientations, centre-of-mass coordi-

nates, and strain tensors for up to ~1000 embedded

grains in a polycrystal to a high degree of precision.

A robust, parallel indexing algorithm is also presented

that uses the geometry of Friedel pairs and orienta-

tion fibres to generate candidate orientations. Lastly,

a continuum mechanics based framework is intro-

duced to describe an arbitrarily oriented and dis-

torted crystal with respect to a strain-free reference

lattice. All data and software used to generate the

results in this paper can be provided upon request.
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