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STEVE SMALE AND DING-XUAN ZHOU

Dedicated to the memory of René Thom

PREAMBLE

I first met René at the well-known 1956 meeting on topology in Mexico City. He
then came to the University of Chicago, where I was starting my job as instructor
for the fall of 1956. He, Suzanne, Clara and I became good friends and saw much
of each other for many decades, especially at THES in Paris.

Thom’s encouragement and support were important for me, especially in my first
years after my Ph.D. I studied his work in cobordism, singularities of maps, and
transversality, gaining many insights. I also enjoyed listening to his provocations,
for example his disparaging remarks on complex analysis, 19th century mathemat-
ics, and Bourbaki. There was also a stormy side in our relationship. Neither of us
could hide the pain that our public conflicts over “catastrophe theory” caused.

René Thom was a great mathematician, leaving his impact on a wide part of
mathematics. I will always treasure my memories of him.

Steve Smale

1. INTRODUCTION

This paper gives an account of sampling theory and interpolation, with some
focus on the Shannon theorem. One goal is to deal with noise in the sampling data,
from the point of view of probability estimates. Our quantitative estimates give
some guidelines as to how much resampling or regularization is required to balance
noise in the form of a variance. A measure of the richness of the data is key in this
development.

The theory evolves in a universe which is a Hilbert space of real valued functions
on a (an “input”) space X. In the Shannon case X is the space of real numbers.
Other examples for X include a rectangle in the plane (image processing), a graph
as in theoretical computer science, or a high dimensional space as in learning theory.

Our first generalization of the Shannon theorem centers around the case of rich
data and the use of a Hilbert space and a kernel function, reminiscent of reproducing
kernel Hilbert spaces derived from a Mercer kernel. Subsequently we see how poor
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data and general Hilbert function spaces fit into our analysis. An objective is to
integrate the theory with fast algorithms which work well in the presence of noise.
Our main results are new general error estimates.

We have been inspired by the disciplines of learning theory, regression analysis,
approximation theory, inverse problems, and signal processing, and hope that in
return this work can give some new insights into these subjects.

2. MOTIVATING EXAMPLES

To describe the general reconstruction of functions from their point values, we
give some simple motivating examples.

Example 1 (exact polynomial interpolation) (a baby example). Consider
polynomials p; : R — R, for t € ¢ := {0,1,...,d} with p;(z) = 2'. The polynomial
interpolation problem is to find a polynomial f =}, za:p; of degree d such that
fla;)) =y; fori=1,...,d + 1. Here (ay, yl)fill is the data. The situation yields
a system of equations: L(at),e; = (v:)1} with L = (Pe(®i))i=1, . .a+1.cci being a
(d+1) x (d+1) matrix. When {x;} are distinct, this system has a unique solution
ag,ai, - - ., a4, which solves the problem. If we denote T = {xi}fill, then the “data”
is given by the function on . Here |[Z|] = [t|. Certainly the choice of p; is quite
naive. In Section 10 this kind of problem is studied.

The next two examples are from image processing. The first is borrowed from
.

Example 2 (inpainting). Consider a black and white photograph as a function g
from £ to [0, 1] where ? is a square of pixels (e.g. 512 by 512) and g(¢) represents a
shade of grey of pixel t. Now suppose that the photograph has been partly masked
as by some spilled ink or writing over it, destroying g on the mask, say ¢, and leaving
our function intact on T =17 \ t. The problem is to recover an approximation to g
from its restriction to . Here the input or data is (x,g(x)) for x € T. Note that
|Z| < [t|. This is a case of what we call later “poor data”.

Example 3 (image compression). Here { is a coarse pixel set and T is a fine
pixel set. The original picture is represented by a function from T to the interval
as in Example 2. The problem is to find a worse but reasonable representation
(with small error) as a function from f. The efficiency of a compression scheme is
measured by the ratio |Z|/|f| (as large as possible, representing the richness of the
data) and the error (within a threshold).

3. LEARNING AND SAMPLING

The classical Whittaker-Shannon-Nyquist Sampling Theorem or simply Shannon
Theorem gives conditions on a function on R (band-limited with band 7) so that
it can be reconstructed from its sampling values at integer points:

Theorem. Let ¢(z) = 2222 and ¢y (x) = ¢p(x —t). If a function f € L*(R) has its
Fourier transform supported on [—m, x|, then

f= Zf(t)‘?t

teEZL
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See [2], [31] for some background and some generalizations. We proceed to state
our own generalization.

Suppose X is a closed subset of R™ (a complete metric space is sufficient) and
t C X is a discrete subset. In the Shannon special case, X = R,# = Z. Another
important case is when X is compact and (hence) £ is finite.

Next consider a continuous symmetric map (a “kernel”) K : X x X — R and
use it to define a matrix (possibly infinite) K77 : £2(f) — (*(%) as

(Kiza), = Z K(s,t)az, s€t, ac ).
tet
Here ¢2(%) is the set of sequences a = (a;);c7 : ¢ — R with an inner product defined

by < a,b>=3",5a:b;. Fort €t,set K;: X — R to be the continuous function on
X given by K(z) = K(t,z). Unless said otherwise, we always assume the following.

Standing Hypothesis 1. Kj; is well-defined, bounded, and positive with bounded
mverse KZ_.El'

In the Shannon case K (t,s) = ¢(t — s), and it is seen that Kj; is the identity,
because ¢(j) = 0 for j € Z\ {0} and ¢(0) = lim,_,o ¢(x) = 1. For Example 1, we
can take X = R, # = {0,1,...,d}, and K(t,s) = (1 +t-s)% Then for c € ¢2(%),

there holds < Kjzc,¢ >p23)= EZ:O ( Z ) (Etef cttk)Q. Since the Vandermonde

determinant det(tk)teg7k=0717___7d is nonzero, Standing Hypothesis 1 is satisfied.

Next define a Hilbert space Hy 7 as follows. Consider the linear space of finite
linear combinations of K;,t € {, i.e., > ici @Ky where only a finite number of a;
are nonzero. An inner product on this space is defined (from the positivity of K7z)
by linear extension from

(3.1) < Ky, Ks >=K(t,s).

One takes the completion to obtain Hy 3.

In the Shannon case, it can be shown (see Example 4 in Section 8) that Hy ;
is the space described, i.e., f € L*(R) with suppf C [-m,7]. Here f denotes the
Fourier transform of f. It is defined for an integrable function on R™ as f &) =
Jon f(2)e"%%dz, and can be extended naturally to the space L?(R™).

In Example 1, with the kernel K (t,s) = (1 +t-s)¢, we find that H 7 is exactly
the space of polynomials of degree d. 7

If we define % (%) as the Hilbert space consisting of sequences in ¢2(f) with the
inner product < a,b >y 7:=< Kzza,b >3, then the natural map from 2.(%)
to Hy s, given by a — >, ;a:Ky, is an isomorphism. Note that ¢% () does not
depend on X, just ¢ and K restricted to ¢ x t. Hence it discretizes the setting.
Also, Standing Hypothesis 1 tells us that ¢%-(f) is isomorphic to £%(f) under the
isomorphism: a — Kzlfa.

If 5 C t replaces t, then the important invariants ||K7z|| and [pres zl|| improve.
That is, | Kz 5| < [|K77]| and HK{;H < ||K{51H Thus, if K is restricted to X’ C X
and 5 =t N X', then Standing Hypothesis 1 remains true.

If K is a Mercer kernel and Hyg the corresponding reproducing kernel Hilbert
space [3], then Hy 7 is the closed subspace generated by {K;t € t} (with the
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induced inner product). This gives a class of spaces Hy ; satisfying Standing Hy-
pothesis 1 (besides the space generated by ¢ in the Shannon theorem). One such
example is a Gaussian kernel K (x,y) = e~le=vl*/o* on any closed subset X of R™.
See Section 8, and more examples and background in []].

So far, we have a space H ; which plays the role of a “representation space”
in the Shannon theory. We now pass to the sampling side which we separate out.
Moreover, noise is introduced into our model in this sampling, represented by a
Borel measure p on X x R.

Let px be the marginal measure induced by p on X, i.e., the measure on X
defined by px(S) = p(7m~1(S)) where 7 : X x R — X is the projection. It defines
a space L3 on X with L? norm [/ f| = Ifllzz, = (fx |f(x)|2dpx)1/2. It is not
assumed that px is a probability measure as in the special case of learning theory.
In fact in the Shannon case it is the Lebesgue measure.

The set for the sampling is a discrete set T C X. The set T may be determined
as in a net (Shannon, with T = Z) or may have come from a random sample as in
[8] or [4]. For z € X, we denote the variance of the conditional measures p, of p as
o2. We assume that the conditional measures p,(z € X) of p satisfy

Preliminary Version of Special Assumption. For x € X, p, is a probability
measure with zero mean supported on [—My, My] with B := (3, oo Mgf)l/2 < 00

To study the relationship between the discrete sets ¢ and T, we define the linear
operator Kz ; : £%(t) — (*() and its adjoint K; 5 : £(T) — ¢*(f) by the matrix

(3.2) (Kpza), = > K(z,t)ar.
tet
Standing Hypothesis 2. K3 (and hence Kz ) is well-defined and bounded.

The sampled values y € ¢2() will have the form:

(3.3) For f* € Hxy, and x € T, y, = f*(x) + 1, where 7, is drawn from p,.

Special Assumption implies that {n,} € (*(Z) and |[{ns}|le2z) < B < oo.

Define the sampling operator Sz : Hy; — (*(T) by Szf = (f(2))zez. That
is, for a function f from Hyz, Szf is the restriction of f to T : flz. Then for
[ =2 ciaKy, we have Szf = Ky zc. It follows that Y. f*(z)? = ||Sff*||§2(j)
can be bounded by HngHQHf*H%(/HK{;H and is finite according to (3.3), hence
y € 03(T).

In the Shannon case, T = f, p, is trivial, so g, = 0 for all z € Z. Now our
sampling problem is:

Reconstruct f* (or an approximation of f*) from y € £2(%). Towards its study,
consider the minimization problem

(3.4) argfmin | (f(z) - yx)Q.

The solution of (3.4) is expressed using K3z and Kz ;.

Definition 1. We say that T provides rich data (with respect to ) if

3.5 A= b IKpvllee i
(3.5) Uel?z(f)H e /Ivllew

is positive. It provides poor data if Az = 0.
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One can easily see that T provides rich data if and only if the operator K3 z K5 1
has a bounded inverse; that is, its smallest eigenvalue (A\z)? is positive. Note that
if 7 C 7, then Az < s

Our generalized Shannon Sampling Theorem (for rich data) can be stated as
follows (the proof will be given in Section 7). Define the variance of the system
(07,7, K) as

(3.6) o? = Z o2 Z K(t,z)? = Z Uﬁ||Kg7fexH§2(z),

TE€ET  tet €T
where e, is the delta sequence supported at z. It represents how the variance on =
is transferred to ¢ by the operator K 5 : £*(T) — ¢*(%). Standing Hypothesis 2 and
Special Assumption tell us that o2 is finite.

Theorem 1. Assume f* € Hyz with X, K, t,p as above, y as in (3.3) together
with the Special Assumption, and T provides rich data. Then problem (3.4) can be
solved: .
fo=> @Ky a=Ly and L= (K;;K.5) Kig
tet
and its solution approzimately reconstructs f* from its values at T in the following
sense.

For every e >0, ||fz — f*||i{ < ko? + ¢ with probability 1 — § where

K5 P
om Ul = - i os1 + 75)

Remark. Since T provides rich data, we see from Definition 1 that the operator K ;
is injective. The operator L defined in Theorem 1 is exactly the Moore-Penrose
inverse of K;3. See e.g. [11], [13].

When the richness of the data increases such that Az — oo (see Proposition 1
below), we have £ — 0. If moreover B%/\Z is kept bounded, then from Theorem 1
we see that for the error bound xo? 4 ¢ with any ¢ > 0 the confidence tends to 1.
This yields the convergence with confidence if 02/\2 — 0. Also, we find that for
any Az when the variance vanishes, f, = f* with probability one by taking o2 — 0
in Theorem 1; thus we cover the classical Shannon theorem.

When the data is resampled k times over T, the richness increases to vk\z,

ko? is reduced to ko?/k, while the bound B? of the system becomes kB2. Then

2
QHI:‘W is unchanged. We see from Theorem 1 that for the better error

bound ko?/k + & with the same ¢, the confidence 1 — (1 + &/(k0?))~¢ is improved
to 1 — (1+ ke/(rko?))C.

CcC =

Corollary 1. Under the assumption of Theorem 1, if the data is resampled k
times over T, then for every € > 0, ||fz — f*||i( < ko?/k + € with probability
1—(1+ke/(ko?))=¢ while the probability given in Theorem 1is 1—(14¢/(ka?))~¢.

Corollary 1 convinces us that resampling improves the error when one takes the
same probability as in Theorem 1. See also Proposition 3 in Section 6.

The constant « is the infimum of error bounds for positive probability in Theo-
rem 1. This threshold quantity relates the key variables. The case of exact inter-
polation corresponds to [t| = |Z|, Az > 0. Note that error bounds less than £ may
be studied by the introduction of a regularization parameter v > 0 (see below).
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Theorem 1 will be extended to include the case of poor data.
The regularized version of problem (3.4) takes the form

(3.7) fociimrs in 3 (/@) —we)” +

where v > 0 and the case v = 0 includes the setting of Theorem 1. As in Theorem
1, problem (3.7) can be solved by means of a linear operator: f,, = >_,;a: K4,

where a = Ly and L = (K7 ;K7 + 'yKH)flKgE.

We expand the setting a bit by introducing a weighting w on . A weighting is
necessary to expand beyond the special case of T defined by a uniform grid on X.
So we let w := {wy }zez be a weighting with w, > 0. One example is to take w as
the px-volume of the Voronoi [28] associated with . Another example is w = 1 or
if [Z) =m < oo,w = L.

We require |w||so = sup,ey we < 0o. Denote D,, : £%(T) — (*(T) as the diago-
nal matrix (multiplication operator on £2(Z)) with main diagonal entries {w; },ecz-

1

Then || Dy || < ||w||so- The square root Dg is the diagonal matrix with main diag-
onal entries {\/Wy }zez-

Definition 2. The regularization scheme for the sampling problem in the space
H 7 takes the form:

59) o= i {50 (7(0) —00)* #7111 |

Theorem 2. Assume f* € Hyz and the standing hypotheses with X, K, t,p as
above, and y as in (3.3). Suppose Ki Dy Kz + 7Kz is invertible. Define L to be
the linear operator L = (Kz zDwKy 3 + 7Kg7g)71Kg7wa. Then problem (3.8) has
a unique solution:

(3.9) fary =Y _(Ly) K.
tet

The corresponding errors will be analyzed in the next sections (Theorems 4 and
5). The error analysis will generalize Theorem 1 with general bound M, weighting
w and v > 0. It also extends to the poor data setting. Observe that under the
standing hypotheses, K7 zD.,, Kz ; + 7Kz is invertible if v > 0 or Az > 0.

Consider the case when K is a “convolution kernel” K(s,u) = (s —u). Let
¢ € L*(R™) whose Fourier transform ¢ satisfies

(3.10) P(&) > co >0, Ve € [—m, 7"
and the following decay condition for some Cy > 0, > n:
(3.11) 0<h(§) <Co(1+[¢)™*  VEeR™

Definition 3. We say that T is A-dense in X if for each y € X there is some z € T
satisfying ||z — y|lgeorn) < A.

Proposition 1. Let X = R", t = Z", K(s,u) = (s — u) with an even function v
(i.e. Y(u) = P(—u)) satisfying (3.10) and (3.11). If 0 < L < 1/4 and T is A-dense
for some 0 < A < 7, then

(cos Lm — sin L7r)"

914+n/2 - LrEAT2,

Az >
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Here T is a constant independent of A and Proposition 1 is a consequence of Corol-
lary 6 below, where an explicit expression for T (depending on L) will be given.

Recall that the Shannon case corresponds to the choice ¢ = ¢ with n = 1,¢g =

1,Ch = 1+ 7% a=6,and || - |x = || - |lL2(ry. Then ZthK(t,xP =1 and
0? =%, - 02 Combining Theorem 1 with Proposition 1 for £ = 1/5 (and the

constant 7 given in Corollary 6) yields the following.

Corollary 2. Let X =R, t =7, K(s,u) = ¢(s — u) where ¢ is the sinc function
given in the Shannon Theorem. If T is A-dense for some 0 < A < 1/500 and p
satisfies Special Assumption, then for any e > 0, the function f, given in Theorem 1
satisfies

Pmb{”fz —f

2 4A2 2 < 75
) S 'A% +€} =1 —exp{—mbg(” 2O4A202)}'

If the data becomes dense such that A — 0 but AB? is kept bounded (e.g. 7 is
quasi-uniform), then A202 — 0 and Corollary 2 yields the convergence of f, to f*
with confidence.

Notice that T # t in general: f* € Hy ¢, while T stands for the sampling points

which can be much denser than %.

In the above discussion, where f* € H 7, one may take either of two points of
view. Start with p and let f* = f, be the regression function as done in learning
theory [27], [29], [14], [8], [18], or take a primary f* as in sampling theory [2], [15]
and hypothesize p as above.

Our learning process in Definition 2 is an example of a regularization scheme.
Regularization schemes are often used for solving problems with ill-posed coeffi-
cient matrices or operators such as numerical solutions of integral and differential
equations, stochastic ill-posed problems with operator equations, and empirical risk
minimization problems for traditional learning. See e.g. [25], [16], [13].

Some preliminary estimates on Az will be provided in Sections 8 and 9. But we
hope to give more satisfactory results in a subsequent work.

The authors would like to thank Akram Aldroubi for his conversations on the
question of relating learning theory to sampling.

4. THE ALGORITHM

We give the proof of Theorem 2.
For f: X — R, it is natural to introduce an “error function”

(4.1) &)= [ ()= 9)’dp

For the empirical counterpart of &, let z = (2,9, )zecz be a sample, so that x is
defined by T and y, is drawn at random from f*(z) + p, as in (3.3). Then the
empirical error is

(4.2) E(f) =D wa(f(2) — )"

TET

With the empirical error &,(f), our learning scheme (3.8) can be written as

(43) fuoy = ane i {09+ 21115 |-
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We show how to solve the minimization problem (4.3) or (3.8) by a linear algo-
rithm.

Proof of Theorem 2. Consider the quadratic form
Qc) := Ez(thKt)—l—’yHthKtH%(, ce (7).

tet tet
A simple computation tells us that Q(c) equals
< (KZ,TDWKE,Z + ’)/Kag)c, c >42(g) —2< DwajC; Yy >[2(f) + < Dwy,y >[2(f) .

Taking the functional derivative as in [19] tells us that if ¢ is a minimizer of @ in
£2(%), then it satisfies

(4.4) (KzDuwKz7 +vKqz)c = Ki zDuwy, c € 3(%).
By our assumption, K; z Dy Kz 347K 7 is invertible, so system (4.4) has a unique

Z,
solution: ¢ = (ngDwKig + ’yKH)_lngDwy. It yields the unique minimizer of
@ which represents the unique minimizer f, . of the functional &,(f) + 7| f|% in
Hy s O

Remark. Standing Hypothesis 1 can be weakened for the purpose of Theorem 2:
the first case is v > 0; the second case is t = Z and v = 0. In both cases, the scheme
(4.3) has a solution f, 4 lying in

Moz =A{D)_ cKi:ce CP(H)} C Hyg
tet
if and only if system (4.4) is solvable. When the solvability of (4.4) holds, the
solution in 'H%j is unique and given by f,, = > ,.;¢: K, independent of the
choice of the solution ¢ to (4.4). In fact, if ¢ and d are both solutions to (4.4), then
Yot =3, c7di Ky Kyz(c —d) = 0 for either vy > 0ort =7.

In the following three sections we shall estimate the error || f5 — f*|

5. PROBABILITY INEQUALITIES

In the following theorem, m € N or m = oco. When m = oo, the product
probability measure on the product space R™ can be defined in any sense such as
the one defined by means of the Tikhonov topology; see e.g. [21].

Theorem 3. Let {{;}72, be independent random wvariables on R with variances
{J?}j, and w; > 0 with |w||e < co. If 02 = Z;nzl wja?- < o0, and for each j
there holds |£; — E(&;)| < M almost everywhere, then for every e > 0 the probability
in the product space R™ satisfies

Pmb{

> M

w

Corollary 3. If m < 0o and &1,&a, ..., &y are i.i.d. random variables with expected
value p1, variance o satisfying |€ — p| < M, then

1 ¢ me Me
(5.1) Pmb{‘E;Ej —,U‘ > E} < 2exp{—mlog<1 + ?)}
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Proof of Theorem 3. Without loss of generality, we assume E(;) = 0. Then the
variance of ; is 032 = E(ff)
First we assume m < oo. It is sufficient for us to prove the one-sided inequality:

m £ M€
. — s < BT E—— o2 ) (
(52) 1 Prob{;wﬁj>€}—e){p{ 2||w|ooM1°g(”aa>}

Let ¢ be an arbitrary positive constant which will be determined later. Then by
the independence,

I = Prob{exp{z:cwjfj}>ece}

=1

e “F <exp{z cw;&; }) = e*CEH;”:lE (exp{cwjfj }) .
j=1

Since |¢;] < M almost everywhere, we have

X fwtE(E) X w202
E(exp{cwjfj}> =1 —1—2% < 1+Z$.
=2 =2

As wj < ||w|]js and 1+ ¢ < €, there holds

+oo ¢ =17 0—2 2
ctllw M~ 2w;o
E(exp{cwjgj}) { w5 j }

J
P12 0
It follows that

IN

IN

(=2

RS TR !
= exp wios .
l[wloc M? Y

eIl 1 clwf oM s,
I< exp{—c&—i— e ijaj}.
j=1

Now choose the constant ¢ to be the minimizer of the bound on the above right
hand side:

L, (1 b e >
¢c=———>-log —m 3|
[[wl] oo M D ic wiUiQ
That is, eclwllM _ 71 = % With this choice,

(5.3) Igexp{—m{(l—i—;\}—i)log(l—i—{\f—g) —1}}.

If we set a function g(\) as
gA) == 1+ A)log(l+A) — A, A>0,
then

o2 Me
54 I < S — .
54 —eXp{ |w||ooM29<aa)}

We claim that N
g(A) > B log(1 + A), YA > 0.

To see this, define a C? function on R as
FA) :==2log(1+ A) — 21 + Alog(1 + N), A>0.
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We can see that f(0) =0, f/(0) =0, and f”(\) = A(1+X)~2 >0 for A > 0. Hence
f(A) >0 and

log(1+A) —A> —%)\log(l—i—)\), YA > 0.
It follows that
A
g(A) = Alog(1+ A) +log(1+ X)) — A > B log(1+ \), YA > 0.

This verifies our claim.
The desired one-sided inequality (5.2) follows from this claim and the bound for
I in terms of g.
When m = oo, the independence and the convergence of the series Z(;il wj02

tells us that {Sy := Ele w;&; 172, is a Cauchy sequence in L%

l l
1Sk = Sellze = (E(Sk — 502) " = (3 w?o?) " < (Jwloo Y wj0?)"* 0
j=k j=k

as k,¢ — oo. Then by the Cauchy Test in L? (see e.g. [21], p. 258]), the sequence
{Sk} converges in L? to a random variable. Since the convergence in L? implies
the almost sure convergence, we write the limit random variable as E]Oil w;&; and
can understand the convergence of the series as in L? or almost surely. Thus, for
every € > 0, we have almost surely

> g}.

{ iwjfj
> g}

j=1
Then the inequality (5.2) for £ < oo implies
oo
PI‘Ob{ Z’U}j{j
j=1
Me
< liminf 2 - 1 14+ ——
=R exp{ 2M max;—1,... ¢ w; og< " PO wiaf)}
€ Me
= 2exp{—7 1og<1 + 007) }
2||w|| oo M Yoo wio?

This proves our inequality. O

>ep cuznz,

T
> wig;
=1

4
> wig

j=1

> E} < lim inf Prob{
l— 00

Remark. (a) From (5.4), Bennett’s inequality [5], [20] follows.
(b) Corollary 3 always implies the Bernstein inequality up to a constant of 2/3
which states for i.i.d. random variables &1, ...,&, with mean u and variance o2

that
Prob 1§:§ >ep < 2e me?
— P — Xpy ————————— /.
m iTH = 2P 2(02 + 3 Me)

To see this, notice that

(5.5) log(1+ A) >
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Then (5.1) implies

1 & me?
Prob< | — - <2 B
& {‘mZ§ o ef 2ol -5

This is the Bernstein inequality except for a loss of two-thirds. The Bernstein
inequality can also be derived from (5.4) using the lower bound:

g(\) > 3X2/(6 + 2)).

(c) When the variance is small, the estimate in Corollary 3 (with &,...,&n,
identical) is much better than the Bernstein inequality. In particular, when the

variance vanishes, i.e., ajz = 0 for each j, then Corollary 3 yields # Z;’;l [fj —

E (fj)} = 0 in probability 1 while the Bernstein inequality only gives the estimate
=3 6 — E(¢5)]| < & with confidence 1 — 2e~me/M,

Because of its importance for function reconstruction, Theorem 3 has been de-
veloped in greater generality than needed for our immediate use in Theorem 4
below.

Bennett [5] has an early version of our Theorem 3. One may see Devroye,
Gyorfi and Lugosi [12, p. 124] for an account which sketches a proof of (5.3) but
with these differences: they have no weighting, there is an extra factor 2, and
they use an average of the nonidentical random variables. Also, Colin McDiarmid
“concentration” Theorem 2.7 [17] is along the same lines. The last two references
were given to us by David McAllester.

6. SAMPLE ERROR
Define
Ex(f) =Y wa(f(x) — f*(2))*.
TET
This is the empirical error (4.2) with y, = f*(z). Then the corresponding minimizer
for (4.3) becomes

(6.1) froy =g i {E(7) 4111

We see from Theorem 2 that fz - exists and is unique when K3 7D, K5 7 + 7Kz 7 is
invertible.

Even when the variance vanishes, fz- is not f* in general. But the error
| fz.v — f*||I? is not caused by noise. It is a deterministic quantity. We shall bound
this error in Section 7.

With the weighting, our assumption takes the following general form.

Special Assumption. For each x € X, p, is a probability measure with zero mean
supported on [— My, My] with By := (3, crwa M2) 2 < %o
The weighted richness is defined as

(6.2) S = int IDEKs ol /el
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1 1
When Az < oo, we have |[|[D§Szfllez@) = [|[DiKzicllem > Azwlleleg for
=2 icictKy. Hence the sampling operator Sz satisfies
3 >‘*,w f K
(63) 1DESellsa) > ﬁ VF € Hicy.
t,t

Corresponding to (3.6), the weighted variance of the system is defined as

(6.4) op = weoh Y K(t,x) w,

TET tet

which is bounded by || K7, D3[|2 Y, e weo? < | K7, Da|2B2.

The sample error in the form of || f5 ,— fz,||? involves samples y = (y;)zez, the
weighting w, and the point sets Z, ¢, and . We can apply Theorem 3 to estimate
the sample error. To do this, we use the expressions for f,, (and fz,) given in
Theorem 2. But we shall replace L by the linear operator L., : £*(Z) — ¢*(%) defined
by

-1 1
(65) L, = (KZ,TDWKE,Z + ’)/Kag) Kf,TD’L%'

It improves our error estimate and is natural: for the rich data case with v = 0,

1
L, is exactly the Moore-Penrose inverse of the operator D K 7.

Under the assumption that K7 zD,, Kz 7+ 7Kz is invertible, our error bound is
given by means of the quantity

—1
(6.6) ko= || Kegll | (K7 zDwKzz +7Kz7) |

Theorem 4 (sample error). Suppose K7D, K;7 + vKzz is invertible. Under
assumption (8.3), let f,~ = > ,c; cily be the solution of (4.8) given in Theorem 2
by ¢ = Ly. Set Ly, and k as in (6.5) and (6.6) respectively. Then for every e > 0,

€ €
Pmb{ fay— fz, 2 < ko? —l—s} > 1—exp{— log(14+ — }
H ol :c’yHK w 2||Kf,fLw|| HLwHng ( I€02)

w

Proof. Applying Theorem 2 to the sample f*|z, we see fz, = >, 7 (L (f*|f))th.
Hence

fz,'y - ff,'y = Z(L(y - f*|f))th = Z(LwDEJ (y - f*|f))th
tet tet
and
1 1
(67) HfZ/Y - fi’)’”%( = <KE,ELUJD’3J (y - f*|T)aL'wD’3J (y - f*|T)>42(f)-
Expression (6.7) yields the bound
3 *
2y = fonllic < IKzzLwll ILoll 1D (y = f*12) 7@ < 1K 7Lull [[LwlBS.
From (6.7) we also find that
1 f2ry = fonllic < Bl K7 zDw (y = f712) 172z

But

2
157 2 Dw (y = f*lo) |72 = Z{Z(yz = ["(@))(KgzDwea, 6t>€2(t>} '

tet ~TET
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Since the random variables {y, — f*(z)}scz are independent and have zero means,
we see that E((y — f*(2))(yar — f*(2'))) = 6z,2002. It follows that

B (1~ Jaol) < 03 3 ko0 = o,
tet TET
The one-sided inequality of Corollary 3 with m = 1, w = 1 asserts that for a
single random variable ¢ satisfying |¢] < M, there holds for every € > 0,
€ Me
Prob{f —E() > 6} < exp{—m 1og(1 + 02—@)}
The random variable £ := || fz — fz.,||% satisfies 0 < & < M := || K7Lyl || L] B,
almost everywhere, F(¢) < ko2 and 0%(¢) < ME(¢) < Mko?,. Applying the above
inequality, we see that with confidence at least

£ 1)
Lol g oz 2 )

there holds € = || f2y — for % < E(§) +¢ < ko2 +e. O

Remark. Another sample error estimate can be given by the Markov inequality
which states for a nonnegative random variable £ and ¢ > 0 that Prob{¢ > ¢} <
E(&)/t. Applying this to the random variable & = || f, 5 — fz,||% and t = E(£) + ¢,

we have 5

KOy,

Prob{ I = ok < woh e} =1

2
w

Proposition 2. The operator L,, defined by (6.5) satisfies

- 1/2

o IEG el K

| Ly|| < min , . )
Ai,w 0

€+ Ko’

This bound is better when ko, is much smaller than e.

Also,

—1
-1 . 1 ”Kﬂg I
| (KzzDwKzz+vKzz) || < mln{Ag—v —

s

Proof. Let v € ¢*(Z) and u = L,,v. Then
(Kt 2D K + 1K) u = Ky zDiv.
Bounding the inner product
((KizDwKzz+ 7K 7)u, u>p(g) =

from below by inner products with the positive definite operators KzzD. Kz

1 1
< KEED%’U,’U, >Z2(f):< v, Dﬁ,Kigu >02(z)

1
and K77 separately, we see that | DgKzzulle2g|v|le@) is bounded from be-
L L L
low by ﬁ”u”%@) and by < Dg K zu, Dy Kzzu >p20)= ||D3,]Kigu||§2(f) >
5t 1

)\f’w||u||z2(f) | Dé Kz 7ul 2 (z)- 1t follows that

eyl 1
2 gl 5o ol

Thus the required estimate for || L,|| follows. The proof for the second statement
is the same. O

Jullay < min
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Remark. When t = T, we do not require Standing Hypothesis 1 for Theorem 2 and
Theorem 4. Take
1y -1
(6.8) L= Lz = (Kzz +vDy,")

(the parameter 7 can be zero when Kj; is invertible). Moreover, we have

— -1
1Lzl < (/17 1+ v/ llwllo)

Combining Proposition 2 with Theorem 4 presents estimates for the sample
errors || fz~ — fz.~||* (for both rich and poor data cases). Even in the rich data case,
the introduction of the parameter v improves the well-posedness of the system in
Theorem 1.

Proposition 3. Assume (38.3) and that K; DKz ; + 7Kgz is invertible. Then
for every 0 < 6 < 1, with confidence 1 — § we have the sample error estimate

. (ZHKt,th” | LwllBS, 1>

log —

(6.9)  |fary — frnlli < Esamp = K02 a ) 5

where L., and k are given by (6.5) and (6.6) respectively, and « is the increasing
function defined for u > 1 as a(u) = (u — 1)logu. In particular, Esamp — 0 when
7 tends to infinity or o2, — 0.

1(an;;Lwll [ L 1B, log 1) > 1. Then

Proof. Choose u = « s

2
Ko,

2Kz Lol | LwllBE,

(u—1)logu = 1og%.

Set ¢ = ko2 (u— 1). We have € > 0 since u > 1. Also, there holds

I€0'2

€\ _ 2 3 B
log(1+ P )= 2 KriLol 1LlIBE (u—1)logu =logé.

9
2| Kz Ll 1wl BE,

w

It follows from Theorem 4 that || fz~ — fz+||% < ko2 + & = ko2 u with confidence
1—4. But Hafuu = Esamp- Then the stated sample error estimate follows.
—1 “2

When ~ tends to infinity, we see that vk — HKE,EH ”KH and

1 _ 1
VK Lol | Lwll = 1K 7Dl [|K57 KizDi|

while ko2 — 0; hence Esamp — 0.
When o2 — 0, we have ko2, — 0. The definition of the function « tells us that

2||K7 1L || Lwl||B2 log 1
u — oo and ko2 = 1Kz Lol 1| L 1By, log 5 . It follows that
w (u—1)logu

, 2log 5

R __
gsamp = Ko,uU = w1 ||Kt,th|| HLwHBw log u

which converges to zero. (I

7. REGULARIZATION ERROR AND INTEGRATION ERROR

We finish the proof of Theorem 1 and give some estimates for the error || fz, —
f*||?. The first estimate depends (linearly) on the regularization parameter +, and
we call it regularization error. Recall that f* € Hy 3.
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Proposition 4. Assume the standing hypotheses. If f* € Hyx 7 and Az, > 0, then

YN %

o = 715 < T55
T,w

Proof. According to the definition of fz , since f* € Hy ; we have

Ex(fza) + 9l frallic < &(F) + 1 1%
It follows from the fact Ex(f*) = 0 that

(7.1) 1z l5 < I 1%
and
(7.2) Ex(fzy) <A Nk

* 2 i *
But &:(frr) = X pen s (frn (@) = £5(@)* = I1DES: (Frry — £) sy Together
with (6.3) and (7.2) this implies
)‘%w ”ff,’y - f*H%(
| K77l
Then the desired estimate follows. O

YN =

Proof of Theorem 1. Since v = 0 and w = 1 in Theorem 1, the expression for f,
follows from Theorem 2, and we see from Proposition 4 that f* = fz 0. Moreover,

the operator L,, = L in Theorem 4 becomes (KE,EKT,E)_lKE,Ea the one given in
Theorem 1. Also, 02 = o2.
—1

Since Az, = Az > 0, Proposition 2 yields || L[| < 1/A7 and [|(K;zKz7) || <
1/A2. Putting all these into Theorem 4, we know that for every ¢ > 0,
Prob{||f, — f*|% < ko +¢e} >1— exp{—i log (1 + L)}
‘ r - 2|| Kz 1B ko2’
Here x < 1Kl phjg proves Theorem 1. O

PES

For the general situation including the poor data case, our estimate will be
given under a Lipschitz continuity assumption involving the Voronoi of X. We call
it integration error because the estimate comes from bounding the integral over X
by sample values at .

Let X = (X,)zez be the Voronoi of X associated with Z, and w, = px(Xy).

Define the Lipschitz norm on a subset X’ C X as

£ (s) = f(u)]
73 FlLipeen == I1flnsexry + sup t—=——r—".
( ) || ||Llp(X) || ||L (X) S,UEX |S_u||Z°°(]R”)

We shall assume that the inclusion map of H ; into the Lipschitz space satisfies

(7.4) Cz = sup

< Q.
FeMK 1£11%

This assumption is true if X is compact and the inclusion map of Hg 7 into the
space of Lipschitz functions on X is bounded (this is the case when K is a C?
Mercer kernel; see [33]). In fact, if ”f”Lip(X) < Collf||x for each f € Hy 7, then

Cr < Cipx(X).
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When K is a convolution kernel satisfying a mild decay condition, (7.4) also
holds. See Proposition 5 below and Example 5 in Section 8.

Theorem 5. Assume the standing hypotheses. Let X = (X, )zez be the Voronoi of
X associated with T, and w, = px(Xz). If T is A-dense, Cx < 00, and f* € Hyz,
then

1z = £717 < 1F 71 (7 + 8C5A).
Proof. Let f € Hy 3. Then

& (1) = S wnlf@) = £ @) = S (@) = @) [ dpx.
€T €T Xa
It follows that
If = £717 < &(f) + Iy,
where Iy i= |, p [y (F(2) = £(2)% = (F(u) — £*(u))dpx (u)].
For each x € T and u € X,

|(f@@) = £ @) = (f(w) = F@)?] < 20f = F I ipex, 17— e @y

Since T is A-dense, we must have ||z — u[geo(gn) < A; otherwise u € X,/ for some
x’ # x. Moreover, px(X,) = w,. Hence

Iy <203 wallf = I jpx ) 1A < 2G| = FPI%A.

TET
Take f to be fz~. Then
I fzr = 1P < Ex(frn) + 20| fony — FH %A
This in connection with (7.1) and (7.2) implies
[ fzy = £ < AN 1% + 8C] F*II% A
This proves Theorem 5. O

From the proof of Theorem 5, we see that for f € Hyx 7 and z € 7,

[f(w)Pdpx < px (X7 (x,) < wall FlEip .-
P(Xz)

P

Then the following holds.
Corollary 4. Under the assumption of Theorem 5, there holds
112 < Callfllic:  Vf € Hir

Theorem 5 and Theorem 4 (together with the bounds in Corollary 4 and Propo-
sition 3) proves the following error estimate.

Corollary 5. Under the standing hypotheses and assumption (3.8), let X =
(X2)zez be the Voronoi associated with T and w, = px(X,). If T is A-dense,
Cz <00, and f* € Hy 3, then for every 0 < § < 1, with confidence 1 —¢ there holds

s * *
| fary — f || < 2CzEsamp + 27| f % + 16C=| 1% A
where Esamyp is given by (6.9) in Proposition 3.

Let us verify condition (7.4) under some decay condition for K.
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Proposition 5. Assume Standing Hypothesis 1. Let X = (X,)zez be the Voronoi
associated with T, and w, = px(Xz). If each Ky is Lipschitz on X, satisfying
By := su}_)z HKt”LZ'p(Xm) <00, Bgp:=supuw, Z HKt”LZ'p(Xm) < 00,
TET et tet z€T
then
Cz < 4B;Bz| K7 |-
Proof. Let f = Etef ctKy € Hip and z € T. Then for uy,us € Xz,
f(ur) = fluz)| = Y er(Ki(ur) = Ki(u))| <D leel I Kllpipx, ) w1 — uallese ny.-
tet tet
Also,

1l < S ledll Killim iy < 3 lerl 1K Lipe, -
tet tet
These in connection with the Schwartz inequality tell us that

1/2
2
tipecn < 2{ Sl IKilipe, b {2 1Kipec |
tet tet
can be bounded by 2v/B{}",; |ct|2HKt||Lip(Xr)}1/2' Therefore we have

ZwI”f”]z'_llp(Xx) < 4BTZ |Ct|2{ZwI|Kt”Lip(Xw)} < 4BTBE||C||§2(E)

TET tet TET

1/2

But ||c||§2® < ||K{zl||||f||%( Then our conclusion follows. O

For the poor data situation, the integration error can be bad. In fact, if Kz 3¢ =0
for some ¢ € (2(1), set f* = >, ;e Ky € Hyz. Then f*(x) = 0 for each z € T.
Hence fz., =0 and || fz, — f*|| = || f*|| for any v > 0.

Summarizing, our main goal of the error estimate is to bound the difference
fuer — 7 (either | fory — £l or even | fay — £z ). But

[ fary = 7 < W oy = frnll + 127 = £

Each of the two summands on the right is estimated separately, the first via The-
orem 4 and the second in two cases: Az, > 0 by Proposition 4, and in general by
Theorem 5.

8. CONVOLUTION KERNELS

Some estimates for Az will be given for convolution kernels having || K ng < 0.

We consider now the setting with X = R", w = 1 and ¢ = Z" (the more general
situation of X C R™ can be analyzed as in the discussion in Section 3).
The convolution kernels on R™ take the form:

(8.1) K(s,u) = (s —u) with ¢ € L*(R") being continuous and even.
For these kernels, K (s,s) = ¢(0) for any s. Then K is Mercer if and only if ¢ has

nonnegative Fourier transform ¢ (£) > 0. See [6]. The Gaussian is an example of a
convolution kernel. More examples can be seen in [3], [8], [I4], [27], [32].
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Proposition 6. Let X =R", t = Z", and K be as in (8.1). Then both ||Kzz|| and
||K--1|| are finite if and only if for some 0 < a < b < o0,

(8.2) a< Y P(E+2jm)<b, VL

jezn

Note that the function Zjezn z/?(§+2j7r) is 2m-periodic. From Proposition 6, one
can easily find “kernels” which satisfy our standing hypotheses but are not Mercer
kernels on X: take ¢ whose Fourier transform is not nonnegative but satisfies (8.2)
for positive constants a, b.

The proof of Proposition 6 follows from the expressions for || Kz and || K7, 21”
in Lemma 1, which give the sharp bounds for a and b. /

Lemma 1. Lett = Z" and K(s,u) = 9 (s—u) with some continuous even function
Y € L*(R™) satisfying (8.2) for a,b > 0. Then Standing Hypothesis 1 holds. In
particular,

W) 1Kl = Hz be+2im| <o

Lo

<
Loe

@ 1571 = | (e bt + 2m)

Proof. Note that

|

E cte

< Kgze,c>pq = Z Yt —t)eiep = (2m)” /

bt tet
= (2#)*"/ (Z (€ + 207) ) the df > 0.
—mm™ Ngezn tet
Then K7z is positive. From the identity
1/2
{en [ IS e Pa) =g, vee 0,

- tet
we see that the upper bounds for the norms hold. The lower bounds can be seen by
taking for each e > 0, a sequence c € ¢*(%) whose Fourier series is the characteristic
function of the set {¢ € [m,7]" : |[F(£)| > ||F||z~ —¢}. Here F denotes the function

1
F(f) = Zjezn 1/1(5 + 2]”) or (ngzn 1/)(5 + 2]7T)) . O
Remark. The same norm expressions hold Wher} one scales the set Z™ by a con-
stant H > 0: if ¢ = HZ" and W(§) := >0 (€ + 2jm/H) > 0, then |Kzg|| =

H=" || o and 5 = H O]

Turn to the Shannon example. Here K is a convolution kernel generated by
the sinc function ¢ whose Fourier transform ¢ is the characteristic function of the
interval [—m, .

Example 4. Let n = 1 and v¢(z)
and K given by (8.1). Then for ¢t =
[ K77]l = 1K = 1, and

Hyq = {Z Gt ) CEZQ(Z)}.

o ma—J)

= ¢(z) = sin(wz)/(7mz) be the sinc function
Z, {K;}jez is an orthonormal basis of H 7,
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Moreover, as subspaces of L?(R), we have
Hx =Hiz =V ={f € L*R): f(§) =0 V& [-mnl}.

Proof. Take the inner product on V to be the one inherited from L?(R). We see
from the Plancheral formula and the fact ¥(£) = X[ ] that

<K, Ky >p2=21) ' < Ky, Ky >p2= (27r)—1/ [ (€)= dg = p(t — s)
R

which is K(t,s). Thus, < K;, K, >r2=< K;, K, >k. Also, K, = e "€)(¢) is
supported on [—m,7]; hence K; € V for any t. Moreover, for each f € V, we
have f supported on [—m, 7] and given on this interval by > ez
¢ € (2. Hence f = > jen i, and f = 3. 5 ¢;K;. Therefore, Hx = Hg; =
VAl lezw))- O
Denote C, o 1= 2"(1+n*?/(a — n)). For £ € (0,1/4), we set the following:
C_ = (COS£7T — sinllw)n, Cy = (2 —cos L+ sinﬁﬂ)n.

We expand the setting now where we do not have a kernel. In this new setting,
just a continuous function ¢ € LQ(R”) (not necessarily even) is involved. Then the
operator K 7 is replaced by Cp 7 : £2(f) — (*(T) defined as

(83) :Cta Z’lp J)—t at

tet

cje~ ¢ for some

The constant Az is also defined similarly by

8.4 Az = inf_ ||Czzvlle2@)/||V]l 2z

(8.4) . ICzzvlle2 @)/ 1Vl 23

Theorem 6. Let 0 < L < 1/4, ¢ = Z™, h > 0 with 1/h € N, and @ = {u;},czn
satisfy [|uj — hjl|gee mny < Lh for every j € Z". Suppose ¥ is an L? function on R™
satisfying

(8.5) DO < Co(l+ )™ VEeR”
for some Co > 0, > n. Define Cyz by (8.3) and Mg by (8.4) with @ =7u. Then
(8.6) [Cazll <2C1CoChah™2.
If, moreover, for some 0 < ¢y < Cy, h < (%)2/(%—7» and
- T
(8.7) Yol +2m[ =g v
jezn

then the constant Az can be bounded from below as

A > —Cico B2,
- 2

Note that Cy depends on «. For general T, we get the following consequences.

Corollary 6. Let t = Z", and v be an L* function on R" satisfying (8.5) and
(8.7) for some a@ > n,0 < ¢ < Cy. If T is A-dense for some 0 < A <

Cc_c2 2/(2a—n)
5 (seeze—) and 0 < £ < 1/4, then
C_ Co

Az 2 91+n/2

— - L3A”
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Proof. Since A/L < 1, we can choose some h satisfying A < Lh < 2A and
1/h € N. Then T is Lh-dense. For each j € Z", there is some u; € T such that
|hg — wj|lgeemny < Lh. It means that & := {u;} ez~ satisfies the requirement in

Theorem 6. As h <2A/L < (%’68%:)2/(2017”), we conclude by Theorem 6 that
for each c € ¢2(?),
C_CO _n
ICszclle@ 2 ICazcllem 2 —=h *lellea-
Hence Ay > S5%h~5 > ;;—,f%ﬁ%A’%. O

Now we can see that Proposition 1 follows from Corollary 6: (3.11) in connection
with (3.10) tells us that >, . [h(€+25m) 2 > [(€)|2 > 2 for € € [—m, 7]™; hence
(3.10) holds.

Standing Hypothesis 2 requires the norm || Kz z||. In the current general setting,
we can estimate the norm Cz ; which involves the separation of 7, defined as

Sepz := inf — Y|l goo (rm)-
epz = Inf o —ylle~ e

Corollary 7. Let t = Z™ and v be a function on R™ satisfying (8.5) for some
Co > 0, > n. For any discrete set T C X and 0 < L < 1/4, we have

4 2\
||CT,EH S 2C+C()Cn,a (maX{Se—pf, Z}> :

Proof. Let h be a positive constant with 1/h € N, which will be determined later.

Take a set of multi-integers ¥ := ([—ﬁ — %, ﬁ + %] N Z)n. We separate the
set T into {Z(®},ex where T = T N (hZ™ + hQ,). Here for a € ¥, Q, =
(=L, L]" +2La) N (=34, 4]". Then

||Z:Ct¢(JU - t)HZQ(T) = Z ||Z G t)HEQ(T(‘“)'

tet a€Y tet

The definition of Sep, tells us that for each o € ¥ and j € Z", the set 7 N
(hj + hQ,) contains at most S := ([(2Lh)/Sepz] + 1)™ points. Thus we can divide
the set Z(%) into S subsets {f,(ca)}le such that f,(f) N (hj + hQy) contains at most
one point for each j € Z".

Fix o and k. Then there are J C Z™ and {6;} C [-L£, L]™ such that

T\ = 2Lah + {hj + hb;}je..

Let 7 = {hj + ho;};czn where 6; = 0 for j ¢ J. Consider the linear opera-
tor Cy(e) 7 defined by (8.3) with 7 replaced by (™) and 1 by ¥(2Lah + -). As
[p(2Lah + ) (€)] = |(€)], we apply Theorem 6 and conclude that
1) ez — t)||p(f§;>) < [1Cate z€ll 2 iery < 2C4 CoCrah™ ™|l 2q) -
tet

This is true for each «, k. Therefore,

s
||CT,TCH?2(E) = ||Z a(r — t)”i(f) = Z ZHZ ap(r — t)Hj2(T§:))

tet a€T k=1 tel
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can be bounded by (2 + 1/(2£))”S(2C+00Cn,ah_"/2|\0H42(g))2. Hence
L+l 241/(0)
Sep h

x

n/2 2 1 \n/2

When Sep; > 2L, we choose h = 1 and obtain [|Cz ;|| < 2C1CoCh o (2/[:)"/2.

When Sep; < 2L, we choose some h satisfying 1/h € N and Sepz/(2£) < h <
Sep;/L and obtain ||Cz #|| < 2C+CoCh q (4/Sepz) "2 This proves Corollary 7. O

||CE,¥H < 20+COCn,a(

Remark. Note that Az < ||Cz;(|. Then we see from the lower bound for Az given in
Corollary 6 and the upper bound for ||C; z|| stated in Corollary 7 that our estimates
are sharp up to a constant depending on the ratio A/Seps.

Remark. The lower bound in Corollary 6 and the upper bound in Corollary 7 can
be established for general convolution kernels without the decay (8.5).

Remark. One may consider more general . For example, choose # to be a subset of
R"™ such that {e~%*},.; is a Riesz system in L%([—n/H,n/H|") for some H > 0.
Then similar upper and lower bounds hold with constants depending on H. Here
for a Hilbert space H, we say that a sequence of elements {¢; : t € 1} C H is a
Riesz system in H if there are two positive constants C7,Cs > 0 such that

Cillele < 3 cidelly < Collel, Ve ).
tet
The Riesz system is called a Riesz basis of H if, moreover, span{¢;},c7 is dense in

H.

To prove Theorem 6, we need Kadec’s $-Theorem. See [30], and [24] for the
multivariate version:
Let £ < 1/4. If [[zj — j|lpoo(rny < L for each j € Z", then
2
(8.8) @M 2N () S Dz |< Sre 76 >L2<[m1”>‘
< @M Ol ompys VS € L2(mm]").
This is the frame property of the Riesz basis {e %%} ;czn of L2([—m, 71]").
Proof of Theorem 6. Notice that
D (1) < Coa
Jezr

Let x,t € R™. Applying the inverse Fourier transform, we obtain for ¢ € ¢2(%),

S e — ) = (2m) / ) (@(g) 3 ctei@t) ¢ g

tet tet
Denote ¢(&) := Y, cie ¢, g(&) == $(€)E(€). Then the above expression is

i 0T .o oem

ZEZ" [_ 7%]”
2y 1/2
b

SE

If we denote for ¢ € 7™,

)= { ¥

jezn

en [ e 2m/net g
-7 £
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then ||Cz zcllz@m) = I| Doz ct?(u — 1)l 2wy can be bounded from above and below
as
I(9) = > Llg) < lCuzcllem <To(g)+ > Llg).
ez \{0} ez \{0}

Let us first derive upper bounds from (8.5) by means of Kadec’s i—Theorem

(8.8). The condition on 7 tells us that {u;/h};czn satisfies the condition for (8.8).
Applying the upper bound of (8.8) to the functions g(&/h + 2¢w/h), we know that

n & 2Ur n
Ii(g) < (V2rh) C+||9(E + T)HL?([—W,WW), veeZ".

As ¢(§) is 2m-periodic, ¢(§ + 2¢m/h) = é(€) because of 1/h € N. Then we see
that h~/2lg(¢/h -+ 26m /) 2(m e I

2r

Hg(£+ W) 2T

= e Fee

L2([=%.% L2 ([-%.7%1™)

- 207 2 1/2
S D S 3] P

s€[=1/(2h),1/(2h)]"
If we set the quantity Ag’ as

" N 20T 2 12
A = { Z W(E + 2sm + T)HL‘X’([W,TK‘]")} ?

s€[—1/(2h),1/(2n)]™
we find that
In(g) < ( 27Th)_nC+A2b||5(§)||Lz([ < 20 AY |l -

) =

By decay condition (8.5), we have Ag’ < Cyy/Ch,a , and

O, -
Yooar< Y (h+1)"Pco(1+ %) < hT2CC 0
Lez "\ {0} tezm\{0}
which yields

> Li(g) < h*7"CLCoChallell2r)-
LezZ™\{0}

Thus, we have
ICazcllewm < Tolg)+ Y. Telg) < 2CCoCrah™ ™|l 2
£ez"\{0}

This proves (8.6).
Next we provide a lower bound for Ip(g). Applying the lower bound of (8.8) to
the functions g(&/h), we find

Io(g) > (V2rh) " C_|lgll L2 (1= /hm/mim -
Observe that

| > b2 lee) e

[_71—777]” S
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But for € € [—7, 71",
> (€ + 25m)]” < > G+ [€+2sm]) 7 < CChah™
s€l-or+3.an 3" ls|>1/(2h)
This in connection with (3.10) implies
||g||i2([—7r/h,7'r/h]”) Z (0(2) - Cgcn;aha)H6||i2([—7r,7'r]")'
It follows that
Io(g) = h™"*C_\/c§ = C3Cpah® el -
When h*~"/2 < C_c2/(5C1C3C,, ), we have c2 — C2C), oh® > c2/2, and

c —n
> L9 < -1/V2)Io(g),  Tolg) > 7050—11 Pllelle2zy-
LezZ™\{0}

Therefore,

1 C,CO _n
Cazcllezm = 710(9) > R ell e -

2 2
Hence Ay > %h*"/Q and the proof of Theorem 6 is complete. (]

We study for the convolution kernel the last quantity Cz required by (7.4). We
shall apply Proposition 5 involving the decay of the kernel.

Example 5. Let X = R", f = Z", X = (X,)zez be the Voronoi associated with
T and w, = px(X.). If px is the Lebesgue measure, T is A-dense, and v is a
continuous even function on R™ satisfying > jen @(g + 2jm) > ¢o > 0 for every £
and
6(@)| + V()] < Co(1 + Jal)~®
for some Cy > 0, > n, then for the kernel K (s,u) = ¢ (s —u) we have
2
Cr < 8(1+1)(dn)* (2°Cp o +3") (Cpo + 1)%(A + 1y

Proof. Let t € t and x € T. Then the decay condition tells us that ||KtHLjp(Xw) is
bounded by

Co(1+vn)(1+ ,onf lul) " < Co(1+ vn) (1 + max{0, |z — t| — v/nA}) .

x

It follows immediately that
By < Co(1++/n) sup Z (1 + max{0, |y — t| — \/HA})
velo" 5

is bounded by Co(1 + v/n) (vn(A +1))* (29Cha + 37).
Concerning Bz, we fix ¢ € t and see from w, = px(X,) that

waHKt”Lip(Xm) < Z Co(1++/n) /X <1 + max{0, [z — t| — \/EA}> dpx

TET TET z

can be bounded by Co(1+ v/n) [y (1 + max{0, |y — t| — 2y/nA}) “dpx. As px is
the Lebesgue measure, the integral is bounded by

/” (1 + max{0, |y| — %/ﬁA}) _ady < (24 4VnA)Ch o + (4/nA)".
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Therefore,
By < Co(1+v/n)(2 + 4v/nA)* (Cra + 1).

Then the estimate for C% follows from Proposition 5 and Lemma 1. O

More general decay conditions such as the Wiener amalgam spaces [15], [2] can
be used for condition (8.5) on ¢ or the decay of p,.

9. ESTIMATING THE OPERATOR NORMS FOR COMPACT DOMAINS

When X is compact, the richness Az can be easily bounded from below. More-
over, it will be shown that Az — oo when T becomes dense. Denote

N, (%) :=sup{d € N: for z € X, there are (z;)_, C 7T satisfying |z; — z| < o}.

Proposition 7. Let t = (t;);_, be finite. Then for sufficiently small ¢ > 0 there
holds

1 _
(9.1)  |K(u,t') = K(t,t')| < —— Vtet,ue X with |[u—t| <o
2s]| K75 |
for each t' € t. In this case,
N, (T
n> VNo(T)
2| K57 11

In particular, Az — oo when N, (T) — oco.

Proof. The continuity of K tells us that for sufficiently small ¢ > 0, (9.1) holds for
each t’ € 1.
Let 0 < o < 3Sep;. By the definition of N,(Z) =: N, for each t € f there are

(u §]))J 1 C T such that |u(]) —t| < 0. As o < $Sepg, we know that (ug ))J 1N
(uﬁlj)) Y, =0 when t #¢.

Fix j € {1,...,N}. The set 7 = (u§j))t€g satisfies |u§j) —t| <o. By (9.1), we
see that

i 1
S e (K@, t) — K(t,1)| < llellemzrr

(Kao z¢) 00 — (Kzzc)
w3 e PIr=ING

Therefore,
lellezy 5 -
| Kz z¢ — Kz zcllez @) < Ve € 17(1),
= 9k
and
||C||é2 NCllez@)
| Kz zclle@ > ——llcllea
|55 || O K

It follows that

(el )2
| Kz zellfe) > Z 1o 7ellizaen) 2 No(@) (Mf I

Then our conclusion follows. O
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10. EXTENSION TO A SETTING WITHOUT A KERNEL

Our study can be extended to a setting without a kernel K.

Let (H,| - ||#) be a Hilbert space of continuous function on X, finite or infinite
dimensional. Let {¢; : t € £} be an orthonormal basis. Then M 7 is replaced by H
and K37 by the identity operator on H; hence Standing Hypothesis 1 holds. Now
the linear operator Czz : £2(f) — (*(T) is given by the matrix (d)t(x))meftd, and
only Standing Hypothesis 2 is required, where C; ;7 replaces Kz 3. The main results
are still true. For example, take 02 := > _— 023, (¢ (x))?. Corresponding to
Theorem 1, we have

Theorem 7. Assume f* € H with H, X, p,{¢:},c; as above, y as in (3.8). If T

provides rich data, then the optimization problem argmingey Emef(f(m) - ygc)2
can be solved:

fz= Zaﬂ?t, a=Ly and L= (CTTECEZ)ACTE'
tet

Moreover, for every € > 0, there holds

L2 02 eN2 et
Pmb{”fz f ||H < v —1—5} >1 exp{ 5R2 log(l + 2 )}

Examples of finite dimensional spaces H include polynomial spaces for the pur-
pose of interpolation. Examples of infinite dimensional spaces include the Fourier
series (the most classicall), function spaces on a 2-dimensional rectangle (with eigen-
functions of Laplacian being the orthonormal basis), and wavelet spaces (with an
orthonormal basis of wavelets or shifts of refineable functions).

Next suppose that {¢; : t € ¢} is only a Riesz basis of H. Then the mapping
K : ¢2(t) — H given by Ke = >, . ¢;¢y is an isomorphism. This isomorphism plays
the role of Kiz. The setting is now similar to the one with Standing Hypothesis 1
satisfied. One example is generated by a (stable, but not necessarily orthogonal)
scaling function ¢ of a multiresolution analysis in wavelet analysis. Take k € Z,t =
7", and ¢ = (2% - —t), the scaled shifts of ¢. Then estimates for Az can be
given as in Section 8, which would lead to sample error estimates like Theorem 1.
The regularization error and integration error estimates can be obtained from the
approximation properties of multiresolution analysis [L0], [23].

Remark. In this paper we study the error || fz., — f*||* (regularization error or inte-
gration error estimates) under the assumption f* € Hy ;. It would be interesting
to have some estimates for the error without this assumption. One situation is
when H 7 is a closed subspace of an RKHS Hy generated by a Mercer kernel K
and f* € Hg. One may study the error even for f* to be outside Hg, as done for
the approximation error in [22], [26].
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