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a  b  s  t  r  a  c  t

Step  and  relay  feedback  tests  have  been  widely  used  for model  identification  in  the  process  industry.
The  corresponding  identification  methods  developed  in  the  past  three  decades  are  surveyed  in  this
paper.  Firstly,  the  process  models  with  time  delay  mainly  adopted  for identification  in the  literature  are
presented  with  a classification  on different  response  types.  By  categorizing  the major  technical  routes
developed  in  the  existing  references  for parameter  estimation  relating  to  different  applications,  the  iden-
tification  methods  are  subsequently  clustered  into  groups  for  overview,  along  with  two  specific  categories
for robust  identification  against  load  disturbance  and the  identification  of multivariable  or  nonlinear
processes.  The  rationales  of each  category  are  briefly  explained,  while  a typical  or  state-of-the-art  iden-
tification algorithm  of  each  category  is  elucidated  along  with  application  to  benchmark  examples  from
the  literature  to illustrate  the  achievable  accuracy  and robustness,  for  the  purpose  of  facilitating  the
readers  to  have  a general  knowledge  of  the  research  development.  Finally,  an  outlook  on  the open  issues
regarding  step  or relay  identification  is  provided  to  call attention  to future  exploration.

© 2013 Elsevier Ltd. All rights reserved.
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Nomenclature

C  field of complex numbers
�+ field of nonnegative real numbers
y(t) output response in the time domain
�y(t) output increment to the input change
ẏ(t) the first derivative of y(t) in the time domain
ÿ(t) the second derivative of y(t) in the time domain
ŷ(t) measured output response in the time domain
�y(t) model response in the time domain
�(t) measurement noise in the time domain
u(t) process input in the time domain
Y(s) Laplace transform of output response in the frequency domain
�Y(s) Laplace transform of �y(t)
Ŷ(s) Laplace transform of ŷ(t)
�(s) Laplace transform of �(t)
U(s) Laplace transform of process input in the frequency domain
L[g(t)] Laplace transform of the time domain function, g(t)
G(s) process transfer function
�
G(s) model transfer function
Re(G) real part of G ∈ C

Im(G) imaginary part of G ∈ C

∠G phase angle of G ∈ C

s =  ̨ + jω Laplace operator,  ̨ is the real part (damping factor) and ω is the imaginary part (frequency)
� time scale factor
Ts sampling period
tset the settling time of a step response
tN the time corresponding to the Nth sampled data
kp process static gain
�p process time constant
	 process time delay
Ms number of step tests
ωc cutoff angular frequency
ωrc referential cutoff angular frequency
ωp natural angular frequency of the plant
ωu oscillation angular frequency of the limit cycle

2
� measurement noise variance

u+ (or u–) positive (or negative) relay magnitude
ε+ (or ε–) positive (or negative) relay switch hysteresis
A+ (or A–) positive (or negative) output amplitude in the limit cycle
P+ (or P–) positive (or negative) half period corresponding to u+ (or u–) in the limit cycle
Pu time period of the limit cycle, i.e. Pu = P+ + P− = 2�/ωu

AT transpose of a vector or matrix A
A* complex conjugate transpose of a matrix A
A−1 inverse of a matrix A
A† pseudo inverse of a matrix A∫ (m)

[0,t]
f (t) m-fold integrals for a time function, f(t)

F(n)(s) the nth order derivative of a complex function, F(s), with respect to s
2DOF two-degree-of-freedom
CSTR continuous stirred tank reactor
DF describing function
Err time domain fitting error
ERR frequency domain fitting error
FFT fast Fourier transform
FOPDT first-order-plus-dead-time
IMC  internal model control
IAE integral-of-absolute-error
ISE integral-of-squared-error
IV instrumental variables
LHP left-half-plane
LS least-squares

MIMO  multiple-input-multiple-output
MPC  model predictive control
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NSR noise-to-signal ratio
P (or PI) proportional (or proportional-integral)
PID proportional-integral-derivative
PRBS pseudo-random binary signal
RHP right-half-plane
SISO single-input-single-output
SNR signal-to-noise ratio
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SOPDT second-order-plus-dead-time

. Introduction

Control-oriented model identification methods have been increasingly explored in the recent years, owing to the fact that model-based
ontrol strategies have been widely recognized for obtaining superior system performance in the setpoint tracking and load disturbance
ejection for various industrial and chemical processes. Among a variety of excitation signals adopted for model identification, the step
est is most widely practiced given its simple and economic implementation. Generally, a step test is performed in terms of an open-loop
tructure and initiated when the process to be identified is at zero initial state or moved into the desired operating region (see Fig. 1),
specially around the operating point, namely, the setpoint. To prevent the process output from drifting too far away from the setpoint,
s required from the operation of many industrial processes such as the continuous stirred tank reactors (CSTRs) and heating boilers, a
losed-loop identification test is usually adopted in engineering practice to keep the output deviation in an admissible working range.
here are two types of closed-loop identification test that are widely used in engineering applications, closed-loop step test (see Fig. 2)
nd relay feedback test (see Fig. 3). For the use of a closed-loop step test, the closed-loop controller needs to be specified beforehand
or maintaining the closed-loop stability, which may  bring difficulty to the closed-loop configuration since the process is to be identified.
ence, a closed-loop step test is usually preferred to online identification in order to improve the controller tuning in practical applications.

n contrast, no prior knowledge of the closed-loop structure is required to perform a relay feedback test. Closed-loop identification methods
ased on relay feedback tests have therefore been developed on an ad hoc basis in the past three decades. The pioneering work can be
ound in the literature [1–4]. Recent monographs concerned with relay identification can be seen in [5–8].

As surveyed in the early literature [9], earlier references on step identification had been mainly devoted to identifying linear models free
f time delay. In fact, time delay is usually associated with industrial process operations regarding the execution of the setpoint command,
ass transportation, and output/signal transmission etc., which is usually indicated by the output response delay observed from the

ampled data. The phenomenon may  deteriorate severely the control performance or even cause the control system unstable [10,11]. To
acilitate the control system design and online tuning in practice, the research efforts in the past three decades have therefore been devoted

ainly to the identification of linear low-order models plus time delay such as the first-order-plus-dead-time (FOPDT) and second-order-
lus-dead-time (SOPDT). Note that a low-order model of FOPDT or SOPDT can also be effectively used to describe the fundamental dynamics
f a higher-order linear process for the purpose of controller tuning [5–8,11,12]. Owing to the fact that the process response characteristics
n the low frequency range corresponding to a phase change from zero to −� are primarily concerned for controller tuning in engineering
ractice [4–8,11–17], identification accuracy of these low-order models has been mostly evaluated in terms of the fitting accuracy in the
ow frequency range including the zero frequency that corresponds to the static gain of the process transfer function. Nevertheless, with the
ider application of model predictive control (MPC) methods using modern computer technology [11], the development of higher-order
odel identification methods using step or relay tests to achieve a better fit over a wider frequency range [7,8] is required in the recent years.

Fig. 1. Schematic of an open-loop step test.

Fig. 2. Schematic of a closed-loop step test.

−

Fig. 3. Schematic of a relay feedback test.
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For the use of relay feedback test, the historical development of the describing function (DF) approach was  reviewed in the literature
13], together with a summary of the guidelines for tuning the conventional proportional-integral (PI) or proportional-integral-derivative
PID) controller based on the limit cycle information in the steady oscillations. Besides, the literature [14] gave a review on using the
ransient response in a relay test and parasitic relay loops to obtain more process frequency response information for improving the PID
ontroller tuning, based on previous results explored by the authors.

Although a large amount of research result has been cultivated for model identification from step or relay tests in the past three
ecades, no overview, as far as we know, has been reported as yet on the overall research development of either step or relay identification
ethods. Based on a series of research results explored in the past years, some of which have been summarized in the monographs [5,8],
e are motivated to give a tutorial review on the research development of different identification approaches based on using step or

elay feedback tests. To have a clear understanding in reviewing the existing references, we  make a classification on the technical routes
dopted for developing step or relay identification methods, such that the corresponding references are clustered into groups for overview
n the rationales. Concerning the identification of linearized process models, the main technical routes of the existing step identification
ethods are categorized into three groups, one is the use of representative points in the transient response for model fitting, another is

he time integral approach, and the third is the use of frequency response estimation for model fitting. Also, the main technical routes
f the existing relay identification methods are categorized into three groups, one is the describing function (DF) method, another is the
urve fitting approach, and the third is the use of frequency response estimation for model fitting. For each category, a typical or state-
f-the-art identification algorithm will be presented with an explanation on the rationale for the ease of understanding. Moreover, robust
dentification methods based on using step or relay feedback tests to cope with the influence from load disturbance, measurement noise,
nd/or nonzero (or unsteady) initial process conditions that are often encountered in practical applications are separately clustered for
larity. In addition, some papers reported the use of step or relay feedback test to identify specific multiple-input-multiple-output (MIMO)
r nonlinear processes, and therefore, are classified into additional categories for review.

In this survey, all the published papers were found via literature search in the control-related journals collected in the worldwide
lectrical databases available to the authors, including ScienceDirect, IEEE Xplore, ACS, Wiley, and Taylor & Francis. Three searching fields,
bstract, Title and Keywords, were chosen, and the searching phrases were taken as ‘step’ and ‘relay’ in combination with ‘identification’,
ithin the time span from Jan 1980 to Oct 2012. We  shall clarify that some papers relating to controller autotuning or performance
onitoring also presented step or relay identification methods, some of which are cited here based on our study in the past years, but

he rest are not cited due to the difficulty in finding them out from enormous references with a title word of ‘autotuning’ or ‘monitoring’.
ther relevant papers might also be overlooked due to mismatch with the above searching conditions. Hopefully, the major references
ited herein, together with the ‘mismatched’ but closely related papers we  have studied in the past years, should have included the main
ontributions developed in the past three decades, from our viewpoint and that of our research collaborators.

The paper objectives are twofold, one is for the readers to have a general knowledge of the research development on step or relay
dentification methods, and another is for calling attention to the unexplored research topics relating to these two  experimental approaches
ogether with some challenging issues that are left open as yet but solicited extensively in industrial applications. For clarity, the paper is
rganized as follows: Section 2 presents the model structures mainly adopted in the existing literature for step or relay identification. In
ection 3 a survey on the existing step identification methods is presented based on a classification on the technical routes adopted for model
dentification together with a specific category for robust identification against nonzero (or unsteady) initial process conditions and/or load
isturbance. Illustrations using benchmark examples from the literature are given to demonstrate the achievable identification accuracy
nd robustness of the categorized identification methods. Subsequently, another survey on the existing relay identification methods is given
ith a similar categorization in Section 4 together with illustrative examples. A brief review on step or relay identification of nonlinear
rocesses based on a Hammerstein- or Wiener-type model structure is presented in Section 5. Finally, some concluding remarks and an
utlook on prospective research topics are addressed in Section 6.

. Model types for identification

In the literature relating to step or relay identification published in the past three decades, low-order linear models plus time delay
ave been mainly adopted for identification owing to the demands from practical applications for the model-based control design and
uning. The primary concern of identifying such a model is the fitting accuracy in the low frequency range as aforementioned that reflects
he fundamental dynamic response characteristics of the plant or the closed-loop system for operation. The commonly used model types
re FOPDT, SOPDT, and higher-order linear model plus time delay.

Generally, an FOPDT model is written in the form of

G1(s) = kp

�ps ± 1
e−	s (1)

here kp denotes the process gain, 	 the process time delay, and �p the process time constant. The sign ‘+’ corresponds to a stable process,
nd in the opposite, ‘−’ indicates an unstable process. Note that if �p→ ∞,  the above model may  be simplified to G1−I(s) = (kp/�p)e−	s/s,
hich represents an integrating process.

For an SOPDT model, there are three forms commonly studied in the literature,

G2−S(s) = kp

�2
ps2 + 2��ps + 1

e−	s (2)

G (s) = kp
e−	s (3)
2−I s(�ps + 1)

G2−U(s) = kp

(�1s − 1)(�2s + 1)
e−	s (4)
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where � in the stable process model is customarily named as the process damping ratio, while �p is a time constant equal to the reciprocal
of ωp that is customarily named as the natural angular frequency, according to a classification on the process response types, i.e. stable,
integrating and unstable, in engineering practice. In (3) and (4), �p, �1 and �2 are positive constants while �p (or �2) reflects the inertia
character (response speed) of an integrating (or unstable) process.

Based on a classification on the range of �, three types of a stable process model have been widely used, underdamped (0 < � < 1), critically
damped (� = 1), and overdamped (� > 1), which are also written in the following forms for identification, respectively,

G2−SO(s) = kp

a2s2 + a1s + 1
e−	s (5)

G2−SC(s) = kp

(�ps + 1)2
e−	s (6)

G2−SU(s) = kp

(�1s + 1)(�2s + 1)
e−	s (7)

where a1, a2, �p, �1 and �2 are positive coefficients.
A higher-order model plus time delay is generally written by

Gn(s) = bmsm + bm−1sm−1 + · · ·b1s + b0

ansn + an−1sn−1 + · · ·a1s + 1
e−	s (8)

where b0 denotes the process static gain, i.e., kp and n > m indicates strict properness of the process transfer function.

3. Step identification methods

Generally, an open-loop step test is performed when the process is at zero initial state or in a nonzero steady state, such that the obvious
dynamic (or transient) response of the process to a step change of the process input is observed for model identification. It is obvious that
a larger magnitude of the step change can facilitate a better observation of the transient response. This, however, is subject to the process
operation constraints in practice. Most existing step identification methods have been developed based on using zero initial conditions or
nonzero steady state to perform a step test.

In contrast, when a closed-loop step test is used for model identification, the step change is usually added to the setpoint rather than the
process input because any external signal added to the process input acts like a load disturbance that may  be rejected by the closed-loop
feedback mechanism. Also, a closed-loop step test is generally performed after the closed-loop system has already moved into a steady
state. To facilitate model identification from a closed-loop step test, the closed-loop controller should be prescribed in a simple form like
the proportional (P), PI, or PID type, such that an analytical or quantitative relationship between the process response and the closed-loop
system response can be explicitly constructed [8,15].

Based on a classification on the main technical routes adopted in the existing references as cited, we give a tutorial review following
the chronological occurrence of these identification methods in the following subsections.

3.1. Using representative points in the transient response for model fitting

Since the two-point fitting idea based on the transient step response was proposed for a rough estimate of an FOPDT model, as surveyed
in the early literature [9], a widely recognized two-point fitting algorithm for obtaining an FOPDT model had been summarized by Åström
and Hägglund [12]. In brief, the static gain kp for a stable process is obtained from the ratio of the steady-state output deviation over the step
change, and the time delay 	 is read as the intercept of the tangent to the step response that has the steepest slope with respect to the time
axis, as shown in Fig. 4. The time constant �p is determined as the difference between 	 and the time spent for the step response to reach a
value of 0.63kp. Another recognized two-point fitting method was reported by Marlin [16], that is, choosing the time points at which the
step response reaches 28% and 63% of the steady-state output deviation, respectively, for the computation of �p and 	. By establishing the
fitting conditions between these representative points and the time domain step response expression, alternative parameter estimation
formulae were presented in the literature [11]. This approach was  extended to obtain a higher-order model with time delay by using the
tangent information of the inflection point in the transient response [17], which is effective mainly for industrial stable processes with
underdamped step response.

Fig. 4. Graphical determination of the model parameters from an open-loop step test.
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Table 1
Illustrative comparison between the categorized step identification methods.

Process NSR (%) Two- or three-point fitting Time integral approach Frequency response fitting

G1 = 1
s+1 e

−s 0 1
0.9s+1 e

−1.1s (Ref. [12]) 1.0
0.997s+1 e

−1.0s (Ref. [22]) 0.9999
0.9999s+1 e

−1.0001s (Ref. [32])

G2 = 1.25e−0.234s

0.25s2+0.7s+1
0 1.25e−0.2595s

0.2433s2+0.6856s+1
(Ref. [20]) 1.2501e−0.2339s

0.2499s2+0.6999s+1
(Ref. [26]) 1.2499e−0.2341s

0.2501s2+0.6999s+1
(Ref. [32])

10  – 1.2503(±0.0231)e−0.22(±0.034)s

0.258(±0.028)s2+0.713(±0.041)s+1
(Ref. [39]) 1.2513(±0.016)e−0.234(±0.04)s

0.249(±0.03)s2+0.71(±0.03)s+1
(Ref. [32])

G3 = 2.15(−2.7s+1)(158.5s2+6s+1)

(17.5s+1)4(20s+1)
e−14s 0 2.15e−21.56s

2234.67s2+71.99s+1
(Ref. [19]) 2.15e−28.58s

1939.41s2+69.63s+1
(Ref. [26]) 2.1413e−27.96s

1903.12s2+70.975s+1
(Ref. [32])

10  – 2.149(±0.041)e−28.63(±0.054)s

1938.76(±0.035)s2+69.84(±0.047)s+1
(Ref. [26]) 2.147(±0.032)e−27.98(±0.061)s

1906.45(±0.039)s2+70.46(±0.041)s+1
(Ref. [32])

Computation effort Low Moderate or relatively high Moderate

Where Ref. [·] in the parentheses of each model denotes the cited reference presenting the identification algorithm; For the Monte Carlo tests in the presence of measurement
noise, the identified models are shown by the mean value of each parameter along with the sample standard deviation in the parentheses.
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Fig. 5. Illustrative comparison of the categorized step identification methods for fitting the step response of a high-order process.

When an oscillatory output response is observed under a step test, a three-point fitting method was  proposed by Huang and Clements
18] to identify an SOPDT model. The objective was to locate the most suitable three intersection points that could minimize the integral-of-
bsolute-error (IAE) criterion with respect to the transient response difference between the process and the identified model. By deriving
he analytical time response expressions and the extreme value points based on an SOPDT model response, improved three-point fitting
lgorithms for better accuracy were developed in Refs. [19–21].

An obvious merit of the above two- and three-point fitting methods is the simplicity for implementation. For illustration, the two- and
hree-point fitting algorithms in Refs. [12,19,20] are used to identify the first-, second-, and fifth-order processes (G1, G2, and G3) listed
n Table 1. The step response tests for model identification are performed the same as those detailed in Refs. [22,26,32], respectively. A
omparison on fitting the step response of G3 is shown in Fig. 5. To illustrate the achievable control performance for G3, the standard internal
odel control (IMC) method [28] is adopted based on the identified FOPDT and SOPDT models listed in Table 1. By adding a step change
f the setpoint and assuming an step-type load disturbance with a magnitude of −0.5 that occurs at t = 500(s) from the process input side,
he control results are shown in Fig. 6, where the IMC tuning parameter is taken to obtain the similar rising speed of the setpoint tracking
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Table 2
Comparison of ISE for the setpoint tracking and load disturbance by using the standard IMC  based on the categorized step identification methods.

Identification methods ISE

Setpoint tracking Disturbance attenuation

Two-point fitting (Ref. [12]) 59.4577 28.1302
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w

w
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w

w

w

Three-point fitting (Ref. [19]) 49.8591 26.1661
Time integral approach (Ref. [26]) 48.8024 26.1582
Frequency response fitting (Ref. [32]) 48.6681 25.5527

or comparison between using these identified models. The corresponding integral-of-squared errors (ISEs) for the setpoint tracking and
oad disturbance rejection are listed in Table 2.

It should be noted that such a two- or three-point fitting method may  be quite sensitive to measurement noise that is usually confronted
n engineering applications, possibly causing unacceptable identification errors for the subsequent model-based control design. As can be
erified from the applications to the noisy tests indicated by the noise-to-signal ratio (NSR) in Table 1, it is really difficult to locate the
epresentative points required in the referred two- or three-point fitting algorithm to obtain a desirable model, which is therefore omitted.

.2. Time integral approach

Motivated by improving the identification accuracy and robustness against measurement noise, the time integral approach was  devel-
ped in the 1990s. A pioneering work using the time integral to compute the graphical area regarding the transient step response for
odel identification was  explored by Åström and Hägglund [12]. Consider the identification of an FOPDT model for an overdamped stable

rocess based on the step response shown in Fig. 4. The static gain is determined by a ratio of the steady-state output deviation over the
tep change. The average residence time, Tar, is computed from the area A0 shown in Fig. 4 as

Tar = A0

kp
=

∫ ∞
0

[
y(∞) − �y(t)]dt

kp
(9)

here �y(t) denotes the output response to the step change.
The time constant and time delay parameters can then be determined by⎧⎪⎪⎨

⎪⎪⎩ �p = eA1

kp
=
e

∫ Tar

0


y(t)dt

kp

	 = Tar − �p

(10)

here ‘e’ is a constant, i.e. a base of the exponential function.
Enhanced fitting accuracy for identifying an FOPDT model was  proposed by Bi et al. [22], based on using a least-squares (LS) fitting

lgorithm. The rationale is briefed as below.
Assume that the initial conditions of a process to be identified are set to zero. The time domain output response to a step change of the

nput, u(t) = h, can be written in terms of an FOPDT model in (1) as

�pẏ(t) + y(t) = kpu(t − 	), t≥	 (11)

here y(t) = 0 for t < 	 is assumed.
Integrating both sides of (11) for t < tN, where N is the sampled data length chosen in terms of the transient response, yields∫ t

0

y(�)d� = kph(t − 	) − �py(t) (12)

hich can be reformulated as

 (t) = �T (t)� (13)

here⎧⎪⎪⎪⎨
⎪⎪⎪⎩
 (t) =

∫ t

0

y(�)d�,

�(t) = [ht, −h, −y(t)]T ,

� = [kp, kp	, �p]T .

(14)

Using the sampled transient response data, 	 < t1 < t2 < · · · < tN, the following data matrices can be constructed,

� = [ (t1),  (t2), · · ·,   (tN)]T (15)
 ̊ = [�(t1), �(t2), · · ·,  �(tN)]T (16)

Hence, an LS algorithm can be established for parameter estimation,

� = ˚� (17)
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here the parameter vector can be solved by

� = (˚T˚)
−1
˚T� (18)

Accordingly, the FOPDT model parameters can be retrieved by⎡
⎣ kp

	

�p

⎤
⎦ =

⎡
⎣ �(1)

�(2)/�(1)

�(3)

⎤
⎦ (19)

In the presence of measurement noise, �(t), there exists ŷ(t) = y(t) + �(t), where ŷ(t) denotes the actually measured output value.
ubstituting it into (11) and then integrating both sides of (11) yields

 (t) = �T(t)� + �(t) (20)

here  (t) =
∫ t

0
ŷ(�)d�, �(t) =

[
ht, −h, −ŷ(t)

]T
, � is the same as in (14), and �(t) = −�p�(t) −

∫ t
0
�(�)d�.

It is seen from (20) that �T(t) is now correlated with v(t), i.e., the influence from measurement noise. The parameter estimation from (18)
annot guarantee consistency according to the parameter estimation theory [23,24]. To overcome the problem, the instrumental variable
IV) method [23] can be used, that is, an instrumental matrix, Z, may  be selected such that

1) the inverse of lim
N→∞

(ZT˚)/N exists;

2) lim
N→∞

(ZT�)/N = 0, where � = [�(t1), �(t2), · · · , �(tN)]T.

A consistent parameter estimation is therefore obtained by

� = (ZT˚)
−1
ZT� (21)

A feasible choice of the instrumental matrix was suggested by Bi et al. [22],

Z =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

t1 −1
1
t1

t2 −1
1
t2

...
...

...

tN −1
1
tN

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(22)

Note that the above identification algorithm is based on using the transient response data with 	 < t1 < t2 < · · · < tN, where 	 is to be
dentified. For practical application, it was suggested [22] to perform a step test in this way: after the process has moved into a zero or
onzero steady state, the process output should be monitored for a short ‘listening period’, through which the measurement noise band,
n, may  be estimated. Then, the step test is performed until the output response settles down. The output response satisfying∣∣ŷ(t)∣∣> 2Bn (23)

r alternatively,∣∣ŷ(t)∣∣> 0.1ŷ(tN) (24)

an be collected for application of the above identification algorithm.
Following the above time integral method for identifying an FOPDT model, extended identification algorithms for identifying an SOPDT or

igher-order plus time delay model were developed in the subsequent Refs. [25,26]. It was  demonstrated by a few benchmark examples that
hese time integral identification algorithms could significantly improve the identification accuracy and robustness against measurement
oise in comparison with previous step identification methods. The computation effort, however, is relatively high. To obtain a nth order
rocess model (n ≥ 2), n-fold integrals with respect to all the sampled transient response data are adopted in such an identification algorithm
or parameter estimation.

For illustration, the identification algorithms in Refs. [22,26] are used to identify the first-, second-, and fifth-order processes (G1, G2,
nd G3) listed in Table 1 for comparison with the other categorized methods, along with comparisons on fitting the step response of G3
nd the IMC-based control results, which are shown in Figs. 5 and 6, respectively. Note that for the presence of measurement noise with
SR = 10%, 200 Monte Carlo tests are performed to obtain the identification results for G2 and G3 as listed in Table 1, each of which is shown
y the mean value of model parameter along with the sample standard deviation in the parentheses.

It should be noted that the time integral approach based on an open-loop step test can also be used for the identification of integrating
rocesses, when zero initial process conditions or a reasonable zero initialization of the process states can be obtained for the implemen-
ation of a step test, as studied by Liu et al. [27] for model identification and online autotuning of the temperature control system for an
ndustrial injection molding machine.
.3. Frequency response estimation for model fitting

For the identification of transfer function models, frequency domain identification methods have been subsequently developed based
n using step response tests. Generally, a two-step identification procedure is adopted, the first step is to estimate the process frequency
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Fig. 7. Illustration of frequency response estimation by choosing the damping factor (˛) based on a step test.

esponse at a few specified frequencies that are usually in the low frequency range with a phase change from zero to −� which is primarily
oncerned for control design and controller tuning [28–31], and the second step is parameter estimation by fitting the estimated frequency
esponse points in terms of a specified model structure such as FOPDT or SOPDT. For illustration, the rationale of the state-of-the-art
requency response estimation method [32] is briefly presented as below.

When a step change is added to the process input for a step test as shown in Fig. 7, it is commonly known that the Fourier transform
f the output response does not exist due to �y(t) /= 0 for t→ ∞,  where �y(t) = y(t) − y(t0) and y(t0) denotes the initial output value of a
teady state. Nevertheless, by substituting s =  ̨ + jω into the Laplace transform for the step response,


Y(s) =
∫ ∞

0


y(t)e−st dt (25)

ne can formulate


Y(  ̨ + jω)  =
∫ ∞

0

[
y(t)e−˛t]e−jωt dt (26)

Note that, if  ̨ > 0, there exists y(t)e−˛t = 0 for t > tN, where tN may  be numerically determined using the condition that �y(tN)e−˛tN → 0,
ince �y(t) reaches a steady value after the transient response.

Therefore, by taking  ̨ as a damping factor to the step response for the Laplace transform, one can compute �Y(  ̨ + jω)  from the N points
f step response data as


Y(  ̨ + jω)  =
∫ tN

0

[
y(t)e−˛t]e−jωt dt (27)

For a step test with an initial steady state of the process, i.e. y(t) = c for t ≤ t0, as shown in Fig. 7, by using a time shift of t0 (i.e. letting
0 = 0), the step change can be written as


u(t) =
{

0, t ≤ 0;

h, t > 0.
(28)

here h is the magnitude of the step change. Correspondingly, its Laplace transform for s =  ̨ + jω with  ̨ > 0 can be expressed by


U(˛ + jω)  =
∫ ∞

0

he−(˛+jω)t dt = h

 ̨ + jω
(29)

Hence, a frequency response estimation of the process can be derived using (27) and (29) as

G(  ̨ + jω)  =  ̨ + jω

h

Y(  ̨ + jω),  ̨ > 0 (30)

Note that it is infeasible to evaluate G(jω) directly in terms of the fast Fourier transform (FFT) and its inverse transform as introduced
n the literature (e.g. [5]), i.e. G(jωk) = FFT {FFT−1 {G(  ̨ + jωk)} e˛kTs}, where Ts is the sampling period for computing the numerical integral
n (27). The reason lies with the fact that the step response is not periodic signal that can be topologized for FFT computation.

In the presence of measurement noise, �(t)∼N(0, 
2
� ), it was proved [32] that unbiased frequency response estimation can be obtained

y


Y(  ̨ + jω)  = lim
Ms→∞

1
Ms

Ms∑
i=1


Ŷi(  ̨ + jω)  (31)

nd the estimation error variance is bounded by

lim 
2 ≤
T2
s 


2
� (32)
Ms→∞ e 1 − e−2Ts˛

here �Y(  ̨ + jω) = L[�y(t)], �Ŷi(  ̨ + jω)  = L[�ŷi(t)], �y(t) is the true value of the step response, �ŷi(t) = �y(t) + �i(t) the measured
utput response in each test, and Ms the number of step tests.
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It is obvious that G(  ̨ + jω) → 0 as ˛→ ∞.  On the contrary,  ̨ → 0 will cause tN to be much larger when computing (30). A proper choice
f  ̨ is therefore required for computation. Considering that all the transient step response data should be used to ensure good estimation
f the process frequency response, the following condition was  suggested [32] to choose ˛,∣∣
y(tset)

∣∣ Tse−˛tset > ı (33)

here �y(tset) = y(tset) − y(0) denotes the transient output response to the step change in terms of the settling time (tset), in which y(0)
ndicates the initial output value before the step test, Ts is the sampling period for the computation of the numerical integral in (27), and

 is a computational threshold which can be practically taken smaller than
∣∣�y(tset)

∣∣ Ts × 10−6.
It follows from (33) that

 ̨ <
1
tset

ln

∣∣�y(tset)
∣∣ Ts

ı
(34)

Once  ̨ is chosen in terms of the above guideline, the time length, tN, can be determined from a numerical constraint for computing
27), ∣∣�y(tN)

∣∣ e−˛tN < ı (35)

hich can be solved as

tN >
1
˛

ln

∣∣�y(tN)
∣∣

ı
(36)

Note that for a very slow process in practice, it may  happen that any value of  ̨ chosen to comply with (34) may also satisfy  ̨ < ı,
hich will deteriorate the efficiency for computing (30). In such a case, it was suggested [32] that a time-scaled output response be used

o perform the Laplace transform, i.e. L[�y(t/�)] = ��Y[�(  ̨ + jω)], where � is a time scale factor. Therefore, the scaled frequency response,
[�(  ̨ + jω)], can be effectively computed for model identification.

Based on the estimated frequency response in the first step, the second step of model identification can be proceeded with in terms of
 specified model structure. For example, assume that a time delay model with repeated poles is to be identified,

�
G(s) = kp

(�ps + 1)m
e−	s (37)

here m denotes the number of repeated poles which also indicates the process order. It is obvious that m = 1 corresponds to an FOPDT
odel.
To avoid confusion, here denote the nth order derivative for a complex function of F(s) with respect to s by

F (n)(s) = d(n)

dsn
F(s), n≥1 (38)

It follows from (27) and (30) that

G(1)(s) = 1
h

∫ ∞

0

(1 − st)�y(t)e−st dt (39)

G(2)(s) = 1
h

∫ ∞

0

t(st − 2)�y(t)e−st dt (40)

Hence, by letting s =  ̨ and choosing  ̨ as well as that for computing (27), the numerical integrals in (39) and (40) can be computed. The
orresponding time lengths of tN may  be determined, respectively, using the numerical constraints,∣∣(1 − ˛tN)�y(tN)

∣∣ Tse−˛tN < ı (41)

∣∣tN(˛tN − 2)�y(tN)
∣∣ Tse−˛tN < ı (42)

By viewing s ∈ � + and taking the natural logarithm for both sides of (37), one obtains

ln[
�
G(s)] = ln(kp) − m ln(�ps + 1) − 	s (43)

Then, taking the first and second derivatives for both sides of (43) with respect to s yields
�
G(1)(s)
�
G(s)

= − m�p

�ps + 1
− 	 (44)
�
G(2)(s)

�
G(s) − [

�
G(1)(s)]

2

�
G2(s)

= m�2
p

(�ps + 1)2
(45)

For simplicity, denote the left-hand side of (44) as Q1(s) and the left-hand side of (45) as Q2(s).
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By substituting s = ˛,
�
G(˛) = G(˛),

�
G(1)(˛) = G(1)(˛), and

�
G(2)(˛) = G(2)(˛) into (45), it can be derived that

�p =

⎧⎪⎪⎨
⎪⎪⎩

−˛Q2 +
√
mQ2

˛2Q2 − m
,  if ˛2Q2 − m > 0;

˛Q2 +
√
mQ2

m − ˛2Q2
, if ˛2Q2 − m < 0.

(46)

Consequently, the remaining parameters can be derived from (44) and (37) as

	 = −Q1(˛) − m�p

�p  ̨ + 1
(47)

kp = (�p  ̨ + 1)mG(˛)e˛	 (48)

Note that the above identification algorithm can ensure identification accuracy if the model structure matches the process to be iden-
ified. In case there exists model mismatch when identifying a process with unknown model structure, an accurate fitting may  not be
uaranteed since the above algorithm establish frequency response fitting only around the zero frequency (i.e. ω = 0). To improve the
odel fitting accuracy over a user-specified frequency range, e.g. the referred low frequency range for control design, the following

dentification algorithm can be adopted [32] for identifying a model in the general form of (8):
Let s =  ̨ + jωk (k = 1, 2, . . .,  M),  where M is the number of representative frequency response points in the specified frequency range, the

bjective function for model identification is

Jopt =
M∑
k=0

�k
∣∣G(  ̨ + jωk) − �

G(  ̨ + jωk)
∣∣2
< ERR2 (49)

here G(  ̨ + jωk) and
�
G(  ̨ + jωk) denotes the frequency responses of the process and the model, respectively, ERR is a user-specified

hreshold for assessing the fitting accuracy, and �k (k = 0, 1, 2, . . .,  M)  are weighting coefficients for emphasizing frequency response fitting
ver the specified frequency range.

To guarantee identification robustness against measurement noise, one can choose

ωM = (1.0–2.0)ωrc (50)

�k = �k/

M∑
k=0

�k, � ∈ [0.9, 0.99] (51)

n consideration of that the step response has inherently a low signal-to-noise ratio (SNR) for the high-frequency part over measurement
oise. Note that, if there exists low- or middle-frequency noise, a denoising low-pass filter should be devised based on the knowledge of
he process response characteristics and the measurement sensor to exclude the influence from such noise.

Owing to
∑M

k=0�kERR
2 = ERR2, the objective function in (49) may  accommodate the widely used frequency response error specification

33],

ERR = max
ω ∈ [0,ωc]

{∣∣∣G(jω) − �
G(jω)

G(jω)

∣∣∣} (52)

here ωc is the cutoff angular frequency corresponding to ∠G(jωc) = − �. In practical terms, it is difficult to know ωc exactly. The above
hoice of ωM should cover ωc for computation.

Substituting (30) and the general model form of (8) into the left-hand side of (49) by letting it equal zero, and then organizing the
esulting expression into an LS form of

 (s) = �(s)T� (53)

here⎧⎪⎨
⎪⎩
 (s) = �Y(s),

�(s) = [−sn�Y(s), −sn−1�Y(s), . . .,  −s�Y(s), hsm−1e−	s, . . .,  he−	s, he−	s/s]
T
,

� = [an, an−1, . . .,  a1, bm, . . .,  b1, b0]T .

(54)

ne can obtain a weighted LS solution for parameter estimation,

� = ( ¯̊ TW ¯̊ )
−1 ¯̊ TW�̄ (55)

here � = [an, an−1, . . .,  a1, bm, . . .,  b1, b0]T, W = diag {�1, . . .,  �M, �1, . . .,  �M},[
Re[� ]

] [
Re[˚]

]

�̄ =

Im[� ]
, ¯̊

 =
Im[˚]

,

� = [ (  ̨ + jω1),  (  ̨ + jω2), . . .,   (  ̨ + jωM)]T ,  ̊ = [�(  ̨ + jω1), �(  ̨ + jω2), . . .,  �(  ̨ + jωM)]T .
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It can easily be verified that all the columns of ¯̊
 are linear independent from each other, so that ( ¯̊ TW ¯̊ )

−1
is guaranteed to be non-

ingular. Accordingly, there exists a unique solution for parameter estimation. For implementation, M ∈ [10, 50] may  be taken for a good
rade-off between identification accuracy and computation efficiency.

Note that a prior knowledge of the process time delay (	) is needed to derive the remaining parameters from (55). A one-dimensional
earch of 	 within a possible range as can be observed from the step test may  be performed in terms of the following fitting criterion to
btain the optimal parameter estimation,

Err = 1
Ns

Ns∑
k=1

[y(kTs) − �y(kTs)]
2 < ε (56)

here y(kTs) and �y(kTs) denotes the process and model outputs to the step change, respectively, and NsTs is the settling time.
It was clarified in [32] that consistent parameter estimation can be guaranteed by the above algorithm in combination with the time

omain fitting criterion of (56).
From (54) it can be seen that only a single integral is needed in the above frequency response algorithm for the identification of a nth

rder model (n ≥ 2). The single integral can be computed relatively independent of the time length of the step response. For model fitting,
nly M points of frequency response estimation are used in comparison with the previous time integral approach based on using multiple
ntegrals on all the sampled transient response data. The computation effort is therefore between the two- or three-point fitting method
nd the time integral approach.

For illustration, the identification algorithms in Ref. [32] are used to identify the first-, second-, and fifth-order processes (G1, G2, and
3) listed in Table 1 for comparison with the other categorized methods. For the fifth-order process (G3), it is seen from Fig. 5 that desirable
tting accuracy is obtained by the three-point fitting method [19], the time integral approach [26], or the frequency response fitting method
32]. From the control results of ISE listed in Table 2, it is seen that the recent time integral approach [26] and frequency response fitting

ethod [32] facilitate the IMC  design obtaining better control performance of both the setpoint tracking and load disturbance rejection.

.4. Robust identification under nonzero initial conditions and load disturbance

In practical applications, due to the presence of measurement noise or unexpected load disturbance, it is often difficult to know if the
rocess to be identified has moved into a steady state that is suitable to perform a step test as required for application of the aforementioned

dentification methods. Besides, waiting for such a ‘steady state’ to have a step test can be quite troublesome for industrial processes with
low time constant or long time delay.

To cope with unknown initial conditions, Ahmed et al. [34] extended the time integral approach by taking the initial states of the process
utput and its derivatives as part of the parameters to be identified while assuming no load disturbance. The key idea was that sufficient
S based fitting conditions were constructed for model parameter estimation by performing multiple integrals to the time domain step
esponse expression. For example, consider the identification of an FOPDT model, of which the output response to a step change has been
hown in (11).

Denote multiple integrals for a time function of f(t) as∫ (m)

[0,t]

f (t) =
∫ t

0

∫ �m−1

0

· · ·
∫ �1

0

f (�0)d�0d�1· · ·d�m−1, m≥2  (57)

Doubly integrating both sides of (11) yields∫ (2)

[0,t]

y(t) = kph

(
t2

2
− 	t + 	2

2

)
+ �py(0)t − �p

∫ t

0

y(�)d� (58)

hich can be reformulated into an LS form of (13), where⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

 (t) =
∫ (2)

[0,t]

y(t),

�(t) =
[
−
∫ t

0

y(�)d�, ht2/2, t, h/2

]T
,

� = [�p, kp, −hkp	 + �py(0), kp	2]
T
.

(59)

Using the LS algorithm in (17) and (18), the FOPDT model parameters together with the initial output value can be explicitly estimated
n terms of (59). To cope with measurement noise, an IV for the identification of a nth order process was suggested [34] as

z(t) =
[

−
∫ t

0

�y(�)d�, −
∫ (2)

[0,t]

�y(t), · · · −
∫ (n)

[0,t]

�y(t),
htn

n!
,
tn−1

(n − 1)!
, · · ·, t, 1

]
(60)

here �y(t) denotes the model predicted output response.
Because redundant fitting conditions may  be derived from such an algorithm using multiple integrals, it was suggested [34] to take the
ean value for multiple estimations on the same model parameter. An alternative identification algorithm was proposed in [35] based on
sing a linear filter to construct the IV matrix and an iterative procedure to estimate the model parameters including the time delay.

For model identification subject to unknown initial process conditions and load disturbance, a modified time integral identification
ethod was proposed by Wang et al. [36], where the integral limits were specially chosen such that the integral terms can be computed
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Fig. 8. A modified step test under nonzero initial process conditions and load disturbance.

ndependent of the unknown initial conditions. For illustration, consider the identification of an SOPDT model for a stable process which
orresponds to the following step response equation,

a2ÿ(t) + a1ẏ(t) + y(t) = b1u̇(t − 	) + b0u(t − 	) + l (61)

here l denotes a static disturbance or a bias regarding the process output in a steady state.
A modified double-integral computation to the derivatives of the output response is introduced as∫ �

0

[∫ t+�1

t−�1

ẏ(�0)d�0

]
d�1 =

∫ �

0

[y(t + �1) − y(t − �1)] d�1 (62)

∫ �

0

[∫ t+�1

t−�1

ÿ(�0) d�0

]
d�1 =

∫ �

0

[ẏ(t + �1) − ẏ(t − �1)] d�1 = y(t + �) − 2y(t) + y(t − �) (63)

here � is a user-specified value and the constraint, t − � < 	 ≤ t, should be satisfied for all the sampled moments, t1 < t2 < · · · < tN, for
omputation. Note that t1 − � < 0 is allowed if the output measurement before the step test can be obtained.

By integrating both sides of (61) in terms of the above double-integral computation, the resulting expression can be formulated into an
S form of (13), where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

 (t) =
∫ �

0

[∫ t+�1

t−�1

y(�0) d�0

]
d�1,

�(t) =
[
−
∫ �

0

[∫ t+�1

t−�1

ÿ(�0) d�0

]
d�1, −

∫ �

0

[∫ t+�1

t−�1

ẏ(�0) d�0

]
d�1, −ht

2

2
, −t, h

2

]T
,

� =
[
a2, a1, b0, b1 − b0(� + 	), b0(�2 − 2�	 − 	2) + 2b1(� + 	) + 2l�2

h

]T
.

(64)

Besides, it follows from the steady state of (61) that

y(∞) = b0h + l (65)

here y(∞) is estimated from the steady-state output value of the step response.
Hence, the model parameters can be derived by solving (64) and (65). It can be seen from (65) that only static load disturbance is allowed

or the use of such identification algorithm.
To cope with nonzero or unknown initial conditions and/or non-static load disturbance, a robust identification method was  proposed

y Liu and Gao [37] based on a modified step test. Such an identification test is illustrated in Fig. 8, where t0 is the time for adding a step
hange, tss the time for removing the step change, and t1 < t2 < · · · < tN/2 < tN/2+1 < · · · < tN the sampled moments. Both the transient response
ata from adding and subsequently removing the step change are collected for model identification. According to the modified step test
here

u(t) =

⎧⎨
⎩

h, 0 ≤ t ≤ 	;

h + �h,  	 < t ≤ tss + 	;

h, t > tss + 	.

(66)

t can be derived that∫ t

0

u(�) d� =
{

(h + �h)t − �h	, 	 < t ≤ tss + 	;

�htss + ht, t > tss + 	.
(67)
∫ t

0

u̇(�) d� =
{
�h,  	 < t ≤ tss + 	;

0, t > tss + 	.
(68)
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∫ (2)

[0,t]

u(t) =

⎧⎪⎨
⎪⎩

h + �h

2
t2 − �ht	 + �h

2
	2, 	 < t ≤ tss + 	;

h

2
t2 + �htsst − �h

2
t2ss − �htss	, t > tss + 	.

(69)

∫ (2)

[0,t]

u̇(t) =
{
�h(t − 	), 	 < t ≤ tss + 	;

�htss, t > tss + 	.
(70)

For identifying an FOPDT model, by doubly integrating both sides of (11) and rearranging the resulting equation using (69) and (70),
ne can formulate an LS fitting in the form of (13), where⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

 (t) =
∫ (2)

[0,t]

y(t),

�(t) =
[
−
∫ t

0

y(�) d�, F0(t), F1(t), F2(t), 1, t, t2, · · ·,  tq
]T
,

� =
[
�p, kp, kp	, kp	2, �0, �1, �2, · · ·,  �q

]T
.

(71)

F0(t) =

⎧⎪⎨
⎪⎩

h + �h

2
t2, 	 < t ≤ tss + 	;

h

2
t2 + 
htsst − �h

2
t2ss, t > tss + 	.

(72)

F1(t) =
{

−�ht, 	 < t ≤ tss + 	;

−�htss, t  > tss + 	.
(73)

F2(t) =

⎧⎨
⎩
�h

2
, 	 < t ≤ tss + 	;

0, t > tss + 	.

(74)

here �i (i = 0, 1, 2, . . .,  q) in the parameter vector � are used for the Maclaurin series approximation of the unforced output response
esulting from nonzero initial process conditions and load disturbance, according to the superposition principle for analysis of system
esponse. For consistent estimation against measurement noise, an IV was suggested [37] as zi = [1/t4

i
, 1/t3

i
, 1/t2

i
, 1/ti, 1, ti, t2

i
, · · ·, tq

i
]
T
.

An important merit of such an LS algorithm is that the excitation sequence and the corresponding output sequence consisting of
wo segments of the test data, are no longer correlated to the time sequence or any other time-related sequences like the transient
esponse sequence resulting from nonzero initial process conditions and/or load disturbance. It has therefore been clarified [37–39] that a
onventional step test is not capable of consistent parameter estimation under unsteady initial process conditions and/or non-static load
isturbance.

In the presence of a deterministic load disturbance, which is often confronted in operating industrial control systems that are frequently
r periodically initiated by a step change to the setpoint, the resulting step response may  be viewed as the pure process response plus
he load disturbance response according to the superposition principle. For instance, a water pump in an air conditioning system turns
ut different step responses under different loads. Such load disturbance is herein named an inherent-type disturbance. Modeling both
he pure pump response to the setpoint without load and the disturbance response of load can facilitate the control design for the pump
peration under a variety of load levels. A piecewise model identification method was  proposed by Liu et al. [40] to simultaneously obtain
ow-order models of both the process and the load disturbance from a single step test. A guideline for partitioning the step response data

as given for developing such an identification method. Based on the guideline, the previous time integral approach can be extended to
irectly use the raw step response data for model identification.

.5. Model identification from closed-loop step test

There are in general two motivations for using a closed-loop step test for model identification, one is for online tuning a closed-loop
ontrol system prescribed for a stable process, and another for identifying the fundamental dynamic response characteristics (usually in
he low frequency range) of an integrating or unstable process subject to rigorous operation conditions. A practical restriction is that the
losed-loop controller needs to be specified in advance to maintain the closed-loop stability under such a test. To perform a closed-loop
tep test, the step change may  be added to either the setpoint or the process input (corresponding to the controller output) in terms of the
losed-loop structure for a stable process, but should be confined to only the setpoint for an integrating or unstable process, owing to the
equirement on the closed-loop stability [41].

For closed-loop step identification, when the process input is measured as well as the process output, all the aforementioned step
dentification methods can be used to identify the process model, e.g. the time integral approach developed by Li et al. [42] for the

dentification of multiple-input-multiple-output (MIMO) processes based on closed-loop step tests.

When only the process output is measured, i.e. only the data from the setpoint change and the output response can be used for model
dentification, a two-step identification procedure was  generally adopted in the existing references: The first step is the identification of
he overall closed-loop system transfer function or frequency response. The aforementioned model identification methods and frequency
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esponse estimation methods can be used for this purpose. The second step is the computation of the process model or frequency response
rom the closed-loop system transfer function, based on a prior knowledge of the controller setting. With a known or specified model
tructure for the process, sufficient fitting conditions can be established to drive the model parameters. For example, consider the unity
eedback control system shown in Fig. 2, where the closed-loop transfer function can be derived as

T(s) = G(s)C(s)
1 + G(s)C(s)

(75)

With a known form of C(s), the process transfer function can be inversely derived from (75) as

G(s) = T(s)
C(s)[1 − T(s)]

(76)

To avoid model complexity from the above derivation, it was  suggested to use a simple P-type controller to derive a low-order model
uch as FOPDT, by using the time domain response data to establish the fitting conditions in terms of the characteristic equation of
he closed-loop transfer function [43–46]. In contrast, it was proposed to first estimate the process frequency response from the above
xpression, and then establish model fitting conditions based on the frequency response estimation [41,47–52]. For illustration, assume
hat the controller is a conventional PID controller,

C(s) = kC + 1
�Is

+ �Ds

�Fs + 1
(77)

here kC denotes the controller gain, �I the integral constant, �D the derivative constant, and �F a filter constant that is usually taken as
F = (0.01–0.1)�D for implementation.

It can be derived in terms of the definition in (38) that

C(1)(s) = − 1
�Is2

+ �D

(�Fs + 1)2
(78)

C(2)(s) = 2
�Is3

− 2�D�F

(�Fs + 1)3
(79)

Using the frequency response estimation method presented in Section 3.3, the closed-loop system frequency response can be estimated
y

T(  ̨ + jω)  =  ̨ + jω

h
�Y(  ̨ + jω),  ̨ > 0 (80)

nd its first and second derivatives with respect to s =  ̨ + jω can be computed by

T (1)(s) = 1
h

∫ tN

0

(1 − st)�y(t)e−st dt (81)

T (2)(s) = 1
h

∫ tN

0

t(st − 2)�y(t)e−st dt (82)

here tN can be chosen in terms of the numerical constraints shown in (41) and (42).
Correspondingly, the first and second derivatives of G(s) can be derived from (76) as

G(1) = T (1)C + C(1)T(T − 1)

C2(1 − T)2
(83)

G(2) = CT (2) + 2C(1)T (1)T + C(2)T(T − 1)

C2(1 − T)2
− 2[CT (1) + C(1)T(T − 1)][C(1)(1 − T) − CT (1)]

C3(1 − T)3
(84)

Hence, the model fitting algorithms based on frequency response estimation as presented in Section 3.3 can be adopted afterward to
erive a model such as FOPDT or SOPDT, which are omitted for brevity.

. Relay identification methods

Since the pioneering work occurred in the 1980s [1–4], model identification and controller autotuning from relay feedback have attracted
radually increasing attentions in the process control community. Compared to a step test, the fundamental dynamic response charac-
eristics of the process can be substantially observed from the sustained oscillations under relay feedback, especially in the presence
f measurement noise. Moreover, a relay feedback test will not cause the process to drift too far away from its setpoint, as well as the
raditional ‘Ziegler–Nichols’ autouning approach based on using the closed-loop oscillation condition of ultimate gain [53]. This is very
ecessary in many practical applications, in particular for a piecewise identification of a highly nonlinear process that is subject to rigorous
peration conditions [4].

Generally, there are two types of relay tests – unbiased (symmetrical) and biased (asymmetrical). A biased relay function is expressed

y

u(t) =
{
u+ for {e(t) > ε+} or {e(t)≥ε− and u(t−) = u+}
u− for {e(t) < ε−} or {e(t) ≤ ε+ and u(t−) = u−}

(85)
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Fig. 9. Schematic of an online relay test.

here u+ = ��  + �0 and u− = �� − �0 denote, respectively, the positive and negative relay magnitudes; ε+ and ε− denote, respectively,
he positive and negative switch hystereses. The initial output of the relay is assumed as u− for zero input, as commonly set in industrial
pplications.

Note that letting �� = 0 and |ε+| = |ε−| leads to an unbiased relay function. For the use of �� = 0 and ε+ = ε− = 0, it is customarily named
s an ‘ideal’ relay test in the literature.

A typical configuration for a relay feedback test has been shown in Fig. 3, where r denotes the setpoint, y the process output, and u the
elay output. To capture the process dynamic response characteristics around different setpoints in operation, an online relay test may  be
onstructed as shown in Fig. 9, where the scaling unit (r–y) is set to normalize r and y for computing the output error, e, under nonzero
nitial process conditions.

Because a relay feedback test is under a closed-loop control structure, the closed-loop stability must be taken into account for imple-
entation. For the identification of stable and integrating processes, it was  clarified by deriving the relay response expressions [54–59] that

ustained oscillations leading to the limit cycle can surely be formed for such a process. For the identification of unstable processes, some
imiting conditions to forming steady oscillations under an unbiased relay test were reported in Refs. [60–65], and for the use of a biased relay
est, a limiting condition to forming steady oscillation for a first-order unstable process was  revealed in [58]. To ensure the relay feedback
tability, two relay identification methods based on using a P-, or PD-type controller for closed-loop stabilization were developed in [62,66].

Given the process output response in the limit cycle under a relay test, a suitable model structure for fitting cannot be intuitively
etermined as under a step test, since different model structures had been traditionally defined based on an open-loop step test in practical
pplications. To solve the problem, a curvature factor was  defined by Luyben [67] to distinguish different relay response shapes for the
hoice of a suitable FOPDT model structure to identify a stable or integrating process. By performing an ‘ideal’ relay test to a variety of
table processes with different damping ratios or dead-time-vs-time-constant ratios, a few graphical guidelines were proposed by Panda
nd Yu [68] for choosing a suitable FOPDT or SOPDT model to fit the relay response. Furthermore, some guidelines for choosing a suitable
OPDT model under an unbiased or biased relay test was  given by Liu et al. [57] for fitting various response types of stable processes. For
he identification of an integrating or unstable process, it was  suggested in [58] that the use of an SOPDT model shown in (3) or (4) could
btain obviously better fitting effect compared with an FOPDT model, but a higher-order model might not facilitate improving the fitting
ccuracy with respect to the fundamental dynamic response characteristics.

Looking into the technical routes for model identification in the existing references, we categorize the developed relay identification
ethods into three groups, one is the DF method, another is the curve fitting approach, and the third is the use of frequency response

stimation for model fitting. These categorized identification methods are reviewed in the following subsections, respectively, along with
wo subsections specifically for summarizing robust relay identification methods against measurement noise and/or load disturbance, and
hose identification methods for MIMO  processes.

.1. Describing function method

The DF method was among the pioneering work for relay identification, and has been continuously developed up to the present [13,14].
he key idea behind this approach is the use of the ultimate amplitude and phase conditions for steady oscillations under a relay test to
stablish fitting conditions for model identification. Denote by N(A) the DF of a relay module shown in Fig. 3, where A is the input of the
elay module, i.e. the output deviation from the setpoint. In the limit cycle under an unbiased relay test, with the measured oscillation
mplitude A+ and period Pu of the output, the following ultimate amplitude and phase conditions were constructed [1–3] by ignoring the
nfluence from the output harmonics in the steady oscillations (i.e. the harmonic terms in the Fourier expansion of the limit cycle),∣∣N(A+)G(jωu)

∣∣ = 1 (86)

∠N(A+) + ∠G(jωu) = −� (87)

here ωu = 2�/Pu, and

N(A+) = 4�0

�A+
e−j arcsin(ε+/A+) (88)

ote that �0 and ε+ have been defined by (85).
For the use of an ‘ideal’ relay test, it follows that∣∣ ∣∣ �A+
G(jωu) =

4�0
(89)

∠G(jωu) = −� (90)

hich have been adopted for model identification and frequency response estimation in many existing references, e.g. [4,6,12–14,69,70].
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Table 3
Illustrative comparison between the categorized relay identification methods.

Process NSR (%) Describing function method Curve fitting approach Frequency response fitting

G4 = 1
10s+1 e

−2s 0 1
8.118s+1 e

−2s (Ref. [4]) 1.0001
9.9954s+1 e

−2s (Ref. [54]) 1.0001
10.001s+1 e

−2.005s (Ref. [56])

G5 = 1
s−1 e

−0.4s 0 0.928
0.757s−1 e

−0.392s (Ref. [74]) 1.0001
0.9976s−1 e

−0.4s (Ref. [56]) 1.0001
1.0009s−1 e

−0.4038s (Ref. [56])

G6 = 1
(s+1)(10s+1) e

−2s 0 0.853e−2s

(1.15s+1)(7.416s+1) (Ref. [69]) 1.0000e−1.9991s

(1.0073s+1)(9.9921s+1) (Ref. [57]) 1.05
(1.271s+1)(9.766s+1) e

−1.814s (Ref. [90])

5 0.746e−2.2s

(1.852s+1)(8.635s+1) (Ref. [69]) 0.9943e−1.9329s

(1.098s+1)(9.8346s+1) (Ref. [57]) 1.06
(0.92s+1)(10.73s+1) e

−2.04s (Ref. [90])

G7 = 1
s(20s+1) e

−10s 0 – 1.0000
s(20.0047s+1) e

−10.0097s (Ref. [81]) 0.9983
s(19.9443s+1) e

−10.027s (Ref. [58])

G8 = −s+1
(s+1)5 e

−s 0 1.0
(1.48s+1)2 e

−4.56s (Ref. [72]) 1.0
(1.4767s+1)2 e

−4.125s (Ref. [78]) 0.9992
(1.4781s+1)2 e

−4.037s (Ref. [59])

G9 = e−0.5s

(5s−1)(2s+1)(0.5s+1) 0 1.0
5.77s−1 e

−11.97s (Ref. [74]) 1.001e−0.939s

10.354s2+2.932s−1
(Ref. [80]) 1.0002e−0.94s

(4.9997s−1)(2.0696s+1) (Ref. [58])

Computation effort Low Moderate or relatively high Moderate or relatively high
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For illustration, consider the identification of an FOPDT model for a stable process, by substituting (1) into (89) and (90), the time
onstant and static gain can be derived using the time delay directly observed from the relay test [69], respectively, as

�p = 1
ωu

tan(� − 	ωu) (91)

kp = �A+
4�0

√
�2

pω
2
u + 1 (92)

Similarly, an FOPDT model can be obtained for an unstable process except for that �p = tan(	ωu)/ωu should be derived instead of (91)
ccording to the phase condition in (90).

Since the above two fitting conditions are not sufficient for deriving a higher-order model with more parameters, additional relay
ests and fitting conditions were suggested in [69,71–74] for parameter estimation. It should be noted that although the above ultimate
mplitude and phase conditions are simple for model identification and online controller tuning, the identification accuracy is indeed
ot high due to the use of approximation for the relay function in the DF analysis and the overlook on the harmonic components of the

imit cycle, especially for identifying higher-order or time delay processes of which the relay responses are apparently different from the
inusoidal shape. By compensating for the phase lag caused by the relay module, a modified DF identification method was  proposed in
75] which can obtain significantly improved accuracy for higher-order or large time delay processes.

For illustration, the DF methods developed in Refs. [4,69,72,74] are used to identify the first-, second-, and high-order processes (G4–G9)
isted in Table 3, for which the relay tests are performed the same as those detailed in Refs. [4,54,56,58,69,80]. Note that for the presence
f measurement noise with NSR = 5%, the averaged limit cycle data of 20 steady oscillation periods are used to obtain the identification
esults for G6 as listed in Table 3. For the high-order stable and unstable processes (G8 and G9), the Nyquist fitting effects of the identified
odels are shown in Figs. 10 and 11, respectively. To illustrate the achievable control performance for the high-order unstable process

G9), the IMC-based two-degree-of-freedom (2DOF) control method [8] is adopted based on the identified FOPDT and SOPDT models as

isted in Table 3. By adding a step change of the setpoint and assuming a step-type load disturbance with a magnitude of −0.1 that occurs
t t = 600(s) from the process input side, the control results are shown in Fig. 12, where the controller parameters are taken as �c = �f = 8
or the setpoint tracking and load disturbance rejection, respectively.
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Fig. 10. Nyquist fitting of the low-order models identified by the categorized relay methods for a high-order stable process.
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Fig. 12. Illustrative comparison of the categorized relay identification methods for the IMC-based control design for a high-order unstable process.

.2. Curve fitting approach

In the steady oscillations under a relay test, there are observable time points in the limit cycle curve, including the oscillation amplitudes,
he moments to reach the oscillation amplitudes, the relay switching moments and the corresponding output response points, and the half
scillation periods. To make use of these observable data for model identification, analytical expressions of the relay response have been
erived in terms of different low-order models to construct the corresponding fitting conditions for parameter estimation in the literature
54–59,76,77]. For example, consider the identification of an FOPDT model for an overdamped stable process based on a biased relay test
using the relay function in (85)) as shown in Fig. 13. It can be derived that the resulting limit cycle of the output response is characterized
56] by

y+(t) = kp(�� + �0) − 2kp�0Ee
−(t/�p), t ∈ [0,  P+] (93)
y−(t) = kp(�� − �0) − 2kp�0Fe
−(t/�p), t ∈ [0,  P−] (94)

Fig. 13. The limit cycle for identifying an FOPDT model.
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here y+(t) is the monotonically ascending part for t ∈ [0, P+], y–(t) is the monotonically descending part for t ∈ [0, P−] that corresponds to
 ∈ [P+, Pu] in the limit cycle, Pu = P+ + P− is the oscillation period, and

E = 1 − e−(p−/�p)

1 − e−(pu/�p)
(95)

F = −1 − e−(p+/�p)

1 − e−(pu/�p)
(96)

If an unbiased relay test is used, substituting ��  = 0 and P+ = P− = Pu/2 into (93)–(96) yields the corresponding relay response expression,

y+(t) = −y−(t) = kp�0 − 2kp�0Ee
−(t/�p) (97)

here y+(t) is for t ∈ [0, Pu/2], y−(t) is for t ∈ (Pu/2, Pu], and

E = 1

1 + e−(pu/2�p)
(98)

Note that, in the limit cycle the process output is a periodic function with respect to the oscillation angular frequency, ωu = 2�/Pu. Using
 time shift, one can view it as a periodic signal from the very beginning, so its Fourier transform can be derived as

Y(jωu) = lim
N→∞

N

∫ Pu

0

yos(t)e−jωut dt = lim
N→∞

N

∫ tos+Pu

tos

y(t)e−jωut dt (99)

here yos(t) = y(t) for t ∈ [tos, ∞)  and tos can be taken as any relay switching point in the steady oscillations, such that the influence from
he initial process response to the above periodic integral can be excluded.

Thereby, the process frequency response at ωu can be obtained as

G(jωu) = Y(jωu)
U(jωu)

=
∫ tos+Pu

tos
y(t)e−jωut dt∫ tos+Pu

tos
u(t)e−jωut dt

= Aue
jϕu (100)

ote that the numerical integral in (100) may  be computed using the trapezoidal rule or the FFT for Y(jωu) and U(jωu).
When a biased relay test is used, the process static gain can be derived from (100) as

kp = G(0) =
∫ tos+Pu

tos
y(t) dt∫ tos+Pu

tos
u(t) dt

(101)

It can be seen from (93) and (94) that the process time delay can directly be read as the time taken to reach the output response peak
rom the initial relay switching point in a half period of the relay, which is denoted by t∗p shown in Fig. 13. Correspondingly, it follows from
93) and (94) that

y+(P+) = kp(�� + �0) − 2kp�0Ee
−(P+/�p) = A+ (102)

y−(P−) = kp(�� − �0) − 2kp�0Fe
−(P−/�p) = A− (103)

y+(P+ − 	) = kp(�� + �0) − 2kp�0Ee
−((P+−	)/�p) = −ε− (104)

y−(P− − 	) = kp(�� − �0) − 2kp�0Fe
−((P−−	)/�p) = −ε+ (105)

Substituting (102) into (104) yields

�p = 	

ln((kp(�� + �0) + ε−)/(kp(�� + �0) − A+))
(106)

Alternatively, substituting (103) into (105) yields

�p = 	

ln((kp(�� − �0) + ε+)/(kp(�� − �0) − A−))
(107)

Therefore, the process time constant can be derived from (106) or (107). It is preferred in practice to use (106) for better accuracy in
ase of model mismatch, owing to that the positive fitting part in a half period of the limit cycle occupies a larger percentage compared to
he negative fitting part in the other half period, and vice versa.

When an unbiased relay test is used, the process static gain cannot be derived from (101) since a periodic integral of the relay or the
rocess output response becomes zero. Nevertheless, the time delay parameter can also be read as t∗p shown in Fig. 13, according to the
elay response expression in (97). Solving (102) and (104) together to eliminate kp yields

ε+(1 − e−(pu/(2�p))) = A+(1 + e−(pu/(2�p)) − 2e−((pu−2	)/(2�p))) (108)
Note that the left-hand side of (108) is monotonically decreasing with respect to �p, together with a practical constraint of 0 < �p < Pu.
nly finite solutions of �p therefore exist for (108), which can be derived using any iterative algorithm such as the Newton–Raphson
ethod. The initial estimation for iteration may  be taken as �

�p = Pu/2 − 	, in consideration of that the influence from the process time
onstant to the relay response corresponds to this time interval.
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The process static gain can then be derived from (102) as

kp = A+(1 + e−(pu/(2�p)))

�0(1 − e−(pu/(2�p)))
(109)

In case multiple solutions of �p and kp are obtained from the above computation, a suitable solution pair of �p and kp can be determined by
omparing the relay response of the resulting model with that of the process, or using the ultimate oscillation conditions, |N(A+)

�
G(jωu)| → 1

nd ∠N(A+) + ∠
�
G(jωu) → −�, where

�
G(jωu) is the FOPDT model response at the oscillation frequency and N(A+) = 4�0e−j arcsin(ε+/A+)/(�A+)

s introduced in the aforementioned DF approach.
Note that with the process time delay read directly from the limit cycle, the process static gain and time constant can also be derived

rom the fitting conditions established at the oscillation frequency, that is, submitting the FOPDT model in (1) into (100) to match the
stimated magnitude and phase values yields

�p = 1
ωu
tan(−ϕu − 	ωu), ϕu ∈ (−�, −�/2) (110)

kp = Au

√
�2

pω
2
u + 1 (111)

It can be seen from (110) that ϕu ∈ (− �, − �/2) is used, rather than ϕu = − � that had been traditionally used in the DF approach, thus facil-
tating the fitting accuracy at the oscillation frequency of the process response. Note that the phase condition, ϕu = − � + arctanωu�p − 	ωu,
hould be used to derive an FOPDT model for an unstable process, of which the identification formulae can be found in [8,56,58].

In contrast, a so-called ‘A-locus’ method [78] was  proposed to fit the limit cycle under a biased relay test for model identification,
ased on measuring the positive and negative oscillation amplitudes, the moments to reach these amplitudes, and the oscillation periods.
onlinear fitting equations were constructed for deriving the model parameters, which required numerical computation to obtain the

olutions, therefore subject to computational sensitivity in the presence of measurement noise.
By deriving the state-space expression of the relay response under an ‘ideal’ relay test, a few low-order model identification algorithms

ere developed in [79,80] based on measuring the oscillation amplitudes, the moments to reach the amplitudes, and the oscillation periods,
ogether with computing the area of the output response over a half period and/or the derivatives of the output response. Nonlinear fitting
quations with respect to the limit cycle were also established to derive the model parameters. To overcome the above deficiency in the
resence of measurement noise, a Fourier series expansion approach was suggested to filter the measured data for computation.

For illustration, the identification algorithms in Refs. [54,56,57,78,80,81] are used to identify the first-, second-, and high-order processes
G4–G9) listed in Table 3 for comparison with the other categorized methods, along with two  comparisons on the Nyquist fitting of G8 and
9 as shown in Figs. 10 and 11, respectively.

.3. Frequency response estimation for model fitting

Since the aforementioned DF method can only give a rough estimation of the process response at the oscillation frequency under a relay
est, improved frequency response estimation methods were subsequently developed for model fitting and online controller tuning. By
dding a parasitic relay loop into the conventional relay structure for test, multiple oscillation periods were obtained [82] for estimating the
rocess response at different oscillation frequencies. The use of multiple relay modules in parallel was  explored in [83,84] for identifying
ultiple frequency response points in a specified range. Based on a single relay test, a few algorithms were developed in [85–87] by letting

 = jω for estimating multiple frequency response points in the low frequency range, in particular for the range from zero frequency to the
elay oscillation frequency. By comparison, two alternative algorithms were proposed in [59,88] by letting s =  ̨ + jω where  ̨ is regarded
s a damping factor for numerically computing the Laplace transform with a finite time length. It was demonstrated in [59] that the use
f s =  ̨ + jω can guarantee unbiased frequency response estimation from zero frequency to a higher frequency (but smaller than the half
ampling frequency), and therefore, can be used to derive the process static gain from a single run of the relay test, independent of the
elay type being unbiased or biased.

For illustration, consider that an unbiased relay test is performed. In the limit cycle the process output is a periodic function with respect
o the oscillation angular frequency, ωu = 2�/Pu. Using an idea of time shift, it has been shown by the expression in (100) that the process
requency response at ωu can be computed.

To estimate the process frequency response other than at ωu, one can decompose the relay response as

Y(s) =
∫ tos1

0

y(t)e−st dt +
∫ ∞

tos1

y(t)e−stdt (112)

here tos1 denotes the time to reach the steady oscillations under a relay test. For implementation, tos1 may be chosen as any time instant
n the steady oscillations, e.g. a small multiple of Pu for convenience.

In view of that y(t) becomes a periodic signal after tos1, the second integral term in (112) can be derived as∫ ∞

tos1

y(t)e−st dt =
∫ tos1+Pu

tos1

y(t)e−st dt +
∫ tos1+2Pu

tos1+Pu

y(t)e−stdt + · · ·
∫

= (1 + e−Pus + e−2Pus + · · ·)
tos1+Pu

tos1

y(t)e−stdt

= lim
n→∞

1 − e−nPus

1 − e−Pus

∫ tos1+Pu

tos1

y(t)e−stdt

(113)
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Note that if Re(s) > 0, there exists e−nPus → 0 for n→ ∞.  One can thus obtain

Y(s) =
∫ tos1

0

y(t)e−st dt + 1
1 − e−Pus

∫ tos1+Pu

tos1

y(t)e−st dt (114)

Similarly, it follows for Re(s) > 0 that

U(s) =
∫ tos1

0

u(t)e−st dt + 1
1 − e−Pus

∫ tos1+Pu

tos1

u(t)e−st dt (115)

The process frequency response transfer function for Re(s) > 0 can therefore be derived as

G(s) = Y(s)
U(s)

=
(1 − e−Pus)

∫ tos1
0

y(t)e−st dt +
∫ tos1+Pu

tos1
y(t)e−st dt

(1 − e−Pus)
∫ tos1

0
u(t)e−st dt +

∫ tos1+Pu

tos1
u(t)e−st dt

(116)

Substituting s =  ̨ + jω into (116) yields

G(  ̨ + jω)  = A˛e
jϕ˛ =

(1 − e−Pu(˛+jω))
∫ tos1

0
[y(t)e−˛t]e−jωt dt +

∫ tos1+Pu

tos1
[y(t)e−˛t]e−jωt dt

(1 − e−Pu(˛+jω))
∫ tos1

0
[u(t)e−˛t]e−jωt dt +

∫ tos1+Pu

tos1
[u(t)e−˛t]e−jωt dt

(117)

here  ̨ ∈ � + may  be viewed as a damping factor for numerically computing the Laplace transform.
Note that G(jω + ˛) → 0/0 as ˛→ ∞.  A guideline for choosing  ̨ was therefore suggested [59] as{

 ̨ > ı;

min{
∣∣u(tos1 + Pu)e−˛(tos1+Pu)Ts

∣∣ , ∣∣y(tos1 + Pu)e−˛(tos1+Pu)Ts
∣∣} > ı.

(118)

here ı denotes the computational precision that may  be practically taken smaller than 10−6 × min{
∣∣u(tos1 + Pu)Ts

∣∣ , ∣∣y(tos1 + Pu)Ts
∣∣}, and

s is the sampling period for computing the numerical integrals in (117).
Accordingly, one can compute multiple frequency response points of G(  ̨ + jωk) from (117) for ωk = kωu/M0 (k = 0, 1, 2, . . .,  N0 − 1), where

0 = M0Pu/Ts and M0 should be taken as an even integer for efficient computation of the FFT series.
Using the inverse Laplace transform of g(t)e−˛t = L−1[G(  ̨ + jω)], one obtains

G(0) = FFT{FFT−1{G(  ̨ + jωk)}e˛kTs }I=0 (119)

here FFT {·} I=0 denotes the first element corresponding to ω0 = 0 in the resulting FFT series.
It is seen from (119) that the process static gain can be separately derived from the other model parameters, regardless of whether the

elay test is unbiased or biased.
Note that there exists G(  ̨ + jω1) = G(  ̨ + jω2) in the case where ω2 > ω1 while Pu(ω2 − ω1) = 2h� and ω2 − ω1 = 2l�/Ts are satisfied, and

oth h and l are positive integers. Frequency response estimation from (117) is therefore limited not only by the sampling frequency for
omputing the numerical integrals in (117), but also by the frequency range of ω ∈ [0, 2� · 10r), where r is the minimal integer that satisfies
0rPu = h.

To cope with measurement noise, it is suggested to use 10–20 periods in the steady oscillation for the frequency response estimation.
hat is, the averaged frequency response estimation can be computed by

G(j ω̄u) =
∫ tos+NsP̄u

tos
y(t)e−j ω̄ut dt∫ tos+NsP̄u

tos
u(t)e−j ω̄ut dt

= Āue
j ϕ̄u (120)

G(  ̨ + jω)  =
(1 − e−P̄u(˛+jω))

∫ tos1+N1P̄u

0
[y(t)e−˛t]e−jωt dt +

∫ tos1+(N1+1)P̄u

tos1+N1P̄u
[y(t)e−˛t]e−jωt dt

(1 − e−P̄u(˛+jω))
∫ tos1+N1P̄u

0
[u(t)e−˛t]e−jωt dt +

∫ tos1+(N1+1)P̄u

tos1+N1P̄u
[u(t)e−˛t]e−jωt dt

(121)

here ω̄u = 2�/P̄u, Ns is the number of steady oscillation periods used for averaging, and N1 may  be taken as large as possible but subject
o a numerical constraint similar to (118) for computation.

Based on the estimated frequency response, the corresponding model fitting algorithms in the literature as aforementioned can be
pplied in terms of a specified model structure like FOPDT or SOPDT. For illustration, the state-of-the-art model fitting algorithm [59] in
erms of the general transfer function model in (8) is briefly presented as below.

Considering that the low frequency range is primarily concerned for controller tuning in practice, one can establish multiple frequency

esponse fitting conditions by choosing ωM = (1.1–2.0)ωu and �k = �k/

M∑
k=0

�k to emphasize frequency response fitting over the low fre-
uency range, where M ∈ [5, 20] and � ∈ [0.9, 0.99]. To minimize the fitting error, a weighted LS objective function can be adopted as shown
n (49).

To establish a linear regression for parameter estimation, assume that the process model is obtained as
�
G[i−1](s) at the (i − 1)th iteration

tep, e.g. a model obtained from a prior knowledge of the process or a rough estimation based on a low-order model identification algorithm
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s presented in the previous sections, one can express the model to be derived at the ith iteration step using the multivariable Taylor series
s

�
G[i](s) = �

G[i−1](s) + dGn
da1

∣∣∣�
G[i−1]

(a[i]
1 − a[i−1]

1 ) + · · · + dGn
dan

∣∣∣�
G[i−1]

(a[i]
n − a[i−1]

n )

+dGn
db0

∣∣∣�
G[i−1]

(b[i]
0 − b[i−1]

0 ) + · · · + dGn
dbm

∣∣∣�
G[i−1]

(b[i]
m − b[i−1]

m ) + dGn
d	

∣∣∣�
G[i−1]

(	[i] − 	[i−1])

= �
G[i−1](s) + HT (� [i] − � [i−1])

(122)

here

� [i] = [a[i]
1 , . . .,  a[i]

n , b[i]
0 , . . .,  b[i]

m , 	[i]]
T

(123)

H =
[
dGn
da1

∣∣∣�
G[i−1]

, . . .,
dGn
dan

∣∣∣�
G[i−1]

,
dGn
db0

∣∣∣�
G[i−1]

, . . .,
dGn
dbm

∣∣∣�
G[i−1]

,
dGn
d	

∣∣∣�
G[i−1]

]T
(124)

dGn
dak

∣∣∣�
G[i−1]

=
b[i−1]
m sm + b[i−1]

m−1 s
m-1 + · · ·b[i−1]

1 s + b[i−1]
0

(a[i−1]
n sn + a[i−1]

n−1 s
n-1 + · · ·a[i−1]

1 s + 1)
2
ske−	

[i−1]s, k = 1, 2, . . .,  n (125)

dGn
dbl

∣∣∣�
G[i−1]

= sl

a[i−1]
n sn + a[i−1]

n−1 s
n-1 + · · ·a[i−1]

1 s + 1
e−	

[i−1]s, l = 0, 1, 2, . . .,  m (126)

dGn
d	

∣∣∣�
G[i−1]

= −
b[i−1]
m sm+1 + b[i−1]

m−1 s
m + · · ·b[i−1]

1 s2 + b[i−1]
0 s

a[i−1]
n sn + a[i−1]

n−1 s
n-1 + · · ·a[i−1]

1 s + 1
e−	

[i−1]s (127)

Let

Z(  ̨ + jωk) = G(  ̨ + jωk) + HT (  ̨ + jωk)� [i−1] − �
G[i−1](  ̨ + jωk) (128)

here ω0 = 0 and k = 0, 1, 2, . . .,  M.
Substituting (122) and (128) into the LS objective function in (49), one obtains an iterative objective function,

J[i]opt =
M∑
k=0

�k
∣∣HT (  ̨ + jωk)� [i] − Z(  ̨ + jωk)

∣∣2
(129)

Denote  ̊ = [H(  ̨ + jω1), . . .,  H(  ̨ + jωM)]T, � = [Z(  ̨ + jω1), . . .,  Z(  ̨ + jωM)]T, W = diag {�0, �1, . . .,  �M, �0, �1, . . .,  �M}, and

¯̊
 =

[
Re[˚]
Im[˚]

]
, �̄ =

[
Re[� ]
Im[� ]

]
.

The iterative LS solution of (129) can be derived as

� [i] = ( ¯̊ TW ¯̊ )
−1 ¯̊ TW�̄ (130)

It can easily be verified that all the columns of ¯̊
 are linearly independent from each other, so that ( ¯̊ TW ¯̊ )

−1
is guaranteed to be

on-singular for each iteration. Accordingly, the optimal solution can be derived in terms of a specified threshold of ERR in (49).
It should be noted that based on the Fourier expansion of the estimated process response around the oscillation frequency under a

iased or unbiased relay test, model fitting conditions were also constructed in terms of the projection relationship between the Fourier
eries coefficients and the model parameters [89–91]. The achievable identification accuracy was  not high due to the negligence of the
igher order terms in the Fourier expansion, but in exchange for computation simplicity. Besides, the estimated process response under a
elay test was used for estimating the frequency points of the closed-loop transfer function or sensitivity function for the convenience of
losed-loop control design [92].

For illustration, the identification algorithms given in Refs. [56,58,59,90] are used to identify the first-, second-, and high-order processes
G4–G9) listed in Table 3, in comparison with the other categorized relay identification methods. Comparisons on the Nyquist fitting of G8
nd G9 are shown in Figs. 10 and 11, respectively. It is seen that both the recent curve fitting approach [78,80] and the frequency response
tting method [58,59] can give good fitting accuracy. Compared to the identified FOPDT models, the identified SOPDT models yield obviously

mproved Nyquist fitting, especially for the high-order unstable process (G9). To illustrate the achievable control performance for G9, the
OPDT model identified by the frequency response fitting method [58] is adopted to apply the IMC-based 2DOF control method [8] for
omparison with the describing function method [74] based on the same test as aforementioned. It is seen from the control results shown

n Fig. 12 that obviously improved control performance is obtained by using the SOPDT model for control design. Note that the controller
arameters (�c = �f = 8) cannot be tuned smaller for using the FOPDT model identified by the describing function method [74] in order to
aintain the control system stability, but may  be tuned much smaller to obtain faster output response based on the SOPDT model identified

rom either the curve fitting approach [80] or the frequency response fitting method [58].
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.4. Robust identification against measurement noise and load disturbance

Owing to the fact that measurement noise is commonly confronted in engineering practice, the use of an ‘ideal’ relay for an identification
est is subject to relay chattering. To avoid measurement noise causing incorrect relay switching, it is generally suggested to use the relay
ysteresis shown in (85). The magnitudes of ε+ and ε− should be set at least twice larger than the noise band, together with an upper limit
lmost equal to 0.95 times of the absolute minimum of u+ or u− [5]. After the process has moved into the working range, a short ‘listening
eriod’ (e.g. 20–100 samples) should be referenced to set ε+ and ε− properly. Another strategy for maintaining correct relay switching
as proposed in [93] by computing the time integral of the output response for reference, and furthermore, a low- or band-pass filter was

uggested in tandem with the relay function to improve the denoising effect [94].
For using the noisy limit cycle data for model identification, if the noise level is low (e.g. NSR < 10%), the statistical averaging method can

e used based on 5–20 steady oscillation periods to determine the limit cycle data for computation. To deal with a higher noise level, a low-
ass Butterworth filter was suggested in [8] to recover the limit cycle under a relay test or carry out an offline denoising. The Butterworth
lter can be determined by specifying the filter order, nf, and the cutoff angular frequency, ωc, that is,

Butter(nf , ωc) =
b1 + b2z−1 + b3z−2 + · · · + bnf+1z

−nf

1 + a2z−1 + a3z−2 + · · · + anf+1z
−nf (131)

here Butter(nf, ωc) denotes the filtering function with two  input parameters of nf and ωc.
Because measurement noise is mainly composed of high-frequency components in practical applications, a guideline for choosing the

utoff angular frequency was suggested [8] as

ωc≥5ωu = 10�
Pu

(132)

hereby, during a relay test only the measured output components below the frequency band regarding ωu can be passed through for
eedback control. Note that the phase lag caused by the low-pass filter almost does not affect measuring the oscillation period and the
mplitude of the limit cycle, owing to that the relay output has the same phase lag under the filtered feedback control. Moreover, further
mproved denoising effect can be obtained by using an offline denoising strategy, that is, filtering the noisy limit cycle data in both the
orward and reverse directions with the same low-pass Butterworth filter.

In the presence of load disturbance, by using an unbiased relay test, the influence can be intuitively detected by comparing the identity
etween the sequential periods of the limit cycle observed for computation. It was  clarified in [95] that for the presence of a static load
isturbance with a magnitude of hd, there follows∫ Pu

0

hde
−jωut dt = hd

∫ Pu

0

e−jωut dt = 0 (133)

Hence, computation of the process response at the oscillation frequency from (100) is not affected by a static load disturbance. Note
hat a static load disturbance may  not be detected under a biased relay test, therefore causing identification errors.

By compensating for a static load disturbance in terms of using a relay test with asymmetrical relay output magnitudes, the recovered
ymmetrical limit cycle information was adopted for model identification [96]. Modified compensation algorithms were proposed in [97,98]
or better estimating the ultimate gain and frequency for model identification. By decomposing a relay test into a sequence of step tests,

ang et al. [99] extended the time integral approach of step identification [26] to eliminate the influence from a static load disturbance
nd nonzero initial process conditions. In case there is a large static disturbance of which the magnitude is bigger than the relay magnitude,

 PI controller was suggested [100] in tandem with the relay to reject the static disturbance, such that the recovered symmetrical output
scillation data could be used for model identification [101]. In contrast, by taking the magnitude of a static load disturbance as a parameter
o be identified, the ‘A-locus’ method [78] was further extended in [81] to identify integrating processes. In addition, by computing the
raphical areas of the limit cycle with respect to the time axis and using the Fourier series expansion of the relay response, the asymmetrical
utput response data were directly used for model identification under a static load disturbance [102].

.5. Identification of multivariable processes

Owing to the merit of preventing the output response from drifting too far away from the setpoint, relay feedback tests have been
xplored for identifying MIMO  processes. Generally, there are three choices of relay feedback implementation based on a multiloop control
tructure: (i) independent single-relay feedback (i.e. only one loop is under a relay test while the other loops are left open); (ii) sequential
elay feedback (i.e. all loops will be closed one by one with respect to the sequence of relay tests while each relay test is for a single loop);
iii) decentralized relay feedback (i.e. all loops are simultaneously placed on relay feedback).

Due to the relay feedback and the corresponding interaction between individual loops, the closed-loop system stability must be taken
nto account for such an identification test. In fact, it is difficult to analyze the interaction between individual loops under multiloop relay
ests. A few necessary conditions to forming the limit cycles under decentralized ‘ideal’ relay tests were discussed in Refs. [103,104]. By
omparison, some necessary conditions to forming the limit cycles by using unbiased relay with hysteresis and/or dead zones were reported
n Refs. [105,106]. It was  concluded [104,106] that decentralized relay tests could guarantee steady oscillations for MIMO  stable processes

ith diagonal dominance in the transfer function matrix, but might fail for MIMO  processes with strong coupling between individual loops.
For the use of independent single-relay tests, the aforementioned relay identification methods for SISO processes can be conveniently

xtended for application. For using sequential relay tests or decentralized relay tests, few identification methods have been reported in the

iterature. Based on sequential relay tests, the DF method was  extended for identifying the transfer functions of the desired input-output
airs [103], and an FFT technique was adopted to estimate the output frequency responses of an MIMO  process by which model fitting
ould follow to derive the transfer function matrix [107]. Based on decentralized relay tests, a frequency response estimation algorithm was
eveloped [108] for MIMO  stable processes by assuming that a common oscillation frequency exists for all the loops, and an alternative
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algorithm [109] was presented for estimating the frequency response matrix in a low frequency range of primary concern for MIMO
controller tuning.

5. Identification of specific nonlinear process models

Many chemical processes have dynamic response characteristics consisting of linear and nonlinear nature in tandem. For example, a
typical extractive distillation column involves a nonlinear vapor–liquid equilibrium and linear mixing, while in contrast, a chemical pH
process involves linear mixing in a vessel and a nonlinear static gain representing the pH titration curve. For the former, a static nonlinear
element precedes the linear subsystem, which is generally named as ‘Hammerstein’ type, while for the latter, a linear subsystem precedes
the static nonlinear element, which is named as ‘Wiener’ type. For more complicated systems, combinations of these linear and nonlinear
blocks are adopted in practice to construct a model of Hammerstein–Wiener or Wiener–Hammerstein type in order to properly describe
the system dynamic characteristics.

Because of the nonlinearity that may  be described in different ways, parameter estimation approaches vary distinctly with the above
model structures. Therefore, a suitable model structure should be determined before proceeding with the parameter estimation. For the
choice of model structure, Luyben and Eskinat [110] suggested to perform consecutive two or more relay tests with different relay heights
together with two different known dynamic modules inserted in the loop, such that a Hammerstein-type model should be adopted if the
relays displaced vertically from the origin could lead to symmetrical output oscillation, and in contrast, a Wiener-type model should be
adopted if the relays shifted horizontally from the origin could result in symmetrical pulses to the process input. The idea was further
explored by Huang et al. [111] to a systematic identification procedure shown in Fig. 14, where the first-stage relay test is performed
with ε+ = ε− = 0 and �� = 0, and the second-stage relay test is performed by adjusting u+ or u− to compensate for the effect of the process
static nonlinear gain. P+ denotes the half period corresponding to the relay output u+, and P− the other half period corresponding to u−,
while A+ denotes the positive output amplitude in the limit cycle and A− the negative amplitude. It is seen that almost all of the above
nonlinear model structures can be determined by such an identification procedure. For the use of an unbiased relay with hysteresis to
perform an identification test, a criterion for model structure selection was suggested in [112], i.e. a Wiener-type model should be adopted
if
∣∣u+(P+ − P−)

∣∣< ε+, and otherwise, a Hammerstein-type model should be adopted.
For identifying a Hammerstein-type model, based on using a modified step test consisting of multiple step changes that are similar to the

pseudo-random binary signal (PRBS) in the frequency components but with a longer duration for each step change, Sung [113] presented
a two-step identification method which could separately identify the static nonlinear function and the linear dynamic subsystem. Owing
to that the minimization of the final output prediction error in terms of the whole input–output sample data was adopted to derive the
static nonlinear function, asymptotic property on estimating either the static nonlinear function or the linear subsystem model could be
quantitatively analyzed. For the use of a relay test, a so-called autotune variation (ATV) identification method was proposed by Luyben
and Eskinat [110] where the DF method was used to identify the linear part. This method was applied in [114] for identifying a class of
electrical drives, by which a controller autotuning method was  successfully developed as demonstrated by experimental results. It was
suggested by Park et al. [115] to implement the standard relay test followed by a triangular input test so as to estimate first the frequency
response of the linear subsystem and then the nonlinear static function. Based on an LS fitting on the linear subsystem input sequence
under these two tests, the identification of the nonlinear static function was  separated from the linear subsystem model identification. By
comparison, using the standard relay test followed by multiple pulse signals, Je et al. [116] proposed an improved plant response estimation
to obtain more accurate data for identifying the linear subsystem, by pruning the relay oscillation harmonics as well as the influence from
the input nonlinearity. To facilitate parameter estimation of a Hammerstein-type process, it was  suggested [117] to insert an integrator in
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Fig. 14. Nonlinear model identification flow chart using relay tests.
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he feedback loop to perform a relay test, such that the following relationship can be obtained for determining the static nonlinear function,

∣∣∣ v+
v−

∣∣∣ = P+
P−

(134)

here v+ = N(u+) and v− = N(u−) denote the output values of the nonlinear block driven by the relay.
For identifying a Wiener-type model, using two  step tests with different excitation magnitudes, Park and Lee [118] presented a two-

tep identification procedure: The first step is to identify the static nonlinear gain using all sampled data in the transient response, by
ntroducing a small factor (0 <  ̨ < 1) to construct an LS fitting algorithm for estimating the intermediate output of the linear subsystem, and
hen deriving the linear model in terms of any developed step identification method as aforementioned. Based on a two-stage relay test,
nother two-step identification procedure was proposed by Huang et al. [119]: the first step is to identify the static nonlinear function by
ptimizing an objective function that deal with the asymmetry in the system output through adjusting the parameters of a predetermined
onlinear structure such as a rational polynomial. Upon determining the static nonlinear function, a sequence of the instrumental output

s constructed in the second step for identifying the linear subsystem, i.e. the identification of a low-order model of FOPDT or SOPDT,
or which many existing identification algorithms as aforementioned can be used. An extension of the above identification method was
eported in [120] for improving parameter estimation, which can also be used to identify a Hammerstein-type model. In contrast, another
wo-step identification method was developed by Sung and Lee [121] based on using the Fourier expansion of the relay output to derive
he static nonlinear gain for all samples in the limit cycle, and subsequently, a modified relay test to forming symmetric oscillation was
uggested in [122] to eliminate the influence from a static load disturbance.

It should be noted that for MIMO  nonlinear processes, step or relay identification methods for obtaining a Hammerstein- or Wiener-type
odel have been rarely reported in the literature, perhaps due to more difficulties and complexities involved with the model structure

dentification and parameter estimation, as discussed in the recent literature [123–127].

. Concluding remarks and outlook

For industrial and chemical process identification using step or relay tests, the major technical approaches and identification methods
eveloped in the past three decades have been surveyed in this paper. In the literature low-order models plus time delay such as FOPDT
nd SOPDT have been mostly adopted for identifying various industrial processes, owing to the convenience for control system design and
ontroller tuning. The corresponding identification methods reported in the existing references as cited have been categorized in terms of
he developed technical routes for overview. For using step tests, the main technical routes are classified into three groups, namely, the use
f representative points in the transient response for model fitting, the time integral approach, and the use of frequency response estimation
or model fitting. For using relay test(s), the main technical routes are also classified into three groups, namely, the describing function

ethod, the curve fitting approach, and the use of frequency response estimation for model fitting. In addition, two specific categories
re classified for robust step or relay identification methods coping with nonzero initial process conditions and/or load disturbance.
he rationales of these categorized identification methods have been interpreted, respectively, through presenting a representative or
tate-of-the-art identification algorithm of each category. Simulation comparisons through benchmark examples on these representative
lgorithms have been made to illustrate the achievable identification accuracy, computation effort, and robustness against measurement
oise and/or load disturbance, therefore facilitating the readers to have a general understanding of both the advantage and disadvantage
f each categorized identification method as reviewed in chronological sequence.

For identifying nonlinear processes, the existing references have been mainly devoted to the identification of a Hammerstein- or
iener-type model based on using multiple or modified step or relay tests. It has been recognized that the determination of a suitable
odel structure is of paramount importance for identifying such a nonlinear process. There is a common two-step identification procedure

n the literature, one step for identifying the static nonlinear function, and the other step for identifying the linear dynamic subsystem for
hich the time delay model identification methods as reviewed can in general be adopted.

Though this survey has attempted to summarize the main contributions of step and relay identification methods developed in the
ast three decades for various industrial applications, there are still a lot of challenging issues regarding step or relay identification to be
xplored or solicited for advanced control system design and online autotuning. The following research topics are therefore pointed out
o draw attention for future exploration:

(i) Robust frequency response estimation in the middle- or even high-frequency range required for advanced control of some industrial
processes, e.g. the electric arc furnaces with heavy harmonic components, especially for the identification of high-order or very
specific models with more parameters to describe complex system dynamics. Modified step or relay tests that are as simple as
possible for implementation are desired for developing such frequency response estimation methods, especially for the presence of
measurement noise.

(ii) Consistent parameter estimation for model identification using multiple step or relay tests subject to nonstatic or time-varying load
disturbance, including a transient-type disturbance that exists only for short duration.

(iii) Asymptotic variance analysis for consistent parameter estimation based on a finite sampled data length or using multiple step or
relay tests subject to measurement noise and/or load disturbance.

(iv) Model structure selection and optimal fitting criteria for piecewise linear model identification of nonlinear processes, and also for
linearized model identification subject to deterministic (or inherent-type) load disturbance under different operating conditions.

(v) Online recursive step or relay identification algorithms for adaptive or gain-scheduling control design to realize real-time optimiza-

tion, together with the model structure selection criteria and convergence analysis.

(vi) Closed-loop step test design for identifying SISO and MIMO  integrating and unstable processes. Prior knowledge of the process should
be minimized. Guidelines for guaranteeing the closed-loop stability together with the stability criteria are solicited for different
applications.
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(vii) Stability analysis for relay identification of various unstable processes, since little result has been cultivated in the literature as
surveyed.

viii) Design of relay feedback test for sustainable oscillations of an MIMO  process that lead to the limit cycles, together with the stability
conditions for relay identification of MIMO  processes in terms of a multiloop or decoupling control structure.

(ix) Step or relay identification of non-square MIMO  processes subject to no diagonal dominance, together with the criteria of choosing
the input-output pairing for model identification.

(x) Criteria of model structure selection for identifying nonlinear processes of Hammerstein- or Wiener-type or the combination, from
simple or modified step or relay tests, together with robust parameter estimation algorithms against measurement noise and/or load
disturbance.
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