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The assumption of fully known in-control distributions has long been recognized as an idealization,

at best approximately true. Recent development of normal-based change-point methods has allowed the

assumption of exactly known in-control mean and variance to be relaxed, but retained the assumption of

normality. In this paper, we develop a nonparametric tool based on the change-point model for statistical

process control. This method is shown to perform well, even beating the parametric approach for small to

moderate shifts in normal data, and to involve relatively light computation.
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I
N STATISTICAL process control (SPC), one major

concern is whether there has been a change of the
distribution from the target in the process. To answer
this question, we have to distinguish the variation
due to real change of distribution (assignable causes)
from that due to random error (chance causes). Many
kinds of control charts serve this purpose. When there
is no change and the process is in control, the proba-
bility of a false signal from the chart should be con-
trolled at a low and known false-alarm rate. And
when there is some change and the process is out of
control, a good chart should detect it as soon as pos-
sible. The performance of a chart is usually measured
by average run length (ARL)—the expected number
of samples or subgroups to be collected before the
first signal.

Control charts often assume that data come from
some parametric distribution, most commonly the
normal distribution. When the underlying process is
unknown or known not to be normal, these charts
may not be appropriate. Woodall and Montgomery
(1999) and Woodall (2000) have provided some dis-
cussion on this issue. Along with other literature,
they motivate the development and use of non-
parametric control charts. Chakraborti et al (2001)
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gave a comprehensive review of nonparametric con-
trol charts. Amin et al. (1995) developed Shewhart-
type control charts assuming the location parameter
(mean or median) is known. Recently Jones-Farmer
et al. (2009) proposed a Shewhart-type Phase I
method based on ranks within rational groups. Some
other Shewhart charts, for example, Willemain and
Runger (1996) and Janacek and Meikle (1997) are set
up on some attribute of the in-control distribution,
like the mean, median, percentile, or interquartile
range estimated from a reference sample. Bakir and
Reynolds (1979) considered a CUSUM chart based
on the Wilcoxon signed-rank (WSR) statistic. Mc-
Donald (1990) proposed a CUSUM based on “se-
quential ranks”. These CUSUM methods incorpo-
rate the sequential nature of SPC and are thus ef-
fective in detecting small, persistent change. How-
ever, they require knowledge of both the in-control
and out-of-control location parameters to set up
the reference value. An EWMA-type chart was pro-
vided by Amin and Search (1991), who described a
GSR-EWMA chart based on a grouped signed-rank
statistic (GSR). This chart too requires known in-
control parameters to set up its control limits. An-
other EWMA-based yet nonparametric method has
been proposed by Zou and Tsung (2010). Hackel and
Ledolter (1991) used “standardized ranks” of the
observations relative to an in-control distribution.
When the in-control distribution is unknown, they
suggested using the ranking on reference data to es-
timate it, which may lead to a substantially larger
in-control ARL than nominal.
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All these methods require prior knowledge of the
in-control parameter or at least a large reference
sample to get an adequate estimate of the param-
eter(s). This reference sample is gathered during a
separate Phase I study in which the process is be-
lieved to be operating in control, but otherwise there
is no special effort to get unrealistically tight read-
ings (Montgomery (2005), section 4.1.7). Jones et al.
(2001, 2004) and Jensen et al. (2006) discussed the
effect of estimating the in-control behavior of pro-
cess readings on the performance of control charts
and pointed out that, with a moderately sized refer-
ence sample, control charts based on the estimated
in-control behavior will behave quite differently from
desired. Specifically, estimation usually substantially
increases the in-control ARL from the nominal value,
and also reduces the sensitivity to change when the
process goes out of control.

Recently, Hawkins et al. (2003) (henceforth,
HQK) proposed a change-point control chart for nor-
mally distributed data. Instead of comparing the sub-
sequent observations with a known or estimated tar-
get value, their method treats the reference samples
as part of the ongoing data stream and examines the
consistency through the whole process. Lai (2001)
listed a variety of change-point models for sequential
detection in settings where at least some in-control
parameters were assumed to be known in advance.
The HQK formulation however differs in not requir-
ing advance knowledge about any parameter. The
HQK method not only avoids the tenuous “known-
parameter” assumption but always maintains the de-
sired in-control ARL.

Zhou et al (2009) developed a nonparametric
change-point model motivated by HQK, but did not
follow the same methodology as HQK. Their scheme
and its performance will be discussed below. In this
paper, we will develop a direct nonparametric paral-
lel of HQK with modest computational needs.

A Review of a Nonparametric
Fixed-Sample-Size Approach

SPC tools are conventionally used in one of two
settings. In Phase I, we have a data set of fixed size,
of which the primary purpose is to estimate the in-
control properties of the process readings. Phase II
involves a steady stream of incoming readings but
conventionally does not involve any further refine-
ment of the estimates of in-control process behavior.
To develop our nonparametric Phase II methodology,
it is helpful to first sketch the change-point formula-
tion where you have a static data set.

Assume X1, X2, . . . , Xτ , Xτ+1, . . . , Xn are inde-
pendent, continuous random variables with statisti-
cal distribution

Xi ∼ F (x), for i = 1, 2, . . . , τ ; (1)
Xi ∼ F (x − θ), for i = τ + 1, . . . , n. (2)

The parameter θ represents a shift in location oc-
curring after the change point τ. Both θ and τ are
assumed unknown. Testing whether the process has
shifted corresponds to the hypothesis test

H0 : θ = 0, Ha : θ �= 0

or, equivalently, that the change point τ lies outside
the range 1 . . . n.

Pettitt (1979) proposed a U-statistic based on the
Mann–Whitney two-sample test, Let

Dij = sgn(Xi − Xj) =

⎧⎨
⎩

1 if Xi > Xj

0 if Xi = Xj

−1 if Xi < Xj .

The U -statistic Uk,n is defined as an antisymmetric
function of the Dij ,

Uk,n =
k∑

i=1

n∑
j=k+1

Dij , 1 ≤ k ≤ n − 1. (3)

A well-known result (Conover (1999)) connects
Uk,n to the rank sum statistic: Let Ri be the rank
of Xi within X1, X2, . . . , Xn. From the two equiv-
alent formulas of the Mann–Whitney statistic, it is
known that

Uk,n = 2
k∑

i=1

Ri − k(n + 1).

It follows that

E(Uk,n) = 0, Var(Uk,n) =
k(n − k)(n + 1)

3
. (4)

Note that the variance of Uk,n depends on the pu-
tative split point k, being a maximum when k = n/2.
Schechtman and Wolfe (1981, 1984) proposed stan-
dardizing the Uk,n to constant variance, defining

Tk,n =
Uk,n√

k(n − k)(n + 1)/3
. (5)

From the asymptotic normality of Mann–Whitney
statistics, Tk,n ∼ N(0, 1) when k and n − k both go
to ∞.

A test statistic for the presence of a change point,
and an estimate of its time of occurrence, are then

Journal of Quality Technology Vol. 42, No. 2, April 2010



A NONPARAMETRIC CHANGE-POINT CONTROL CHART 167

given by maximizing this statistic over k,

Tmax,n = max
1≤k≤n−1

|Tkn| (6)

τ̂T = argmax
1≤k≤n−1

|Tk,n|.

It is helpful at this point to look at the standard
parametric change-point statistic—see, for example,
Hawkins (1977). Suppose the distribution F is the
normal distribution with mean μ and known variance
σ2 and define

X̄i,j =
j∑

k=i+1

Xk/(j − i)

Yk,n =
X̄0,k − X̄k,n

σ(k−1 + (n − k)−1)
.

In the null case, these Yk,n are N(0, 1) and turn
out to have the same correlation structure as the Tk,n

(Deng (2009)). Thus, except for small k or n−k, the
parametric Yk,n statistics have effectively the same
in-control statistical properties as their nonparamet-
ric counterparts Tk,n.

The parametric test statistic for a change is

Ymax,n = max
1≤k≤n−1

|Ykn|. (7)

Csörgő, and Horváth (1997) discussed the large-
sample asymptotics of Ymax,n and Tmax,n, showing
that both tend to infinity with probability 1, but
slowly, and that they have the same asymptotic
extreme-value distribution.

In the parametric case, if σ is unknown, it is re-
placed by σ̂k,n, the pooled within-segment standard
deviation of the two putative segments, replacing
Yk,n by the two-sample t test for equality of mean
of the two “samples” formed by the split after obser-
vation k.

Zk,n =
X̄0,k − X̄k,n

σ̂k,n(k−1 + (n − k)−1)
Zmax,n = max

1≤k≤n−1
|Zkn|.

The strong consistency of σ̂ implies that this stu-
dentized version Zmax,n has the same asymptotic be-
havior as the known-σ form Ymax,n.

A Nonparametric Tool
for Phase II SPC

Turning now to Phase II SPC, the data set is
no longer fixed, but grows as long as the process is

believed to still be in control. Paralleling the HQK
methodology, as each new observation accrues, for
our nonparametric change-point control method, we
look at every previous time as a potential change
point, carrying out a two-sample Mann–Whitney test
between the observations preceding, and those fol-
lowing that time. If the maximum of these statistics
exceeds a specified control limit hn, the method sig-
nals that a change has occurred and estimates the
time of change as the maximizing split point. In sym-
bols, defining a sequence of control limits hn, for each
n, we

• Compute Tmax,n, the maximized split statistic.

• If Tmax,n ≤ hn, then conclude that the process
is in control and continue to the next reading.

• If Tmax,n > hn, then conclude that the process
has shifted and stop the process for diagnosis.
Estimate the epoch of the shift by the maxi-
mizing k.

This raises the issue of the control-limit sequence
hn. As in the parametric HQK setting, we define
these by fixing the conditional probability of a false
alarm at any observation, given that there was no
false alarm at all the previous test. The ideal hn

should be set such that this conditional probability
of a false alarm at any n was a constant α. If this
is done, then the run length follows a geometric dis-
tribution with probability α, making the in-control
average-run length 1/α from any in-control starting
point. We refine the notation to hn,α to reflect this
dependence of the sequence on the false-alarm prob-
ability.

The hn,α are defined by the joint null distribution
of the Tk,n. However, the exact distribution is dis-
crete and varies as n or k changes and requires find-
ing out all the possible arrangements of the ranks.
That would be a nightmare even for moderate n and
unthinkable for large n, as discussed in Schechtman
(1982), and this problem is even more severe in Phase
II study. We will attack it by large-scale simulation.

In principle, it is possible to start testing for
a change from the third observation because the
change-point model does not rely on parameter es-
timates. However, because of the discrete nature of
the distribution of Tmax,n, with short sequences, it
is impossible to have control limits with the small α
conventionally used in SPC settings, and so to get
to these low false-alarm rates, we need to have some
minimum number of “warm-up” cases before we start

Vol. 42, No. 2, April 2010 www.asq.org



168 DOUGLAS M. HAWKINS AND QIQI DENG

TABLE 1. Cutoffs hn,α for Sample Size n and

Varying IC ARL Starting at Sample 15

In-Control ARL

n 50 100 200 500 1000 2000

15 2.700 2.848 2.947 3.069 3.181 3.229
16 2.615 2.767 2.910 3.047 3.142 3.244
17 2.535 2.718 2.862 3.043 3.163 3.247
18 2.535 2.694 2.860 3.034 3.183 3.277
19 2.500 2.695 2.869 3.054 3.186 3.296
20 2.488 2.699 2.851 3.059 3.203 3.311
22 2.468 2.692 2.862 3.082 3.228 3.355
24 2.469 2.676 2.870 3.096 3.249 3.389
26 2.452 2.686 2.875 3.108 3.269 3.415
28 2.455 2.686 2.883 3.121 3.283 3.437
30 2.453 2.684 2.879 3.130 3.297 3.453
35 2.452 2.687 2.894 3.149 3.324 3.487
40 2.447 2.689 2.900 3.162 3.342 3.511
45 2.453 2.690 2.906 3.171 3.356 3.529
50 2.451 2.691 2.908 3.178 3.365 3.542
60 2.452 2.694 2.914 3.188 3.379 3.560
70 2.452 2.694 2.917 3.194 3.388 3.570
80 2.453 2.696 2.918 3.199 3.394 3.579
90 2.452 2.696 2.920 3.200 3.399 3.584

100 2.453 2.697 2.922 3.203 3.402 3.591
125 2.698 2.923 3.206 3.409 3.599
150 2.697 2.924 3.209 3.411 3.603
200 2.699 2.926 3.210 3.415 3.610
250 2.700 2.927 3.212 3.416 3.610
300 2.704 2.926 3.215 3.420 3.616
500 2.927 3.213 3.417 3.612

1000 2.927 3.214 3.418 3.612

the testing. Finding the exact probability distribu-
tion of Tk,n for various small values of n shows that
a warm-up of 14 cases is the smallest value suitable
for routine SPC use. It allows α values as small as
1/3432, which is small enough for SPC use. With 14
warm-up data, the method starts actual monitoring
from the 15th process reading. This is the method
we have implemented.

Forty million sequences of length 1000 were sim-
ulated to find control limits up to n = 1000. These
control limits are presented in Table 1, the columns
corresponding to in-control average run lengths of 50,
100, 200, 500, 1000, and 2000, respectively. The ta-
ble suggests that the cutpoints stabilize to constant
values for increasing n. Not all n values are listed ex-
plicitly; missing entries can be found by interpolation

TABLE 2. Comparing the Parametric (P) and

Nonparametric (NP) Cutpoints

α

0.005 0.002 0.001

P 3.248 3.570 3.794
NP 2.926 3.250 3.455

or by carrying entries forward. For example, there is
an entry for n = 60 and one for n = 70; little error
is introduced by using the n = 60 entry for all values
between 60 and 70, and some slight improvement in
accuracy can be gained by interpolating.

In view of the close similarity between the asymp-
totics of the parametric and nonparametric proce-
dures in the situation of a fixed-size data set, it is
interesting to ask whether their asymptotic control
limits in the Phase II setting are close. A compari-
son of the control limits for n = 200 given in Table 2
shows that they are markedly different. The control
limits for the nonparametric procedure correspond
to parametric procedures with more than double the
false-alarm rate. That two approaches with such sim-
ilar Phase I asymptotics should differ so markedly in
Phase II is surprising. The difference must be traced
to the impact of very short segments, as this is the
only substantive difference in the large-sample in-
control distributions of the underlying statistics.

With this material in place, we can look more
closely at the nonparametric chart proposed by Zhou
et al (2009). This method starts with the Tk,n statis-
tics defined earlier. But rather than test these statis-
tics directly, they are replaced by smoothed versions
generated by an exponentially weighted moving av-
erage, defined by

Ek,n = (1 − λ)Ek,n−1 + λTk,n

Wmax,n = max
1≤k≤n−1

|Ekn|,

a change point being declared if Wmax,n exceeds a
control limit chosen to fix the conditional probability
of a false alarm at a constant α.

The constant λ, as usual with an EWMA, controls
the degree of smoothing. Zhou et al. (2009) suggest
the value λ = 0.2 as a good general-purpose choice.

Computational Issues

The parametric HQK algorithm requires storage
of a table of running sums and sums of squared
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deviations—2n words in all. Computationally effi-
cient numerically stable updates of these summary
tables are fast, and as n increases, the only signifi-
cant computation is the search across previous values
for the location of the maximizing change point. An
instruction count shows that this operation uses 12n
arithmetic operations and so scales linearly.

Turning to the nonparametric case, at first glance,
the computational issue seems far more intractable.
Calculating the rank sum requires ordering the data.
This is an O(n log n) operation (in other words, the
amount of computing required to do it increases with
n at a rate of n log n), while the definitional form
of Uk,n is O(n2), so its computation goes up as the
square of the size of the data set. In the ongoing
Phase II analysis with new data coming in continu-
ously, all orderings change as each new observation
is added and the rankings need continual updating.
A naive implementation of the definitional form of
Tmax,n would therefore lead to a computational ex-
plosion with large n.

More careful analysis, however, shows that the
Mann–Whitney statistic has a simple update: for
1 ≤ k ≤ n,

Uk,n+1 =
k∑

i=1

n+1∑
j=k+1

Dij

=
k∑

i=1

⎡
⎣

n∑
j=k+1

Dij + Di,n+1

⎤
⎦

= Uk,n +
k∑

i=1

Di,n+1.

Thus, each Uk,n+1 can be calculated from Uk,n

using just two additions—one to update the running
total

∑k
i=1 Di,n+1 =

∑k−1
i=1 Di,n+1 + Dk,n+1 and one

to add this running total to Uk,n, for a total of 2n+1
operations.

Computing Tk,n from Uk,n requires an additional
four operations, making a total of O(6n) arithmetic
operations and n comparisons. Thus, somewhat sur-
prisingly, the nonparametric formulation not only
also scales linearly, but in fact turns out to be com-
putationally faster than the parametric and to have
the same storage requirements.

Evaluation of Performance

The performance of the chart is measured in terms
of its ARL following a step change in distribution.

Apart from the in-control ARL, two factors influ-
ence the performance—the magnitude of the shift
and the length of time for which the process runs
in control before the step change. The relevance of
this second factor may be unintuitive initially, but
as the change-point formulation involves two-sample
comparisons, its performance is affected by the size
of the in-control data set as well as that of the run
of out-of-control data.

In addition, it is of interest to know how the per-
formance of the nonparametric chart compares with
that of the parametric HQK chart in circumstances
where both would be appropriate. A further per-
formance comparison with the Zhou et al. (2009)
method is also indicated to evaluate the impact of
the smoothing they suggest for the Tk,n.

We explored the first two issues by simulating
three settings: a step shift occurring at the 15th,
50th, and 500th observations, which means the true
change point of τ = 14, τ = 49, or τ = 499.
For each combination of τ and δ, we simulated
200,000 sequences. Testing started at the 15th pro-
cess reading and used control limits giving an in-
control ARL of 500 (α = 0.002.) The necessary
control limits were downloaded from the Web site
www.stat.umn/edu/hawkins.

The process readings simulated were N(0, 1) up to
time τ and N(δ, 1) after time τ , and so are amenable
to both the parametric HQK and the nonparametric
approach. Figure 1 presents the resulting ARLs for
δ values in the range of [0, 3]. The numeric values of
the ARLs are given in Table 3; the values listed have
a standard error of 0.2%.

FIGURE 1. Performance of Parametric and Nonparamet-

ric Approaches with Different True Change Points.
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TABLE 3. Comparing Parametric and Nonparametric

τ 14 49 499

δ Par Nonp Par Nonp Par Nonp

0.125 497.09 493.52 480.66 471.60 366.10 328.55
0.250 483.66 471.51 417.86 381.19 148.38 123.52
0.375 456.91 431.80 303.75 254.45 66.09 57.30
0.500 412.01 380.67 178.50 140.06 38.09 33.93
0.625 354.48 314.36 86.92 66.71 25.30 23.20
0.750 282.55 241.91 41.92 33.72 18.26 17.22
0.875 206.27 174.13 24.05 20.53 13.91 13.55
1.000 139.35 115.43 16.34 14.84 11.07 11.11
1.125 85.24 71.46 12.39 11.75 9.02 9.38
1.250 50.09 42.89 9.90 9.78 7.55 8.19
1.375 28.98 25.61 8.20 8.44 6.44 7.25
1.500 18.20 16.17 6.93 7.48 5.58 6.54
1.625 12.91 11.79 5.99 6.73 4.91 5.99
1.750 10.07 9.37 5.25 6.16 4.34 5.55
1.875 8.41 7.96 4.65 5.73 3.89 5.18
2.000 7.24 7.10 4.16 5.38 3.52 4.90
2.125 6.36 6.53 3.76 5.09 3.21 4.67
2.250 5.69 6.11 3.42 4.86 2.94 4.47
2.375 5.15 5.81 3.13 4.67 2.71 4.31
2.500 4.69 5.56 2.89 4.51 2.51 4.19
2.625 4.31 5.36 2.68 4.37 2.34 4.08
2.750 3.98 5.22 2.49 4.26 2.18 4.00
2.875 3.71 5.11 2.33 4.17 2.05 3.93
3.000 3.46 5.02 2.18 4.10 1.93 3.88

Figure 1 shows some expected features. Having 49
rather than 14 initial in-control readings speeds the
detection of a shift. The benefit is greatest when the
shift is small. It is also interesting that having 499
initial in-control readings still gives a considerable
improvement over having 49 initial readings when
the shift is small.

A more interesting difference is between paramet-
ric and nonparametric. It is natural to expect that
the nonparametric change-point model could beat
the parametric for a nonnormal, especially skewed,
underlying distribution. When the true distribution
is normal, however, one would expect the parametric
method to outperform the nonparametric across the
board, though substantially so only for large shifts.
Surprisingly, however, the nonparametric formula-
tion offers you more than that. For τ = 14, the non-
parametric procedure has the faster reaction for all
shifts up to 2.1 standard deviations, and only for
larger shifts does the anticipated superiority of the
parametric procedure surface.

For τ = 49, the same behavior is seen, except that
the crossover point between the two methodologies
occurs at 1.5 standard deviations. And for τ = 499,
the two curves cross at 1 standard deviation. At all
three, for small to moderate shifts, the nonparamet-
ric change-point model outperforms the parametric
even when the underlying distribution is normal and
the parametric model assumptions hold. For large
shifts, intuition is right and the parametric approach
is better.

Though initially surprising, the performance dif-
ference has an explanation. The parametric test is
well known in the null case to have a strong ten-
dency to split off just one or two observations from
one end of the series. The nonparametric test is much
less inclined to do so. This leads to the situation
seen in Table 2 that, despite the identical correlation
structure and largely matching distribution, the con-
trol limits of the nonparametric procedure are sub-
stantially smaller than those of the parametric. This
lower threshold for a chart signal then allows the
nonparametric procedure to react faster to moderate
shifts. As usual, the parametric approach is better
for large shifts.

The other relevant comparison is with the
smoothed approach of Zhou et al (2009). To explore
this, we simulated sequences with 150 in-control ob-
servations, followed by a shift. Both procedures used
50 initial warm-up observations prior to the start of
testing and an in-control ARL of 500. The resulting
out-of-control ARLs are shown in Table 4, the run
lengths having standard errors of 1%.

It appears that the additional complication of the
smoothing adds a modest benefit for small shifts, as
the Zhou et al. (2009) procedure has a somewhat
faster response for small shifts (14% shorter ARL
for a shift of 0.375 σ). However, it leads to slower
response for shifts above 0.75σ, where the run length
is up to 25% longer.

Example

Aluminum smelters monitor the feed material to
respond to changes in its composition. One of the
nuisance constituents is silica. Table 5 lists a data set
(kindly provided by Len Homer) on the silica concen-
trations of the feed to a smelter. The sequence is also
plotted in Figure 2. A glance at the figure is enough
to show that the numbers do not follow a normal dis-
tribution; there is a clustering of values close to the
axis, with isolated values far above. The graph also
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TABLE 4. Comparing Smoothed and Unsmoothed

δ Zhou Current

0.125 394.29 419.55
0.250 197.91 225.69
0.375 79.65 92.72
0.500 39.77 43.85
0.625 25.59 26.68
0.750 18.80 18.95
0.875 14.78 14.53
1.000 12.21 11.66
1.125 10.45 9.78
1.250 9.17 8.37
1.375 8.22 7.41
1.500 7.51 6.70
1.625 6.93 6.10
1.750 6.52 5.60
1.875 6.15 5.25
2.000 5.86 4.95
2.125 5.62 4.70
2.250 5.43 4.50
2.375 5.27 4.33
2.500 5.14 4.20
2.625 5.04 4.10
2.750 4.96 4.00
2.875 4.89 3.92
3.000 4.82 3.87

suggests that the values at the end are higher than
those at the beginning, but it is less clear when the
shift might have occurred or how soon thereafter it
could have been claimed confidently.

One possible approach is to try finding a transfor-
mation to normality, following which the paramet-
ric HQK procedure could be applied. This is com-

FIGURE 2. Time-Ordered Plot of SiO2 Data.

TABLE 5. Silica Concentration in Smelter

n SiO2 n SiO2 n SiO2 n SiO2

1 0.27 16 0.15 31 0.23 46 0.58
2 0.09 17 0.07 32 0.51 47 0.57
3 1.55 18 0.19 33 0.73 48 0.54
4 0.18 19 0.27 34 0.52 49 0.65
5 0.17 20 0.77 35 0.88 50 1.04
6 0.18 21 0.34 36 0.49 51 0.48
7 0.44 22 0.24 37 1.28 52 1.16
8 0.36 23 0.10 38 0.59 53 0.88
9 0.27 24 0.26 39 0.81 54 1.04

10 0.29 25 0.25 40 0.55 55 1.68
11 0.29 26 0.62 41 0.12 56 1.07
12 0.23 27 0.17 42 0.44 57 2.72
13 0.10 28 0.27 43 0.98 58 1.06
14 0.26 29 0.56 44 0.21 59 1.24
15 0.07 30 0.41 45 0.71 60 0.65

plicated by the fact that the sequence is relatively
short and compounded by the fact that if there is a
change point, then the data set is a mixture rather
than a single distribution. Nevertheless, a log trans-
formation seems reasonable and is supported by the
general observation that low-concentration analytes
tend to follow log-normal distributions. We can then
apply the parametric HQK procedure to the log-
transformed values.

The nonparametric change-point model can be ap-
plied immediately to the data on the natural scale.

The results are shown in Figure 3 and Figure 4,
respectively. In each figure, the left panel shows the
change-point statistic along with the control limit
for an in-control ARL of 500. The right panel shows
the maximizing k—the estimate of the last in-control
reading.

Both nonparametric and parametric control
charts conclude that there is a location shift midway
through the series. The nonparametric chart exceeds
its control limit at n = 37 and remains above the
control limit to the end of the data. The parametric
chart signals a bit later, at n = 39, and then dips
back below the control limit before re-emerging at
process reading n = 44.

As for the estimate of the change point, both
methods vacillate initially between τ̂ = 31 and τ̂ =
28 before settling on the former.
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FIGURE 3. Nonparametric Change-Point Model on Original SiO2 Data: Tmax,n and hn,0.002.

FIGURE 4. Parametric Change-Point Model on Logged SiO2 Data: Zmax,n and hn,0.002.

In this example then, the nonparametric change-
point control chart provides results that are compat-
ible with those of the parametric method but is a lit-
tle faster. These apparent advantages come on top of
the fact that there is no need to struggle with search-
ing for the appropriate transformation and worrying
about the distribution issue at all.

Conclusion

The introduction of the change-point model into
Phase II statistical process control has brought a new
perspective to the problem of unknown parameters,
and our nonparametric change-point model takes this
a step further. In statistical theory, a simple two-
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sample Mann–Whitney test has a relative efficiency
as high as 96% when the distribution is normal,
while it is a great improvement when the true dis-
tribution is not. Our results show something even
better—that, for moderate shifts, there appears to
be a gain rather than a loss of performance in us-
ing a nonparametric rather than a parametric ap-
proach. Moreover, it requires minimal assumptions
and knowledge of baseline data to detect a change in
an ongoing process, and can give the greatest free-
dom from worry about the underlying distribution.
This method extends the applicability of previous
proposals for Phase II change-point models.
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