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Abstract

We proposea fast algorithm for far-field SAR imag-
ing basedon a new fast back-projectionalgorithm devel-
oped for tomography. We also modify the algorithm for
thenear-field scenario.Thefastback-projectionalgorithm
for SARhascomputationalcomplexity ����
���������
�� . Com-
paredto traditionalFFT-basedmethods,our new algorithm
haspotentialadvantages: thenew algorithmdoesnot need
frequency-domaininterpolation, which becomescomplex
for the wide-anglecase; the new approach is applicable
to the near-field scenario, taking into accountwavefront
curvature; andtheback-projectionalgorithmcanbeeasily
adaptedto parallel computingarchitectures.For somesce-
nariosof interest,the computationalcostof the new back-
projectionapproach is similar to or lessthanthat for FFT-
basedalgorithms.

1. Intr oduction

Our approachfor SAR imagingis motivatedby the re-
cently proposedfastback-projectionalgorithmsin tomog-
raphy[1][2]. In spotlight-modeSAR, thephysicalantenna
is steeredto illuminatethesameterrainareawhile theradar
platform is moving along the flight path. Munsonet. al.
connectedspotlight-modeSARandcomputer-aidedtomog-
raphy(CAT) in 1983[3]. In their paper, it wasshown that
in thefar-field scenario,spotlight-modeSARimagingis es-
sentially a narrow-bandversionof CAT. After quadrature
demodulation,the SAR return signalsare approximately
samplesof 1-D Fourier transformsof projectionsof the
scenepatch,which are also are polar-grid samplesof the
2-D FT of the scene. Thus, the filtered back-projection
method,which originatedin tomography, can be usedto
reconstructa SAR image. The disadvantageof this inver-
sionalgorithmis its computationalexpense.For an 
���

image,back-projectionhas ����
���� complexity. Traditional
SAR imaging is FFT-based. With that method, the 2-D

polar grid FFT dataarefirst interpolatedonto a Cartesian
grid andthesceneis reconstructedby a simpleinverse2-D
FFT. This methodis not applicablein the near-field sce-
nario, sincethe plane-wave assumptionbreaksdown and
wavefront curvaturemustbe taken into account. Another
difficulty of the FFT-basedmethodis that interpolationer-
rors in the frequency-domaincauseerror propagationover
the entire image,which could be a problemwith a wide
data collection angle. It has beenproved that polar-to-
Cartesianinterpolationusinga 2-D periodicsinc-kernelin-
terpolatorwith Jacobianweighting followed by a 2-D in-
verseFFT is equivalent to the filtered back-projectional-
gorithm [4]. A standardimplementationof this interpola-
tor would have complexity ����
� �� for an 
!�"
 image.
The FBP algorithmis a fastway of implementingthe in-
terpolationfollowed by an inverseFFT. A more sophisti-
catedalgorithm; the #%$'& algorithm[5][6], accountsfor
wavefrontcurvature,but it still requiresfrequency-domain
interpolation,referredto as“Stolt interpolation”. The fil-
tered back-projectionalgorithm potentially eliminatesall
the above problems: it avoids frequency-domaininterpo-
lation, it can be modified for the near-field scenario;fur-
thermore,it is compatiblewith largervarietyof auto-focus
algorithmsandit is easilyadaptedto parallelcomputingar-
chitectures.Back-projectionin SARwould hold promiseif
its computationalcomplexity couldbedecreasedto thatof a
2-D FFT. We proposesucha fastback-projectionalgorithm
in this paper.

In Section 2 we review recently proposedfast back-
projection algorithm in CT and SAR. In Section 3 we
presentthe algorithm we have developedfor SAR image
formationin thefar-field scenario,andshow somesimula-
tion results. In Section4 we briefly describethe modified
fastalgorithmfor thenear-field scenariosandpresentsimu-
lations.

2 Review of fast algorithms

Boag andBreslerhave proposeda novel fast reprojec-
tion algorithm [1] in tomography. Reprojectionmeansto



obtain a set of parallel beamprojectionsat view angles(*),+.- /10�2 � 0�3547680�9:9�9*;
givena2-D image[7]. Directalgo-

rithmsfor reprojectionrequire ����
���� operationsto gener-
ate 
 projectionsfor an 
<��
 image.Thefastreprojec-
tion algorithmproposedin [1] utilizestheangularbandlimit
propertyof the sinogram[8][9]. Let =>�@? 0:( � be theprojec-
tion function (Radontransform)of image �>�@A 0�B � in vari-
ables? and

(
, and C��@#ED 0 #GFH� beits 2-D Fourier transform.

C��@#GD 0 #GFI� is a line spectrumin
(

since =>�J? 0:( � is periodic
with respectto

(
. Theangularbandlimitpropertystates:

Theorem1 If =>�@? 0�( � is supported in K ?1KML N and
C��@# D 0 # F � essentially vanishes for K # D KPO Q D , then
C��@# D 0 # F � essentiallyvanishesfor K # F K�O - NRQ D*SUT 6 .

This impliesthatfor asubimageof half size,asin Fig. 1,
the angular frequency support is halved, and hencethe
Nyquist samplingrate in

(
is also halved. Therefore,to

calculate
;

projectionsof the subimages,it is enoughto
calculatehalf thenumberof projectionsandthenangularly
interpolatethemto

;
angles.Reprojectionof thewholeim-

ageis simplyashiftedsummationof thereprojectionsof the
subimages[7][10]. Recursivelyusingthedomaindecompo-
sition,thecomputationalrequirementfor fastreprojectionis
����
��WV@XHYZ
�� .

original image

subimage

Figure 1. Original image and its subima ges.

BasuandBreslerfurtherproposeda fastback-projection
algorithm[2][11] basedon the fastreprojectionalgorithm.
Their ideais: sincethe back-projectionoperatoris the ad-
joint operatorof reprojection,the reprojectionprocesscan
be invertedby its adjoint operatorto obtain a fast back-
projectionalgorithm with the sameapproximationerrors.
Thefasthierarchicalback-projectionof

;
projectionscon-

sistsof severalsteps:shift andtruncatetheprojectiondata
of the original imageto correspondto the datafor eachof
thesubimages,angularlyfilter anddecimatetheprojection
datato yield four setsof [ � projections,andback-project
thereducednumberof filteredprojectionsto obtainsubim-
ages.Thereconstructedimageis formedby combiningall
the subimages.Thealgorithmhas ����
 � V\XIYZ
�� complex-
ity whenappliedrecursively. Earlier, McCorkleproposeda

fastalgorithm[12] with asimilar approach,but resultingin
largererrors.

3 Fastalgorithm in far-field SAR scenario

In aspotlightmodeSAR,theradaris assumedto illumi-
natethesamescenepatchwhile transmittinga sequenceof
pulsesalongtheflight path.Thefollowing assumptionsare
madein the imagingprocedure:first, we ignorethe radar
height ] by setting ] 4'/

. Second,thestandardstop-and-
gomodelof radarmotionis assumed.This is agoodmodel
in practice,sincethevelocity of theairplaneis neglectable
comparedto the velocity of light. Let the radartransmita
linearFM chirp pulseRê8_8�@`a�cb , with

_8�J`a� 4 dfe*gih8jlk@mon�kJpcq K `�Ksrut �/
otherwise

(1)

where#,v is theRFcarrierfrequency andwUx is theFM rate.
In the far-field SAR scenario,after quadraturedemodula-
tion, thereturnsignalscanbeapproximatedas1-D FTsof
projectionsof the terrainpatch[3][13]. SeeFig. 2 for the
typical far-field SAR dataregion. Eachsolid line in the
figure representscomplex datacollectedby one transmit-
ting andreceiving process.Fromtheprojection-slicetheo-
rem,the returndataarealsosamplesof the2-D polar-grid
Fouriertransformof thescene,whichallowsusto first inter-
polatethepolar-grid FT datato aCartesian-gridandthen2-
D inverseFouriertransformto form theterrainimage.Sim-
ilar algorithms,calledFourier ReconstructionAlgorithms,
arealsousedin tomography[14]–[16]. TheFFT-basedal-
gorithmsare fast to implement,and undersomecircum-
stances,the datacollectionangle

(
in Fig. 2 is quite small

(e.g. y{z ) suchthat thepolar-grid datais alreadyvery close
to Cartesian.The FFT-basedalgorithmcanbe accuratein
this case,even with a simple interpolator. As the viewing
angleincreases,the performanceof FFT-basedalgorithms
canbedisappointingunlessa veryhigh quality interpolator
is used[17]. Back-projectionalgorithmsarerelativelyunaf-
fectedby interpolationsinceno interpolationin theFourier
domainis required.

In this section,we first modify the fastback-projection
algorithmto fit the far-field SAR scenario,andthencom-
pareit with theFFT-basedalgorithmusingsimulateddata.

SAR dataare frequency-offsetFourier datacenteredat
frequency � h j| [3]. To modify the fastback-projectional-
gorithm to fit this scenario,the interpolationsalongradial
directionsshouldbe adaptedto be bandpasssignal inter-
polations,while the projectionsareall assumedto be low-
passsignalsin CT images. Furthermore,sinceonly one-
sidedFourierdataareknown,theinterpolatorsarecomplex-
valued.Themodifiedalgorithmcanbesimply describedas
follows:
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Figure 2. Far-field SAR data in 2-D FT domain.

1. Move thefrequency-offsetFourierdatato becentered
at zero,andapply inverseFFT to obtainlow-passver-
sionof projections.

2. Shift and truncatethe projectionsto correspondto
smallsubimages.

3. Low-passinterpolatethe projectionsin the radial di-
rectionto obtainnew radialsamples.Modulateall the
projectionsby d8}Ue pc~ j� k .

4. Interpolateanddecimatethe modulateddatato form
half thenumberof projections.

5. Back-projectalong straight lines (approximationin
far-field scenario)if in the laststepof recursion.Oth-
erwise,Multiply theprojectionsby dfe p�~ j� k andgoback
to step2.

3.1 Simulation resultsfor far-field scenario

We testedthe fast algorithm with simulateddata and
comparedtheresultswith andanFFT-basedalgorithm.The
basicsimulationparametersareasfollows:

� Centerfrequency:
6*/�� v Hz. Datacollectionangle: y z .

� Samerangeandcross-rangeresolutions.

� Known data:2N � 2N (angle� frequency) with image
sizeN.

� Distancebetweentheflight pathandthecenterof the
imageis 100timestheimagesize.

The datacollectionangleswere assumedto be uniformly
distributed. The scenewassimply four point targetswith
the samereflectivity magnitudes. Since the targetswere
far from the flight path, the data were treatedas sam-
ples of the 2-D Fourier transformof the scene. The in-
terpolationkernelsin the FFT-basedmethodweresepara-
ble with Hamming-sincinterpolatorsin onedirection,and
simplelinearinterpolationin theotherdirection,sincedata

in the angulardirectionwasnonuniform. We first useda
Hamming-sincinterpolatorof length8 in the FFT method
andcomparedwith our fastback-projectionalgorithmfor
differentimagesizes.TheCPUtime (in seconds)is shown
in Table1. Fromthe table,we seethat for differentimage
sizes,thecostof thefastback-projectionalgorithmandthe
costof theFFT methodareof thesameorderwith theratio
of thecostsconstant.The fastalgorithmis about10 times
fasterthantheexactFBPalgorithmfor a � 6 w���� 6 w image
andis morethan20 timesfasterthanthe exact FBP for a
w /I�H� ��w /H�H� image.

Table 1. Comparison of CPU time of IFFT and
fast back-pr ojection methods

Time � Size 128 256 512 1024 2048
IFFT 1.34 6.16 29.63 154.5 866.7

FastFBP 9.18 41.9 186.8 828.1 3635
ExactFBP 28.40 222.9 1778.9 14486 87033

To do a moremeaningfulcomparison,we increasedthe
lengthof Hamming-sincinterpolatorin theFFT methodto
makethetwo algorithmshavethesamecomputationaltime.
Weshow thereconstructedimagesof size

6 w � in Figs.3 and
4. Both methodswork very well in the far-field scenario
with similar imagequality.

4 Near-field SAR imaging

In thenear-field scenario,wavefrontcurvaturecannotbe
neglected.Wehaveproventhatthehalf-sizehalf-bandwidth
(of the flight path) property holds asymptoticallyin the
near-field case,so that the fastalgorithmcanbe modified
to fit the near-field situation by doing the filtered back-
projectiononcurves.Thatwill bethetopicof aforthcoming
paper. Here,wewill show somesimulationresultsto verify
thefeasibility of ouralgorithm.

Wefirst ranthesimulationsonthepointtargetsunderthe
sameassumptions,except the distancebetweenthe flight
pathand the scenewasnow set to be 10 times the image
size. We assumedthat thepulsetransmissionpointsalong
the flight pathwereuniform, ratherthanusinguniformly-
spacedangles.In theFFT method,we used2-D separable
Hamming-sincinterpolationwith the samefilter length in
eachdirection.Theinterpolatorlengthwassetto make the
two methodshave thesamecomputationaltime. As shown
in Figs. 5 and 6, the point targetsreconstructedfrom the
FFT methodcausedblurring due to the wavefront curva-
ture, but the fastback-projectionalgorithmresultwasnot
affected.
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Far−field case: d = 100 imgsize, IFFT method, angle = 3.0o
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Figure 3. Far-field SAR image reconstruction
using the FFT method with viewing angle y�z .
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Far−field case: d = 100 imgsize, fast algorithm with holdoff 1, angle = 3.0o
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Figure 4. Far-field SAR image reconstruction
using back-pr ojection with viewing angle y�z .

We alsoperformeda simulationfor a morecomplicated
scenewith four rings,eachhaving thesameinnerandouter
radiusandcenteredat the four pointsappearedin the far-
field simulation.Themagnitudesof thereflectivities on the
ring weresetto beconstantandthephasesweresimulated
asrandom[18]. Thedistancebetweentheflight pathandthe
scenewasassumedto bethesameastheimagesize.Thein-
tegrationanglewasfrom $�w���z to w��:z . We show theresults
of usingtheFFT-basedmethodandour modifiedfastback-
projectionalgorithm. As illustratedin Figs. 7 and 8, the
imageproducedby the FFT methodhaspoor quality with
smearedandshiftedrings,while thefastback-projectional-
gorithmformedexcellentimageswith thesameCPUcost.
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Near−field case: d = 10 imgsize, IFFT method, angle = 3.0o
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Figure 5. Near-field SAR image reconstruc-
tion using the FFT method with viewing angle
y�z .
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Near−field case: d = 10 imgsize, fast algorithm with holdoff 1, angle = 3.0o

20 40 60 80 100 120

20

40

60

80

100

120

Figure 6. Near-field SAR image reconstruc-
tion using back-pr ojection with viewing angle
y�z .

5 Conclusion

In this paper, we proposeda fastback-projectionalgo-
rithm for thefar-field scenario,which is amodificationof a
newly proposedfastback-projectionalgorithmin computer
tomography. Our algorithmhasthe sameorderof compu-
tationalcostasthat of FFT-basedalgorithms. The quality
of reconstructedimagefor thenear-field scenariousingfast
back-projectioncanbe bettercomparedto that of the FFT
method,while having thesameCPUcost.
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Figure 7. Near-field SAR image reconstruc-
tion using the FFT method with viewing angle
� � z .
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Near−field case: d = 1 imgsize, fast algorithm with holdoff 1, angle = 54.0o
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Figure 8. Near-field SAR image reconstruc-
tion using back-pr ojection with viewing angle
� � z .
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