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Abstract. In order to quantify near-infrared spectroscopic (NIB) data on an inhomogeneous 
medium, howledge of the contribution of the various pslrs of the medium to the total NIRS signal 
is required. This is particularly vue in the monitoring of cerebral oxygenation by m s ,  where 
the contribution of the overlying tissues must be known. The concept of the time point spread 
function (IPSF), which is used extensively in NIRS to determine the effective optical pathlength, is 
expanded to the more general inhomogeneous case. This is achieved through the introduction of 
the partial differential pathlength, which is the effective optical pathlength in the inhomogeneous 
medium, and an analytical proof of the applicability of the modified Beer-Lambert law in an 
inhomogeneous medium is shown. To demonstrate the use of partial differential pathlength, a 
Monte Carlo simulation of a two-concentric-sphere medium representing a simplified svuctue 
of the head is presented, and the possible contribution of the overlying medium to the total NIRS 
signal is discussed. 

1. Introduction 

In the past ten years, the technique of near infrared spech.oscopy (NLRS) has been increasingly 
used to monitor blood and tissue oxygenation in patients, especially the status of the brain. In 
order to quantitate NIRS data, it is necessary to know the optical pathlength of the light in the 
tissue, which, due to the high degree of light scattering that occurs, is considerably greater 
than the geometrical spacing between the light input and output points. It has however 
been widely accepted that the detected signal is representative of the average oxygenation 
of the tissues between the optodes. This is a reasonable assumption when the tissues are 
homogeneous, but in the case of the head, the tissue of interest, the brain, lies below a 
surface layer of tissue and bone. In this paper, we report on the results of a Monte Carlo 
(MC) simulation of light transport in a heterogeneous structure comprising two concentric 
spheres, which represent in a simplistic manner the structure of the head. From these results 
we discuss the probable contribution of the overlying tissues to the detected NLRS signal. A 
theoretical basis for quantitation of optical pathlength in an inhomogeneous medium is also 
given. 
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2. Near-infrared spectroscopy 

The relative transparency of biological tissues to N R  light allows the absorption properties 
of intact organs to be monitored non-invasively. In the NIR, absorption due to haemoglobin 
and cytochrome oxidase can be observed, making it possible to monitor changes in blood 
and tissue oxygenation. The method was first applied to the brain of cats (Jobsis 1977) and 
subsequently to the brains of newborn infants (Brazy etal 1985, Ferrari etal 1986a, Wyatt 
et al 1986) and adults (Ferrari et a1 1986b, Fox et al 1985). Recently, methods for the 
absolute quantitation of cerebral blood flow and blood volume have been developed and 
applied to the newborn infant (Edwards et al 1988, Wyatt eta1 1990, Skov et al 1991) and 
adult (Elwell et al 1992). The possibility of imaging of tissue oxygenation by NIR light is 
also being studied by various groups (Arridge etal 1991, 1993a, Fishkin and Gratton 1993, 
Kniittel et al 1993, Hebden and Wong 1993). 

Quantitation of spectroscopy data using the Beer-Lambert law requires that the optical 
pathlength is known. In NIRS, light scattering by the tissues means that not all the light that 
enters the tissues is detected, and even that light has travelled along a distribution of paths. 
It has however previously been shown that a modified Beer-Lambert law can be applied 
to quantify changes in chromophore concentration from the measured changes in tissue 
attenuation (Delpy et al 1988, Cope et al 1988, Cope 1991). This modified law uses the 
differential pathlength (DP), which is defined as the local gradient of the attenuation versus 
the absorption coefficient fi8 of tissue. It has been shown experimentally that the DP can be 
approximated by measuring the mean distance ( L )  travelled across the tissue by picosecond 
light pulses (Delpy et a[ 1988) or by measuring the phase shift of a frequency modulated 
light source (Chance et al 1990) and the theoretical basis of both has been demonstrated by 
Anidge ef al (1992). The differential pathlength factor (DPF), which is obtained when the 
DP is divided by the distance between light source and detector optodes, has been shown 
to be approximately constant once the optode spacing exceeds 2.5 cm (van der Zee et al 
1990, van der Zee 1993). 

Thus far, the use of the differential pathlength has only been demonstrated to be valid 
for a homogeneous medium, but real organs consist of various tissue components that have 
different optical parameters. Therefore, for the purpose of accurate quantitation of NIRS data 
it is important to understand the nature of light transport through an inhomogeneous medium 
and to know the effective optical pathlengths within the various parts of an inhomogeneous 
medium. 

There are various methods for calculating light transport through tissue and a useful 
review is given by Patterson et a1 (1991). One approach is to seek an analytical solution 
of the diffusion equation. However, this has only succeeded under restricted geometries 
and for a homogeneous medium (Patterson et al 1988, Anidge et al 1992). A second 
approach is the MC method (Wilson and Adam 1983, van der Zee and Delpy 1987, Flock 
et al 1989, Sevick and Chance 1991, Essenpreis et al 1991), which can be applied to an 
inhomogeneous medium, has the advantage of being able to calculate the pathlength directly 
and can offer the individual photon histories, but which requires considerable computation 
time. A third approach is to solve the diffusion equation numerically by the finite-difference 
method (Cui and Ostrander 1992, Haselgrove et al 1992), which has been successful under 
restricted conditions for an inhomogeneous medium. A fourth approach is to solve the 
diffusion equation by the finite-element method (Schweiger etal 1992, Anidge etal 1993b), 
which can be applied to the complex geometries of an inhomogeneous medium and has the 
advantage of fast calculation time, but it does not calculate individual photon histories. We 
have chosen to use the MC method to calculate the DPS of an inhomogeneous medium. 
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3. Use of differential pathlength 

In order to estimate the change Apa of absorption coefficient in a scattering medium from 
a change AOD in the measured light attenuation, a modified Beer-Lambert law has been 
shown to be applicable (Delpy et al 1988). 

Attenuation (OD) = - In(Z/lo) = DPpa + G (1) 

AOD 2: DPApa (2) 

where ZO is the time averaged input light irradiance on the medium surface and Z is the time 
averaged detected light irradiance on the medium surface. DP is the differential pathlength, 
which is a function of absorption coefficient pa, scattering,coefficient pLs, single-scattering 
phase function fp and geometry. G is another function, which depends on p., fp and 
geometry but not on pLa. Strictly speaking equations (1) and (2) are only correct if DP does 
not depend on pa. Although this is not strictly true, in NIR tissue spectroscopy we normally 
only observe small changes of pa where DP has been shown to be approximately constant 
(Cope 1991). 

In a homogeneous medium it has been shown experimentally that the DP can be 
approximated by the mean time (T) of the TPSF multiplied by the velocity c of light in 
the medium (Delpy et al 1988): 

DP = AOD/Apa Y c(T).  (3) 

The TPSF is defined as the temporal intensity distribution of light emerging from the tissue 
following the input of an ultrashort light pulse. A typical TPSF profile for a homogeneous 
slab of scattering medium is shown in figure I@). Theoretical analysis using the diffusion 
approximation has also shown this relationship (Patterson et al 1989, Arridge et al 1992). 
A dimensionless factor, the DPF, is sometimes used in NlRS and is defined as (Delpy et al 
1988) 

DPF = DP/D (4) 

where D is the distance between the light source and detector optodes. The DPF indicates 
how many times longer the detected light has travelled than the interoptode spacing. 

4. Relationship between DP and (T) in a heterogeneous medium 

In discussing a heterogeneous medium, we will introduce the concepts of the partial 
differential pathlength (PDP) and the partial mean time of the TPSF defined later in (5) and 
(13) respectively, and will show that a similar relationship exists between these parameters. 
The proof will not depend on the diffusion approximation. 

Consider a heterogeneous medium which consists of n separate components of any 
geometry. Suppose that each component of the medium is homogeneous but has different 
optical properties. We define the PDP as a partial derivative of the measured attenuation OD 
versus the absorption coefficient p*, i = 1, . . . , n, of each medium. 

PDP~ = aoo/ap,. (5 )  
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Figure 1. A typical TPSF showing the mean time (T) calculated by the MC model (a) for 
photons transmitted through a homogeneous slab medium (the thickness of the slab is 10 mm, 
F: = 1 mm-l and pa = 0.01 mm-') and (b) for transmission through a heterogeneous 
concentric sphere medium that consists of two components (the diameter of the outer sphere is 
20 mm and that of the inner sphere 16 mm; the inner medium (medium I )  has wkl = 0.5 mm-I 
and Fa! = 0.02 mm-'; the outer medium (medium 2) has & = 2 mm-' and fir2 = 0.02 m-l; 
the ittpuVoutput optode angle 0 is 60"; I, is the time spent in the medium 1 and tz is the time 
in the medium 21. 

Hence, substituting for OD 

PDP~ = (a/ahG[- I ~ ( I / I ~ ) ]  = -(i/I)aI/apai. (6) 

Any photon arriving at the surface at time T can be associated with a vector ((1, t z ,  . . . , tn), 
where t l ,  i = 1, . . . , n, is the time spent within the medium i. We may then define a 
function P(t l ,  tz, . . . , a) that represents the intensity of photons received with a particular 
distribution of component times. P( t l ,  t z ,  . . . , t,) may have a value for ti > 0 and is equal 
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to zero for any ti < 0. Figure I(b) shows an example of this function for a two-component- 
concenhic-sphere medium. This may be called the TPSF for an inhomogeneous medium. 
Note that in figure l(b) we may take a diagonal line tl + zz = T and perform the integral 

to recover our normal definition of received intensity, which is the TPSF for T .  In general 

The function P (f, , t,, . . . , t,J and r ( T )  if normalized may also be regarded as the probability 
density function for the transit times of the photons. 

Let P&, tz, . . . ,to) be the TPSF in the case of a non-absorbing medium (pai = 0, 
i = 1,. . . , n).  Then absorption may be introduced by multiplying P ~ ( t l ,  tz ,  . . . , t,J by the 
probability that a photon remains unabsorbed in the medium i, which is exp(-paiciz;), 
where ci is the velocity of light in the medium i. In other words, the received intensity of 
any given photon will be attenuated by a factor exp(-p,citi) for any non-zero attenuation 
in the medium i, so that the total attenuation for the photons received with a particular 
dishibution of component times is 

n 

P O I ,  tz ,  . . . , r,) = ~ 0 0 1 ,  tz, . . . , tn) n exp(-p.,citi) = t z ,  . . . , tn) 
i=l 

Then the measured intensity I is the integral of P&, tz ,  . . . , t,) over time 

I = im.. . Jldm P( t l ,  t2, . . . , t,)dtl d q . .  .dt, 

Also 

so that: 

/ im.. .im Po(tl, tz, . . . , tn) exp ( - $&&ti)) dtl dtz . . .dt,. (12) 
i=l 
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On the other hand, the partial mean time ( t l )  of the TPSF, which is defined as the mean time 
spent within the medium i ,  is given by 

( t l )  = im.. . lm t i P ( t l ,  t2, . . . , in) dtl dt2. . . dt, 

/ lm . . . lm P ( t l ,  tz, . . . , tn) dt, df2.. . df,, 

= lm . . . iw ti ~ o ( t l ,  rz, . . . , tn)  exp ( - drl dt,. . .dt, 
i=l 

and the mean (T)  of total transit time is 

(T) = Sm 0 Tr (T)dT/I  

= 1- . . . lw(tl + . . . + + t ,)P(tl,  . . . , f,) dtl . . . dt,-, dt, I I 
= C(ti). 

i=1 

Comparing (12) to (13), we obtain 

(14) 

PDP~ = a o D i a p d  = ci(ti). (15) 

(15) shows that the PDPi is exactly equal to the mean time ( t i )  in the medium i multiplied 
by the velocity ci of light in the medium i. Therefore PDP; is equal to the mean pathlength 
(L;) of the light travelling within the medium i 

PDPi = (Lj) .  (16) 

(Note that we a e  not dealing with all the photons in the medium but only those photons 
that arrive at the exit point.) Then the total attenuation change is 
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Figure 2. Geomeuy for the MC model. The boundaries of the heterogeneous medium are two 
concentric spheres. The exit position is specified by the angle 0. 

(17) means that the modified Beer-Lambert law is still applicable to each of the components 
of the heterogeneous medium, and the total attenuation change is the sum of the attenuation 
changes of each component. Note that we could have derived (17a) by assuming that OD is 
function of (pal. pa2, , ..,pan) and using the Taylor series. However, this would not allow 
us to state (17b). 

It is useful to define a dimensionless factor, the partial differential pathlength factor 
(PDPF), in the same way as for the homogeneous medium: 

(18) PDPFj = PDP,-/D = ( . h ) /D  

where D is the geomehic distance between the light source and detector optode. 

absorption coefficients can be expressed as follows: 
Furthermore, it is interesting to note that the way PDP varies as a function of the 

aPDP,/ap,j = -Var(LO (19) 

where Var(Li) is the variance of the pathlengths in the medium i. Equation (19) can easily 
be derived from (12). 

In order to determine the Apa of each medium, we need to know AOD and PDP for each 
medium, but current experimental techniques only allow us to measure the total AoD and 
(T). Although it is difficult to measure PDP experimentally, computation techniques such 
as MC modelling can provide this information. 

5. Monte Carlo model 

5.1. Model 

Figure 2 shows the geometry of the M c  model. This consists of two homogeneous 
components, the boundaries of which are two concentric spheres. Each component 
is characterized by its optical parameters, i.e. absorption coefficient gal, pa, scattering 
coefficient pLslr pSz and single-scattering phase function fi(S), &(e), (the subscript 1 
represents the inner medium and the subscript 2 represents the outer medium). Refractive 1 

indexes of the media are assumed to be the same. The model calculates the total mean 
pathlength (the differential pathlength, DP), the mean pathlength in each medium (the partial 
differential pathlength, PDP) and estimates the contribution of the outer medium to the change 
AOD of the total optical density. 
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Photons with the initial weight of one are introduced perpendicular to the medium 
surface, and for each the path of the photon is first calculated without considering absorption. 
Once the photon exits from the medium surface, absorption is introduced by weighting each 
detected photon. Some details of the model as applied to a homogeneous medium have been 
given previously (van der Zee 1993), but brief details of its application to the heterogeneous 
case are given here. 

Successive scattering lengths Zi in medium i are calculated as lj  = - ln(R)/psj, where 
psi is the scattering coefficient of the medium i and R is a random number between 0 and 
unity. If a photon crosses the boundary from medium i to medium j ,  the scattering length 
f j  in the medium j is recalculated as l j  = (psi/psj)$, where pLsj is the scattering coefficient 
of medium j and lj  is the scattering length in the medium j in the case where psj = psi. 

Reflection and refraction of light at the boundary between air and tissue is taken into 
account. If photons reach the medium surface, the path of the photon is split into two 
directions according to Snell's law. One photon exits from the surface with weight WO, 
which is calculated by Fresnel's law, the other, which has the residual weight (1 - WO), 
returning into the medium where it travels until its energy weight becomes negligible. The 
boundary is regarded as an ideal smooth surface. The photon exit position is described by 
the angular position 0 on the sphere. 

For each output photon, the pathlengths L ,  and L2 in the inner medium and outer 
medium respectively are calculated by accumulating the scattering lengths in each medium, 
Li = Eli. Absorption is introduced by considering the probability that a photon remains 
unabsorbed in the medium i to be exp(pdLi), thus the weight W for an exit photon is 

where WO is the weight of the exit photon in the zero-absorption case and is equal to unity 
if there is no reflection and refraction at the boundary. 

The model records a set of values (E Wlo+Ao, C [ L I W ] ~ ~ ~ A ~ , C ( L ~ W ) ~ ~ + A ~ )  for 
each exit position 0, where indicates the range of accumulation over the exit position 
between @ - A 0  and @+A@ (i.e. an annular ring), The light intensity I ( @ )  at exit position 
0 for continuous wave incident light is calculated as 

(21) 

where N is the number of input photons. The partial differential pathlength POPi(@) of 
medium i for exit position 0 is calculated as 

This equation corresponds to (12) in section 4. The partial differential pathlength factor 
PDPF~(@) of medium i for exit position 0 is calculated as PDP~ divided by chord length 

PDPFj(0) = PDPi(O)/chord(O) = PDPi(@)/% sin(@/2) (23) 

where r is the radius of the sphere. 
The model was initially run to provide data to validate the applicability of the modified 

Beer-Lambert law in an inhomogeneous medium, i.e. to look at the variation of AOD versns 
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C((Li)Apai). Secondly, two runs were performed with the same model to compare the 
variation of DPF with 0 for the cases of non-isotropic scattering and isotropic scattering 
using a transport scattering coefficient pi = &(I - g), where g is the mean cosine of the 
single-scattering phase function. If these results are identical, the M c  calculation can be 
speeded up by using an isotropic scattering assumption. Finally the model was run while 
altering the optical properties of the outer medium to investigate the effect of the outer 
medium on the DP. 

5.2. Parameters of the model 

The parameters and the values used in the MC model are listed in table 1. The outside 
diameter (2r)  is 30 mm and the distance 5 between spheres is 2 mm. The size of this 
sphere is small in order to keep the computation time within reasonable limits. Although 
this is much smaller than the adult head, the ratio of the sphere diameters has been chosen 
to be comparable to the ratio of the thickness of the skin and skull to the overall head 
diameter. 

Table 1. Parameters of the model 

Sphere diameter 30 mm 
Thickness ofs!4in t skull annulus 
Refractive index o f  tissue 1.4 
Absorption coefficient (inside medium) 

Scattering coeffcient (inside medium) 

Number of  output photons (all surfaces) 

2 mm 

0.01 mm-l 

9 mm-l 

10 million 

(outside medium) 0.001-0.1 mm-l 

(outside medium) 1.8-18 mm-l 

Over the past few years, a number of investigators have reported data on the optical 
properties of various tissues and a comprehensive review of these can be found in the 
article by Cheong et a1 (1990). In our model, we have used as optical properties for the 
inside medium pi = pr(l - g) = 9 mm-', pa = 0.01 m-' (adult brain white matter 
at wavelength 750 nm) and a measured scattering phase function with g = 0.81 (adult 
brain white matter, average for wavelength 550-900 nm, van der Zee 1993). For the outer 
medium, a range of values has been modelled including pi = 2 m-', pa = 0.02 mm-' 
(pig skull at wavelength 750 nm) with a measured scattering phase function with g = 0.93 
(pig skull at wavelength 800 nm, Firbank eta[ 1993) and pi = 2.5 mm-I, pa = 0.04 mm-' 
(adult brain grey matter, van der Zee 1993). 

6. Results 

In figure 3, the sum C((Li)Apd) of the PDPS multiplied by changes of the absorption 
coefficient of each medium is plotted against the total attenuation change AOD for different 
exit angles 0. The modelled ranges of both the absorption coefficient pal of the inside 
medium and the absorption coefficient  pa^ of the outside medium are 0.005,0.01,0.02,0.04, 
0.07, 0.1 mm-' and the corresponding values of A p e  are the intervals between pai and 
the next pd. For all combinations of (pal. pd), the corresponding AOD and C((Li)Apd) 
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Figure 3. The sum x ( ( L j ) A w ~ y )  of the PDP multiplied by changes of the absorption coefficients 
versus the attenuation change AOD far different exit angles @ IO" = (o), 30° = (M), 603 = (A), 
90" =-(+), 120' = (O), 150' = (0) and 180' = (A).  The diameter of the outer sphere is 
30 mm and that of the inner sphere is 26 mm. The inner medium (medium 1) has f i t ,  = 9 mm-'. 
6 = 0.81, and the outer medium (medium 2) has wiz = 2 mm-', .g = 0.93. Ranges of both wai 
and w~a2 are 0.005. 0.01, 0.02, 0.04. 0.07, 0.1 mm-' and the corresponding values of A h  ace 
the intervals between ws and the next wni. For all combinations of h, w d ,  the corresponding 
AOD and z ( ( L ; ) A p ~ y )  were calculated. The line of identity is also shown. 

were calculated, the photons being collected within annular rings 0 k 5". Five million 
photons were traced. 

Figure 4 shows a comparison of the DPF and the partial differential pathlength factor 
P D P F ~  of the outside medium as a function of the exit angle, calculated using either an 
isohapic scattering model (solid line) or a non-isotropic scattering model (dotted line). Both 
models had the same transport scattering coefficients and absorption coefficients. In the non- 
isotropic case, the inner medium used psl = 47.4 mm-' and g = 0.81 (i.e. & = 9 mm-') 
and for the outer medium pi2 = 28.6 nun-', g = 0.93 (i.e. pi2 = 2 mm-I). Five million 
photons were traced. The corresponding values for the isotropic case are ps, = 9 m-' 
(g = 0) for the inner medium, pLs2 = 2 mm-' (g = 0) for the outer medium, and twenty 
million photons were traced. In both cases for the inner medium p.1 = 0.04 mm-' and for 
the outer medium pd = 0.01 rum-'. The photons are collected within the annular rings 
and the exit angles 0 are specified by the centre of the corresponding intervals. 

In figures 5, 6 and 7, the paaial differential pathlengths PDPl and PDP2 of the inner 
medium and outer medium respectively, the total DP and the ratio of PDPI/DP are plotted 
as a function of @&/pal for different &/pil. Figure 5 shows results for the exit angle 
0 = 30°, figure 6 for 0 = 45" and figure 7 for 0 = 75". In these figures is fixed at 
0.01 mm-' and pil is fixed at 9 mm-'; an isotropic scattering phase function was used. 
The photons are collected within the annular rings 0 rt5". Ten million photons were traced. 
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Figure 4. Comparison of the DPF (0. 0) and the PDPF of the outer medium (A, A) calculated 
using an isotropic (solid line) and a non-isotropic scattering model (dotted line) as a function 
of the exit angle 0. Both models use the same transport scattering coefficients and absorption 
coefficients. In the non-isotropic case, the inner medium p: = 9 mm-' and 6 = 0.81: for the 
outer medium pi = 2 mm-' and g = 0.93. The corresponding values for the isotropic case are 
p; = 9 mm-' (s = 0)  for the inner medium p: = 2 mm-' (g = 0) for the outer medium In 
both cases for the inner medium pa = 0.04 mm-' and for the outer medium p ,  = 0.01 m-l. 

7. Discussion 

The validity of the modified Beer-Lambert law (17) in the case of an inhomogeneous 
medium is demonstrated by the linear relationship (figure 3) between the attenuation change 
AoD and C((Li)Apaj). The data show some variation around the line of identity but this 
is due to statistical error of the MC simulation. 

Figure 4 shows that in the case of large inputhutput separations, it is justifiable to use an 
isotropic phase function and the transport scattering coefficient pk instead of the measured 
tissue phase functions and scattering coefficient ps and hence to reduce the computation 
time needed for these simulations. In the figure the DPF and the PDPF of the outer medium 
are calculated using both isotropic and non-isotropic scattering phase functions. The two 
sets of data only differ significantly when the detector position is close to the light input 
position (i.e. the angle is 4 15'). It is interesting to note that in these data, the PDPF and DPF 
increase at short inputloutput positions (i.e. at small angles). Both MC calculations based 
upon a homogeneous sphere model (van der Zee et a1 1990) and the analytical solution of 
the diffusion equation for a homogeneous sphere (Amdge er a1 1992) predict the opposite 
behaviour, i.e. DPF falling with decrease in 0. However, experimental data for several 
tissues including the adult head (van der Zee er al 1992) do show the type of rise predicted 
by these new calculations on an inhomogeneous sphere. 
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Figure 5. The partial differential pathlength PDPI of the inner medium, the P D P ~  of the outer 
medium, the DP and pDpI/np plotted as a function of gr2/fiU1 for different cases of &;2/& at 
an exit angle E, = 30'. @.I is fixed at 0.01 mm-' and b;, is fixed at 9 mm-I. An isotropic 
scattering phase function was used. pi2/&: T, 2.0: e, 1.0. V, 0.5: 0, 0.2. 

The effects of overlying tissue on the total effective optical pathlength for the two- 
concentric-sphere model are shown in figures 5, 6 and 7 for input/output angles of 30°, 
45" and 75", respectively. In NIR measurements on the human head, the distance between 
the optodes is typically about 4-6 cm. This means that the angle 0 between the optodes 
in measurements on the adult head (16 cm in diameter) is about 30-45" and that on the 
full-term baby head (10 cm diameter) is ahnut 45-75", 

When we look at the results for the exit angles 0 = 30", 45" and 75", the ratio PDPI/DP 
of the inner PDP to the total DP is relatively constant as the scattering coefficient pi2 of the 
outer medium is altered and it slightly increases when the absorption coefficient pa2 of the 
outer medium increases. Both pDPl and PDP2 increase when pi2 increases (therefore the 
total DP also increases.) However, PDP2 decreases when pa* increases and P D P ~  increases 
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Fiaure 6. As figure 5, with 0 = 45". 

slightly when p& increases. The ratio of PDP, to UP also increases as the exit position (angle 
0) increases. Although we have no analytical argument for this observation, an intuitive 
explanation for these results is as follows. 

When piz is small, the photons that have only travelled in the outer medium are not 
scattered many times (i.e. 'short-cut' path photons exist) so the mean pathlength in the 
outer medium is relatively short. The intensity weight of these photons is correspondingly 
large and some of them can graze the inner medium without significant decrease of their 
intensity weight. When piz increases, the photons passing through the outer medium and 
grazing the inner medium are scattered more times and their intensity weight decreases, 
therefore the mean pathlengths P D P ~  and Pup1 of both the outer medium and the inner 
medium, respectively, increase. This possibility has been examined by comparing the TPSP 
profiles for the case psz/psl  = 1 (figure &I)) and the c a e  pSz/psi = 0.2 (figure W)). 
Both figures use pal = pd = 0 and 0 = 60"; t1 is the time spent in the inner medium and 
t2 is the time in the outer medium. In figure 8(b) there is a peak near the axis origin, which 
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Figure 7. As figw 5, with 0 = 7 5 O .  

corresponds to the ‘short-cut’ path photons, but this disappears in figure 8(a). 

can be derived for a two-component medium from (9): 
When considering the effect of changes in pa upon the PDP, the following equations 

a D P j a p &  = apDpz japa  + apDp,japL, 

apDpzjapa = - V ~ ( L ~ )  (24) 

a m , / a p a  = - C ~ ~ ( L ~ ,  L*) 

where Var(L2) is the variance of the pathlengths in the outer medium and Cov(L1, Lz)  
is the covariance between the pathlengths L I  and LZ in the inner and the outer medium, 
respectively. Var(L2) must always be larger than zero so that PDPZ will decrease when pa 
increases. Cov(L1, L z )  can be either positive or negative, but the nearly symmetric TPSF 
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Figure 8. The TPSF of the two-concentric-sphere model: (a) = 1; (b) fiLffi;, = 0.2. 
In both graphs the diameter of the outer sphere is 30 mm, that at the inner sphere is 26 mm, 
fii? = 9 mm-l, f i n ]  = fir3 = 0 mm-', Q = 60°, f l  is the time spent in the inner medium and 
f2 18 the time in the outer medium. 

profiles (figure 8) show that Cov(L1, L.z) is nearly zero when pa = 0. When pa increases, 
the weight of the photons that have travelled longer pathlength decreases exponentially so 
that the major axis of the TPSF distributions rotates clockwise. This means that Cov(L1, L2) 
is likely to be negative, therefore PDPz increases when pa increases. The P D P 1 / ~ p  ratio 
increases as pd increases because PDPz decreases while eDPl increases. It can easily be seen 
from the geometry of the two concentric spheres that PDPljDP will increase as 0 increases. 

In order to examine the consequences of this modelling upon NlRS of the adult and 
neonate head and to estimate accurately the effective optical pathlength of light in the 
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brain, we need to use an accurate forward model of light transport and require a complex 
description of the geometry of the head together with corect values for the optical properties 
of the head tissues. Compared to the ideal model, our two-concentric-sphere model is very 
simple; however, it can offer some approximate information about the likely N!R signal 
distributions. 

If we use values of the adult brain white matter at wavelength 750 nm (fii = 9 mm-', 
pa = 0.01 mm-I) for the inner medium and those of the pig skull (p: = 2 mm-', 
pa = 0.025 mm-I) for the outer medium, the DPF is about six for an exit angie 0 = 30°, 
about seven for 0 = 45" and about 12 for 0 = 75", and the ratio PDP'/DP of the inner 
PDP to the total DP is about 40% for 0 = 30", about 55% for 0 = 45" and about 75% 
for 0 = 75". The experimentally measured DPF value for the adult head is about 6-7 at a 
wavelength of 750 nm for 4 cm inpudoutput optode separation (i.e. 0 = 30") (Essenpreis 
et a1 1993), therefore our calculated result for the DPF is very close. 

If we use the values of the grey matter at a wavelength of 750 nm (fii = 2.5 nun-', 
fiLn = 0.04 mm-') for the inner medium and the values of the pig skull for the outside 
medium, we may refer to the data point at paz/pL,~ = 0.625 and piL:?/&, = 0.8. Here 
PDPI/DP is still about 40% for 0 = 30", about 55% for 0 = 45" and about 75% for 
0 = 75", similar to the results obtained using white matter as the inner medium. 

This relative insensitivity to the ps ratio may imply that the effective pathlength PDP 
in the brain tissue may be about 4CL55% of the total effective pathlength for an exit angle 
of 30-45" (adult brain measurement) and about 55-75% for an exit angle of 45-75" (baby 
head measurement). 

As previously mentioned, the size of our model (30 mm diameter) is very small 
compared to the real human head. The problem of scaling has been reported in an infinite 
homogeneous slab medium by Graaff et a[ (1993). Their scaling relationship predicts that 
if the model was scaled to real size, the contribution of the overlying tissues to the total 
effective pathlength would increase. However, it is not clear whether this analysis can be 
applied to the heterogeneous spherical model used here. An alternative approach to this 
problem which we are currently pursuing is to use a finite-element model of light transport, 
which is a much faster simulation method. 

Irrespective of the problems of scaling, the contribution of the overlying tissues to the 
total effective pathlength decreases as the exit angle increases (i.e. the distance between 
the input optode and the detector optode increases). This means that in order to decrease 
the effect of overlying tissue, larger interoptode spacing should be recommended for MRS 
measurements of the brain. 

8. Conclusion 

We have demonstrated the validity of the modified Beer-Lambert law in an inhomogeneous 
medium both by analytical proof and MC simulation and have shown how to estimate the 
effective optical pathlengths within an inhomogeneous medium, data which would be needed 
for the accurate quantitation of NIRS data. As an example of the application of this technique, 
a two-concentric-sphere model of the head been used to estimate the contribution of the 
overlying tissues of the skull to the total optical pathlength. Although it is possible to use 
the model to estimate the effective optical pathlength in the overlying tissue on the adult or 
infant head, the values obtained must, as yet, be treated with caution since the size of the 
model is significantly smaller than that of the real head. The contribution of the overlying 
tissues to the total effective pathlength decreases as the distance between the input optode 
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and the detector optode increases, and indicates that lager interoptode spacing should be 
recommended for NIRS measurement of the brain. 
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