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ABSTRACT. We present a new method to prove existence and uniform a-priori
estimates for Gibbs measures associated with classical particle systems in con-
tinuum. The method is based on the choice of appropriate Lyapunov func-
tionals and on the corresponding exponential bounds for the local Gibbs spec-
ification.
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1. INTRODUCTION

The paper is devoted to mathematical aspects of the equilibrium statistical me-
chanics of classical particle systems in continuum. Our goal is to establish a new
analytic method for proving ezistence and a-priori bounds for the corresponding
Gibbs measures i € G. The main advantage of this method is its simplicity. Besides
some elementary constructions from (infinite dimensional) analysis and probabil-
ity, no advanced tools are needed. To illustrate the key ideas, we first concentrate
on the standard case of a (non-translation invariant, possibly discontinuous) pair
interaction V (x,y) assigned to particles in Euclidean space R?, d > 1. Afterwards,
we demonstrate how to remove technical assumptions such as finite range of the
interaction or spatial regularity of the intensity measure and how to handle the case
of multibody interactions. As will be pointed out below, some of these generaliza-
tions are far beyond the reach of previously available techniques. Furthermore, our
method straightforwardly extends to marked Gibbs measures or to the configura-
tion spaces over manifolds, which will be elaborated in more detail in subsequent
papers.

An initial step in studying Gibbs measures is always the existence problem. How-
ever, for most of infinite particle systems with non-compact phase spaces, existence
turns out to be far from evident. Our situation becomes even more complicated,
since the Gibbs measures to be constructed are supported by the space I" of locally
finite sets (i.e., configurations)  over R%, which by itself is an infinite dimen-
sional manifold. Note that we are only considering simple configurations v € I’
(i.e., those with at most one particle at each point z € R?), which is justified
by the applications in physics. Let us recall that for classical continuous systems
there are two commonly accepted, but essentially different approaches employing
respectively Ruelle’s superstability estimates [42, 43, 26] and Dobrushin’s existence
criterion [7, 8, 3, 24] (see the comments in Subsection 2.4). Instead of inductive
or combinatorial techniques typical in those approaches, we shall basically use the
analysis and geometry on the configuration space I' that were developed in [1, 2].
This yields not only a direct way of constructing the corresponding Gibbs states,
but also a lot of easily computable bounds for them in terms of the interaction
parameters.

Before going into further details, let us mention the important notion of tem-
peredness that naturally arises in all systems of unbounded spins. It is common
knowledge that any detailed study of Gibbs measures is impossible without assum-
ing any prior information about their properties. A practicable compromise is to
confine ourselves to a proper subset G' of so-called tempered Gibbs measures with
controlled growth. The definition of temperedness we suggest below (cf. (2.65),
(2.66)) is more general than those in the existing literature.

Our key idea is to prove exponential integrability of a certain Lyapunov func-
tional, which is given by the energy H(v,,) of a configuration ~ restricted to a
small cube Ay := Qg C R? of edge length g > 0, see Lemma 3.1. An impor-
tant issue here is the weak dependence of the corresponding bound (3.1) on the
boundary values £ € I', fixed outside Q4. Using the consistency property of the
local Gibbs specification, in Lemma 3.3 we then extend the above estimate to large
volumes A C R? constructed by means of the partition R? = [cze Qg For the
kernels of the Gibbs specifications 7 (|§), this implies the necessary tightness to
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prove that G* # @ (cf. Theorem 2.8). Since the bounds obtained for 75 (v|€) are
asymptotically uniform as A " R? and hold for p-almost all ¢ € I', by the DLR
equation we immediately get a similar bound for all p € G* (cf. Theorem 2.9).
At this point there is a principal difference in comparison with Dobrushin’s ap-
proach, which just ensures the existence of some tempered Gibbs states p without
any information about the whole set G*. The same scheme works for interactions
of infinite range, for which we should control the weak dependence, contractivity,
and compactness properties of the specification 75 in suitable weighted seminorms
over I' (see Subsection 4.3). In contrast to Ruelle’s approach, there is no reason
to decompose into n-particle configurations located in bounded domains A and to
analyze the associated correlation functions. Actually, the class of measures G* we
construct and study below includes all p having Ruelle’s support, cf. Remark 4.9.
For the precise links to Dobrushin’s and Ruelle’s techniques see Subsections 2.4 and
4.5, 4.6, respectively.

The paper is organized as follows. In Section 2 we fix the standard framework for
Gibbs measures on configuration spaces and present our main results. In Subsection
2.1 we shortly recall a few basic facts about the Poisson measure w,, on I' to be
used later on. The local Gibbs specification II = {ma(dv|{)} and the corresponding
Gibbs measures i € G as solutions to the DLR equation are defined in Subsection
2.2. In Subsection 2.3 we give precise conditions on the interaction and relate them
to Ruelle’s superstability. Next, in Subsection 2.4 we introduce the set of tempered
configurations v € I'* and the set of tempered Gibbs measures u € G* obeying
(") = 1. Then, we formulate our main Theorems 2.8 and 2.9 on existence and
a-priori estimates for p € Gt. Comments, which in particular compare these results
with previous ones obtained by other methods, conclude this section.

In Section 3 we prove our main Theorems 2.8 (existence) and 2.9 (a-priori
bounds). In Subsection 3.1 we prepare the key technical Lemmas 3.1 and 3.3 about
the integrability properties of the specification kernels ma(dy|€). Thereafter, in
Subsection 3.2 we give the complete proofs of Theorems 2.8 and 2.9, which as
mentioned before turn out to be quite elementary.

In Section 4 we extend our initial model in several core directions. A natural
question how singularity of the potential V(z,y) on the diagonal may improve
the regularity properties of the corresponding p € G°, is addressed in Subsection
4.1. Possible refinements of Theorems 2.8 and 2.9 in the case of strong superstable
interactions are outlined in Subsection 4.2. It is worth noting that in most examples
of physical interest, the interaction is usually strongly superstable. In Subsection
4.3 we modify our method to the particle systems with multibody interactions. The
new situation when the intensity measure o is no longer translation invariant on
R? is treated in Subsection 4.4. Subsequently, in Subsection 4.5 we obtain precise
information on support properties of all tempered Gibbs measures p € G*. In
Subsection 4.6 we take a closer look at the correlation functional &, and point out
further relations to Ruelle’s approach.

Finally, in Section 5 we demonstrate how to handle interactions of infinite range.
A principal difficulty here is to identify the limit points 74 (dy[¢) as A /R as solu-
tions of the DLR equation. To this end we implement an alternative way, based on
the (almost) continuity of the Gibbs specification in certain spaces of tempered con-
figurations, see Proposition 5.2. The proof works for physically relevant potentials
(e.g., for the Lennard-Jones potential) with a singularity at the diagonal.
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Finally, we emphasize that our methods appear to be quite universal and ap-
plicable to different classes of models: classical or quantum, on a lattice, on an
infinite graph, or in the continuum. In this respect let us mention here some recent
papers, where appropriate modifications of our technique were firstly implemented
to quantum anharmonic crystals [25, 34, 35] and to classical spin systems on graphs
[23]. Therefore, we hope that the present work will contribute to make the theory
of Gibbs measures more accessible to a wider audience, in particular, for all spe-
cialists being interested in applications of infinite dimensional analysis to problems
of mathematical physics.

2. DESCRIPTION OF THE MODEL AND MAIN RESULT

In this section we recall the standard setting of classical statistical mechanics
and present the main theorems obtained in the paper.

2.1. Preliminaries on configuration spaces. We consider a mechanical system
of identical particles that interact via a pair potential V(z,y) obeying certain sta-
bility properties to be specified below. Any such particle is entirely described by
a point (its position) z = (z(?)%_, in the phase space R%, d € N. This space is
equipped with the Euclidean distance |- | and the Borel o-algebra B(R?) generated
by the family O(R?) of its open subsets. By O.(R?) and B.(R?) we denote the sys-
tems of all bounded elements (i.e., those with compact closures) in O(R?) and B(R?),
respectively. So, O.(R?) contains all open balls B,(y) := {z € R |z —y| <r}

with center y € R? and radius r > 0.

For a subset A C R? let A¢, A, A, and OA := /_\\A denote its complement,
interior, closure, and topological boundary, respectively. Subsets constituted by
points k = (k)% of the integer lattice Z¢ C R? will be denoted by K. For
shorthand we write K € Z¢ if the set K is nonvoid and finite, i.e., its cardinality
obeys 0 < |K| < co. A sequence of Ay € B.(R?) (or Ky € Z%) indexed by N € N
is called order generating if it is ordered by inclusion and exhausts the whole R¢
(respectively, Z?). Furthermore, A ,/ R? (or K  Z%) means the limit taken
along any unspecified sequence of this type. Finally, we abbreviate Ry := [0, 00),
R:=RU{+c0}, Z; :={0,1,2,...}, and Zy := Z; U {+00}.

The configuration space I' := I'ga over R? consists of all locally finite subsets,
ie.,

(2.1) I'={yCRY| |y, <oo, VAEB.(RY},

where |y4| is the number of points in the restriction v, := v N A. The elements
v € I are called simple configurations. For technical reason we shall also need the
larger space of multiple configurations

(2.2) I={(n)|yerl, n:y—N}.

A multiple configuration (v,n) can be interpreted as follows: v € I' is the support
set describing positions of particles in RY, whereas n(z) is the number of particles
at each point = € ~. If there is no confusion, the notation v € I’ will be understood
as (y,n) € I'. The total number of particles in v, := v N A is then given by
lval :== erm n(z). Bach v € I' (respectively, v € I') can be identified with the
7, -valued counting measure > e~ Oz (vespectively, >° . n(z)d,), where d, is the
Dirac distribution with mass at point x. Here and elsewhere, all sums over the
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empty index set are set to be zero. In particular, v = @ corresponds to the zero
measure on RZ. In this sense we have a natural embedding

r c i c MRY,

where M(R?) denotes the linear space of all signed Radon measures on R?. The
spaces I' and I" will be equipped with the vague topology inherited from M (R?).
Below we summarize the basic properties of this topology which will be essential
for our considerations.

By definition, O, (M) is the coarsest topology on M (R?) with respect to which
each of the following maps is continuous

(2.3) M®RY) 5 v — (f,) / f@u(de), f e Co(RY),

where Cp(R?) denotes the set of all continuous functions f : R? — R with compact
support. It is well known that M(R?) is a Polish (i.e., a separable completely
metrizable) space in the vague topology O,(M). An example of such metrization
to be consistent with O, (/\/l) is given by

. fka <fk7V/>| v d
24 ' Z 1+|fk,> Goop v € MED,

where (fi)ren C CO(Rd) is a proper measure determining class for M(R?), see
15.7.7 in [16]. By O,(I') and O,(I") we denote the induced topologies on I' and
I, respectively. Since I' is a vaguely closed subset of M(R?), the metric space
(I', p,) will be Polish as well, see 15.7.4 in [16] or 3.2.4 in [17]. The latter property
obviously fails for (I, p, ). Nevertheless, it can be shown that I' is a dense Gs-set in
(f‘, 0y), and hence by the Alexandrov—Hausdorff theorem there exists some other
metrization of (I, O,(I")) making it a Polish space, see [22, 47]. A large class of
the appropriate metrics (indeed stronger than p,) was constructed in [22] (whose
explicit form, however, is not relevant for our purposes).

An intrinsic description of the topology O, (I") can be given by a subbase of open
sets

(2'5) {7€F| |’7A|:7’L, 78A2®}7 AEBC(Rd)? n€Z+'
The sequential convergence in (I', O, (I")) is then characterized as follows:

AN 2y as N — oo, iff
(2.6) |75\N)\ — |yal for all A € B.(R?) with |y,,] = 0.
Note that (2.6) implies the usual convergence of points in the configurations being
restricted to any domain A € B.(R?) such that y N OA = @. More precisely, the
number of particles in A stabilizes, i.e., |'y )| = |y,| for large enough N > N(A),

and there are appropriate enumerations {xj}lml = v, and {xEN)}‘;‘J = () such

that
(2.7) lim xg-N) =x; foralll<j<|y,l

N—oo
q ; 8 : cite (M) (N) .
This can easily be seen by analyzing the limits (fj AW — x5 as M, N — oo,

where {f;M)} is a system of functions from Cy(R?) such that 1B, () < fJ(M) <
1B, (z;)- In the case vy N OA # @ one should be more careful. So, for an open
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A € B.(R%) we can only say that |’yE\N)| > |yal as N — oo, whereas for each j > |y, |
there may occur sequences x](-N) € 7§\N) having accumulation points outside A, see
e.g. page 212 of [45]. In particular, the cut-off operator v +— ~y, and the counting
map v — |y,| are vaguely continuous at some v € I' iff y5, = &, cf. Subsection
5.4.

By B(I') we denote the associated Borel o-algebra, which also coincides with
the smallest o-algebra generated by the cylinder sets

(2.8) {(yellhal=n}, A€B.RY), nez.

Similarly, for a fixed A € B(R?), we define By (I") (C B(I')) as the smallest o-algebra
generated by the sets
(2.9) (verl||ynl=n}, ANeEB.MRYH, NCA neZy.

Obviously, B(I') = B(I') N I, where B(I') is the o-algebra of Borel sets in I". The
family of all probability measures p on (I', B(I")) (also called simple point processes
[16, 17]) will be denoted by P(I").

Let (75),cpae be the group of translations in RY, ie., T4z = s+ x for all z € RY.
The corresponding transformation on the configurations v € I' is given by 747 :=
> e~ Os+a; it is vaguely continuous and hence measurable. A measure p € P(I")
is called translation invariant if po 77 = p for all s € R%.

Next, we introduce some commonly used spaces of finite configurations. The
space of configurations located in A € B.(R?) is defined as the disjoint union

(2.10) Iyi={yer ’W\A —o}= U, e, 18"
of the n-particle subsets
(2.11) I\ :={yerly| hl=n}

In a standard way, each I'y is equipped with the topology O,(I's) induced from
O,(I') under the natural projection
(2.12) I'sy — Ppry:i=v) €1n

and with the corresponding Borel g-algebra B(I'y) := B(I") N I's. A subbase of the
topology O, (I'y) consists of the open sets

(2.13) el lval=n, yor =9},
indexed by all possible n € Z; and A’ € B.(R%) with A’ C A. There is obvious
relations

B(I'x) =Pa(Ba(I')) = B(I') N I'a,
which shows that Ba(I") and B(I's) are o-isomorphic. An important observation is
that each (I'x, B(I's)) will be a standard Borel space (see Section A.5 of [26]). In
other words, B(I'y) coincides with the Borel o-algebra generated by some separable
and complete metric on I'y. An example of such metrization of I'y (inducing a
topology stronger than O, (I'y)) can be found in Section 3.1 of [27].

For all A, A’ € B.(R%) with A’ C A, the maps
Fy39p V= Paava =74 € I'n

are continuous as well. This yields a ‘localized’ description of I' as the projective
limit of the spaces (FA)AEBC(Rd) as A /' R%. Below we shall use a corresponding
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version of Kolmogorov’s theorem for projective limit spaces (cf. Theorem V.3.2 in
[33]), according to which any probability measure u € P(I") is uniquely determined
by the family of its finite volume projections j, := poPy' € P(I'y), A € B.(R).
As a measure determining class for P(I") one can take the family FCy,(I") of all
cylinder functions F : I' — R allowing the representation

(2.14) F(y)=g(< fi,y>... < fu,v>), v€T,

with some fi,..., far € Co(R?), g € CL(RM), and M € N. Such functions are
Bo(I')-measurable, where

Bo(I) =, L. ) BUW)

denotes the algebra of all local Borel sets. We also shall need the subset of config-
urations finite in all of R?

o _ (n)
(2.15) Iy = UAGBC(Rd) Iy = |_|n€Z+ 5,

where, similarly to (2.11),

I ={yenl yl=n}= ry, ) =o

A€B.(RY)

For more details on topological structure of the above configuration spaces see
e.g. [1, 20, 22, 26, 30, 31].

In statistical physics, the state of an ideal gas is described by a Poisson random
point field 7., on I'. We next recall the well-known explicit construction of 7, (see
e.g. Section 2.1 in [1] or Section 2.4 in [10]). To this end we fix a chemical activity
parameter z > 0 and an intensity measure 0 > 0 on the underlying phase space
R?. As usual, one assumes that o is a nonatomic Radon measure on (Rd, B(Rd)),
i.e.,

o(RY) =00, (M) <oo forall A€ B.(R?),
and o({z}) =0 for all z € R%
For convenience, we also suppose a kind of spatial regularity
(2.16) sup o [Br(y)] < o
yeRd

to be hold for some (and hence for all) finite r > 0. Obviously, (2.16) is fulfilled for
any translation invariant measure on R? (in particular, for the Lebesgue measure
dz). A possible way to omit this technical condition will be discussed in Subsection

4.4. For each A € B.(RY), the corresponding o-Poisson measure \,, := A2 (or
the Lebesgue-Poisson measure ), if o(dz) = dx) is defined on (I'y, B(I'z)) by the
identity

- F(vp)dAzo(74)

n
(2.17) = F(9)+ Z Z—| / F({z1,...,zx})do(z1)...do(zy),
neN e Jan
which holds for all bounded measurable functions F' € L (I'y). Taking into account
that A (I'y) = e on (I'y, B(I'y)) we then introduce the probability measures

(2.18) 7 = emre (M)A

zo
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Note that the family {7%,| A € B.(R?)} is consistent, which means
A/

ﬂ-ZO'

— A -1 /
=7, 0Py, whenever A" C A.

By Kolmogorov’s theorem (cf. Theorem V.3.2 in [33]), the Poisson measure 7, is
the unique probability measure on (I", B(I")) such that

(2.19) =7 0oP !t forall A € B.(RY).

zo =

Furthermore, m,, is equivalently defined as the unique probability measure on
(I',B(I')) such that, for any collection of disjoint domains (A;)"., C B.(R?), the
random variables |y A, | are mutually independent and distributed by the Poissonian
law with parameters zo(A;), i.e.,

n n

A
(2,20) Moo ({76[" |'ij| :n}) :L'(])e—za(/\j)’ neZy.
n!

Another analytic characterization of 7., is through its Laplace transform, see e.g.
[11],

[ ettanammen{ [ (1) s}, 1 ecom.

2.2. Gibbsian formalism. Now we define Gibbs reconstructions of the ‘free’ mea-
sure m,,. Let there be given a pair interaction potential which is a symmetric
measurable function

(2.21) V:RI{XRT SR, V(z,y)=V(y,z) forallz,yecRe

We stress that neither translation invariance nor continuity of V need to be assumed
(in particular, V may be a hard-core or a potential singular everywhere). For
simplicity, we here impose the following technical restriction on the potential.

(FR): Finite range: There exists R € (0,00) such that

(2.22) V(z,y)=0 i |x—y|>R.

The case of long-range interactions with R = oo requires a more detailed analysis,
which will be performed in Section 5.

The Hamiltonian (or energy functional) H : Iy — R is given on finite configu-
rations v € Iy by
(2.23) H(y):= Y V(z,y) €R,

{zy}Cy

where the sum runs over all (unordered) pairs of distinct points z,y € 7. By
convention, this functional vanishes at the empty and one-point configurations, i.e.,

(2.24) H(@)=0, H({z})=0 forall zecR%
Respectively, for each A € B.(R?) and v,¢ € T,
(2.25) Wa(nald) = Y. Vizy)
TEVA, Y€€ AC
is the interaction energy between vy, € Iy and &,. := & N A, which is well-

defined because of Assumption (FR) Combining (2.23) and (2.25), we introduce
the conditional Hamiltonians Hx(:|€) : I'n — R by

(2.26) Hp(v418) == H(va) + Wa(74l6)-
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For fixed inverse temperature 5 := 1/T > 0, the local Gibbs state with boundary
condition £ is defined by

(2.27) pa(dval) == [Za(€)] " exp {=BHA(1416)} Aeo(d74)
provided the corresponding partition function (cf. (2.17) and (2.24))
20O = [ exp{-BHAMMO ()
I'
(228) = 1+Y i'/ exp {—BHA({21, ..., 2 }1€)} do(z1) . .. do(zn)
n>1 n: Jan

is finite. In the case Zj(§) = +oo we respectively set u,(dy,|€) = 0. From (2.28)
we see that we always have

(2.29) Za(€) = i ({2a}lO) " 2 1,

which will be repeatedly used in the subsequent estimates.

The local specification II = {ma}xep, (re) is a family of stochastic kernels
(2.30) B(I') x I' > (B,§) — wa(B|€) € [0,1]
given by
(231)  ma(BIE) = ua(Bacld), Baei={7a € Ia |72 Uér € B} € B(I).

By construction (cf. Proposition 6.3 in [38] or Proposition 2.6 in [39]), the family
(2.31) obeys the consistency property, which means that for all B € B(I") and £ € I

(2.32) | ma(Blmalle) = ma(BlO). ACA.

In Subsection 3 we shall impose some natural conditions on V' to guarantee that
ZA(€) < oo (cf. (2.60)); then each specification kernel 7 (dy|€) will be a probability
distribution on (I", B(I")).
Given F' € L*°(I") and p € P(I'), let us define mp F' € L*°(I") and map € P(I")
by
(2.33) (mF)O ¢ = [ Fo)ma@le), ¢er,
r

(2.34) (ram)(B) = / ma(Blu(dy), B e B(Q),

which are obviously related by the duality (wa F, u) = (F, map). Here and elsewhere,
we use the following shorthand for expectations

(2.35) (F,py == p(F):= /QFd,u.

Definition 2.1. A probability measure p € P(I") is called a grand canonical Gibbs
measure (or state) with pair potential V, activity z, and intensity o if it satisfies
the Dobrushin-Lanford-Ruelle (DLR) equilibrium equation

(2.36) (rap)(B) = / A (Bly)u(dy) = u(B)

for all A € B.(R?) and B € B(R2). For fized inverse temperature (3, the associated
set of all Gibbs states will be denoted by G.



10 YU. G. KONDRATIEV, T. PASUREK, M. ROCKNER

Remark 2.2. By (2.32) a measure p is Gibbs iff it solves the DLR equation (2.36)
just for some order generating sequence Ay ' R? (e.g., for the cubes [~ N, N]¢
balls Bx(0)). Equation (2.36) can be rewritten in the dual form

(237)  (maFou): / / A (d]€)u(de) = /Q F(y)dpu(y) = (F.p),

which has to hold for all F' € L>°(I"). Furthermore, it would suffice to check (2.37)
on all cylinder functions F' € FCy(I') as defined in (2.14), which constitute a
measure determining class for P(I).

We recall that the standard sources on the DLR approach in statistical mechanics
are the monographs [12, 38].

2.3. Assumptions on the interaction and superstability. It is instructive to
get started with the following simplest but physically realistic model, which then
will be enriched step by step. An advantage of this model is that it allows a direct
control of attraction-repulsion effects. Namely, throughout this section we impose
the next two conditions on the interaction potential.

(LB): Lower boundedness: There exist M > 0 and r1,7m9 € [0, R], r1 < 79,

such that

(2.38) inf V(z,y)>—-M and
z,yER?
(2.39) V(z,y) 20 if |lz—y|<r or |x—y|>re.
(RC): Repulsion condition: There exists 6 > 0 such that
(2.40) i V(z,y) = As > 2Mmy,
@,y |z—y|<S

where

(2.41) ms = mgs(d,r1,72) = vgd?/> [(ro/6 +3/2) — (r1/5 — 3/2)"]
d/2

and vg := W is the volume of a unit ball in R®.

Remark 2.3. The role of the parameter m;s will become clear from (2.49) below;
note from (2.41) that ms = O (5_d) as 6 — 0. The relation A5 > 2Mms is
essential for proving Lemma 3.3, where it enters via (3.9). An obvious example
that fulfills (2.40), with an arbitrary large but fixed M > 0, is any potential V'
obeying the following asymptotic behavior

(2.42) lim L@ yl
lz—y|—0 |z — y|

A
— 400, and hence lim —5 — 400.
§—0 §
In particular, this includes the class of so-called Dobrushin-Fisher-Ruelle (DFR)
potentials which are characterized by the following growth at the diagonal: for
some 3,C >0

(2.43) V(z,y) > Cle —y|~ @) as |z —y| — 0.

The trivial situation when V' (x,7) = 0 for all z,y € R? is described by the choice of
r1 =ry and A = M = 0 and thus formally does not fit (2.40); the existence of p € G
for any nonnegative V is shown in Remark 3.4. Merely speaking, Condition (RC)

means that the repulsive part V* := max{V, 0} of the pair interaction dominates
the attractive one V'~ := min{V,0}. In the case of translation invariant potentials
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(i.e., when V (7,2, 75y) = V(z,y) for all z,y, s € R?), a similar assumption was first
employed in [37]. For a better control of V' in (2.39), one may use a finite system

of intervals (TE"), 7"5")) such that V(z,y) is nonnegative for |z — y| outside each of

them. Furthermore, proceeding in the spirit of [8], it is possible to refine the global
bounds (2.38) and (2.40) by certain integral conditions on V* and V.

To analyze the consequences of the above assumptions, let us consider a partition
of the phase space R? = |reze Qgr by the cubes

(244)  Quii={w = (=)L, e R | (K0 1/2) <2 < g (kO +1/2) }.

These cubes Ohave edge length g > 0 and are centered at the points gk, k € Z<.
Recall that Qg and ng denote respectively the interior and closure of Qg in
(R%, | -]). For k € Z% and v € I', we then define

(2.45) Lo =Tq,., Y%=7NQg Yir:=7NQguk-

In what follows, we pick the parameter g := §/v/d with some § > 0 satisfying
Assumption (RC). By construction

(2.46) diam(Qg) :== sup |z —y|=29,

ZL’,yEng

which implies that V(z,y) > A for all z,y € 7,. Here and below we shall often
drop ¢ in the notation for the corresponding constants A, m in (2.40).

Technically we need to control only those pairs {z,y} C « for which V(z,y) < 0.
It is clear that V'(z,y) may be negative for some z € v, and y € 7, whenever
(2.47) JeEO k:={k #k| 01 <[k —k| <2},
(2.48) V1= (11 /0 — 1) Vd, Dy := (rp/0 +1)Vd.
The total number of such ‘neighbor’ cubes Q4; can be roughly estimated by
(2.49) 10, k| <mgs(ri,m2),

which is the same constant as in (2.41). Note that to each index set K € Z¢ there
corresponds the ‘cubic’ domain

(2.50) Ak = | ] Qg € Bo(RY);
ke

the family of all such domains will be denoted by Q.(R?). On the other hand, for
a given volume A € B.(R?), we can construct its ‘minimal’ covering

251)  Agi= || Qor € Q(RY) with Ky = {ke€Z ANQq # 2},

ke
where |[Ca| is the number of cubes @gx having nonvoid intersection with A.

The first claim of Lemma 2.4 says that under the above assumptions the inter-
action is superstable in the usual sense of Ruelle [43] (this gives a positive answer
to a question posed on page 146 of [37]). The second claim (playing a crucial role
in our approach) establishes a lower bound on the local Hamiltonians H (y|€) in
terms of the boundary condition £,., which has to be valid in small volumes A.
For any A € B.(R%) we denote its ‘interaction’ neighborhood

(2.52) OrA = {y € R? | dist(y,A) < R} € B.(RY),
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so that for all x € A and y ¢ Ur(A) we have V(x,y) = 0.

Lemma 2.4. (i) For any partition of R? by the cubes (2.44) with edge length g > 0,
there exist Dy, E4 > 0 such that for all v € Iy the following holds:

(2.53) (SS): Ruelle’s Superstability: H(y) > Dy Z V2 = Eglvl-
kezd

(ii) Let A € B.(R?) be such that diam(A) < 4, then for all v,€ € T’

A
(2.54) Hp(7al6) = 9 (|7A|2 - |7A|) — M|yl - ‘gAcmaRA|'

In particular, for any € € (0,1]

A
1—¢ G
(-l - 2

Proof. (i) Note that it suffices to check (2.53) just for g := §/v/d. Because of the
elementary inequality

K K 2 K
(2.56) Z 7 l? < (Z |7k|> < KZ lvil?, K €N,
k=1 k=1 k=1

this would readily imply (SS) for all g > 0, but with their own constants D, and E,.
By (2.38), (2.40), (2.49), and (2.51) we see that for each v € I'y with A € B.(R?)

HA) = > > V@y+ Y. > Viy

kEKA {z,y}Cv, {k,j}CKA TEYL, YEV;

AX (M-FE T

kEKA kGKAjeagkaA

1 , A
(2.57) > S (A=Mm) Y nl =Sl
kEKA

(2.55) Ha(va) 2

SIS

v

For the value of g chosen as above, this yields the claim (i) with D, := (A—Mm)/2
and E, := —A/2.

(ii) The proof of (2.54) is similar, see also Lemma 1 in [37]. Indeed, by (2.38),
(2.40), and (2.52) we have for any A C R? with diam(A) < 4§

Ha(rale) > A('”;)+g Vi)
yEé“AAc

A
2 5 (al? = Pval) = Mlval - [€acnonal-
Finally, (2.55) follows from (2.54) by Young’s inequality. O

Remark 2.5. (i) Let us consider A := | |, Qg € Qc(R?) being a finite union
of partition cubes, cf. (2.50). Note that diam(A) > g|K|*/¢. Using (2.56) with
K := |K|, we can continue (2.53) with B, := g?D,, as

1 2
(2.58) (GSS): H(v,) > BngM — Eglval;
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which means we have superstability in the sense of Ginibre (see page 29 of [14]).

(ii) The superstability (SS) implies the usual stability property,
(2.59) (S): H(y) > —Ely| forallye I,

which is necessary for a rigorous description of thermodynamics of infinite particle
systems. As was calculated in (2.57), a possible choice here is E = A/2.

It is well known (see e.g. Section 3.2 of [42]) that the stability of the interac-
tion (2.59) implies that the partition function (2.28) is finite for all £ € I'. More
explicitly, we have the following bound in terms of the interaction parameters

oo n

Zy(§) < Z %J(A)" exp [nﬁ <;1 + MﬁAcmaRM)]

n=0

(2.60) = exp {za(A) exp [5 (‘;‘ + MgAcmaRA|>] } .

Therefore, each py(dy,|€) (and hence, ma(dv|€)) is well defined as a probability
measure on I'y (respectively, on I'); see the discussion in Subsection 2.2. Further-
more, the following exponential integrability property of u, (dy,|€) will be strongly
used below. For k, A > 0, let us define

(2.61) L3 7o ®(7) = rH(y) + A2,

which will play the role of Lyapunov functional in establishing stability properties
of our model. According to Hypotheses (2.40) and (2.46),

®d(y) >0 forany v e I}, k e Z4.

Lemma 2.6. Let the parameters x € [0, 8] and X\ > 0 obey the relation
(2.62) KA 42X\ < B(A— Mm).

In particular, one may choose here either Kk =0 and A = 8(A — Mm)/2 or A =0
and k = B (1 — Mm/A). Then, for any k € Z¢, ¢ € ' and for all sets A € B.(RY)
containing Q gt holds

(2.63) | e @0} ma@lo < 11,9 < .
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Proof. Calculations similar to those in (2.57) and (2.60) show that

[ exp (@00} i@nle) < [ exp{®(0) - BHAOA} dhun ()

FA FA

< / exp{ RH(v) + A2 — 8 S H(,)

I'a jeka

1
+58M Do > bl il BMIal - acnonal p dAo(14)
keKa jeay knKa
1

< [ exp{[ (B— K) A+ 20+ BMm] - | ?

I'p

2

1 A
F3P (A% Mm) 3 P+ (8- 00 + BM[Ennogal - Pl { dhur)
JEKA

st e {ao0) e [3 (5 + Miercrnal) |}
O

Remark 2.7. As is seen from the proof of Lemma 2.6, straightforward arguments
lead to the upper bound C(A, &), which is exponentially growing as A R?. This
is surely not optimal for our purposes. Proceeding more subtle, in Lemma 3.3 we
shall prove that the integral in (2.63) can be estimated uniformly in A.

2.4. Main theorems and comments. The paper contains two main results, The-
orems 2.8 and 2.9 below, describing the set G* of tempered (or physically relevant)
Gibbs measures. Possible improvements of these theorems will be discussed in
Sections 4 and 5 below.

A starting point in any theory of unbounded spin systems is the proper notion
of temperedness. In the present context, it is natural to introduce the following
subsets of tempered configurations

Ir'‘:=()la=)"Tla

a>0 a>0
1/2
r,:= {fy er ’ Vo = sup [|v,]?* exp{—alk|}] 2 < oo},
kezd
1/2
(2.65) Fo:=X~vel | |Ha:= Z 17| exp{—alk|} < o0
kezd

From (2.8) it is clear that all these sets are measurable, i.e., Iy, I, It e B(I).
Furthermore, I, C I’y C I,y whenever 0 < o < o’. Respectively, the subset Gt of
tempered Gibbs states is defined to consist of those p € G which are supported by
It ie.,

(2.66) G':=GNPYI), where PY(I'):={pePl)|ul*)=1}.

Note that |y|o and ||y||« extend to the seminorms on the linear space M(R?) of
all signed Radon measures on R?. Furthermore, the sets I, and I'* themselves do



GIBBS MEASURES OF CONTINUOUS SYSTEMS 15

not depend on the choice of the parameter g > 0, which is the edge length of the
partition cubes Qgp.

As is commonly accepted in mathematical physics, configurations (or respec-
tively, measures) with controlled growth are called tempered. It is worth noting
that our notion of temperedness is more general than those used in earlier papers.
In particular, G* contains the class of so-called Ruelle type ‘superstable’ Gibbs
states p € G5 which are characterized by the support condition (see Equation 5.10
in [43])

(2.67) sup { K¢ Z Vel> p =2 C(y) <oo forallye Il (u—ae.).
KeN Ik|<K

We begin by proving the existence of tempered Gibbs measures.

Theorem 2.8. Under Hypotheses (FR), (LB) and (RC), the set of tempered Gibbs
measures is not empty, i.e., Gt # @, at all positive values of the temperature B and
activity z.

Next we establish an exponential moment estimate similar to (2.63), which holds
for all tempered Gibbs measures.

Theorem 2.9. There exists a positive constant W such that uniformly for all i € G*
and all kK, A > 0 related by (2.62)

(2.68) sup/eXp{HH(vk)JrAIW}u(dv) < V.
kezd J 2

An explicitly computable value of ¥, which depends on the inverse temperature
B and parameters of the model only, will be given by (3.18). The proof of the above
assertions strongly exploits the regularity properties of the specification IT = {7 }.
Because of independent interest, we separately state them as Propositions 2.10 and
2.11 below.

On the space of all probability measures P(I") let us introduce the topology of
local setwise convergence (see e.g. Section 4.1 of [12]). This topology, which we
denote by 7o, is defined as the coarsest topology making the maps p — u(B)
continuous for all sets B from the algebra Bo(I") := Ujz|<ooB(I'a). Equivalently,
Tioc 18 the coarsest topology such that p +— wp(F) is continuous for all bounded
Bo(I')-measurable functions F' : I' — R. The reader is, however, warned that
the topology 7o is not metrizable (see page 57 in [12]), so that the notions of
convergence and sequential convergence in 7. do not coincide.

Proposition 2.10. G is a compact set in the topology Tioe.

Proposition 2.11. The specification II = {mwp} is compact in the following sense:
for each & € T'*, the family {mx, (dyp,|€)}ceze defined by (2.36), (2.50) is rela-
tively Tioe-compact. Furthermore, all its limit points for IC /7 7% belong to G*.

Remark 2.12. (i) Let us give some historical comments. The existence problem for
Gibbs measures goes back to the pioneering works of R. Dobrushin [7, 8] and D.
Ruelle [42, 43]. It is well known that Stability Condition (S) allows to construct
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1 € Gt at small values of the inverse temperature 3 and activity z. This can be
done either by the method of cluster expansions or by the contraction method for
the Kirkwood-Salsburg equation (see respectively Sections 4.4 and 4.2 of [42]). In
order to solve the DLR equation at all values of 5,z > 0, one has to impose much
stronger assumptions, typically given by Ruelle’s Superstability Condition (SS)
(see [14, 40] and Theorem 5.5 of [43]). The famous Ruelle approach then applies,
which is based on certain a-priori bounds on correlation functions of the Gibbs
measures. In turn, these fundamental bounds are derived from the superstability
properties of the interaction. An alternative way is given by Dobrushin’s approach
and relies on the reduction to the associated lattice system and the subsequent
use of the general Dobrushin existence criterion for Gibbs fields on Z¢. Since the
original papers [7, 8], the latter approach has been further developed in [3, 24, 37]
(see Section 3 for more details). The drawback to this method is that it does not
give enough information about the support of u € G, see Remark 3.2 (i).

(ii) For the simplest model, that is, the one we deal with in this section, the
existence result of Theorem 2.8 can be obtained (at least for translation invariant
V’s of the DFR type) within either of the Ruelle or Dobrushin approaches. Our
main aim here is thus not to improve the known existence results (which especially
will be done in Sections 4 and 5 as well as in the forthcoming paper [23], but rather
to present a new elementary technique of getting both the existence and a-priori
bounds for u € G*. As an immediate outcome of our approach, in Theorem 2.9
(cf. also Theorem 4.8) we obtain the description of the set of all tempered Gibbs
measures i € G', which seems to be entirely new in the literature. Among others,
such integrability properties of u € G' are important in studying the associated
equilibrium stochastic dynamics via the theory of Dirichlet forms, see [2]. Further
equivalent characterizations of the set G* are given by Theorem 4.8.

(iii) To the best of our knowledge, the statement of Propositions 2.10 and 2.11
about the compactness of the set G* and the specification IT = {m,}, respectively,
were not yet available for continuous systems. This opens a direct way of construct-
ing € G as limit points of the specification kernels 75 (dy|¢) for A/ R?, and
thus allows to avoid the highly nontrivial analysis of their correlations functions,
cf. (4.57). Furthermore, Proposition 2.11 says that such limit points exist for each
boundary condition £ € I'*, while the previous methods mainly dealt with £ = &.
We call (2.68) the a-priori bound, since it can be proven simultaneously with the
fact of existence of u € G* and independently from their (non-)uniqueness. In doing
so, we are interested not just in the mere finiteness of the constants appearing in
the estimates, but in handy expressions that can be readily evaluated in terms of
the model parameters. For possible generalizations of these results see Subsection
4.2.

(iv) In the paper we do not touch the uniqueness problem for p € G'. In the
appropriated classes of tempered Gibbs measures, the uniqueness can be studied by
means of Ruelle’s as well as Dobrushin’s approaches mentioned above (see [43] resp.
[3,37]). The latter approach relies on the Dobrushin-Pechersky uniqueness criterion
for unbounded spin systems (cf. Theorem 1 in [9]); its refinements and consequences
(including the decay of correlations) will be discussed in the forthcoming paper [19].

3. EXISTENCE AND a-priori BOUNDS FOR i € G*
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3.1. Moment estimates for local Gibbs measures. This subsection plays a
key role in carrying out our strategy. Here we establish the integrability properties
of the kernels 7 (dy|¢) needed later for proving Theorems 2.8 and 2.9. For the
matter of clarity, all the constants appearing in Lemmas 3.1 and 3.3 below will be
given explicitly.

Recall that the Lyapunov function ®(y) was introduced in (2.61). Our aim is to
show that the left-hand side in (2.64) can be estimated uniformly in volume (which
cannot be seen directly from the definition of ps(dy,l€), cf. Remark 2.7). To
this end we shall perform an inductive scheme based on the consistency property
(2.32). A starting point is the following trivial bound for the ‘one-point’ kernels
e (d7il€) = kg, (dvg,,§) subject to the fixed boundary condition £ € I'.

Lemma 3.1. There exists a universal constant T > 0 such that for all k € 7¢,
el and k, A > 0 being the same as in Lemma 2.6

1
(3.1) /FeXp{FaH(w+Ahk|2}uk(d%|§)Sexp T+oBM Y gL
* jeoyk

Proof. Repeating the estimate (2.64) for A := Qg1, we get by means of the Cauchy
inequality that

/P exp {®(7,)} 1 (d7l6) < / exp {@(7,) — BH(16)} dhso (1)

Iy

A A
< [Lewd =G G| P+ |G @R+ 3 lg)| bl aren)

j€Og k
4 A

(3.2)

1
X exp §5M Z ‘5]“2

jedyk
In view of (2.16), (2.62), and (2.64) the claim holds with
A
T:= sup log/ exp {25|’7k|} dAzo (72)
k I
A
(3.3) = zexp 56 sup o(Qgr) < 0.
k

O

Remark 3.2. (i) A subsequent application of Jensen’s inequality to both sides in
(3.1) yields the following ‘Dobrushin-type’ estimate (cf. Equation 4.9 in [8])

M pM
Ga) [ eom@n < THEE Y P2 T4 BT 3 e,
Iy, . — . —

J€O4 k jE€O, K
Crucial in Dobrushin’s method is the weak dependence on boundary conditions
¢ € I', which analytically means that SMm/2)\ < 1. This can be always achieved
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by a proper choice of A, as is ensured by Assumption (RC). By considering a
lattice counterpart of our continuous model (as it was done in [3, 8, 24, 37]), we
then have the possibility to employ here the general Dobrushin existence criterion
for Gibbs random fields (Theorem 1 in [7]). However, the later scheme is rather
cumbersome and leads to the theory of Gibbs measures on a larger space of multiple
configurations I'o>r , see [3, 24, 27, 37]. Such technical extension to I' contradicts
the physical intuition and leaves open the initial question about the existence of
1 € G supported by I't.

(ii) Although the exponential bound (3.1) is stronger than Dobrushin’s bound
(3.4), actually it is derived much more easily in view of the additive structure of
the Hamiltonian H(+y) and the multiplication rule for exponents (see the proof of
Lemma 3.1). Direct verification of Dobrushin bounds like (3.4) for particular models
is a delicate technical problem, which usually requires additional assumptions on
the interaction (ferromagneticity, translation invariance etc.).

(iii) Another principle difference from the previous schemes is that the function
®(,,) constructed in (2.68) is a combination of the local energy H(7y;) and the
stabilizing term |y,|?. This not only greatly simplifies all calculations, but also
provides optimal estimates on p € G* as well. Unlike Dobrushin’s criterion, com-
pactness of the function ®(vy,) is not relevant for our existence result; actually in
the proof of Theorem 2.8 we exploit only that ®(vy,) /" oo as |y,| / oo. For
translation invariant ferromagnets on a lattice, the exponential bound (3.1) with
a standard choice of ®(xy) := Alzk|, A > 0, was first proved in [4], whereas the
validity of Dobrushin’s criterion was directly checked in [44]. For continuous par-
ticle systems in R?, Dobrushin bounds like (3.4) with ®(v,) := exp{\|vy;|*} or
D(vg) == |7l @ > 1, were established in [3, 8, 13, 24, 37]. First attempts to
consider compact functions like ®(vy;,) := exp{\H (7;,)} can be found in Section 5.2
of [27]. To some extent, one can see here a certain analogy with the lattice case,
whereby instead of the single spins z;, € R? one has to control ‘collective’ variables
V|, i-e., the number of particles in the partition cubes Q, k € Z<.

Consider now arbitrary large cubic domains Ak := | ], cc Qgr € Qc(R?) indexed
by K € Z%. Note that Ax /' R% as K / Z%. Using the ‘one-point’ estimate (3.1)
and the consistency property (2.32), our next step will be to get similar moment
estimates for all specification kernels 7ic(dy|€) := ma, (dv[E).

Lemma 3.3. Under the assumptions of Lemma 3.1, there exists a finite ¥ > 0
such that uniformly for all k € Z%, ¢ € T, and r,\ > 0 related by (2.62)

(3.5) lim sup / exp {kH (v;,) + A7 *} mic(dv[é) < .
K zd Jr
Therefore, for each o > 0 one finds a certain v, > 0 such that
(36) timsup [ exp {vall7|} m(dr]) < 0.
K74 Jr

where the seminorm |||, was defined in (2.65).

Proof. For a fixed £ € I'* let us consider the quantities

(3.7) nu(KJ€) = log { / eXp{<I>(7k)}mc(dv|§)} . kezt,
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which are nonnegative and finite by Lemma 3.1. In particular,
n(K[E) := ®(&;,) if k¢ K.

A natural idea is to establish global bounds on the whole sequence (ny(K[£)),czq5
which then imply the required estimates on each of its components.
Let us set

(3.8) 0= (ry/6+1)Vd

so that |k —j| < o for all j € 0k, cf. (2.47) and (2.48). Without loss of generality,
we may assume by (2.40) and (2.62) that

(3.9 BMme™ + keA < 2\ + kA = (A — Mm),

which can be always achieved by choosing small enough a,e > 0 such that

A

at

< (11— — 1.

e (1-¢) ( U >

Let us start from (3.1) written for all specification kernels 7 (d~y,|y) with boundary
conditions vy € I

1
1) [ e {sbmbmidndy) <epq T4 380 S P
r j€dy k
Integrating both sides of (3.10) with respect to mx(dy|¢) and taking into account
the consistency property (2.32), we arrive at the following estimate for each k € K

mce) < 1+ 2L g

2
jeKenay k
BM
b o] few [ 7Y P me@i
r
JEKND, k
AM
< TE+7 Z |€j|2
jekendy k
BM
3.11 L (K
jeknd; k

where 7 is the same as in (3.3) and
BrAMm
82X+ k(1 —¢e)A]l
Note that the terms n;(K|£) enter into the right-hand side of (3.12) via the bound,
of. (2.55),

(3.12) Y.:=71+

A

2 L {2@(%.) + 'ZJ , ee(0,1].

£
T 22+ k(1-¢)A

Here we have used the multiple Holder inequality

sy a(I0 0 ) <TI0 wih) = [ i

(3.13) 17
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valid for any probability measure p, measurable functions f; > 0, and num-
bers s; > 0 such that ZjK:l s; < 1. In our context, f; := exp{@(’yj)}, sj =
BM 2A + k(1 —e)A] " <1/m, and K :=|KN 0, k| <m.

Now let us consider any domain K € Z? containing a fixed point ko € Z¢. After
taking the upper bound in (3.11) with the weights exp{—alk — ko|}, we get

sup [ng (K|) exp{—alko — k[}]
kek

M
< TE+L:up S lg P explalli— k| - 1 — koll}

- 2
jeKendy k
pM .
STt Y mKIOen{alli— k-l — k)
JEKNI, k
and hence
1 (KI€) < sup [ng (K[E) exp{—alko — k[}]
ke
BMm_ o] [ BM oo
1 < |12 e T 2 (P4 ko) 12
B19) < |1- g e’ [ e g 2
Since for & € I'* the seminorm ||¢,c. || tends to zero as K " Z?, we obtain for each
ko € 74
limsup sup [ (KJ€) exp{—alko — k]}]
K74 kek
pMm )]
3.16 < Tojl— —————e”
(3.16) - [ 2A + k(1 — s)Ae
and thus, by letting a — 0,
. BMm -1
3.17 1 KOS |1 — —F—r—r| .
(317) msup, (K16) < 7. 1= 5P

Substituting e = S(A — 2Mm)/(2kA) (which is just one of possible choices for e
fitting (3.9)) into the right-hand side in (3.17) under the constraint (3.9), we get
the following bound

limsup/ exp {P(v;)} mc(dv|§)
xzd Jr

A BA? .

which completes the proof of (3.5). In the particular case £ = 0 we have from (3.17)
that for each A < A\g:= B(A — Mm)/2

timsup [ exp (A} mc(d]6)
K 7d Jr

A—Mm A—Mm
. < —_— b = pAj2 = 7 =: Y.
(3.19) < eXp{TA_2 m} exp{ze 15 msgpa(ng)} A
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Finally, setting
-1

Vo i =B(A—Mm) |2 Z exp{—alk|} )
kezZd
by the Holder inequality (3.14) we see that the left-hand side of (3.6) also does not
exceed the same ¥ as in (3.19). O

3.2. Proof of the main theorems. Here we prove our main Theorems 2.8 and 2.9.
Rather than reducing to the lattice case and then applying the general Dobrushin
criterion (see Remark 3.2 (i)), we give a direct construction of the corresponding
Gibbs states using the exponential moment bounds established in Lemma 3.3. To
some extent our strategy is inspired by the paper of J.Bellissard and R.Hgegh-
Krohn [4] which, however, was dealing with a much different (and simpler) model
of classical ferromagnets on Z¢. The main idea is to show that the uniform bounds
(3.5) and (3.6) for wa(dy|), along with the compactness argument in the Zjoc-
topology on P(I'), readily imply the existence of certain p € G* being the limit
points of w5 (dy|¢) as A/ R As compared with the weak convergence topology
on P(I") standardly used in Dobrushin’s approach, an advantage of the local setwise
convergence topology 7j,. is that no continuity assumptions on V' are needed at
all. Furthermore, this way we also obtain the a-priori estimates (2.63) to be valid
uniformly for all tempered Gibbs measures u € G*. Note that the latter information
cannot be extracted from Dobrushin’s criterion alone, which just provides existence
of at least one p € G*.

Proof of Theorem 2.8 (also including Proposition 2.11). Let us fix a bound-
ary condition ¢ € I'* and an order generating sequence Ky /" Z? as N — oc.
Taking into account (3.6), for each o > 0 one finds a corresponding C, (§) such that
uniformly for all domains Ay := A, € Q.(R?)

(3.20) [wﬂﬁmWMMagcaa

It would suffice to show that the family of specification kernels {mx , (dv|§) }nen is
locally equicontinuous in the following sense: for all A € Q.(R?) and each sequence
{Bn}nEN C BA(F) with B,, | @

(3.21) lim limsupma, (Byl§) =0.

n—=0 N-ooo

In other words, for any € > 0 one finds N(¢),n(e) € N such that 7w, (B, [§) < €
for all N > N(e). By Propositions 4.9 and 4.15 in [12] combined with Theorem
V.3.2 in [33], any locally equicontinuous net in P(I") has at least one Tj,c-cluster
point; furthermore, each of the cluster points can be obtained as a limit of a certain
subsequence. Thus, there exists a limit point p = limar—oo Tay,, (d7]§) € P(I)

taken along some subsequence Ay,, /" R%, so that for all local sets B € By(I")

622 [ malBRmay, @919 = may,, (BIE) = () as M — .

Note that in the left hand-side in (3.22) we have used the consistency property
(2.32) valid for all Ay,, 2 A. As the interaction has finite range, the function
v + mwa(Bly) is bounded and By(I')-measurable. Thus, for each A € B.(R?) we
can pass to the limit in the left hand-side in (3.22) and check that this p solves the
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DLR equation (2.36). By B. Levi’s monotone convergence theorem we conclude
from (3.20) that for all & > 0

J it = tim_Jim 3 exp{-altl} [ {lnf A Ly ute)
T k<K r

— Jim lm lim Y exp{—a|/€|}/F{|’yk|2/\L}7rANM(d’y|f)SC(X(S),

K—o00 L—00 M—o00
|k|<K

which implies that yu is supported by I't.

So, it remains to check the local equicontinuity (3.21). We adapt the arguments
used for proving Theorem 4.12 and Corollary 4.13 in [12] to the configuration space
I'. Fix A € Q.(R%), and let {B,,}nen be a sequence of sets from Ba (') such that
B, | @ as n — oo. Consider the following subsets from By (I)

I'rr = {7 er ‘ Vor(a)l < T}7 T>0,
where, cf. (2.52),
Or(A) = {z e R? | dist(z,A) < R} € B.(R?)

and R > 0 is the interaction radius in Assumption (FR). For each £ € I'* and
AN D A we have by (2.27), (2.31), and (2.32)

TAN (Bn|£) < TAN (Bn N [FR7T]C|§)

329 + [ [ Xoorens Urse) exp{=BHAMS} Ao ds)may (716)
A
Chebyshev’s inequality applied to (3.20) ensures that for each e > 0 there exists
T(e,&) > 0 such that
(3.24) Tay ([Tr7]|E) <€ forall T >T(e ) and N € N.
On the other hand, for all v € I

[ X s Uac) exp {=BH A5 )} Aca ()

I'a
< /r XB,nrrr(MaU7Yac)exp {BMIna Uyacl?} Auo(dna)
A
(3.25) < exp{BMT?*} \.,(B,) <€ assoon as n > n(e).

Plugging (3.24) and (3.25) back into (3.23), we get the required equicontinuity of
the family {ma, (dv|&)}nen. O

Proof of Theorem 2.9. Consider an arbitrary x4 € G*. With the help of (2.36),
(3.20), and Fatou’s lemma we see that for any k € Z¢ and K > 0

| exp (@6 A} (@)

= Jm, . {exp @(7p) A K} o (dy[€)p(dE)

(326) < /F t llimsup / D {B(y,) A K} ma (d916) | plde) < ¥

Kz
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where the constant ¥ was computed in (3.5) and (3.18). By B. Levi’s theorem we
further conclude from (3.26) that

/ exp {® ()} p(dy)

@

(3.27) = limsup/F exp {®(v,) A K} u(dy) < v,

K—oo
which yields the desired estimate (2.68). O

Proof of Proposition 2.10. The line of reasoning is similar to that imple-
mented in the proof of Theorem 2.8. More precisely, one can show that the uniform
bound

sup [ [IEn(d) < oo,

negtJr

implies the local equicontinuity of the family G* in P(I'). To this end we repeat
the estimates (3.23)—(3.25) with 7 (dv|¢) replaced by any p € G*. Thus, every net
in G* has a subnet with a limit in G*, which is equivalent to the compactness of G*
in the topology Tioc. O

Remark 3.4. (i) Suppose we know nothing else about the interaction potential but
that V(z,y) > 0 for all z,y € R%. Without assuming (RC) we cannot guarantee
that the exponential moments in (3.4) and (3.7) are finite, so that the previous
proof of the existence result formally does not work. To show how to overcome this
problem let us start from the obvious estimate

[ e Ol ede) < [ exp il [dhua () < 20,
Iy Iy

which holds for any A > 0 with constant C(\) := exp {ze* sup;, 0(Qqx)} being
the same for all £ € I' and k € Z? Repeating the proof of Lemma 3.3 with
D () := Alvg,| and M = 0, we get that

(3.25) sup [ exp (Ahl} e (@rle) < BV,
kekezd Jr
and hence by Holder’s inequality
(3.29) sup limsup/ |72 7 (dy|€) =: Ca(n) < 00, n €N.
¢ert Kz Jr

The last bound enables us to mimic the proof of Theorem 2.8 and so check that
the family {ma(dy|€)] A € Q.(R?)} has a Tjoc-limit point u € G'. Furthermore,
replacing (3.5) by (3.28) in the proof of Theorem 2.9, we show that all y € G* must
obey the a-priori bound

(3.30) sup [ exp (Alel) u(de) < COV.
kezd J @

In contrast to the superstable case, here one cannot expect the similar estimate

with exp {A|y,|?} because this function is not integrable with respect to the Poisson

measure ...
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(ii) Instead of the consistency property (2.32), in proving Lemmas 3.1 and 3.3
one can use the so-called Ruelle equation (cf. (5.12) in [43])

@31) [ Foymalaqie)
= / / F(ya Unaa Uése) exp {_BHA('YAMA\A U fAc)} Azo (dya)p(dn),
Tae JTy

valid for al A C A @ RY ¢ € T', and F € L°(I'). Since (2.32) and (3.31) are
known to be equivalent, they lead to the same estimates (3.5) and (3.27)

4. FURTHER EXTENSIONS

Here we outline possible improvements of Theorems 2.8 and 2.9. So, we ex-
tend our initial model in several directions including: essentially singular poten-
tials (Subsection 4.1), strong superstable interactions (Subsection 4.2), multibody
Hamiltonians (Subsection 4.3), and general intensities (4.4). The later case, when
the underlying measure o is no longer translation invariant in R?, has not yet been
treated in the literature. In Subsection 4.5, for the corresponding Gibbs measures
we discuss equivalent characterizations of temperedness in terms of their support
sets, local densities, and integrability properties. Finally, in Subsection 4.6 we point
out some relations to Ruelle’s approach.

4.1. Regularity of u € G' due to singular potentials. Of special interest in
physical applications is the case when

(4.1) V(z,y) >v(jz —y|) forall z,yc R

with a majorizing function v : Ry — R such that lim;_, o v(¢) = +00. Theorem 2.9
then says that all Gibbs measures y € G*, which are initially supported by the set
I'* defined by (2.65), a-posteori must obey the much stronger integrability property

(12) sup [ expd 38 32 olle—l) putan) < 0.

kezd
€ {2y}

From a technical point of view the possibility of such a regularization relies on the
following fact: for any boundary condition £ € I, the right-hand sides in the basic
estimates (3.1) and (3.15) do not depend on the values of V(z,y) taken at points
x,y € . A typical assumption here is that (similarly to (2.43)) for some C, s > 0

(4.3) v(z) > Clz|~ @) as |z| — 0.
Then according to (4.2) one finds a certain ¢ > 0 such that

(4.4) sup sup/exp 9 Z |z — |~ @) 3 u(dy) < oco.
pegt kezd Jr
{z,y}Cvy
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4.2. Strong superstable interactions. The so-called strong superstable interac-
tions may be viewed as a refined version of the classical superstability property
introduced by D. Ruelle. All such stability conditions are formulated directly in
terms of the Hamiltonian H(vy), v € I, so that the particular structure of the
potential V(z,y) becomes no longer relevant. Below we demonstrate that an ap-
propriate abstract setting (including the so-called ¢-superstability defined by (4.21),
(4.22)) is best suited to carry on the general strategy of getting the moment esti-
mates described in Section 3. Furthermore, we indicate typical classes of the pair
potentials V(z,y) to which all this apply.

Let us replace the both Assumptions (LB) and (RC) on the behavior of V' (z,y)
from Subsection 2.3 by the following one:

(SSS): Strong Superstability: For a given P > 2 and a certain partition
RY = |reze Qgr with g >0, cf. (2.44), there exist positive D, E such that

(4.5) H(y) = DY |vl” —Ely| forall y € I.
kezd

Since |v4|F > |y4|? for any v, € I, it is obvious that (SSS) is stronger than
Ruelle’s superstability (SS) resulting in particular from Assumption (RC), see
Lemma 2.4. Actually, (4.5) implies (2.53) with an arbitrary large constant in the
front of |y, |?. From the proof of the same lemma, it is clear that (4.5) should hold
at once for all g > 0, but with proper Dy, E; > 0. According to (4.5), the pair
potential V' is semibounded below, i.e.,

4.6 inf V(z,y):= inf H{z,y})=-M>22"'D-EF),
(46)  inf Viy):= it H{z.0}) >2( )
TFY

which agrees with the initial Assumption (LB). The same is true for the energy in
every partition cube Qgx, i.e.,
(4.7) inf H(y,)=:—C>—-DrrPEPT,

Y€k
We still keep the finite range Assumption (FR) from Subsection 2.2. Then, for
x € Qqgr and y € Q 5, the interaction V(z,y) is zero unless

(4.8) €Ok = {k’eZd ‘\k—k'|<\/&(1+3/5)}.

Similarly to (2.47) and (2.49), the number of such neighbor cubes Q,; (having the
diagonal 0 := gv/d) does not exceed

(4.9) |0,k < m = vgd*(R/6 + 3/2)%.

Remark 4.1. In its explicit form the notion of strong superstability was first intro-
duced in [32], although some arguments leading to better analysis of stability could
be already found in the earlier contributions [6, 8, 36, 42]. The most recent refer-
ence is [41], which contains a historical survey and account of sufficient conditions
for (SSS) in terms of the potentials V. So, Theorem 2.3 there presents one of the
best-understood examples of the strong superstable interactions. Namely, let V' be-
have like V (z,y) > clz —y|~%0 %) as |z —y| — 0 (cf. (2.43) and (4.3)), so that the
classical Dobrushin—Fisher—Ruelle criterion (Proposition 1.4 in [43]) applies. Then
V' is not only superstable with an arbitrary large D, > 0, but also fulfills (SSS)
with P = 2 + 5. This result naturally extends to the interactions of infinite range,
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see Section 5. Actually, most of the stable potentials used in statistical physics turn
out to be strong superstable.

Supposing (FR) and (SSS), we can get a substantial refinement of the previous
results. So, it is natural to consider all ;1 € G* supported by

.= {7 € F‘ Va>0: |y = ksuzg [7el” exp{—alk[}] < oo}
€

(4.10) ={yer|Va>0: |WF =" l" exp{—alkl} <o
kezd

So far, it is clear that either of the representations (2.65) and (4.10) describes the
same subset of tempered configurations I't. Fixing the parameters

(4.11) 0<k<pf and 0<A<(B8-K)D,
let us define the Lyapunov functional
(4.12) Ty 3y — ®(y) i= sH(7;.) + Al 7 > =5C,

where C € R is the same as in (4.7). A starting point is the following modification
of the exponential bound (3.1)-(3.3) in Lemma 3.1

| e {80} (@)

S/ exp{ A= (8= k) Dl n|” + | (B=rR)E+BM Y 1&1] Pl p dheo ()
I’y jEI K

(4.13) <expl T.+e Z |§j|P ,
€DK
holding for any
0<e< %min{/@D—F)\; (B—k)D — A}
and the corresponding

Y. = me%(,BM)% + zexp {BE} sgp 0(Qgk)-

In deriving (4.13) we have used Young’s inequality in the form

(4.14) st < (sP + tP) 1+ %P for any s, s,t > 0.

Picking next any 0 < 6 < kD + A — em and noting that by (4.5) and (4.12)
1 1 P

4.1 P = d(E. i-P (kE)P-1

(4.15) 617 < s |B(E) + 07T (RE)

we then follow step by step the arguments used in proving Lemma 3.3 and Theorems
2.8,2.9. As ®(v,) may take negative values, instead of ny(K|€) defined by (3.7) we
have to consider the quantities

0 < R (KE) = ni(K[E) + BC

= log {/P exp {®(v,) + BC} 7r;<(d7|§)} , kezd



GIBBS MEASURES OF CONTINUOUS SYSTEMS 27

By (4.13), (4.15) and the consistency property (2.32) we have the following relation
€
o < 1 e _
m(KlE) < T+ BC+ s D Kl
JEKNI K

€m 1 _P_
t+e Z |fj|P+ NtrD_3 [51*1’ (kE)PT —BC|, kek.
JjEKeNd k

Herefrom, continuing similarly to (3.15)—(3.17), we conclude that for each ko € K
and a fixed but small enough a > 0

-1
~ €m «
nko<K|€) < [1 - me 19:|
e (ep) T o a(9-+|ko) P
X[Tg—i—é (kE)™ )\+/€D—5+Bc(l )\+,€D_5>+eme [1€scella | -

Finally, by letting o ™\, 0, we get the estimate

limsup/ exp {kH (v;) + A1yl } mic(dv[€)
r
Em

Kl 724
-1
(416) § exp{[l—w} |:TE+51—P (ﬂE)PPli|} =: Vs,

which is uniform for all k € Z¢ and ¢ € I'*. The latter allows us to construct p € G*
by applying the compactness argument in (P(I"), 7joc). A further sequel of (4.16)
is the a-prior: bound

(4.17) sup / exp {kH (7)) + A7, 7} p(dy) <inf &5 := ¥
kezd J €0

to be fulfilled by all i € G'. This leads to the following conclusion.

Theorem 4.2. Under Assumptions (FR) and (SSS), the set G* is nonvoid and
all its elements obey the bound (4.17).

Remark 4.3. (i) In the proof of (4.13) we used only the ‘local’ version of Assumption
(SSS) in the elementary cubes @, that is

(4.18) (LSS)  H(y,) > Dvi|¥ — Ely,| forallye I, ke Z

For P > 2, the concrete values of D, E > 0 are not relevant for the existence
result. Nevertheless, it can be easily shown that (2.22) and (4.18) imply the ‘global’
condition (4.5) with new constants D € (0, D) and E > 0, where D can be chosen
arbitrarily close to D.

(i) To run the above scheme for P = 2 we have to assume that D > Mm, where
D > 0 is the maximal possible constant in (4.18) and M := —infgea V. For the
same g > 0, this yields Ruelle’s superstability (2.53) with any Dy € (0, D — Mm).
Obviously,

E2
At W =20 = =54

Respectively, we define

= 2> _p—
Q(vy) = wH (7)) + Alvel” = 54D’
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where the parameters x, A > 0 meet the constraint

(4.19) A+sD < B(D—Mm/2).
The basic estimates (3.1) and (3.5) then hold with
(4.20)

o o D BE?
T :=zexp {BE} st;pa(ng), U := exp {D]\Jm (T + Q(D]\/[m)> } .

The most general setup that completely includes all previous considerations can
be given as follows. Suppose there exist constants C, D, E, M > 0 and a function

¢: Ty — Ry with lim inf@ = 400,

l—oo || B
such that, for all v, € I'y and §; € I'; with k # j,
(4.21) H(vy) 2 Do(yi) = Bl =2 = C,
M
(4.22) Wle) = Y Wiay) 2 =5 [60n) + 0(€;)] -

TEVE, YEE;

In addition, let D > Mm with the parameter m as defined in (4.9). Note that the
standard superstability (or strong superstability) analyzed before is reduced to the
particular choice of ¢(7y;,) = |v4|? (or ¢(v,) = |v|F with P > 2). In this regard
the interactions obeying (4.21), (4.22) may be called ¢-superstable. The definition
of temperedness is naturally modified as follows: the set G* now consists of those
1 € G which are carried by

I't:= {7 € I" Ya > 0: sup [¢(y,)exp{—alk|}] < oo}
kezd
(4.23) = (vel|Va>0: Z d(v1) exp{—alk|} <
kezd

Respectively, our main statements will concern the Lyapunov functional
(4.24) Io 3y — ®(v) = rlH()| + Ad(7),
where k € [0, 8] and A > 0 are related by (4.19), i.e.,

A+ kD < B(D—Mm/2).

Going through the proof of Lemma 3.1 and making use of (4.21)—(4.24), we obtain
the exponential bound

12) [ epdOuunlo) <ew] T+ 3M Y 9(E) 1.
Ik jEI K

where the constant 7" is the same as in (4.20). In turn, (4.25) implies that the set
G* is nonvoid and that all its elements obey

(4.26) sup sup | exp {kH(70) + A6(70)} ulds) < .
neGt kezd J 0
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4.3. Multibody interactions. This case is technically more difficult and thus less
studied in the literature. Here we briefly outline how to modify our method; for
details see [23] in preparation.

Let us be given a finite family of potential functions V,,(x1,...2,),2 <n < N €
N, describing the interaction between each n-tuple of the particles {z1,...2,} C R%.
Every potential V;, : R®™ — R is a bounded below, symmetric function of finite
range, i.e., there exist some M, R > 0 such that for all n < N

inf an(xl,...mn)Z—M,

(z1,...xy)ER"

(4.27) Va(z1,...z,) =0 if diam{zy,...z,} > R.
For A € B.(R?) and ¢ € T, the local Hamiltonians Hy (-|€) : I'y — R are defined by
Ha(val€) == H(va) + Wa(7al6),

where respectively

N
: —Z Z Vn(ml,...xn)7
2{z1,..xn }CyA

N
7A|§ : ZZ Z Vn(xla"'xpayp+1a"'a7yn)~
n=2 p=1

{z1,,2p}CyA
{Yp+1seyYn}Cépe

Not trying to be optimal, for all N > 2 the energies in the elementary cubes
A = Qgi, k € Z%, can be roughly estimated by

N N|
1
) maz-w S () 2 S e o
Y el (160,
(4.29) Wi (v4l€) > MZZ( ’“)(Tf_gkp)

n=2 p=1

N —
j{: j{: |7kVWfaan p
1

n=2

N
1 n _
> =M Y = (il + la,l) = =M+ DYV + Y 161N
n=2

jED

where m is the same as in (4.9). To make our method work it would suffice to
impose the (local) strong superstability (4.18) of order equal to the interaction
rank (i.e., P = N) and with a large enough D > Dy, that is

(4.30) H(v,) > DN — Ely,| forally € Iy, ke Z4.

As is seen from (4.29) and Remark 4.3 (i), one may choose Dy := 6Mm~ 1 for
N > 2 and respectively Dy := Mm for N = 2. This yields existence of u € G* and
the a-priori bound (4.17) for all k, A obeying

KD+ A< B(D—Dn/2).

In view of (4.28), a possible way of getting (4.30) is to assume (SSS) of order
P,, > N just for one ‘stabilizing’ potential V,,, with some index ny < N. Sufficient
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conditions for such superstability can be found e.g. in Lemma 4 of [3], Remark 2.1
of [28] or Theorem 2.1 of [46]. To this end, a typical behavior of the stabilizing
potential should be

(4.31) Vi (21,...2,) > C[diam{zy,...2,}] ) for some 3> N — 1.

In a similar way one can consider systems with an infinite group of many-body po-
tentials (i.e., N = 00), which analytically gives rise to the property of ¢-superstability
(4.21) with ¢(y) := exp {v|v|}, v > 0. Stability of the whole system can be achieved
by employing an infinite sequence of stabilizing potentials {V,,,. }, -, that behave
like (4.31) with ¢, > n,,, — 1 or just by one of them having an exponential singu-
larity at the diagonal like V,, (21, ...2zy) > Cexp (—vdiam{x1,...z,}).

4.4. General intensity measures. Here we place us again in the setting of Sec-
tion 2, but a principal difference is that the spatial regularity condition (2.16) will
be dropped. Instead we suppose that the Radon intensity measure o is tempered
in the following sense:

(4.32) / e~ lldo(z) < 0o for some o > 0.
Rd
Keeping the former Assumptions (FR), (LB) and substituting (RC) by the stronger
one
(4.33) A> Mm (14 e*?)

with ¥ > 0 being the same as in (3.8), we claim the existence of Gibbs measures
i € G* supported respectively by I' := () I',. Again, we define ®(y) :=
kH () + Aly|? under the constraint

(4.34) BMme®? < kA + 2\ < B(A — Mm).

Fixing an arbitrary £ € I'*, we start with the exponential bound similar to that in
Lemma 3.1

a>oqo

(4.35) | e @Gbimne) <ew d ek 500 Y IR b
i J€dg k
but this time with the constant
Ty, == zexp {BA/2} 0(Qgx)
essentially depending on k € Z%. Nevertheless, for o > o the following quantity
Yo := sup { T exp(—alk|)}

kezd
is finite by assumption (4.32). Let a > «ap and € > 0 be related by
(4.36) BMm (1+e*”) < 2X + k(1 — ) A.

Defining the moments ny(K|¢) by (3.7) and mimicking the proof of Lemma 3.3, we
get for each £ € I'* and k € K

0 < ml < Tt A LY P
jeKeNd; k
M
+ S — > (K9

22+ k(1 —¢e)A
jeKndy k
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with an extra constant

o BrAMmM
(4.37) “T S RA T Ao
Herefrom
sup {ny (K|€) exp(—alk|)}
keK
M -t M
(438) < [1 — meaﬂ] |:Ta + Ts + B2meaﬂ||§lcc|i:| )

Since for & € I'* the seminorm ||¢,c. || tends to zero as K ' Z%, we obtain for each
kezl

Jim sup {exp(—a|k:|) /F @(vk)mc(dm}

K /74
-1

BMm o

As in the proof of Theorem 2.8, this yields the existence of Gibbs limit points
wi=limpy o A, (dy]€) obeying for each a > ay

(1.40) sup {exp(-al) [ [t (00) + A2 lan) | <

kezd

(4.39)

and hence belonging to G*. Furthermore, the proof of Theorem 2.9 shows that all
p € G* must fulfil the same bound (4.40) allowing at most exponential growth of
their moments. Because of the absence of spatial regularity for o(dx), the resulting
estimates are not expected to be invariant under translations in the phase space
R?. Furthermore, the uniform integrability condition

ess sup /

z€RT JRA

fails. These are the principal reasons why the situation discussed above does not

fit into the framework of Ruelle’s superstability method and was not yet covered

in the literature. Nevertheless, such spatial irregularity is natural if one considers

disordered particle systems with random intensities o(dz,w) depending on some
external random field w € {2, what we plan to do elsewhere.

e V@Y 1| o(dy) < oo

4.5. Support properties of u € G'. There are a few important consequences
from the a-priori bounds (2.68) and (4.26). Recall that the set of tempered Gibbs
measures was introduced by means of the rather moderate restrictions (2.65), (2.66).
We now show that all u € G* indeed are carried by a much smaller universal subset
I, which is known (for P = 2 and k = 0) as the Lanford—Lebowitz—Presutti support
(see Definition 3.2 of [29] in the lattice case and respectively Definition 5.2.1 of [27]
for configuration spaces).

Let us fix some partition of the phase space R? by the elementary cubes Qi)
k € Z%. For b > 0 we define
(4.41)

T() = {7 € I| 3K, € Zy + k|H(vy)| + Ayl < blog(1 + k) if [k > K}

which is a Borel subset in I'.
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Proposition 4.4. For given P > 2 and k,\ > 0, let us consider those p € P(I)
which fulfill
(4.42) sup / exp {K|H (73,)] + Avil?} pu(dy) = #(p) < oo.
kezd Jr
Then, simultaneously for all such measures (and hence by Theorems 2.9 and 4.2,

for all p € G*), one has u[I'(b)] =1 as soon as b > d.

Proof. We proceed similarly to the proof of Lemma 3.1 in [29]. Without loss of
generality we may assume that at least one of parameters «, A is positive, otherwise
the result is trivial. The complement of I'(b) in (4.41) can be written as

(4.43) O] = Moo U o IO
where

Ty(b) = {y € I'| KIH (7)) + Alvg| " < blog(1+[k]) } .
By Chebyshev’s inequality and the estimate (4.42)

(4.44) p([Te()]°) < ¥ (p) - (1+ k),
and therefore by (4.43) and (4.44)
(4.45) P0G < W) Jm 3 (1 k),

Taking b > d makes the series in (4.45) convergent, which yields the result p ([I'(b)]¢) =
0. O

Corollary 4.5. Under the conditions of Theorems 2.9 and 4.2, all u € G* are
carried by the subset

(4.46)  I®:= {7 er

sup [ (1 ()] + [7,1") - (log(1 + K)))™'] < oo}.
kezd

Next, we claim that for any Gibbs measure u € G° its finite volume projections
KA ::H’O]P)Xl? My 1:/10}?_17 kGAEBC(Rd)7
satisfy a certain Ruelle-type bound (cf. Proposition 5.2 in [43]).

Proposition 4.6. Under Assumptions (FR) and (SSS), each u € G* is locally
absolutely continuous with respect to the o-Poisson measure A,,. The corresponding
Radon—Nikodym derivatives obey the following estimate for A,o-almost all v, € I'p

_ dpp(va)
pﬂ,A(7A) dAZO’(r}/A)
(4.47) < exp {—HH(VA) “A > P+ GA|7A|} < (Cy)al
kEKA

with any k € (0,8), A € (0,(8 — k) D) and proper G := Ga(k,A), Cp > 0 being
the same for all such p. In particular, for all v, € I, k € Z%, and some G > 0

d
498) ) = T <o (i ()~ Al + Gl
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Proof. From the DLR equations (2.36) it is easy to see that the Radon—Nikodym
derivatives (of course, if such exist) should have the following representation for all
v €Iy (modA.,)

pan(1a) = exp {—BH(14)} /F [1/Z0(6)] exp {—BWa(1a€xc)} p(d€)

@) <ew(-pHO} [ end-s Y View) pa().

r TV, YE€pe
So, the only thing needed to check is the validity of the upper bound (4.47), which
in turn implies p, » € L'(X.;) and hence 1y (dy,) < Ao (dyy). It is obvious that
Pua(Pn) =pua(Da) < 1, so below we may assume that |y,| > 1. The integral in
the last line in (4.49) can be estimated by means of the Holder inequality (3.14)
and the exponential bound (4.17)

Jewd=s ¥ Ve pa

TEYA, YEE e

< / expd BM Sl Il b p(de)
r kekKa
JEDGENK pc
< el oo GMmP Il S bl b [ ewd X S g bacag)
4Ao keKa r m|Kal kEKA
FEDGENK pe

1
(4.50) Wexp{ = (BMm)* |Kal Y vl ¢,
4o
kEKA
where we put k = 0, fix some A\ € (0, 5D) and took the corresponding ¥ := ¥(\o)
from (4.17). Thus, for |y,| > 1

1
(451) p,n(7a) < exp {ﬁHm + g (BMm)” [Ka] 3l + Lo M)} ,
kEKA

which together with the strong superstability (4.5) and Young’s inequality (4.14)
yields the required bound on p,, . O

Remark 4.7. In the situation of Section 2, a bound similar to (4.48) can be proved
for P = 2. In general, the constants G, Cy in (4.47) may depend on the geometry
of A. If A := Ay := [N, N]¢, the best control we could get here is that the G
behave like O (Ndp/(p_2)) as N — oo.

The next assertion summarizes different types of regularity for the Gibbs mea-
sures 1 € G as solutions of the DLR equation (2.36). In this respect let us recall
the famous result of D. Ruelle, see Corollary 5.3 in [43], where several equivalent
descriptions of the superstable Gibbs states p € G5 (via their support, correla-
tion functions, and local densities) are given. Of course, any pair of the properties
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(i)—(vi) listed below need not to be equivalent for a general probability measure
we P

Theorem 4.8. Under the hypotheses of Theorem 4.2, the following are equivalent
forany pegG:

(i) 1 is supported by the set I'', cf. (2.65);

(1) 1 is supported by the smaller subset I'S C I't, cf. (4.46);

(iii) p satisfies the a-priori bound (4.17) with some k =0 and some X € (0, 5D);
(iv) wu satisfies the a-priori bound (4.17) for all k € (0,5) and A € (0,(8 — k) D);
(v) 1Qy K Aza for each k € Z2, with the densities Pk Obeying the estimate (4.48)
with some k =0 and some A € (0, 5D);

(Vi) pp < Ao for all A € Bo(RY), with the densities p, 5 obeying the estimate
(4.47) for all k € (0,8) and X\ € (0, (8 — k) D).

Proof. Recall that (i)=(iv) follows by Theorem 2.9, (iv)=-(ii) by Proposition 4.4,
and (i)=-(vi) by Proposition 4.6. The remaining implications (ii)=-(i), (iv)=-(iii),
and (vi)=(v)=-(iii)=(i) are obvious. O

4.6. Bounds on correlation functions. Assuming (FR) and (SSS), let us pick
some 4 € G* and consider its finite volume projections u,, A € B.(R?). Corre-

sponding to the n-particle decomposition I'y = [ | Fl(\"), we have the induced

neZly

representation p, =Y MS\H) with

n€EZ4

(4.52) duA {z1,.yzn}) = pu’ ({ml,..,xn})dog%(xl,...,xn).

According to (4.47), the system of densities p(" r{"” — Ry, neZ, fulfills the
local Ruelle bound

(4.53) PUA({1, ooy 20}) S (CA)", {1,y zn} € TYY (mod Aso).

In much the same way as in Subsection 4.5, one can derive estimates on the
correlation functional k,, : Iy — Ry of p € G* (for its definition see [16, 43]). For
Ao-almost all v € I it can be written in the form

(4.54) () = / exp {—BH(7) — AW (4]6)} pu(de),

where, cf. (2.25),

(4.55) W)= > Vi(zy), yel, (€T,
ey, yek

stands for the interaction energy between a pair of configurations, v and &, in the
whole R?. Obviously, k,(@) = 1. By analogy with (4.49)—(4.51), we get for each
A € B.(R9) and for all nonempty v, € I’y (mod )

ku(va) < exp {_5H(7A) (ﬂMm Cal D [val? +1og le/(Ao)}
kEKA
(4.56) <exp{ —kH(7)) = A Y [yl” 4+ Galval) ¢ < (Ca)al,

kezd
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with any x € (0,8), A € (0, (8 — k) D) and some Gy := Ga(k,A), Ca > 0. Thus,

(4.57) B ({21, 20 }) < (CA)™ for {1, ...z} C A,
where the family kﬁ") = ky [, n € Zy, are the well-known correlation func-
0

tions of statistical physics (see Section 4.1 of [42]). An estimate with P = 2
similar to (4.56) was obtained in Equation 4.29 of [2]. Suppose we could show that
Suppep, (re) Ca < oo, then this would be the global Ruelle bound, cf. Proposition
2.6 in [43]. Note that the correlation functional k,, and the local densities p, 5 are
related for A, — a.e. v € I'y by the duality

Fu(r) = / P (1 U En)Aaa (d€ ),

(4.58) pnlrn) = / (— 1)k (74 U €0) Aso(dE ),

cf. e.g. Propositions 4.2 and 4.3 in [20]. This, in particular, means that the
estimates (4.47) and (4.56) are equivalent. Any correlation functional k: I'y — Ry
satisfying the local Ruelle bound (4.56) is admissible in the sense that there exists a
unique measure i satisfying (4.53) and k, = k. For a general discussion of different
a-priori bounds for measures on configuration spaces see [21].

Remark 4.9. (i) Using the properties of the so-called K-transform (see [20]), one
can show that Lemma 3.3 implies the following bound on the second correlation
functions k/(f)g({x,y}) of the local Gibbs measures gy (dy,|€) in the domains A €

Qc(R7)

timsup [ V@) ) (o) dady < T < o0,
A /RE Qak X Qg ’

which holds uniformly in & € I'* and k € Z9.

(ii) Tt is still an open question whether G' = G*'. Nevertheless, it is clear that
any translation invariant measure p € P(I") obeying the exponential bound (4.42),
satisfies for p-almost all v € I

(4.59) sup S K4 Y " exp |k DY Viey) + Al | p < 2(),
KeN
IkI<K {ew3Cn

which is much stronger than the original Ruelle support condition (2.67). The claim
immediately follows from the multidimensional ergodic theorem (cf. e.g. Theo-
rem 14.A8 in [12]) applied to the stationary family of random variables @y () :=
H(vy,) + Avg|?, k € Z4, defined on the probability space (I', B(I'), ).

5. INTERACTIONS OF INFINITE RANGE

Here we demonstrate how to handle the interactions of infinite range, when the
technical Assumption (FR) from the previous sections is dropped. It is commonly
recognized that a principal difficulty, when compared to the finite range case, is to
identify the limit points p := limp _~ga wa (dv[€) with solutions of the DLR equation.
Recall that in Ruelle’s approach this problem is solved by establishing global bounds
on the finite volume correlation functionals (with empty boundary condition). Here
we would like to suggest an alternative method that will be based on the (almost)
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continuity of Gibbs specification in certain spaces of tempered configurations. To be
more specific, below we focus on the important class of the so-called DFR potentials.

5.1. DFR potentials. Let us consider a symmetric pair potential (without hard
core) V : R? — R, which is finite and continuous everywhere outside the diagonal
D = {(x,y) € R¥|x = y}. We suppose that V is of DFR type, i.e., there exist
constants 0 < r < R, 0 < 0 < 5, and C7,C5,C3 > 0 such that

(5.1) V(a,y) = Cilz —y| =), if |z —y|l<r,

and

(5.2) V()| < {

Colw —y[~Hif |z —y| > R,
Cs, if |z—y|€lrR]

A typical example (with d = 0 = 3, »r = 9), which is especially important in atomic
and molecular physics, is given by the Lennard-Jones potential

a b

(5.3) Vz,y) = T g z,y €R3 a,b>0.

Furthermore, we assume that the intensity o is locally absolutely continuous with
respect to the Lebesgue measure dz on RY, i.e.,

(5.4) o(dz) = p(x)dz with a density 0 < p € L (R? dx).

As usual, L}OC(Rd,dm) stands for the space of locally integrable functions on R?.

Then the corresponding Poisson measure 7, obeys the following property, which
will be relevant for constructing the Gibbs states. Let A € B(R?) be negligible
for the Lebesgue measure dz. As is seen from (2.17), the set of configurations not
touching A has full probability, i.e.,

(5.5) T ({yel[yC A%} =1

As before, let us pick any partition R? = |lrcze Qgr by the cubes (2.44) of edge

length g € (0, 1]. Without loss of generality we may assume that g < r/ V/d, which
guarantees that V(z,y) > 0 whenever z,y € Qgi. By Theorem 2.3 in [41] the
corresponding interaction H () obeys the strong superstability (SSS), cf. (4.5).
More precisely, there exists a constant D > 0 (independent of g) such that

(5.6) H(v) > Y Dylyl” = Eglyl, v €T,
kezd

with P := 2+ »/d > 2, D, := D/g"” and a proper E;, > 0. On the other hand,
from (5.1) and (5.2) one may find some K, L > 0 (also independent of g) such that
for all k,j € Z* and z € Qgi, y € Qg; the following bounds hold

Vi(z,y) > —Kglk — |79 if |k —j] > 1,
V()| < Lglk — |~ if |k —j| >r/g+Vd,

with K, := g~ K and L, := g~ @0 L.

(5.7)
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5.2. Spaces of tempered configurations. Next we have to introduce the ap-
propriate notion of temperedness, which will essentially depend on the decay rate
of the pair interaction. By analogy with (2.65) and (2.66), we define the subset of
tempered configurations

t .
e = U0<a<9 Lo,
p VP
659 Too: ={ver | b= s [l 4] <o)
kezd
and respectively the subset of tempered Gibbs measures
t .
¢ =U,.._,%:
(5.9) Ga = ={peg|pla)=1}.
Furthermore, for av > 0 we set
1

(510) My :— Z W < 0.

kez4\{0}

The only difference with the previous scheme is that the exponential weights exp{—a/k|}
should be replaced everywhere by the polynomials (1 + |k|)~“. Clearly, this involves
stronger restrictions imposed on the support of 4 € G'. In what follows, instead of
|7]« We actually shall consider an equivalent seminorm |y|q,s constructed by means
of the weights (1 + 6|k|)” with small enough § € (0,1).

By straightforward arguments one can check that, for each volume A € B.(R%)
and boundary condition £ € I'*, the specification kernels 74 (dy, |€) are well defined
by (2.25)-(2.31) as probability measures on I'*. To this end we observe that the
corresponding local Hamiltonians are bounded below by

Ha(al§) = Z Dylvpil” = Conlyal |1+ Z [€ne ;] (14 15—+
kezZd jezd
(5.11) > —Cgalval- [+ mo—alérll],

where the constant Cy 4 > 0 can be chosen to be the same for all £ € I', and
0 < a < 0 (whereby for A € Q.(R?) there is even the better estimate (5.32)).

Another candidate for the space of tempered configurations might be

o .
(5-12) = U()<a<6 Lo
1/P
~ —(d+a«
Fo={vel [lla:=| Y il? @+ k)~ <o0op, a>0.
kezd

Note that we have a strict inclusion I't C I't. Furthermore, I, C fa/ as soon as
o' > «, whereby

(5.13) IMIE < mar—alrlf for all y € T,

The inverse inclusion Iy C I’y only holds if o > a + d. However, the set I'* D I'*
turns out to be too large for a good control of all ;1 € G supported by it (insofar
as the estimates (5.23)—(5.25) fail for £ € I'*). In particular, for the same proofs to
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be performed in I'* we should require that 6 > d, which does not include the basic
example of the Lennard-Jones potential (5.3).

Our aim is to study the integrability properties of the Lyapunov functional (iden-
tical to that in (4.12))

(5.14) D(y,) == KH(7;,) + Alvl” >0,

depending on the parameters x € [0,3) and A € [0, (8 — k) Dy). Note that (5.6)
implies the superstability estimate in each partition cube Qg

(5.15) B(v) > (kDy + A= 8) [y,,|” = 677 (kE,) 7o,

valid with any § € (0, A + kDy). For £ € I'', k € Z¢, and A := Ax € Q.(R?) with
K € Z4, let us define the quantities (the same as in (3.7))

(5.16) n(KJE) := log { / exp{@(%)}m(dvlﬁ)},

which are nonnegative and finite by (5.11) and (5.32). By the arguments similar to
(4.13)—(4.14) we get the following modification of Lemma 3.1

617 [ en (@00} mlanlo) <exp{ T+ X k=il

with any
1
0<e< —min{kDy,+ X; (8—k)Dy— A}
me ‘ ‘
and the corresponding

(5.18) Y. = mpe™F (BK,) P2 + zexp {BE,} sup o(Qqn)-
k
Choose d,e > 0 small enough such that

(5.19) 0 +emyg < KDy + A

Plugging (5.15) into the right-hand side of (5.17) and going through the proof of
Lemma 3.3, we further obtain for each k£ € I

m(KlE) < Tegted =IOl

9
2 S — L |- (d+0),
(5-20) Dyt A—0 2 e 1B =17 (KlE)
with
ST P (KE,) T
21 Y.s:= 1. —
(5.21) 5 + emyg D, A0

Suppose for a moment that sup;cze« ®(£;,) < 0o, which by (2.64) implies supy,cza n (K|€) <
oo. For simplicity one may take here £ = &. For any such £ we immediately see
from (5.20) that

sup sup / exp {® ()} me(dy[€)

|K|<oo kEK
—1
EMyg P
.22 < 1—-— T. =V .
(5.22) _eXp{{ ng+/\—5} ( ,5+5m9:;1212|€k| )} (§) <0

As will be shown in Subsection 5.3, the uniform bound (5.22) suffices to establish
the existence of u € G*.



GIBBS MEASURES OF CONTINUOUS SYSTEMS 39

A more delicate situation occurs in proving the a-priori estimates for all u € G*.
To this end we should consider any £ € I'* with possibly sup,cze ®(€;,) = +oo.
For each ko € K and ¢ € I',, with some ag € (0,6), we have the following bound
implied by (5.20)

ey (KI€) < sup [n (KJ€)(1 + d]ko — k[) ]
kek

emg_a(1+ 677"

2 < 1-—
(5.23) - KDg+X—=96

[Tes+emp_ad “(1+ |k0|)a|€/cc|§] .

Here we pick first any a € (ag, ), 6 € (0, A+ kD,) and then the corresponding

kDg 4+ X =19

0<e<egyi=—32  — .
mg_a(l + (5)0‘

An important observation from the definition (5.8) is that limg -~z |{xc|e = 0 when-
ever £ € I',, with ap < a. This yields a modification of Lemma 3.3 saying that for
all v < A(1+my) " and k € Z4

(5.24) limsup [ exp {kH () + Mrl"} mlol) < v
K zd Jr
(5.25) limsup/exp{u||7||i}7r;<(d7\§) < v,
K,ozd Jr
where
emg—_a(l+06)*] "
5.26 W, = 1 M=l T |y .
( ) eXp{|: kDg+X—=4¢ e

Applying the DLR equation to (5.24), see the proof of Theorem 2.9, we get the
a-priori bound

(5:27) sup, [ exp (kH () + A"} uldo) < ¥,
kezd JI

valid for all 4 € G,, with g € (0, ). By Corollary 4.5 any probability measure
on I' obeying (5.27) is supported by the universal subset I'* C (Vo ocgla C I,
which means that indeed

G'= U0<a<9 Gou = m0<a<9 G

and hence (5.27) holds uniformly for all 4 € G*. It remains to check that the set
G' is nonvoid, which will be done in the next subsection.

5.3. Proof of existence. The proof follows the same pattern as that of Theorem
2.8, whereby we should more carefully take into account the topological properties
of the configuration spaces. A key idea is to use, along with the topology 7j,. of
local setwise convergence on P(I), also the topology of weak convergence on P(fa),
a € (0,0). This clarifies why for the interaction potential V' (z,y) having infinite
range we have to assume its continuity at x # y. Below we point out only those
issues which have to be modified.
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For a given £ € I, C I, and 0 < o < a < 6, we start with the uniform bound,
cf. (5.25),

(5.28) lim sup / exp {v||[7][2} ma(dy]|€) < ¥a(f), € (a,0).
AR r

A€Q:(RY)
In particular, this is surely the case if £ = @. Let us first show that (5.28) implies
the local equicontinuity of the family {ma(dv|¢)] A € Q.(RY)} C P(I'). Let A €
Q.(RY), {B,}nen C Ba(I'), and B,, | @ as n — o0o. Set

(5.29) I'ri={yerly | INe<T}eB(I), T>0O0.
Then by Chebyshev’s inequality applied to (5.28)
(5.30) limsup wa([I'7]°|§) =0 as T — oo.
A/RY
AEQ.(RY)

Similarly to (3.23), for each A € Q.(R%) we have
(5.31)  wA(Bnl€) < ma(Bn N [I7][S)
+/F/F XB,arr (Ma Uvac) exp{—=BHAMAl7)} Aso(dna)maldylE).

Note that by (5.6) and (5.7)

Ha(naly) = Z Dylnasl” = | Eglnal + K, Z k=317 s gl - a4
kezd k,jezd
i
632 = sl B+ 52 s (1460 iaclE].
keEKa
and hence
(5.33) HA(MalY) = —Ca,r > —oo for all np Uyae € Ip.

Putting (5.30)—(5.33) together, we get

71—A(B’nlg) < WA([FQ,T]CK) + exp {ﬂcA,T} AZU(B’IL)7

where, uniformly for all A € Q.(R9), the right hand-side can be made arbitrarily
small by choosing large enough T" > 0 and n > n(7T).

The equicontinuity just proved implies the existence of a limit point
(5.34) W= A}gnoo Ay (dY]|E) € P(I)

in the topology of local setwise convergence. As the interaction has infinite range,
this convergence alone is not enough to insure that p will be a Gibbs measure. On
the other hand, in (5.28) one could try to employ Prokhorov’s criterion on weak
convergence of measures on Polish spaces, see e.g. Theorem 6.1 in [5]. However,
this argument does not apply directly since the level sets (5.29) are not relatively
compact in the topology O,(I"). One more principal difficulty when dealing with
the vague topology is that the local Hamiltonians Ha(v,|€) are not continuous
functions of v,£ € I
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To overcome these problems, some additional analysis is needed. Let us consider
I={yel|yNdQu =2, VkecZ'} € B(I),
(5.35)  In:={y€l|vyN0Qu =2, VkeZ'} € B(I'n), A€ B(RY),
which are the subsets of configurations not touching the sites of the partition cubes
Qgk- As is seen from (2.27) and (2.31), for each £ € I'* the probability kernel
wa(dy|€) is actually carried by a smaller subset of all v = v, U&,. with v, € I'a.
Here we crucially used the same property of the Lebesgue-Poisson measure A, cf.

(5.5). In particular, 7 (I'a]¢) = 1 for each A C A. The setwise convergence (5.34)
then implies

(5.36) w(I'a) = Jim Tan(Fal€) =1 for all A € B.(R?),

and hence

(5.37) w(l) = p ( N f’AK> = Jlim_ w(la)=1 as Ag /R
KeN

Next, we densely include each I, into a larger space of tempered multiple con-
figurations

(5.38) I, = v e I Y]|e := Z [hklP (1+ |k|)—(d+a))] < 0o
keZd

Let p, be any metric which is consistent with the vague topology on I , see e.g.
(2.4). Then I, becomes a Polish space with respect to the metric

(5.39) Po.o (V) = po(7,1) + pa (1), 7n € La,
where

g 1/P
G0 palrm) = [30, 1) — I (L )

The additional pseudometric p, is defined by means of a collection of functions
{¥1}keza © Co(R?) such that ¢y, : R? — [0, 1], 9o (a) = 1 if |2] < gv/d, () =0
if |z| > 2gv/d, and ¥, () = ¥, (z + gk) for all z € R, Obviously,

(5.41) e < pa(7.2) < Cyall¥llas 7 € T,

with some constant Cy, > 0. The completeness of the metric p, , is checked

directly. As a countable dense set in I, one can take the set of finite configurations
erw n(x)d, supported by all possible v € Iy with atoms € Q and multiplicities

n(x) € N. Respectively, the space I, will be equipped by the metric p, , induced
by (5.39).
An important issue (based on Proposition 3.2.6 of [17]) is that the embeddings

(fa,p%a) — (Lot py o) are compact for a < o'; therefore the level sets (5.24) are
relatively compact in I,,. This enables us to apply Prokhorov’s criterion (see e.g.
15.4.4 in [16]) to the family {ma, (dv|{)}nen obeying the moment bound (5.28).
Thus, for a given £ € I, and « € (ayg, 0), there exists a limit measure on the Polish

Space (Fav pv,a)
(5.42) = lim 7ay (dVf6) € P(I),
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such that for all bounded continuous functions F € Cp,(I7,)

(.43 Jim [ Poma, @ = [ Poa)

Iy

Now we show that the above measures (5.34) and (5.42) coincide and hence
1 is supported by simple configurations v € I'*. As we already know, for any
A € B.(R?) and for all bounded local functions G € Lo (Ts),

(5.44) lim mwmmmwo:/V%wmm»

N—oo r r

Note that Cy,(I,) and Lo (I's) both include the measure determining class FC, (1)
of all cylinder functions having the form (2.14). Thus, by comparing (5.43) and
(5.44) we immediately obtain that

p=pe ﬂae(ao,e) P(Fa)

Since the set I, is dense in (I'as Py.o) and hence any bounded, uniformly continuous
function F : (I, Pu.o) — R uniquely extends to an element from Cy(I), we get
that p = limp—oo may,, (d7[€) in the weak topology on each Iy, ac (a0, 0).
Furthermore, applying Fatou’s lemma to the continuous functions I, > v —
exp |{7,%,)|F, we conclude from (5.24) and (5.41) that for all \y € (O,Am;l] and
kez?

/FeXP{Aolvk\P}u(dv) < AQXP{A0|<V7¢k>|P|}M(dV)

N—o00

= lim FeXp{)\0|<’Y, ¢k>|P‘}7TAN(d7|€)

(5.45) < sup lim | exp {A[g;|7[} may (dV]€) < W
jezad N—oo /P
By Corollary 4.5 any p € P(I') obeying (5.45) must be supported by the set

ﬂ0<a<6 Fa - re.

To guarantee that the limit point p is Gibbs, we need to establish a proper
continuity of the specification 5. For every a € (0,0), A := Ax € Q.(R?) and
F € Cy(T), let us consider the following map, cf. (2.33),

(5.46) QBWHWMW%=AFWMMMW~

We claim that 7o F is continuous in the metric p, , at every point n, € Iy =

r,n f; for the proof of this fact see Proposition 5.2 below. In particular, the set of
discontinuities of the function w F' is of zero measure p, which by the portmanteau
theorem (see Theorem 2.1 in [5] or 1.4.2 in [16]) allows us to substitute 7 F for F'
in (5.43). In account of (2.32), we thus can take the limit

| @) = g [ @apmm, @)
I, —oo Jf

(5.47)

m [ F(y)may,, (V) = [ F(y)u(dy),

M— oo I fa
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for all A € B.(R%) and F € Cy,(I,). This shows that p satisfies the DLR equation
(2.37) and hence completes the proof. O

Remark 5.1. (i) Note that in the definition (5.38)—(5.40) of (fa,pv,a) we cannot
put ¥, = 15,. and respectively
1/P
palrim) = [ (7l = 1) (L [~
The reason is that the counting maps I' 3 v — |3,| := |y N Qgk| are not vaguely
continuous (as pointed out in Subsection 2.1) and thus the corresponding metric
Py« Would not be complete.

(ii) The optimal choice of the weights w,(k,J) (typically, exp{—alk — j|} or
(L+ k- j|)7(d+a)) determining the set of tempered configurations v € I'* strongly
depends on the decay of V(z,y) as |z — y| — oo. More restrictive conditions on
V (like the exponential decay or finite range) allow us to consider the larger set
I't) cf. (2.65). Another property of the weights w,(k,7), which was essential in
the above proofs (more precisely, in (3.15)), is that log [wy*(k,7)] should be a
metric on Z4. For the latter reason, the weights decaying too quickly (e.g., such as
exp{—alk — j|*}) are not permitted.

5.4. Almost continuity of the specification. In the above proof we have cru-
cially used the so-called almost Feller continuity of the specification II = {mp},
which is the contents of Proposition 5.2. Somewhat surprisingly, it turns out that
such regularity of the stochastic kernels 7w (dy|€) holds true, even though the po-
tential V(x,y) itself may be singular at the diagonal.

Proposition 5.2. For each F € Cp(I,), a € (0,6), and A € Q.(RY), the map

(L'as py.o) 2§ — TaF(§) defined by (5.46) is continuous at every point § € I',.
Proof. Recall that

TAF(€) = [Z6(6)] ! / Flya Uéne) exp {—BH(1416)} dAruo(7a).

I’z
(5.48) Zn(€) = / exp {—BHA (7€)} Ao (7).

With the help of Lebesgue’s dominated theorem, the claim will follow from the
almost continuity property of the functionals

(ﬁonpv,a) > gg)F(fYAUé‘A“)v
(5.49) (Faspoa) 2 E=Wanalé) = > > Viay),

TEYA YyE&pC

where we fixed an arbitrary v, € I'n. Indeed, let a sequence {§(N)}N6N C f’a

converge to some & € Iy, then by (5.41) SUP v eN €M), < 0o. From (5.7) we see
that for A := Ax, A = Ay € Q.(R?) with K, £ € Z¢ and large enough £ D K
(such that dist(XC, £¢) > r/g + V/d)

(Wa(YAlE) = Wa(ral€™) < Wa(ral€n) — Wa(r2l€R7)]
(apbal Yo D k=g~ {1+ 151

kel jeLle
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The second term in the right hand-side in (5.50) becomes arbitrary small as £ /" Z%
due to the obvious estimate

(5.51)
c(K
> 3 et [+ 167 < e L0 i+ e
kek jece
with

C(K):=2*> " (1+[k)*
kel
which is uniform in N € N. Let us examine the first term

Wa(ralén) = Wa(aé < ST 1Y Vi) - Y Vi)

TEYA [YEEA\A y(N)eg(AAQA

Recall that by construction £ N (9A U HA) = @. Since €Y — ¢ vaguely, starting
from some Ny € N the numbers of particles restricted to the domain A\A should
coincide, i.e., [a\al = |§(AA<)A\ = n € Ny. Furthermore, by (2.6) one can choose
proper enumerations {y;}7_; = A\ and {yﬁN = fA\A such that

(N)

(5.52) Yy, = yj’ —0, foralll<j<n.

In particular, we observe that for any v, € I

hm dlst('yA,éA\A) dist(va,€a\a) > 0.

Due to the continuity of the potential V(x,y) for & # y, this yields the required
convergence in (5.50)

Jim W(ale57) = Wraléa).

Similarly one proves that limy_,oo F'(7, U £(N)) = F(yp U&pe) for each F €
C’b(fa) and v, € fA. Since the function F' is continuous, it would suffice to
check that pma(g(N) ,€) — 0 implies p,, , (75 U §§\]Y) ;YA U&pe) — 0. Consider any
f € Co(RY) with suppf C A € Q.(R9). As discussed above (cf. (5.52)), the cut-off

operator £ — { A\, s continuous in the vague topology O,(I") at each point £ € I
Thus

Fora Vel = (fora) + (1,600
- <fa’yA> <f7§AC>_<f7’7AU§AC>7

which means that p, (v, ugﬁfﬁ’ , YA UEpe) — 0. It remains to show that also p,, (7, U
55\]\!) ;YA U&pe) — 0. Indeed, by definition (5.40)

Pg(’YA U fg) s YaUépe) = Pg(f(N) , €)
T2 o €A Pk) = (Ene )7 (14 )7
HEM) ) — (€ )| T (L + [k]) ™)

where both series in the right-hand side are finite and tend to zero due to the vague
convergence & N) _, £.

(553) N Zk: suppy, NAF#D
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On the other hand, we have the following upper bound
Fra U] exp {=BHA(12l€ ™) }

IN

1F ey exp S Blval { Bo+ Ky > Y k=417
keK jeke

(5.54) < [IFlly (7 exp {Blnal - [By + COO)KGIENIN]}

which is integrable with respect to A\,,(dvy,). Thus, we can apply Lebesgue’s dom-
inated convergence theorem, which yields the required continuity of the integral in
(5.48). Convergence of the partition functions Z (€™¥)) > 1 is established in the
same way. [

ACKNOWLEDGMENTS

We thank our colleagues Dmitrii Finkelshtein, Tobias Kuna, and Oles Kutoviy
for valuable discussions. We are also grateful to Hans-Otto Georgii for very useful
suggestions. Financial support by the DFG through SFB 701 “Spektrale Strukturen
und Topologische Methoden in der Mathematik”, IRTG 1132 “Stochastics and Real
World Models” and the German-Polish research project 436 POL 125/0-1, and by
the I. Newton Institute, Cambridge, UK, is gratefully acknowledged.

REFERENCES

[1] S. Albeverio, Yu. G. Kondratiev, M. Rockner, Analysis and geometry on configuration spaces,
J. Funct. Analysis 154 (1998) 444-500.

[2] S. Albeverio, Yu. G. Kondratiev, M. Rockner, Analysis and geometry on configuration spaces:
The Gibbsian case, J. Funct. Analysis 157 (1998) 242-291.

[3] V. Belitsky, E. A. Pechersky, Uniqueness of Gibbs state for non-ideal gas in R%: the case of
multibody interaction, J. Stat. Phys. 106 (2002) 931-955.

[4] J. Bellissard, R. Hgegh- Krohn, Compactness and the maximal Gibbs states for random Gibbs
fields on a lattice, Commun. Math. Phys. 84 (1982) 297-327.

[5] P. Billingsley, Convergence of Probability Measures, 2nd edition (Wiley Series in Probability
and Mathematical Statistics, New York, 1990).

[6] R. L. Dobrushin, Investigation of asymptotic existence of the configuration integral for a
Gibbs distribution, Theory Probab. Appl. 4 (1964) 626643 (in Russian).

[7] R. L. Dobrushin, Prescribing a system of random variables by conditional distributions,
Theory Probab. Appl. 15 (1970) 101-118.

[8] R. L. Dobrushin, Gibbsian random fields for particles without hard core, Theor. Math. Fizika
4 (1970) 458-486.

[9] R. L. Dobrushin, E.A. Pechersky, A criterion of the uniqueness of Gibbsian fields in the
non-compact case, Lect. Notes Math. 1021 ((Springer, Berlin, 1982) 97-110.

[10] D.J. Daley, D. Vere-Jones, An Introduction to the Theory of Point Processes Volume I:
General Theory and Structure, 2nd edition (Springer, New York, 2003).

[11] I. M. Gelfand, N. Ya. Vilenkin, Some Applications of Harmonic Analysis. Rigged Hilbert
Spaces (Academic Press, New York, 1964).

[12] H.-O. Georgii, Gibbs Measures and Phase Transitions, Studies in Mathematics 9 (Walter de
Gruyter, Berlin, 1988).

[13] H.-O. Georgii, The equivalence of ensembles for classical systems of particles, J. Stat. Phys.
80 (1995) 1341-1378.

[14] J. Ginibre, On the asymptotical exactness of the Bogoliubov approximation for many boson
systems, Commun. Math. Phys. 8 (1968) 26-51.

[15] R.A. Holley, D.W. Stroock, Nearest neighbor birth and death processes on the real line, Acta
Math. 140 (1978) 103-154.



46

[16]
[17]
18]
[19]
[20]
21]
22]
[23]
[24]
[25]
[26]

[27]

YU. G. KONDRATIEV, T. PASUREK, M. ROCKNER

O. Kallenberg, Random Measures, 3rd edition (Akademie-Verlag, Berlin, 1983).

J. Kerstan, K. Matthes, J. Mecke, Infinitely Divisible Point Processes (Wiley & Sons, 1978).
Yu. G. Kondratiev, Yu. Kozitsky, T. Pasurek, Gibbsian random fields with unbounded spins
on graphs with unbounded degrees, J. Appl. Probab. 47 (2010) 856-875.

Yu. G. Kondratiev, Yu. Kozitsky, T. Pasurek, D. Putan, Uniqueness and decay of correlations
for unbounded spin systems; in preparation.

Yu. G. Kondratiev, T. Kuna, Harmonic analysis on configuration space I. General theory,
Infin. Dimens. Anal. Quantum Probab. Relat. Top. 5 (2002) 201-233.

Yu. G. Kondratiev, T. Kuna, O. Kutoviy, On relations between a priori bounds for measures
on configuration spaces, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 7 (2004) 195-213.
Yu. G. Kondratiev, O. Kutoviy, On the metrical properties of the configuration space, Math.
Nachr. 279 (2006) 774-783.

Yu. G. Kondratiev, O. Kutoviy, T. Pasurek, Existence of Gibbs states for classical continuous
systems with many-particle interaction; in preparation.

Yu. G. Kondratiev, O. Kutoviy, E. A. Pechersky, Existence of Gibbs states for non-ideal gas
in R%: the case of pair potentials, Methods Funct. Anal. Topology 10 (2004) 33-43.

Yu. Kozitsky, T. Pasurek, Euclidean Gibbs measures of interacting quantum anharmonic
oscillators, J. Stat. Phys. 127 (2007) 985-1047.

T. Kuna, Studies in configuration space analysis and applications, Ph. D Thesis, University
of Bonn, Bonner Mathematische Schriften 324 (1999).

O. Kutoviy, Analytical methods in constructive measure theory on configuration
spaces, Ph. D Thesis, Bielefeld University (2003); available at http://bieson.ub.uni-
bielefeld.de/volltexte/2004/491.

O. Kutoviy, A.L.Rebenko, Existence of Gibbs states for continuous gas with many-body
interactions, J. Math. Phys. 45 (2004) 1593-1605.

J. L. Lebowitz, E. Presutti, Statistical mechanics of systems of unbounded spins, Commun.
Math. Phys. 50 (1976) 195-218.

A. Lenard, States of classical statistical mechanical systems of infinitely many particles. I.
Arch. Rational Mech. Anal. 59 (1975) 219-239.

A. Lenard, States of classical statistical mechanical systems of infinitely many particles. II.
Arch. Rational Mech. Anal. 59 (1975) 241-256.

Y. M. Park, Bounds on exponentials of local number operators in quantum statistical me-
chanics, Commun. Math. Phys. 94 (1984) 1-33.

K. R. Parthasarathy, Probability Measures on Metric Spaces (Academic Press, New York,
1967).

T. Pasurek, Dobrushin’s Compactness Criterion for Euclidean Gibbs Measures, Reports on
Math. Phys. 59 (2007) 433-451.

T. Pasurek, Theory of Gibbs measures with unbounded spins: probabilistic and analytic
aspects, Habilitation Thesis, Bielefeld University (2007); BiBoS Preprint E08-10-301.

L. Pastur, V. Zagrebnov, About singular interaction potentials in classical statistical mechan-
ics, Theor. Math. Phys. 36 (1978) 352-372.

E. A. Pechersky, Yu. Zhukov, Uniqueness of Gibbs state for non-ideal gas in R%: The case of
pair potentials, J. Stat. Phys. J. Stat. Physics 97 (1999) 145-172.

C. Preston, Random Fields, Lect. Notes Math. 534 (Springer, Berlin, 1976).

C. Preston, Specifications and their Gibbs States, Lecture notes, Bielefeld University (2005);
available at http://www.math.uni-bielefed.de/ " preston/topframe.php.

A. L. Rebenko, A new proof of Ruelle’s superstability bounds, J. Stat. Phys. J. Stat. Physics
91 (1998) 815-826.

A. L. Rebenko, M. V. Tertychnyi, On stability, superstability and strong superstability of
classic systems of statistical mechanics, Methods Funct. Anal. Topology 14 (2008) 287-296.
D. Ruelle, Statistical Mechanics. Rigorous Results (Benjamins, New York, 1969).

D. Ruelle, Superstable interactions in classical statistical mechanics, Commun. Math. Phys.
18 (1970) 127-159.

Ya. Sinai, Theory of Phase Transitions. Rigorous Results (Pergamon Press, Oxford, 1982).

Ra. Siegmund-Schultze, On non-equilibrium dynamics of infinite classical particle systems
with a singular long-range interaction, Math. Nachr. 140 (1989) 207-232.

M. V. Tertychnyi, Sufficient conditions for superstability of many-body interactions, Preprint
2008arXiv0805.1131T (2008).



GIBBS MEASURES OF CONTINUOUS SYSTEMS 47

[47] H. Zessin, The method of moments for random measures, Z. Wahrsch. verw. Gebiete 62
(1983) 395-409.

FAKULTAT FUR MATHEMATIK, UNIVERSITAT BIELEFELD, D-33615 BIELEFELD, GERMANY
E-mail address: kondrat@math.uni-bielefeld.de

tpasurek@math.uni-bielefeld.de

roeckner@math.uni-bielefeld.de



