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Abstract. Fast solution methods for complementarity problems (CPs)
with several hundred variables are essential for interactive realtime simulation of systems of constrained, contacting rigid bodies. These simulations are commercially relevant for several applications such as virtual
environment (VE) heavy machinery operator training systems. We describe a hybrid, asynchronous, block parallel method to approximately
solve these CPs in realtime on multicore CPUs. A graph analysis phase
identifies components which are weakly coupled using a physically inspired weight function. Each component is then solved in parallel using
either a block principal pivot method or a projected block Gauss Seidel
method running in separate threads. Couplings which generate forces
between the subsystems are handled iteratively using a Gauss-Seidel
process which communicates updates between the interacting subsystems asynchronously. Preliminary results show that this approach delivers good performance while keeping overhead small.
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Introduction

Interactive realtime simulation of systems of constrained rigid bodies and particles is an essential component of several commercially relevant applications, such
as virtual environment heavy machinery operator training systems. Numerical
integration of multibody systems needed for these simulations involves solution
of systems of equations with several hundred variables. When contact constraints
and friction are considered, one must solve mixed linear complementarity problems (MLCP) as described below. In the realtime interactive simulation context,
solutions of these MLCPs must be delivered in less than 10ms to keep screen
refresh rates above 60 frames per second. Direct solution methods for MLCP
are difficult to implement and are slow for large systems because they rely on
pivoting methods [2] and sparsity exploitation is rather cumbersome. For this
reason, direct solution methods have been neglected especially in the games and

2

3D graphics literature where iterative methods–which are fast but inaccurate–
have been preferred [4] [3]. On the other hand, parallelization in this field has
been generally neglected, except for task parallelism.
The present note proposes a parallel hybrid method which uses either a
direct or iterative solver on large blocks and Gauss-Seidel iterations to compute
the coupling forces between each block. This allows to easily exploit the extra
computing power recently made available on commodity single CPU multicore
PCs. This scheme allows to reach good performances for relevant applications
such as log forwarder simulation which includes a complicated vehicle as well as
a pile of logs carried in a trailer.
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Problem Formulation

Consider a general mechanical system with n-dimensional generalized velocity
vector v ∈ IRn . The system has a square, real, positive definite and block diagonal
n × n mass matrix M , with easily computed inverse U = M −1 . The system is
subject to a variety of constraints which have Jacobian matrix G of size m × n.
The essential computation of a large family of stepping schemes involves the
solution of the mixed complementarity problem (MLCP):
Sy + q = w(+) − w(−)
0 ≤ y − l ⊥ w(+) ≥ 0,

0 ≤ u − λ ⊥ w(−) ≥ 0,

(1)

at each time step. The real, square m × m matrix S has the form S = GU GT .
Vector q ∈ IRm is a real vector, w(+) , w(−) are the real positive and negative
components of the residual vector w ∈ IRm , respectively. The lower and upper
bound vectors l, u ∈ IRm + {±∞} are extended real vectors. The inequality and
orthogonality signs in (1) are understood componentwise so that for a, b ∈ IRm ,
a ≥ b ⇒ ai ≥ bi , i ∈ {1, 2, . . . , m}, a ≤ b ⇒ ai ≤ bi , i ∈ {1, 2, . . . , m}, and
a ⊥ b ⇒ ai bi = 0 for all i ∈ {1, 2, . . . , m}, whenever a, b ≥ 0. This problem of
solving (1) is abbreviated as MLCP(S, q, l, u). The solution of this MLCP is the
vector y ∈ IRm , which is unique as long as S is symmetric and positive definite.
Moreover, it produces the constraint force vector GT y, from which the updated
velocities and coordinates can be computed directly.
For most mechanical systems, the constraint Jacobians have a simple block
structure:
h
i
T
T
T
GT = G(1) G(2) . . . G(mc )
,
(2)
P
where each row block G(i) has sizes ni × n, with i ni = m. Each row block G(i)
contains only a few non-zero column blocks, j1 , j2 , . . . , jmi where mi is usually
1 or 2. This is the case for most of the common mechanical constraints such
as hinge, prismatic joints, and contact constraints. In this format, each column
block usually corresponds to a single physical body. This produces the first level
of partitioning of the system where the velocity vector v is decomposed into
blocks v (i) , i = 1, 2, . . . nb , which may or may not have the same dimensionality.
Each block here corresponds to a given physical body.
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The connectivity graph at this level of partitioning consists of a bipartite
graph where nodes are either physical bodies or constraints. It is easy to extract
the connected components from this graph to produce decoupled problems and
avoid large matrices, allowing for trivial parallelism. To parallelize further, we
consider one of these connected components and assume a partitioning of the
bodies into two groups for example, labeled as 1, 2. Any given constraint Jacobian
(i)
(i)
(i)
can then be split into blocks: G(i) = [G1 , G2 ], where block Gj acts only on
the block coordinates vj , j = 1, 2. The natural separation of constraints produces
three groups, namely, those acting only on the first group, those acting only on
the second group, and those acting on both groups of bodies:


G11 0
G =  0 G22  .
G31 G32

(3)

After splitting the mass matrix correspondingly, matrix S in (1) has the
following form:


T
S11 0 S31
T 
S =  0 S22 S32
,
(4)
S31 S32 S33
P2
where S3i = G3i U GTii , i = 1, 2, and S33 = i=1 G3i Mii−1 GT3i . Obviously, if the
constraints in group 3 are chosen to be mass orthogonal to those in groups 1
and 2, there are no off-diagonal terms. Minimizing these terms is key to fast
convergence of the iterations.
To formulate an iterative method for solving this problem, we need a definition for the residual error. Given a candidate solution vector x ∈ IRm , we first
define the infeasibility vector f ∈ IRm as: r = l − u − min(l, x) + max(u, x),
where the min and max operators are taken componentwise. It is clear that
ri = 0 whenever li ≤ xi ≤ ui , ∀i. The total error vector is then defined as
ei = ri + θ(ri )wi where θ(z) is the indicator function with θ(z) = 0 whenever
z ≤ 0 and θ(z) = 1 otherwise. The root mean square residual error is then
defined as: ξ = (1/m)kek.
A projected block Gauss-Seidel solution of MLCP(S, c, l, u) is formulated in
Algorithm 1.
This Gauss-Seidel process reduces the infeasibility monotonically for a positive definite matrix, even in the case of MLCP [2] but the convergence is linear
at best and can be stationary in case the matrix S is degenerate or nearly so.
This algorithm can be parallelized with or without syncrhonization (see [1] for
descriptions of chaotic asynchronous schemes) by using threads so that solutions
to each of the subsystems are computed in parallel. Overhead can be kept small
by only having mutex and condition variables to control block reading from and
block writing to the shared data, namely, the kinematic variables in subsystems
1, 2.
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Algorithm 1 Serial block projected Gauss-Seidel for solving partitioned
MLCP(S, c, l, u).
1:
2:
3:
4:
5:
6:
7:
8:

3

Set ν ← 1, choose tol > 0 and νm ∈ IN, νm > 0
(1)
(1)
(1)
Initialize λ1 , λ2 , λ3 .
repeat
(ν+1)
T (ν)
Solve: λ1
← SOL(MLCP(S11 , c1 + S31
λ3 , l1 , u1 ))
(ν+1)
T (ν)
Solve: λ2
← SOL(MLCP(S22 , c2 + S32
λ3 , l2 , u2 )))
(ν+1)
(ν+1)
(ν+1)
Solve: λ3
← SOL(MLCP(S33 , c3 + S31 λ1
, +S32 λ2
, l3 , u3 ))
ν ←ν+1
until keν k < tol OR ν > νm

Results and Conclusion

An implementation of Algorithm (1) was realized using Vortex, a commercial
rigid multibody dynamics simulation library not originally designed to handle
couplings between parititions (cf. http://www.cm-labs.com). Numerical results
demonstrate that significant speedup from parallelism can be achieved using
simple partitioning schemes. The current commercially relevant computers for
this type of application being single CPU dual core systems, the present strategy
meets the goal of extracting good performance at a reasonable hardware cost.
Future work will investigate more sophisticated partitioning schemes based
on spectral analysis as well as conjugate gradient-type methods for computing
inter-partition couplings.
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