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Maximizing Sets and Fuzzy Markoff Algorithms

Lotfi A. Zadeh, Life Fellow, IEEE

Abstract—A fuzzy algorithm is an ordered set of fuzzy instruc-
tions that upon execution yield an approximate solution to a given
problem.

Two unrelated aspects of fuzzy algorithms are considered in
this paper. The first is concerned with the problem of maxi-
mization of a reward function. It is argued that the conventional
notion of a maximizing value for a function is not sufficiently
informative and that a more useful notion is that of a maximizing
set. Essentially, a maximizing set serves to provide information
not only concerning the point or points at which a function is
maximized, but also about the extent to which the values of the
reward function approximate to its supremum at other points in
its range.

The second is concerned with the formalization of the notion
of a fuzzy algorithm. In this connection, the notion of a fuzzy
Markoff algorithm is introduced and illustrated by an example. It
is shown that the generation of strings by a fuzzy algorithm bears

concept of a genetic algorithm would yield the same result.
A natural way of fuzzifying—and hence generalizing—the
concept of a genetic algorithm is to assume that the fithess
function is both fuzzy and granular, rather than crisp. Such an
assumption would be closer to reality.

The importance of the concept of a fuzzy algorithm stems
from the fact that fuzzy algorithms mimic the ways in which
humans make decisions and act in the presence of imprecision,
uncertainty, and partial truth. But what is even more important
is that fuzzy algorithms provide a more realistic way of defin-
ing many basic concepts that are intrinsically fuzzy, e.g., the
concepts of smoothness, ovalness, stationarity, independence,
stability, and causality. This is the issue that was addressed in
subsequent papers and especially in [15] and [16], in which

a resemblance to a birth-and-death process and that the execution the basic concepts of a linguistic variable, fuzzy if-then rule,

of the algorithm terminates when no more “live” strings are left.

|. PREAMBLE

and fuzzy questionnaire were introduced. In particular, some
of the ideas introduced in [16] relate to later theories on rough
sets [7] and machine learning [8].

HIS PAPER is based on a report entitled “On Fuzzy

Algorithms,” [14] or FA for short, which was written

in 1972 but not submitted for publication at that time.

II. INTRODUCTION
Roughly speaking, a fuzzy algorithm [13] is an ordered set

The report dealt with two issues that have grown in imoef fuzzy instructions that upon execution yield an approximate
portance in the intervening years. The first issue relates dolution to a given problem. As in the case of nonfuzzy
the concept of maximization (or minimization). The issualgorithms, a fuzzy algorithm is usually expected to be capable
arises because in many real-world problems what mattersofsproviding an approximate solution to any problem in a
not only the value ofr, sayzo, at which a functionf(z) is specified class of problems, rather than to a single problem.
maximized, but also the robustness of the maximizing value.Simple examples of fuzzy algorithms that occur in everyday
This suggests that the concept of a maximizing value k&perience are cooking recipes, instructions for parking a car,
replaced by the concept of a maximizing fuzzy set or, moiestructions for tying a knot, etc. As a more concrete example,
simply, a maximizing set. This is the issue that is addressednsider the following simple control problem. Suppose that
in the first part of FA. we wish to transfer a blindfolded subjegt from an initial

The second part of FA deals with the concept of a fuzgyositionz in a room with no obstacles to a final positign
algorithm. In an informal way, the concept of a fuzzy algorFurthermore, suppose that the fuzzy instructions are limited to
rithm was introduced in [13]. One of the main objectives of FAhe following set: 1) turn counterclockwise by approximately
is to formalize the concept of a fuzzy algorithm, employing: degrees, withe being a multiple of, say, 15; 2) take a step;
for this purpose the concept of a Markoff algorithm, rathes) take a small step; and 4) take a very small step.
than that of a Turing machine [1], [2], [11]. An interesting Under these assumptions, a simple fuzzy algorithm for guid-
aspect of fuzzy Markoff algorithms relates to the fact that, &sg A from x to y may be stated as follows. (It is understood
in the case of genetic algorithms [6], [9], [10], the result ofhat afterA executes an instruction, his or her new position and
execution at each stage is a set of strings, rather than a singientation are observed fuzzily by the experimenter, who then
string. However, in the case of fuzzy Markoff algorithms, thehooses that instruction from the algorithm that most closely
set of strings is fuzzy, rather than crisp. Fuzzification of thfits the last observation). Basically, the algorithm mimics what

a human might do to reach the target.
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6) Ask A to take a step. Go to 1. Then, upr(3) = 0.64, par(4) = 1, and par(5) = 0.81, with
7) Ask A to take a small step. Go to 1. all other points having zero grade of membershigiin
8) Ask A to take a very small step. Go to 1. In the case under consideration, the maximizing value of

Will this algorithm work? If yes, how well? A basic z i zo = 4 and the maximizing set forf is the fuzzy
characteristic of fuzzy algorithms is that questions of thget M = {(3,0.64),(4,1.0),(5,0.81)}. Clearly, since the
type cannot, in generaL be answered precise|y. Thus, we mmXImIZII’]g set provides essential information about the effect
be content with fuzzy answers, such as “the algorithm wifif choosing values of: other thanz, on the values of the
work reasonably well so long as the degree of fuzziness figward functionf, it would be very desirable, in general, to
observations is relatively small and the subject executes #@ow M—and not justzo—in situations involving a decision
instructions in a way that is consistent with the expectatidi the value to assign te in order to maximize a reward
of the experimenter.” Needless to say, such vague assertiffizgction. For example, if the maximizing séf for a reward
would not be acceptable to those who expect the convergefi¢ection defined on the intervad, 10] is of the form
properties of an algorithm to be expressible as a provable

theorem. Unfortunately, unpalatable as it may be, there may par(x) =09, for0<z <5
be no alternative to accepting much lower standards of pre- py(x) =02, fors5<az<6
cision if we wish to be able to devise approximate (that is, pp(z) =10, forz =6
fuzzy) solutions to the many complex and ill-defined problems par(z) = 0.1, for6 <z <10

that arise in the analysis of large-scale man-machine and

manlike systems [3]. Fuzzy algorithms and fuzzy algorithmitien the maximizing value for the rewardiis = 6. However,
definitions may well prove to be of considerable practicdhasmuch as the values of the reward function in the immediate
importance once we learn more about their properties and hogighborhood ofzy = 6 are very low, it would be very risky

to construct them for specific purposes. In what follows, wi® setz = 6. Obviously, it would be much better to set= 3,
shall focus our attention on a few concepts that may contribigay, since., is flat and close to unity in the neighborhood of

to this objective. three. Although contrived to illustrate the point, the example
clearly shows the inadequacy of the notion of the maximizing
Ill. THE CONCEPT OF AMAXIMIZING SET value for dealing with realistic decision problems—problems

Consider a real-valued functiofion X = {z}, with f(z) in which the sensitivity of the solution to perturbations is

representing the reward associated with an actiom € X. almost always an important issue.

We assume that is bounded both from above and from below An equation such as (1) serves to “calibrate” the definition
that is,—00 < Inf f < Sup f < oo, whereSup f andInf f of a maximizing set. It would be unreasonable to expect that

represent, respectively, the supremum and infimunfi ofzer a unlversz_all defln_ltlon_ be appll_c_able to all situations. However,
X the following calibrating definition can frequently be used as a

Suppose that we wish to maximize the reward and pose @tgrtmg point from which other definitions, if necessary, may

guestion: for what value of doesf attain its maximum value? € obtained by modification.

A conventional answer to this question might be #at z(.”

It is clear, however, that such an answer does not provi

sufficient information about the value that should be assignedAssume that a real-valued reward functipiis defined over

to = because what matters is not only thfats maximized at a domainX and that—oc < Inf f < Sup f < oo, that is, f

x = xo, but also how it behaves in the neighborhoodrgf is bounded both from above and from below. To define a

Thus, if f is quite flat around:q, then the solution: = o is Maximizing set forf, it is expedient to consider separately

a robust one, and hence, it is not essential thée exactly three cases, as follows.

equal tozy. The opposite is true, of course, ff is sharply Case 1: A reward functionf will be said to be positive-

peaked around:. definite if it is nonnegative for alk in X, that is, ifInf f >
The inadequacy of the concept of a maximizing valué (Fig. 1). In this case, the membership function of the

suggests the introduction of a more general concept, namefigximizing set is defined by

the concept of anaximizing setIntuitively, a maximizing set £z)

M(f), or simply M, for a functionf on X is a fuzzy subset pn(x) = Swmf e X. (2)

of X such that the grade of membership of a painin A up f

represents the degree to whigliz) approximates tdup f Case 2: A reward functionf is nondefinite ifInf f < 0

in some specified sense. For example, suppose for simplicityd Sup f > 0 (Fig. 2). In this case, the defining relation (2)

that X is the finite setX = {1,2,3,4,5,6,7,8} and that is applied to a translate of, expressed by

f(]-) = 57 f(2) = 67 f(3) = 87 f(4) - 107 f(5) = 97

ée Definition of a Maximizing Set

f(6) =2, f(7) = 6, and f(8) = 1. Further, suppose that the Jr=Ff—Inff. 3
grade of membership of in M is defined by Thus, for a nondefinite reward function, the membership
fz) 1’ i 0 function of the maximizing set is defined by
= , > 0.5
pai ) {Sup f} pars = 5o f—TInff

=0, if pprz <0.5. () e (x) = Sup f —Inf @
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friyy f f*= f— Sup f— Inf f

Sup f+ Inf — f(x)
HM(x): Inf /

Sup f]

1
! maximizing value
w
X
0

Inf f

Fig. 3. Maximizing set for a negative-definite reward function.

e BN Thus, if f # 0 and« = constant 0, then in general

;! / M(f +a) #M(f).

1 More specifically, for any fixedr, the dependence of
Sup f / : par(z) on « is of the form
f— Inff
- S HM(x)= I T . a+ «
’I ; Sup f- Inf f uM(aj) = bt o

tm where ¢ and b are constants. This implies that, as
the magnitude ofy increases, the membership function
tends to unity.

' 4) For X = R"™, the maximizing set is convex if and only

Inff if the reward function is quasiconcave.

Fig. 2. Maximizing set for a nondefinite reward function. By definition, a fuzzy subseti of R™ (linear vector

space ofn-tuples of real numbers) is convex [12] if all

of its level sets are convex, that is, if the sets

Case 3: A reward functionf is negative-definite if it is
nonpositive for allz in X, that is,Sup f < 0. In this case, (2) Ap = {2 | palz) > o} (8)
is applied to a translate of, expressed by
are convex inR™. Equivalently, A is convex if j4

f*=1Ff—=Supf—Inff () satisfies
yielding the definition pa(Azy + (1= Na2) 2 Min(pa(z1), pa(zz))  (9)
jia () = S“pf;?}ff ntl ®) for all A in [0,1] and allzy, 5 in R".

Also by definition, a functionf on R™ is quasiconcave

Taken together, (2), (4), and (6) constitute a general def-  if all of the level sets
inition of the maximizing set for a reward function that is
bounded both from above and from below. fa=Az| f(z) > a}

The following properties of the maximizing set are imme-
diate consequences of the above definition.

1) The maximizing set forf is unique.

2) The maximizing set forf is invariant under linear

scaling.

are convex for all finiter in (—oo, c0).
Now the definition ofuy, in terms of f implies that if f
iS quasiconcave, So jgys. This in turn implies the convexity
of M. Thus, if f is quasiconcave, thed{/ is convex and

In other words vice-versa. _ .
Example: The maximizing sets for the reward functions
M(kf) = M(f) (7) shown in Figs. 1-3 are convex.
Comment: It should be observed that a concave reward
where k is any real constant. function can be transformed into a quasiconcave function that

3) The maximizing set forf is not invariant under trans- is bounded both from above and from below by an order-
lation. preserving transformation.
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B. The Fuzzy Maximum By using the expressions fqiy, given by (2), (4), and

The concept of a maximizing set is, in effect, a fuzzificatiokf), it can readily be shown that the sum pf; and ., is
of the concept of a maximizing value. From this point of view? constant. Thus

it is natural to ask the question: what is the fuzzy counterpart

. . . ! Sup f + Inf f " -
of the notion of the maximum of a function? To put it anothers () + pm(2) = T Swpf for positive-definitef
way: if o is a maximizing value forf, then the maximum (14)
value of f is f(x¢), that is, the image af, under the mapping .
f. What is the corresponding image of the maximizinge&& M () + pm(x) = 1 for nondefinitef (15)

To answer this question, we note that fifis a function and

from X = {z} to Y = {y}, with y = f(z), then, as defined pont (2) + pim() = Sup f + Inf f for negative-definitef.
in [12], a fuzzy setd in X induces a fuzzy seB in Y, whose Inf f
membership function is given by (16)
1e(y) = Sup pa(z) The constancy of the sum ¢fy(z) and p,,,(z) implies
z€f~1(y) (10) ; . .
that 15/ () is large wherep,,(x) is small and vice-versa.

(Fuzzy sets that are related to one another in this way are

where f~1(y) is the preimage of, that is weakly complementary.) In particular, jfis nondefinite, then
by (15), M andm are complementary fuzzy subsets.6f—a
FHy) ={z |y = f(x)}. (11) property that is in accord with our intuition.

. . ) . i The maximizing and minimizing sets of a reward function
If we identify A with the maximizing set in¥', thenB may  cqntain the type of information that is usually provided by
be interpreted as the fuzzy maximum pfwhich is a fuzzy qongitivity analysis. In practice, these sets would usually be
subset ofY” (¥ = range of f). Denoting this fuzzy subset yofineq by exemplification, that is, by associating approximate

of ¥ by MM, it follows from the definition ofA/ that the o 4es of membership with a finite set of representative points
value of yuy(x) for each point in the preimage of is the ,

same, namely(f~(y)). Consequently, from (10), we can
infer that the membership function of the fuzzy maximum of
f is given by IV. Fuzzy MARKOFF ALGORITHMS

it () = g (F L (), if F1(y) exists In t_he _precedlng sec_tlon, we were cpncerned \_Nlt_h_the
0 therwi 12 formalization of the notion of an approximate maximizing
=9, ofherwise (12) value, which led us to the concept of a maximizing set.

Example: Suppose thafl = [0,10] and f has the form [N this section, our concern is with the formalization of the

shown in Fig. 1. More specifically notion of a fuzzy algorithm. As was pointed out in [13], a
fuzzy algorithm may be equated with a fuzzy Turing machine.
fl@)=2+2, 0<a<2 In [11], both the fuzzy Turing machine and the fuzzy Markoff
flz)=-1r+6, 2<z<3 algorithm are defined and their equivalence is demonstrated.
fle)=3, >3 Here, we shall give a simpler definition of a fuzzy Markoff
algorithm, which is a natural extension of the conventional way
The maximizing set forf is given by in which a Markoff algorithm is defined [1], [2]. In effect, our
42 definition of a fuzzy Markoff algorithm is intended mainly to
pa(r) = 1 0<xr<2 make more precise the concept of a fuzzy algorithm in the
6— 1 same sense that a Markoff algorithm formalizes the concept
pu(z) =~ 2<a<3 of a nonfuzzy algorithm.
3 Let A* denote the set of all finite strings over a finite alpha-
pn(x) = v * > 3. bet A. For our purposes, it will be convenient to represent a

i ) o finite fuzzy subseL of A* in the form of a linear combination
Correspondingly, the fuzzy maximum ¢fis given by

L= R e 17
pan(y) =2, 2<y<4 a0+ p0 F oo fin an
=0, elsewhere where thew;, 1,...,n, denote strings inA* and the y;
represent their respective grades of membership.in
C. The Minimizing Set Example: Let A = {a,b}. Then

So far we have focused our attention on the concept of the
maximizing set forf, denoted by/( f) or simply M. In terms

of M, the minimizing set forf, denoted bym(f) or simply . i ) )
m, may be defined by is equivalent to expressing as the collection of ordered pairs

L = 0.3aab + 0.8bba + 1.0aa + 0.3ba

Minimizing set for f = Maximizing set for— f.  (13) L = {(0.3,aa(b), (0.8,bba), (1.0, aa), (0.3, ba) }.
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When expressed in the form (17), the concatenation of tWiidien we postulate that the image bfunder FM is given by
fuzzy sets of strings
FM(L) = FM(ulozl +---F unan)

L= o
pron fn Y = FM(ay) + -+ + pnFM(a) (22)

and

L= play + -+ o, which implies thatt'M is a linear operator iMd*. In conse-

h d o . inA* th quence of (22), the operation M on a fuzzy set of strings
Where ag, ..., an and oy, ..., oy, are strings In- ,t ' can be described in terms of its operation on individual strings.
Ca”_fead"y_ be obtained by t_erm—by—term multiplication angpis pasic property of fuzzy Markoff algorithms plays an
addition, with the understanding that important role in the description of their execution. In contrast

/

pitds = i A gy = Min(pu, 415) (18) to thg form of a prodU(_:tlon in a nonfuzzy Markoﬁ algorithm,
y y p a typical production?; in a fuzzy Markoff algorithm has the
pg + oy = pa Vo = Max(pg, pf). (19)  appearance
Example:

Pra— bt b+ 1 Srerr o+ pnBr (23)

L =0.3aa + 0.5aba

L' = 0.2ab + 0.9ba. where the®s € A*, the p/s are numbers in the interval
[0, 1], and the terms ending with a period are the terminating

Then components in the consequent Bf. The important point is

that the consequent @f is a fuzzy set of strings rather than
a single string.

Now suppose that a string can be expressed as= uav,
W@ereu,a,u € A* and« is not a substring of. (i.e., v in
uar represents its leftmost occurrence.) Then, on substituting
the consequent gf; for « in x, we obtain the fuzzy set of
a— 3 or a—f. (20) strings represented by.

LL' = 0.2aaab + 0.2abaab + 0.3aaba + 0.5ababa.

A nonfuzzy Markoff algorithma{ is a function fromA* to
A* that is characterized by a finite sequence of productio
P, ... P, of the general form

where o (the antecedent) and (the consequent) are stringsuary = u(p1 81 + - - + pBr + tra1Brst -+ + pntfn. v
in A*, and the arrow signifies that if occurs as a substring

. - . = pubv+ -+ ppuBer + ppr1uSrriv.

in a stringz, then the leftmost occurrence afin x may be prufy piuf LWy

replaced byj3. The presence of the period indicates that the et B, (24)
production is terminal, in the sense that the execution of the o )
algorithm terminates after a terminal production is applied. Furthermore, ifp is a number in[0, 1], then
A typical very simple problem in the theory of Markoff
algorithms is the following. Suppos4 = {a, b, c}, and letz puo = praufy + -+ puruPiy
be any string ind*. Find a Markoff algorithm that removes the + pikr1 g1V -+ ppnufBay (25)

first three occurrences @effrom x. For examplegcabbeabee  \where
is transformed intaiabbabe. A fuzzy version of this problem
would be: find a fuzzy Markoff algorithm that removes the
first few occurrences of from . In this case, if we define
few as the fuzzy set

Pli = PN i, LI].,,TL
Example: Supposer = abbabbb and

few = {(1,1.0),(2,1.0)(3,0.8)(4,0.6)} ba — 0.3ab + 0.9a.

then the result of applying this fuzzy Markoff algorithm torpen
x = acabbabce would be a fuzzy set rather than a single

string. Thus, denoting the fuzzy algorithm by FM, we have abbabbb # 0.3ababbbb + 0.9ababbb.
in symbols
FM(acabbcabee) and
=1.0aabbcabee+1.0aabbabee+0.8aabbabe+0.6aabbab. 0.4abbabbb £ 0.3ababbbb + 0.4ababbb.

More generally, lets( A*) denote the set of all fuzzy subsets ) ] ] o
of A*. Then an FM may be regarded as a function frdinto N Summary, a productiot; is applicable to a string: if

3(A*), which satisfies certain conditions and is characterizd§ @ntecedent is a substring of The result of applying’ to
in a particular way that will be described presently. x is expressed by (24) and (25). (Note that the substitution is
Specifically, letZ be a finite fuzzy subset aft* made in the leftmost occurrenceinof the antecedent af;.)

We are now ready to define the execution of a fuzzy Markoff
L=yja;+-ppa,, oA i=1,...,n. (21) algorithminterms of (22) and the rewriting rules (24) and (25).
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Definition of a Fuzzy Markoff AlgorithmA fuzzy L = z
Markoff algorithm is a function fromA* to (A*) that

satisfies (22) and is characterized by (a) a finite alphabet FM(L) = 0.3bbba + 0.6aba + 0.9abba.

(b) possibly a finite auxiliary alphabet’ (comprising various D(L) = 0.9abba.
markers that may be needed for bookkeeping purposes), and B(L) = 0.3bbba + 0.6aba
(c) a finite sequence of productiodd,..., P, of the form
(23), with P, : A — A. (A = null string). and
It is convenient to describe the operationkd¥l on a string FM(x) = 0.9abba.
xz in A* in terms of a subalgorithni"M, which is defined on
J(A*). Thus, if L is a fuzzy set of strings ini*, e.g., Since B(L) is nonempty, we appyM to L = B(L),
yielding

L=+ +purn, yeA* i=1...,r L - L
FM(0.3bbba + 0.6aba) = 0.3FM(bbba) + 0.6FM(aba).
then, as in (22)
Now, applying P to bbba, we get

FM(L) = pin FM(11) + - - - 4 1. FM(v). 26 -
(L) = i EMG2) kM) (26) FM(bbba) = 0.8bbba. + 1.0bbbb.
To computeFM(y;),1; € A*, i =1,...,r, we proceed as _
follows P (i), vi € ' ! P and applyingP; to aba, we have
Apply the first applicable production in the sequence FM(aba) = 0.3bba + 0.6aa + 0.6aba.

P, ..., P, toy; and call the result'M(z;). (Note thatP,
will always be applicable since; may be written as\1;.) Set Thus

period (27) D(L) = 0.6aba. + 0.3bba. + 0.3bbbb.
B(r;) = sum of the remaining terms FM(»;)  (28) B(L) = 0.3bba 4 0.6aa
and and
D(L) = ju D) + - + iy D) (29) FM(z) = 0.9abba. 4+ 0.6aba. + 0.3bba. + 0.3bbbb.
B(L) = iuB(r1) + - - + p. B(v). (30)  Since B(L) is nonempty, we appi'M to L = B(L),
L obtaining
The result of operating witl'M on L is defined to be the - - _
sum of the fuzzy sets of stringd(L) and B(L). Thus FM(0.3bba + 0.6aa) = 0.3FM(bba) + 0.6FM(aq).
FM(L) = D(L) + B(L). (31) Next, applyingF» to bba, we get
In terms of FM, the computation oF M(z), wherexz € A*, FM(bba) = 0.8ba. + 1.000b.
is carried out as follows. and applyingPs to aa, we obtain
1) SetL = z = initial string. —
2) SetFM(z) = 6 (empty set). FM(aa) = 1.0aa.
3) Apply FM to L and computd™M(L) = B(L) + D(L). Thus
4) Set FM(L) = 0.3ba. + 0.3bbb. + 0.6aa.
FM(z) = FM(z) + D(L). (32) D(L) = 0.3ba. + 0.3bbb. + 0.6aa.

B(L)=¥6
5) If B(L) is empty, terminate the execution BM. _
6) If B(L) is not empty, sef. = B(L). Go to 3. and finally
f Thedexeguti_on Iof _the _alg_orlith?his fa<|:|tua_|ly quite stlraig_r:lt- FM(z) = 0.9abba + 0.6aba + 0.3bba.
orward and simple in principle. The following example wi
serve as an illustration. (No auxiliary alphabet used.) +0.3000. + 0.3ba. + 0.3bbb. + 0.6aa.

Example: AssumeA = {a,b} and At this point, execution of the algorithm terminates because

B(L) = 6.
Pr:ab =036 4 0.6a 4 0.9ab. (Trze execution of an FM may be likened to a birth-and-death
Py ba— 0.8a+1.00b. process in which the operation withM on a stringy; gives
P b—0.6a. rise to the birth of new strings, representedBft; ), and the
A — 1.0A. death of others, represented bY1;). In the same sensé&( L)

o and D(L) represent the “newly born” and the “dead” strings
Let the initial string ber = abba. Applying FM to L = z, resulting from operating witl"M on a “live” fuzzy set of
we note that the first applicable productions. It yields for strings L. Finally, FM(x) plays the role of the population of
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