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Abstract—A wireless sensory relay network consists of one
source node, one destination node and multiple intermediate relay
nodes. In this paper, we study the achievable rates and the scaling
laws of power-constrained wireless relay networks in the wideband
regime, assuming that relay nodes have no a priori knowledge of
channel-state information (CSI) for both the backward channels
and the forward channels. We examine the achievable rates in
the joint asymptotic regime of the number of relay nodes n, the
channel coherence interval , and the bandwidth W (or the
SNR per link ). We first study narrowband relay networks in
the low SNR regime. We investigate a relaying scheme, namely
amplify-and-forward (AF) with network training, in which the
source node and the destination node broadcast training symbols
and each relay node carries out channel estimation and then
applies AF relaying to relay information. We provide an equivalent source-to-destination channel model, and characterize the
corresponding achievable rate. Our findings show that when L,
proportional to the transmission energy in each fading block, is
bounded below, the achievable rate has the same scaling order as
in coherent relaying, thus enabling us to characterize the scaling
law of the relay networks in the low SNR regime. We then generalize the study to power-constrained wideband relay networks,
where frequency-selective fading is taken into account. Again, the
focus is on the achievable rates by using AF with network training
for information relaying. In particular, we examine the scaling
behavior of the achievable rates corresponding to two power
allocation policies across the frequency subbands at relay nodes,
namely, a simple equal power allocation policy and the optimal
power allocation policy. We identify the conditions under which
the scaling law of the wideband relay networks can be achieved
by both power allocation policies. Somewhat surprising, our
findings indicate that these two power allocation policies result in
achievable rates of the same scaling order, and the scaling law can
be characterized under the condition that L=W , proportional to
the energy per fading block per subband, is bounded below, and
that W is sublinear in n.
Index Terms—Cooperative relaying, network training, scaling
law, wideband regime, wireless sensory relay network.
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I. INTRODUCTION

T

HE last decade has witnessed a tremendous growth of interest in wireless sensor networks. Current and anticipated
technological advances in sensor design, coupled with advances
in data processing and wireless communications, are creating a
new realm of possibilities for the development of sensor networks in many application domains. A sensor network is often
designed to carry out a set of high-level data acquisition and information processing tasks. The raw sensor measurements are
obtained and then need to be transported to a data collecting/fusion center to be analyzed, which requires reliable networking
capabilities in disadvantaged wireless environments. There are
many sensor network models developed for different applications: multihop sensor networks, many-to-one sensor networks,
sensory relay networks—to name a few.
In this paper, we consider power constrained wireless sensory relay networks in the wideband regime, because of their
ability of overlay with other legacy networks and the advantage
that the use of a larger bandwidth can offer significant power
savings. In sensor networks, most sensor devices have limited
power supply (e.g., battery supply), and lower power consumption of sensor devices is of critical importance. Wideband communications has recently garnered much attention (e.g., ultrawideband (UWB) systems) [24]. Indeed, UWB radios are expected to be inexpensive and low-power, and are ideal for sensor
network applications. It is of great interest to investigate the fundamental limits in such systems, such as the capacity and energy efficiency. Thus motivated, we focus on the sensory relay
networks in which each node is power constrained and the frequency bandwidth for communication may be large. Following
[21], “the wideband regime” here encompasses all scenarios
where the information bits transmitted per receive dimension
are small. Two key challenges in power constrained wideband
relay networks are as follows: 1) coherent relaying may not be
feasible due to the low SNR and the corresponding cooperative
relaying strategies should be pursued; and 2) when frequency
bandwidth is large, it remains open what power allocation policies across the subbands work well at relay nodes.
As depicted in Fig. 1, a wireless sensory relay network consists of one source-destination pair and relay nodes. When the
measurement data at the source node are sent to the destination
node, many intermediate sensors can serve as relay nodes to cooperatively relay the information. (This model is well motivated
by event-driven sensor networks, in which the data gathered by
the source node can be relayed by other sensors in a cooperative manner.) The cooperation among relay nodes can yield diversity gain to enhance the data transport capacity between the
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Fig. 1. Wireless sensory relay network model.

source node and the destination node. As is standard (e.g., [1],
[4], [7], [8], [14]), we consider a two-hop relaying strategy, in
which each relay node first receives the signal from the source
node in the first hop and then forward a processed signal to
the destination node in the second hop. We refer the links between the source node and the relay nodes as the backward
channels, composing the first hop; and those between the relay
nodes and the destination node as the forward channels, corresponding to the second hop. We assume that every link experiences Rayleigh fading. We note that multiple source–relay–destination links offer multiple spatial routing paths for information
relaying, pointing to potential cooperative diversity gain.
Clearly, The key to reap the inherent cooperative diversity
gain in such networks is to devise good relaying strategies. Recently, “decode-and-forward (DF)” and “amplify-and-forward
(AF)” have emerged as two popular candidates for two-hop
information relaying. In the decode-and-forward strategy, the
relay nodes first extract the information bits from the received
signals, re-encode it, and then transmit the new encoded bits in
the second hop. For instance, one DF scheme can be to select
the most reliable source-relay-destination path to transmit the
signal. In general, the optimal DF strategy is highly nontrivial
and the complexity increases significantly as the number of
relay nodes grows. Alternatively, simple amplify-and-forward
relaying can be used to relay information and has low complexity. Intuitively speaking, to fully reap the cooperative
diversity gain, a good AF relaying scheme should reduce the
phase-offset across different source-relay-destination links as
much as possible, and this phase-aligning operation should
enable coherent combining of transmitted signals from relay
nodes at the destination node. The focus of this study is to
investigate the “right” relaying strategies for achieving high
throughput in wireless relay networks in the wideband regime.
In particular, we attempt to address the following critical issues:
• When would “amplify-and-forward” work well in relay
networks in the wideband regime? What is the “right” amplify-and-forward scheme to close the gap between coherent relaying and noncoherent relaying?
• What is the “right” power allocation strategy at the relay
nodes that would maximize the scaling order of the achievable rates of relay networks in the wideband regime?
• When would it be possible to achieve the same scaling laws
as in coherent relay networks?
Recall that the wideband regime encompasses all scenarios
where the information bits transmitted per receive dimension
are small. One key challenge in relay networks in the wideband

regime is that coherent communications may not be feasible due
to the low SNR. To obtain a clear understanding of the impact
of low SNR on cooperative relaying, we make a more realistic
assumption that at relay nodes there is no a priori knowledge of
channel state information (CSI) for both the backward channels
and the forward channels, and this is one of key features distinguishing our model from the existing ones. As a result, each
relay node needs to estimate the channel conditions prior to the
data transmission, in order to carry out the phase-alignment as
in coherent relaying. In particular, the channel estimation of the
forward links is more challenging because it is a multiaccess
channel. A naive approach is to carry out channel estimation of
the forward links separately, which would lead to a significant
reduction of the throughput and is clearly not energy-efficient.
To overcome this difficulty, we study the following strategy for
AF relaying. As depicted in Fig. 2, at the beginning of the first
hop transmission, the source node first broadcasts common pilot
symbols, followed by its data transmission. Based on the received signals corresponding to the pilot symbols, each relay
nodes estimates its own backward channel condition. Then at
the beginning of the second hop, the destination node (not the
relay nodes) sends out pilot symbols (We assume that the forward links are reciprocal in both directions in each subband.)
Then, each relay node estimates its forward channel condition.
After the channel estimation is done, each relay node carries out
phase alignment by using its channel estimates of both the backward channel and the forward channel, amplifies the received
data signal under the given power constraints, and forward the
processed signal to the destination node. For convenience, we
refer this strategy as amplify-and-forward (AF) with network
training. We emphasize that the above channel estimation approach makes use of the broadcast nature of wireless transmissions, and is an energy-efficient candidate for network training.
For instance, this network training approach can be applied by
all source–destination pairs in a collocated network [6].
The main thrust of this paper is devoted to characterizing the
achievable rates and scaling laws by using AF with network
training in power-constrained relay networks in the wideband
regime. Simply put, the scaling law here is concerned with the
order of the achievable rates as the number of the relay nodes
grows, i.e., the scaling behavior of the throughput (and capacity)
as
. Let denote the SNR per link. It is understood that
in the wideband regime. Furthermore, it is clear that the
coherence interval of the fading channel, denoted as , plays a
key role in channel estimation. To obtain a clear understanding
of the continuum between coherent relaying and noncoherent
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Fig. 2. Amplify-and-forward with network training.

relaying, we examine the achievable rates and scaling laws in
the joint asymptotic regime of the number of relay nodes ,
the channel coherence interval , the SNR per link (or the
bandwidth ). We note that although there is no physical connection among these parameters, the achievable rates depend on
how they scale together, rather than on each of them in isolation
[26][18].
Since a wideband channel can be decomposed into multiple
orthogonal narrowband channels, each with flat fading, we first
investigate achievable rates and scaling laws by using AF relaying with network training in narrowband relay networks in
the low SNR regime [25]. Our findings show that when
(which is proportional to the transmission energy per fading
block) is bounded below, AF with network training achieves the
same scaling law as in the coherent relay networks where the
CSI is known a priori. We then generalize the study to powerconstrained wideband relay networks in which frequency-selective fading is inevitable. We model the wideband relay networks as a set of multiple narrowband relay networks under
an overall power constraint. We examine the achievable rates
and scaling laws by using AF with network training, under two
power allocation policies, respectively. Specifically, we first assume that an equal power allocation policy across the frequency
subbands1 is applied at each relay node. Then we examine the
optimal power allocation policy for wideband relay networks,
where each relay node is allowed to allocate its power across the
subchannels and the fading blocks. In general, one would expect
a higher achievable rate by using bursty flashing signals (more
generally, water-filling techniques). Somewhat surprising, our
findings show that the achievable rates by using AF with network training have the same scaling order as those given by the
equal power allocation policy, and both policies can achieve the
scaling law under the condition that
is bounded below
and that
is sublinear in . That is to say, the equal power
allocation policy at relay nodes is order optimal in the sense of
achieving the scaling law asymptotically. Roughly speaking, the
condition that
is sub-linear in is equivalent to that the degree of node multiplexing per unit bandwidth
grows as
increases.
In related work, the capacity of wireless networks and the capacity of relay channels have been studied extensively in the
1Throughout, we use the notation of subchannel and subband interchangeably.

past few years (see, [1], [4], [5], [7]–[13], [16], [17], [20], [22],
[23] and the references therein). In their seminal work [10],
Gupta and Kumar investigate the throughput scaling for dense
many-to-many multihop network models, and they prove that an
aggregated throughput of
can be achieved if nodes can
be arbitrarily located. Grossglauser and Tse study the impact of
mobility on the throughput in mobile ad hoc networks [9]. They
show an
throughput can be achieved by using two-hop relaying and allowing possibly unbounded delay. Recently, wireless sensory relay networks has received much attention. In [7]
and [8], Gastpar and Vetterli show that the asymptotic capacity
of wireless relay networks behaves like
under the relay
traffic pattern, assuming that power allocation can be carried
out across the relay nodes. Bölcskei, Nabar, Oyman, and Paulraj
find in [1] that the throughput of wireless relay networks, where
each node is equipped with
antennas, scales as
.
Recent work [4] by Dana and Hassibi reveals that the power
efficiency of the AF scheme scales at least by a factor of
.
Very recent works [16], [17] by Oyman and Paulraj find that
a higher power efficiency of order can be achieved by using
bursty transmission. Dousse, Franceschetti, and Thiran discover
in [5] that the per-node throughput remains constant as the size
of the wireless network increases, if a “small” fraction of nodes
are allowed to be disconnected.
Most relevant to our work is perhaps [1], [7], [8] which
study the scaling laws assuming coherent AF relaying. It is also
pointed out in [1] that the achievable rates by using noncoherent
AF relaying does not scale well at all. The study in this paper
is intended to examine the continuum between noncoherent
AF relaying and coherent AF relaying and to close the gap in
between.
The rest of this paper is organized as follows. In Section II,
we present the models for narrowband relay networks in the low
SNR regime and power-constrained wideband relay networks,
respectively. We summarize in Section III the main results of
this paper. In Section IV, we obtain an equivalent source-to-destination channel model for narrowband relay networks using
AF with network training, and examine the scaling order of the
achievable rates in different scenarios. We characterize the conditions for achieving the scaling laws accordingly. In Section V,
we generalize the study to power-constrained wideband relay
networks. We analyze the achievable rates and the scaling order
corresponding to the equal power allocation policy at the relay
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Fig. 3. Asymptotic regime of (n; 1=; L).

nodes, and compare the scaling behavior with that by using the
optimal power allocation policy at the relay nodes. Section VI
contains numerical examples which are used to illustrate the
achievable rates and capacity bounds. Section VII concludes this
paper.
II. SYSTEM MODEL
In this section, we present the model for narrowband relay
networks in the low SNR regime and that for power constrained
wideband relay networks.
A. Narrowband Relay Networks in the Low SNR Regime
We impose the following assumptions for the narrowband
relay network model.
• There are relay nodes between the source node and the
destination node. There is no direct link between the source
node and the destination node. In the first hop, each relay
node listens to the transmissions from the source node, and
then forward the processed signal to the destination node
in the second hop.
• The communication bandwidth is (Hz).
• The ambient noise at the relay nodes and the destination
.
node has power spectral density
• All nodes have an average transmit power constraint
(watts) in one fading block.
• All channels experience independent and identically distributed (i.i.d.) frequency-flat block fading. Denote the
, and the forward
backward channel coefficients as
. We assume that
and
channel coefficients as
are complex Gaussian random variables, with zero
mean and unit variance.
• The backward channels have a coherence interval of
symbol periods, so do the forward channels. Throughout,
. Accordingly, the channel cowe assume that
(seconds).
herence time is

• Within one fading block, the forward channel conditions
are symmetric in both directions, that is, the channel condition from the relay node to the destination node is the
same as that from the destination node to the relay node.
Without loss of generality, we assume that the average re, i.e,
ceive SNR for each backward (forward) link is
. It is understood that
in the wideband
regime. On the other hand, the coherence interval points to
how fast the channel changes. Clearly, a larger is “favorable”
for more accurate channel estimation, and we would expect that
when exceeds a certain threshold, the achievable rates of the
relay networks can scale the same as in coherent relaying case
where a priori knowledge of CSI is available at relay nodes.
In contrast, a low SNR makes channel estimation more challenging.
To obtain a clear understanding of the continuum between coherent relaying and noncoherent relaying, we let and scale
with . We investigate the achievable rates in the joint asympand . Accordingly, we can obtain a set of
totic regime of
achievable rates corresponding to different values of and .
Define
and

(1)

Remarks: Because the focus of this study is on the scaling
law, i.e., the scaling order of the capacity, it is natural to define
and on the logarithmic scale. Although there is no physical
connection among these three parameters, the achievable rates
and their scaling behavior depend on the relation among these
three key parameters, rather than on each of them alone. Simply
put, the asymptotic regime is along a curve determined by
in the three-dimensional (3-D) space of
,
as illustrated in Fig. 3. Indeed, we show in Section IV that
the simultaneous scaling of the three parameters enables the
characterization of the achievable rates and their scaling in
terms of how they are related through the exponents.
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B. Amplify-and-Forward (AF) With Network Training
As aforementioned, the channel estimation at relay nodes is
carried out in the network training phase (see Fig. 2). More
specifically, the source node first broadcasts common pilot symbols to relay nodes at the beginning of the first hop transmission, followed by its data transmission. Then the destination
node broadcasts common pilot symbols at the beginning of the
second hop. Based on the received signals corresponding to the
pilot symbols, each relay nodes estimates its backward channel
condition and its forward channel condition, respectively. After
the channel estimation is done, each relay node carries out phase
alignment by using its channel estimates, amplifies the received
data signal under the given power constraints, and forward the
processed signal to the destination node.
1) Channel Estimation Via Network Training: We assume
that the minimum mean-square error (MMSE) estimation
and
. Let
denote
method is applied to estimate
the total energy for one hop transmission over L symbols, and
be the energy for the training with
. Since
the estimate error of the MMSE estimator depends only on
([19, p. 599]), we further assume that the training can be done
.
using one pilot sample (symbol). We assume that
Consider the channel estimation for the th channel in the first
hop
(2)
where
is the received pilot symbol, and
is
the noise at the i-th relay node. Let be the estimate error and
be the channel estimator at the i-th relay node., i.e.,
. By the orthogonality principle of the MMSE estimation, the
estimate error and the channel estimator are uncorrelated. Since
all channel coefficients are complex Gaussian, the estimate error
is in fact independent from the channel estimator. Recall that
, and thus
. We conclude that the
is
variance of

(3)
Similarly, we have that the variance of

is

with
. The correphase alignment via multiplying
sponding transmitted signal at the th relay node is given by

for

(6)

where is the amplification factor to meet the power constraint
for each relay node, and is given by
(7)
The destination node collects signals from
the received signal is given as below

relay nodes, and

for

(8)

is complex Gaussian noise at the destination node.
where
Moreover, as
with probability , and hence in the low SNR regime
(9)

C. Power-Constrained Wideband Relay Networks
In wideband relay networks, frequency-selective fading becomes inevitable when the frequency bandwidth increases. To
study the scaling laws of wideband relay networks, we investigate an equivalent model where each wideband channel is decomposed into a set of frequency-flat subchannels. Let the bandwidth of each subchannel in wideband relay networks be and
the total number of subchannels is . Then, the overall fre. Define
quency bandwidth

(4)

(10)

2) Amplify-and-Forward at Relay Nodes: In what follows,
we establish the channel and signal models corresponding to AF
with network training. Recall that the network training is done
via using one pilot symbol in the first hop and another one in the
second hop. During the data transmission period in the first hop,
the information signal received by the th relay node is given by

is fixed, we have that the total frequency bandwidth
. Again, we are interested in how the
three parameters
and
jointly determine the achievable
rates; and the above setting is used to obtain a clear understanding how the simultaneous scaling of the three key parameters impacts the scaling laws.
We have a few words on the exponents and . Recall that
Since

(5)
where

is the transmitted signal from the source node, and
is complex Gaussian noise at the th relay node. In the
second hop, the th relay node applies AF with network training
to relay the received signal
. In particular, it carries out

It is clear that
is intimately related to . Indeed, the “low
SNR” in the narrowband relay network can be viewed as the
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result of a large bandwidth and fixed power. On the other hand,
it should be cautioned that the wideband relay network model
is not a simple aggregation of many narrowband relay network
models, because power allocation across the subchannels at
relay nodes does play an important role to determine the capacity. We elaborate further in Section V the power allocation
across the subchannels.
Due to frequency-selective fading, the backward (forward)
links may have different channel statistics in different frequency
subbands. To take this into account, we assume the following for
the th subchannel.
• Let
and
denote the i.i.d. Rayleigh-fading coefficients corresponding to the backward link and the forand
have
ward link, respectively. Assume that
zero mean and common variance .
• Assume that all relay nodes have an average power constraint within any fading block (for the th subchannel).
• Assume that the source node allocates its average power
uniformly across the subchannels within one fading block,
for each subchannel.
namely,
• Denote the portion of energy allocated for training as ,
which could be different across the subchannels.
We assume uniform power allocation at the source node, mainly
because the optimal power allocation at the source node requires
the knowledge of the channel gains of all subchannels and also
’s. It is clear that the optimization of
’s is
depends on
highly nontrivial and it is unlikely to be available in practical
systems.
be the transmitted signal in the th subband from
Letting
the source node, we have that the received signal at the destination node in the th subband is given by (cf. (8))

(11)
for
. The amplification factor in the th
is given as
subband at the th relay node
(12)
Along the same line as in the study for the narrowband relay
network model, we have that for the th subchannel, the variand
is
ance of
(13)
(14)
III. SUMMARY OF MAIN RESULTS ON SCALING LAWS AND
ACHIEVABLE RATES
For convenience, we introduce the following notation for
and
asymptotic order relationship. For two sequences
, we write
(15)
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if

where
is some positive constant, and vice verse. Intuitively speaking,
indicates that
grows at least
.
at the same rate as
In the following, we summarize the main results on the
scaling laws in the joint asymptotic regimes.
Theorem 3.1 [Narrowband Relay Networks]: If there exists
such that
, then as
, the capacity of the
narrowband relay networks in the low SNR regime scales as
if
(16)
O
if
Theorem 3.2 [Wideband Relay Networks]:
and
such that
a) If there exist
and
, then as
, the capacity of powerconstrained wideband relay networks scales as

(17)
b) The equal power allocation policy at relay nodes can
achieve the same scaling order as that by the optimal
power allocation policy at relay nodes.
Remarks on scaling laws: Theorem 3.1 provides a sufficient
condition to achieve the scaling law of the narrowband relay
and .
network model in the joint asymptotic regime of
Roughly speaking, the scaling law can be characterized by (16)
provided that the transmission energy per fading block (proportional to ) is bounded below as the number of relay nodes
grows. That is to say, “almost” coherent relaying can be made
possible based on good channel estimation, provided that the
amount of energy available within each fading block is at least
. It turns out
constant. Observe that
that if is bounded below, the capacity of narrowband relay net(cf. [7]).
works is of
Theorem 3.2 provides a sufficient condition to achieve the
scaling law for power-constrained wideband relay networks in
and . Since
the joint asymptotic regime of
, we can view
as the (normalized) energy per
as the degree of node difading block in each subband, and
versity per unit bandwidth. Intuitively speaking, the above condition reveals that if the energy per fading block in each sub, is bounded below and
is subband, proportional to
linear in , then the scaling law can be characterized by (17).
Note that under the above conditions, (17) indicates that the ca.
pacity of wideband relay networks is of
is subThe conditions in Theorem 3.2 suggest that when
, the wideband relay networks using AF
linear in , i.e.,
with network training yields achievable rates of the same scaling
order as that of the Cut-Set upper bound. The underlying rationale is that the scaling law for the wideband relay networks
using AF relaying is limited by the node diversity order . In
general, in a power-constrained wideband relay network using
AF relaying, a larger bandwidth would lead to a smaller amplification factor for relaying, which in turn may reduce the power
of the desired signal embedded in the amplified signal from each
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Fig. 5.
Fig. 4.

W is sublinear in n.

relay node, and therefore the equivalent overall SNR at the destination node may or may not increase, depending on how
and scale together. It can be shown that the power of the agbecause every
gregated noise from the relay nodes is of
relay node has an average power constraint , and the power
. In the
of the ambient noise at the destination node is of
case when is sublinear in , the aggregated “amplified” noise
from all the relay nodes asymptotically dominates the ambient
noise at the destination node, and all forward links are virtually
“noise-free”. Such “noise-free” links effectively convert all the
relay nodes and the destination node into an antenna array of
receive antennas, as shown in Fig. 4. Observe that the relay
nodes carry out phase alignment, and as a result, the equivalent
virtual antenna array effectively conducts maximal-ratio combining (MRC). Thus, the relay network functions as if it were a
single-input–multiple-output (SIMO) system with optimal decoding at the receiver. We note that the upper bound on the capacity of the relay network can be obtained by using the Cut-Set
Theorem which corresponds to the capacity of a SIMO system
when receive CSI is available. Then it can be expected that under
the “noise-free” condition mentioned above, the scaling law can
be achieved.
In contrast, when is suplinear in , the ambient noise at the
destination node asymptotically dominates the aggregated “amplified" noise from all relay nodes. More specifically, it turns
out that in this case the smaller amplification factor at the relay
nodes would decrease the overall SNR at the destination node
grow together, indicating that the achievable rate of
as and
AF does not scale well. We also note that in this case the source
node and all relay nodes virtually function as a “noisy” antenna
array of transmit antennas, as depicted in Fig. 5; and the virtual antenna array is “noisy” in the sense that the transmitted
signals from the relay nodes consist of the desired signals and
the amplified noise.
In summary, the scaling law can be achieved if is sublinear
. When
is suplinear in , i.e.,
, there
in , i.e.,
exits a gap between the scaling order of the upper bound and
is linear in
that of the achievable rates. For the case when

W is sublinear in n.

, the achievable rate would depend on other parameters. We
elaborate further on this in Sections IV-E and V-D.
The second part of Theorem 3.2 indicates that AF with network training, under simple equal power allocation across the
frequency subbands at the relay nodes, can achieve the scaling
law. Our intuition is as follows. When the AF relaying strategy
is applied at a relay node, it “amplifies” both the signals and the
received noise simultaneously, regardless of what power allocation scheme is applied. As a result, the optimal power allocation
scheme would achieve the scaling order under the same conditions as the equal power allocation one. We elaborate further on
this in Section V-C.
Remarks on Achievable Rates: We have also investigated the
achievable rates and their scaling behavior when the conditions
for achieving scaling laws in Theorems 3.1 and 3.2 are not satisfied. In particular, for the narrowband relay network model,
when
, the corresponding achievable rates are summarized in Proposition 4.2. For the wideband relay network model,
, the corresponding achievable rates under equal
when
power allocation at relay nodes can be found in Section V-B.
We show in Sections IV and V that in both cases the estimate
error cannot be made small and that the corresponding scaling
orders lie in between the scaling order for noncoherent relaying
and that for coherent relaying.
IV. NARROWBAND RELAY NETWORKS IN THE
LOW SNR REGIME
A. Equivalent Source-to-Destination Channel Model
In the following, we first study the equivalent source-to-destination model for the narrowband relay networks. Recall that
in the first hop, the information data signal received by the th
relay node is given by
(18)
In the second hop, the th relay node applies AF with network
. In particular, it carries
training to relay the received signal
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out phase alignment, and the corresponding transmitted signal
at the th relay node is given by
for
(19)
where is the amplification factor to meet the power constraint
for each relay node, and is given by
(20)
The destination node collects signals from
the received signal is given as

relay nodes, and

for
(21)
After some algebra, we can rewrite (21) as (22) shown at the
bottom of the page. In the above signal model, the received
signal at the destination node consists of the following:
;
• the information-bearing signal,
;
• the signal due to the estimate error,
;
• the aggregated amplified noise from all relay nodes,
• and the noise at the destination node,
.
We observe that in the above model the information is
embedded in the received signal with unknown parameters,
because the destination node does not have the knowledge of
the instantaneous CSI of the backward and forward channels.
. We can rewrite the equivalent
Define
source-to-destination model as
(23)
where
. In this equivalent
source-to-destination channel model (23), it is clear that
can be easily made available at the destination node, because
it is determined by the channel statistics only. Furthermore,
and
are signal-dependent, and
is
both
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non-Gaussian. This equivalent model is then a deterministic
channel with non-Gaussian signal-dependent noise, provided
is treated as the aggregated
that
noise. In general, it is nontrivial to characterize the exact
capacity of the channel model (23).
In what follows, we turn to characterize an achievable rate
for (23) instead, which serves as a lower bound. Observe that
the channel side information is imperfect in the channel model
in (23), and the mutual information between the input and the
output depends heavily on the variance of the channel estimate
error. Along the lines of [15], an achievable rate is given by
(we relegate the detailed derivation to the Appendix B; see (24)
at the bottom of the page). The RHS of (24) is an achievable
rate for the equivalent model in (23). Interestingly, it can be
as white
obtained by treating
Gaussian noise with the same variance. Note that
is a dominating term in the equivalent noise due to the low SNR.
is dominant, it can be shown
As noted in Section III, if
that the relay networks using AF with network training act as if
it were a SIMO system.
For notational convenience, define
(25)
as the equivalent receive SNR corresponding to the equivalent
model in (23). It remains to characterize the power of the desired
signal term and the noise terms in (23). After some algebra (the
detailed derivations have been relegated to Appendix B), we
have that

(26)
Assuming that the coherence interval

, we have that

(27)

for

(22)

(24)
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Since the receive SNR per link , is small, we have that

(28)
Therefore, we conclude that when

Note that the above result can also be obtained by letting
and
while we prove (31).
.
We have the following lemma on
Lemma 4.2: If perfect CSI on the backward channels and the
forward channels is available at the corresponding relay node,
, the achievable rate by using AF scales as
then as
O

,

if
if
(35)

(29)

Then, the achievable rate of narrowband relay networks using
AF with network training at relay nodes is given by
(30)
(31)
It is clear from (29) that depends on
and through
and . Since
, we note that
can be regarded as the normalized transmission energy per fading block,
corresponds to the normalized energy for training per
and
, where
can be
fading block. Observe
viewed as the total energy across the relay nodes to relay one
symbol.
B. An Upper Bound on the Capacity
We next present an upper bound on the capacity of narrowband relay networks in the low SNR regime. By the Cut-Set Theorem in [3], the capacity of the relay network is upper bounded
by the information rate corresponding to the “broadcast cut,” regardless of the transmission schemes. That is
(32)
. By the Law of Large
Define
Numbers,
grows linearly in as
, it follows
is
. Accordingly, we have the folthat
lowing lemma.
, the upper bound on the capacity of
Lemma 4.1: As
, scales as
narrowband relay networks,
O

if
if

Note that in the perfect CSI case, the achievable rate (a lower
bound on the capacity) has the same scaling order as the upper
bound, thus yielding the scaling law. In what follows, we investigate the achievable rates of narrowband relay network in the
low SNR regime, where there is no a priori knowledge on the
CSI at the relay nodes.
D. Optimal Energy Allocation for Channel Estimation
is allocated for training.
As aforementioned,
It is clear that
, and that the larger is, the more accurate
the channel estimation would be, at the cost of the energy for
data transmission. That is to say, there is a tradeoff between the
energy for training and that for data transmission. It is easy to
see that the optimal is the one that maximizes the equivalent
receive SNR in (29). Hence, taking derivative of with respect
to , we have that the optimal is given by
(36)
, as aforementioned, can be viewed as
where
the total energy available within each coherence time, normaland can grow unbounded as
ized with respect to . Since
can range from to . We investigate the achievable rates for the following three cases:
grows unbounded (equivalently
);
• I)
approaches zero (equivalently
);
• II)
is of
(equivalently
).
• III)
E. The Achievable Rates of Narrowband Relay Networks in
the Low SNR Regime
1) The Case With
: In this case, the coherence
. As a result, the energy per
interval grows faster than
fading block
increases as grows, indicating that there exists
, such that
(37)
It can be shown that
(38)

C. The Perfect CSI Case
Needless to say, the highest possible achievable rate of the
AF strategy occurs when there is perfect CSI at the relay nodes,
i.e., the th relay node has a priori knowledge on and . The
corresponding achievable rate is given by [4]
(34)

(38) reveals that when
, the energy for training within
each fading block also grows as
, even though
.
, and both the total energy and the
Indeed,
energy for training per fading block grows unbounded. Since the
only, it follows that channel
MMSE estimation depends on
estimation can be accurate in this scenario, thereby enabling
coherent relaying.
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In light of the results in (35) for the perfect CSI case, we
expect that the achievable rates are different for different values
, it can be shown that
of . Indeed, if
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, we have that

When

(46)
(39)

In contrast, if

, then

indicating that the achievable rate of the relay network is
(40)

(47)

Interestingly, the achievable rate in the case where
can scale the same as in the perfect CSI case. Note that if is
(cf. [7]).
bounded below, the achievable rate is of
, we have that
as
, i.e.,
In contrast, if
the SNR goes to zero faster than . Accordingly

In summary, we have the following proposition.
Proposition 4.2: If
as
, then the achievable
rate by using AF with network training scales as
, then
• If
for
for

O
• if

, then
for

(41)
It follows that the achievable rate for this case is
O

(42)

Our intuition for this case is as follows: even if coherent relaying
is possible in this case, the achievable rate would grow slower
because total power across the relay nodes
.
than
The following proposition summarizes the results on the
achievable rate by using AF with network training for the case
.
, such that
,
Proposition 4.1: If there exists
, the achievable rate by using AF with network
then as
training scales as
O

if
if

(48)

O

(49)

3) The Case With
: This case is equivalent to
. It can be shown that
, i.e.,
and
are bounded. Along the same line as above, we have that when

(50)
For the case

, it can be shown that

(51)
(43)

2) The Case With
: In this scenario,
grows
approaches 0 as goes to infaster than . Accordingly,
finity. Along the same lines as above, we study the optimal energy allocation and the achievable rates for different values of
. It can be shown that the optimal energy allocation for using
AF with network training is given by

(44)

Correspondingly, we have the following proposition.
Proposition 4.3: If the normalized energy per fading block
is bounded, then as
, the achievable rate by using
AF with network training scales as

We observe that in this case
, whereas
for the case with
. We note that in this case the
total normalized energy per fading block goes to zero, so as the
training energy.

(52)

Remarks: Summarizing the above three cases in terms of
and , we conclude that if
, the achievable rates have the
same scaling order as the upper bound in (4.1), thereby yielding
, if
the scaling law in Theorem 3.1. More specifically, as
and
, such that
, then as
,
there exist
the capacity of the relay networks scales as

and
(45)

if
if

O

O

if
if

(53)

V. POWER-CONSTRAINED WIDEBAND RELAY NETWORKS
Since a frequency-selective fading channel can be decomposed as multiple parallel frequency-flat fading subchannels
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[19], we first examine the equivalent source-to-destination
channel model corresponding to the th subband in wideband
relay networks. Along the same line of Section IV-A, the
received signal in equivalent model for the th subchannel is
given by

We emphasize that can be different across different subbands,
simply because their channel statistics are different.
In a nutshell, the achievable rate by using AF with network
training in the power-constrained wideband relay network can
be given as
(59)

(54)
where
is the received signal used for informa•
denotes the equivalent channel
tion extracting, and
gain;
is due to the estimate error;
•
corresponds to the aggregated amplified noise at
•
the relay nodes;
stands for the received signal weighted by unknown
•
channel strength.
In what follows, we characterize the achievable rate of each
equivalent subchannel in (54), along the lines for narrowband
relay network models. As aforementioned, the achievable rate
can be obtained by treating
as equivalent Gaussian noise of the same power. Since the SNR
is a domiper link in each subband is small,
nating term in the equivalent noise. In particular, when
dominates, the relay network using AF with network training
acts as if it were a SIMO system.
For convenience, define

A. An Upper Bound on the Capacity
Similar to the narrowband case, by the Cut-Set Theorem, one
upper bound on the capacity of the wideband relay networks is
given by the information rate through the “broadcast-cut,” i.e.,

(60)
(61)
where (a) follows Jensen’s Inequality. For convenience, define

(62)
By the Laws of Large Numbers, we have that
increases linearly with respect to and
in the asymptotic
regime. Then it follows that
(63)

(55)
as the equivalent overall SNR corresponding to the equivalent
model in (54) Next, we examine the power of the terms in (54)
(the derivation is relegated to Appendix B). After some algebra,
the equivalent SNR in the equivalent network model for the th
subband can be shown to be (56) shown at the bottom of the
. It follows that in
page. Note that as
the joint asymptotic regime of
and
(57)

The optimal

maximizing

is given by

Accordingly, we have the following lemma.
Lemma 5.1: As
, the scaling order of
by

if
if

is given

(64)

In the next section, we first study the network model where a
simple power allocation policy, namely the equal power allocation policy, is applied at relay nodes.
B. Achievable Rates With the Equal Power Allocation Policy
at Relay Nodes

(58)

When the equal power allocation policy is applied at relay
nodes, the relaying power for the th subband
is simply

(56)
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. From (54), the SNR corresponding to the th equivalent
subchannel is
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networks using the equal power allocation policy at relay nodes
is given by
(75)
(76)

(65)

Summarizing the above, we conclude that
, then
• if
for

Following the same line as in the study on the narrowband
relay network model, we next investigate the scaling behavior
in three scenarios in terms of and .
of
, then the optimal ratio of the energy allocation
• If
for training is given by

for
• if

and

, then
for
(78)

(66)
Observing that

for
• if

(67)

(77)

and

, then
for
(79)
for

we conclude that the equivalent SNR scales as
(68)

C. Achievable Rates With the Optimal Power Allocation Policy
at Relay Nodes

• If
, then the optimal energy allocation for training
is given by

Under equal power allocation, the relay nodes allocate power
uniformly across the subbands within one fading block and
there is no power allocation across fading blocks. A natural
question to ask is that “If more flexibility is available, i.e., if
each relay node is able to allocate its power across different
subbands (in the frequency-domain) based on the channel
statistics and across the fading blocks based on the instantaneous channel conditions (in the time-domain), would this
outperform the equal power allocation policy?” In general, one
would expect a higher achievable rate, and this is often the case
by using bursty flashing signals (more generally, water-filling
techniques). Thus motivated, we next examine the optimal
power allocation policies, where each relay node allocates
its power across the fading blocks and across the subbands,
while keeping an overall long-term power constraint across the
subbands.
denote the relaying power of the th relay node in
Let
the th subband and in the th fading block.2 Assume that an
average power constraint for the th relay node is

if

(69)
Since
(70)
we conclude that the equivalent SNR scales as
if
if
• If
, then
follows that

is bounded, i.e.,

(71)
. It

(72)
Then, the equivalent SNR scales as
if
if
We observe that the scaling behavior of
and (73) satisfies that

(73)
in (68), (71)
(74)

That is to say, in the asymptotic regime, when the equal power
allocation policy is applied at relay nodes, the equivalent receive
SNR’s in different subchannels have the same scaling behavior.
Combining (74) with (59), the achievable rate of wideband relay

(80)
where
is sufficiently large. Worth noting is that there is no
power allocation across the relay nodes is allowed (cf. [7]).
Next, we characterize the equivalent source-to-destination
model, assuming that relay nodes are allowed to carry out
power allocation under the constraint in (80). More specifically,
2Note that each relay node transmits only during the second hop. Without loss
of generality, we assume that the power constraint is imposed for the transmission duration for each relay node.
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th fading block, the equivalent

in both the time domain and the frequency domain, and is the
solution to the following optimization problem:

(81)
The power of the desired signal is given by
subject to

and
(87)

(82)
The power of the noise terms in the th subband is given by

(83)

In general, the optimal power allocation involves water-filling
. Needless to say, it is highly
nonlinear functions such as
nontrivial to characterize the exact solution.
be the achievable rate corresponding to the optimal
Let
power allocation policy. In what follows, we use a “sandwich”
; that
argument instead to characterize the scaling order of
,
is, we first find an upper bound and a lower bound on
and then show that these two bounds have the same scaling order
under the same conditions.
: First, by Cauchy–Schwarz’s InAn Upper Bound on
equality, we have that

(84)

(88)
where the equality can be achieved if and only if
, for
.
For convenience, define
and
as the maximum and
, respectively; and define
minimum of
and
as the maximum and minimum of
,
respectively. Using (88), we have that
(89)

(85)
For convenience, define the corresponding SNR at the th
subband and the th fading block as shown in (86) at the bottom
of the page.
Next, we study the optimal power allocation across the fading
blocks and across the subbands for relay nodes. We note that the
optimal power allocation should exploit the degrees of freedom

where we show (90) at the bottom of the page.
We need the following lemma.
Lemma 5.2: The function
, where

is concave in

(91)

(86)

(90)
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with
and
being positive
constants.
Proof: The proof simply follows the facts that:
is concave and increasing in with
;
•
is concave and increasing in with
;
•
is concave in vector
with
.
•
By the properties of the function composition that preserves the
concavity ([2, p. 84]), we conclude the proof of Lemma 5.2.
Applying Lemma 5.2, we have that
is concave in vector
. Then, by Jensen’s Inequality, see
(92)–(93) at the bottom of the page.
,
We note that the RHS of (93) does not depend on
which indicates that the LHS of (92) can bemaximized by setting
. Then it follows that the achievable rate,
, is upper
bounded by (94) shown at the bottom of the page. For convenience, define (95) also shown at the bottom of the page.
: Since
is the maximum
A Lower Bound on
achievable rate when the relay node can allocation its power
across the fading blocks and across the subchannels, any other
. Then it folachievable rate serves as a lower bound on
lows that
(96)
Observe that the scaling order of
in (76) is in fact the
same as that of
in (95) (the proof is relegated to Appendix C), we conclude that in the asymptotic regime of
and
(97)
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Somewhat surprisingly, as shown in (97), the scaling order of
is exactly the same as that
the “optimal” achievable rate
. That is to say, even if the relay nodes can optimally
of
allocate the power across the fading blocks and among the subbands, the scaling order of the corresponding achievable rate is
the same as that by applying the equal power allocation policy
at the relay nodes.
D. Scaling Laws and Discussions
We have a few important observations are in order. First, the
findings in Section V–B reveal that if
and
, then
the achievable rate by using AF with network training, under
the equal power allocation policy at relay nodes, has the same
scaling order as the upper bound given by Lemma 5.1. That is
to say, the scaling laws can be characterized accordingly. More
, if there exist
, and
,
specifically, as
and
, then as
, the capacity of
such that
wideband relay networks scales as
(98)
Under this sufficient condition, assuming equal power allocation across the subbands, AF with network training can yield
an achievable rate of the same scaling order as that of the upper
bound, thus enabling us to characterize the scaling law. Furthermore, combing the results in Sections V-B and V-C, we conclude that the conditions for achieving the scaling law under optimal power allocation are the same as that under equal power allocation. In a nutshell, in power-constrained wideband relay networks using AF with network training, the equal power allocation policy at relay nodes can result in the same scaling order as
the optimal power allocation policy at relay nodes. However, it

(92)
(93)

(94)

(95)
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Fig. 6. Narrowband relay networks: achievable rates and upper bounds.

should be cautioned that from the point of view of exact achievable rates (not only the scaling orders), the wideband relay networks are not a simple collection of narrowband relay networks
with equal power allocation.
We observe that in general, in a power-constrained wideband
relay network where AF is employed, a larger bandwidth corresponds to a smaller amplification factor for relaying, which
in turn may reduce the power of the desired signal embedded
in the amplified signal from each relay node, and therefore the
equivalent overall SNR at the destination node may or may not
and scale together. As shown
increase, depending on how
in the above sections, the power of the aggregated “amplified”
, and the power of the
noise from the relay nodes is of
. When
ambient noise at the destination node is of
is sublinear in , the “amplified” noise from all the relay nodes
dominates the ambient noise at the destination node. As a result,
all forward links are virtually “noise-free.” Such “noise-free”
links effectively convert all the relay nodes and the destination
node into an antenna array of receive antennas. Furthermore,
observe that the relay nodes carry out phase alignment, and
the equivalent virtual antenna array effectively conducts maximal-ratio combining (MRC). Thus, the relay network functions
as if it were a SIMO with optimal decoding at the receiver. Recall that the upper bound in Lemma 5.1, given by the Cut-Set
Theorem, assumes that an optimal joint decoding is conducted
by all receivers, i.e., the upper bound corresponds to the capacity of a SIMO system. It is now not surprising that under

the “noise-free” conditions mentioned above, the lower bound
can meet the upper bound.
VI. NUMERICAL EXAMPLES
We now illustrate via numerical examples the achievable rates
and upper bounds in Theorem 3.1, Theorem 3.2, Lemma 4.1,
and Lemma 5.1. The key parameters used in the examples are
listed as follows:
• transmission power of the source node and the relay nodes:
dBm;
• bandwidth of each subband:
kHz;
W/Hz;
• noise power spectral density:
to
;
• the number of relay nodes ranges from
• the SNR per link in narrowband relay networks:
; the number of subbands in wideband relay
; and coherence interval:
.
networks:
and
, which meet the
That is,
scaling-law-achieving conditions given in Theorem 3.1
and Theorem 3.2;
• the unit of all capacity bounds is dB bits/s.
Fig. 6 depicts the lower bounds and the upper bounds on the
capacity for a narrowband relay network model. Worth noting is
that “dB bits/second” is used as the unit, because the main goal
is to study the scaling order. It can be seen that when the number
of relay nodes exceeds some threshold (2500 in this example),
the two curves have the same slope, i.e., the lower bound and
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Fig. 7. Wideband relay networks: achievable rates and upper bounds.

the upper bound have the same scaling order, corroborating the
results in Theorem 3.1.
Fig. 7 illustrates the lower bound and the upper bound on the
capacity for a power-constrained wideband relay network. It can
be seen that the upper bounds and the lower bounds become
“parallel” when exceeds approximately 3000, indicating that
the lower bounds and the upper bounds have the same scaling
order asymptotically.
VII. CONCLUSION
In this paper, we study the achievable rates and scaling laws of
large-scale wireless relay networks in the wideband regime. Assuming that relay nodes have no a priori knowledge of channel
state information (CSI) for both the backward channels and
the forward channels, we examine the achievable rates in the
joint asymptotic regime of the number of relay nodes , the
channel coherence interval , and the SNR per link , or the
system bandwidth . We first study narrowband relay networks
in the low SNR regime. We study a relaying scheme, namely
amplify-and-forward (AF) with network training, in which the
source node and the destination node broadcast training symbols and each relay node carries out channel estimation and then
uses AF relaying to relay information. We provide an equivalent
source-to-destination channel model, and characterize the cor,
responding achievable rate. Our findings show that when
proportional to the transmission energy in each fading block, is

bounded below, the achievable rate has the same scaling order as
in coherent relaying, thus enabling us to characterize the scaling
law of the relay networks in the low SNR regime.
We then generalize the study to power-constrained wideband
relay networks, where frequency-selective fading is taken into
account. In particular, we examine the scaling behavior of the
achievable rates corresponding to two power allocation policies
applied at relay nodes, namely, a simple equal power allocation
policy and the optimal power allocation policy. We identify the
conditions under which the scaling law of the wideband relay
networks can be achieved by both power allocation policies.
Somewhat surprising, our findings indicate that these two power
allocation policies result in achievable rates of the same scaling
behavior, and the scaling law can be characterized under the
, proportional to the energy per fading block
condition that
is sub-linear in .
per subband, is bounded below and that
Throughout this paper, we have focused on the achievable
rates using amplify-and-forward (AF) with network training.
Another popular candidate for information relaying is decodeand-forward (DF). In the DF strategy, the relay nodes first extract the information bits from the received signals, reencode it,
and then transmit the new encoded bits in the second hop. In
general, the optimal DF strategy is highly nontrivial and corresponding complexity can increase significantly as the number
of relay nodes grows. We are currently pursuing the scaling behavior by using DF relaying.
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APPENDIX
A. Proof of (24)
The derivation is a modification of [15, (46)], where the author assumed the noise is Gaussian. In what follows, we show
that letting the noise be non-Gaussian and signal-dependent can
yield the same result.
For convenience, define

as comAlong the lines in [15], we fix the distribution of
plex Gaussian with zero mean, even though this choice may not
be optimal for maximizing the mutual information. Next, we
, which holds for all posfind an upper bound on
. We have that
sible distributions for

i
ii
(103)

(99)
Then, we have the equivalent source-to-destination signal model
as

where i) follows the fact that conditioning always decreases
entropy; ii) follows that the entropy of a random variable
of bounded variance is upper-bounded by the entropy of a
Gaussian random variable with the same variance; and the
above bound holds for any . Let be the coefficient, for which
is the linear minimum mean-square error(LMMSE)
in terms of
. That is
estimate of

(100)
Observe that in the above equivalent signal model
• the channel gain and the transmitted signal
are independent, and
and the noise term
are uncorrelated;
•
;
is non-Gaussian and signal• the noise term
dependent, and is zero-mean and of bounded power.
Using standard vector representation for band-limited signals
[3], the continuous-time channel model in (100) can be mapped
onto a set of discrete-time subchannels. That is, the signal model
in the th dimension is given by

(104)
We note that and
are independent, and
and
are uncorrelated and zero-mean. After
some algebra, we have (105) shown at the bottom of the page.
Combing all the dimensions and taking into account the fact
that the relay nodes work in half-duplex mode, we have that the
lower bound on the capacity of (23) is given by (106) also shown
denotes the portion of time
at the bottom of the page, where
for information transmission.
B. Proof of (82), (83), (84), and (85)

(101)
Next, we examine the achievable rate corresponding to the
channel model in (101). Note that the mutual information beand
is
tween
(102)

Recall that in (81) there are multiple noise terms at the th
relay node within the th subband defined in (107)–(110),
shown at the bottom of the next page, First, note that the power
of the signal used for decoding is given by

(111)

(105)

(106)
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Observe that

Next, we characterize the power of
shown at the bottom of the page). We have that
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(see (115)

(112)
where
and
are independent;
a) follows the fact that
b) follows that within a given subband, channel coefficients
are i.i.d random variables;
, and that
c) comes from the fact that

(113)
Hence, we have that

(114)

(107)
(108)
(109)
(110)

(115)
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(116)
where
a) follows the facts that
1)
and
are zero-mean;
and
are orthogonal;
2)
and
are orthog3)
onal;
b) follows that
and
are indepen1)
dent of , and thus the summation is only taken with
respect to
;
2)

(117)

(121)
where
a) follows the facts that
and
1)
and
2)
As a result, we have that

(122)

(118)
Therefore, the power of

are independent;
.

is given by

(123)

(119)
Note that
The power of the aggregated noise

is given by

(120)

Along the same line in the proof for (116), we have that

(124)
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where
(a) follows the fact that

(131)

(125)
(b) follows that
and
Thus, the power of

(132)

are i.i.d. random variables.
is given by

For the narrowband relay network

, we have that
(133)

and
(134)
Then it follows that the power of the signal term is given
by

(126)
When
, namely, a common power constraint
in the th subband across fading blocks is applied at each
relay node, then it follows that:

(135)
and the power of the noise terms is given by

(127)
and

(136)
(128)
Therefore we have that the power of the desired signal in
the th subband is given by

(137)
(129)
C. Proof of (97)
The noise power in the th subband is given by

In order to prove (97) based on (138) and (139), shown at the
bottom of the page, it suffices to show that
(130)

(140)

(138)
(139)
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where

ments, and A. F. Dana at the California Institute of Technology
(Caltech) for useful discussion on Appendix A. They would also
like to thank the anonymous reviewers for their helpful comments that greatly improved the presentation of the paper.
(141)

Note that
is monotonically decreasing in . That is to say,
is correand
is with respect to
. Following
sponding to
the same line as in the equal power allocation policy, we have
that
, then the optimal energy allocation for training
• If
is given by
(142)
Observing that

and
(143)
we conclude that
if
if

(144)

• If
, then the optimal energy allocation for training
is given by
(145)
Observing that
(146)
we conclude that
if
if
• If

, namely,

(147)

, then it follows that
and

(148)

Then it follows that
if
if

(149)

Clearly, the scaling behavior of
is the same as that of
. Indeed,
takes the same form as
except the
difference between the coefficients (
and
). As a result, the scaling order of
and
depends only on the form and the order of
and , thereby
concluding the proof of (97).
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