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Abstract
A local linear wavelet neural network (LLWNN) is presented in this paper. The difference
of the network with conventional wavelet neural network (WNN) is that the connection
weights between the hidden layer and output layer of conventional WNN are replaced by a
local linear model. A hybrid training algorithm of particle swarm optimization (PSO) with
diversity learning and gradient descent method is introduced for training the LLWNN.
Simulation results for the prediction of time-series show the feasibility and effectiveness of the
proposed method.
r 2005 Elsevier B.V. All rights reserved.
Keywords: Local linear wavelet neural network; Particle swarm optimization algorithm; Gradient descent
algorithm; Time-series prediction

1. Introduction
Recently, in stead of using common sigmoid activation functions, the wavelet
neural network (WNN) employing nonlinear wavelet basis functions (named
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wavelets), which are localized in both the time space and frequency space,
has been developed as an alternative approach to nonlinear ﬁtting problem
[31,36]. Two key problems in designing of WNN are how to determine WNN
architecture and what learning algorithm can be effectively used for training
the WNN [2]. These problems are related to determine an optimal WNN
architecture, to arrange the windows of wavelets, and to ﬁnd the proper orthogonal
or nonorthogonal wavelet basis. Curse of dimensionality is a mainly unsolved
problem in WNN theory which brings some difﬁculties in applying a WNN to highdimension problems.
The basis function neural networks are a class of neural networks, in which
the output of the network is a weighted sum of a number of basis functions.
The usually used basis functions include Gaussian radial basis functions,
B-spline basis functions, wavelet basis functions and some neurofuzzy basis
functions [3,12].
The particle swarm optimization (PSO) is a population based optimization
method ﬁrst proposed by Kennedy and Eberhart [14]. Some of the attractive features
of the PSO include ease of implementation and the fact that no gradient information
is required. It can be used to solve a wide array of different optimization problems.
Some example applications include neural network training [7,28,29,6] and function
minimization [23,24].
Time-series forecasting is an important research and application area.
Much effort has been devoted over the past several decades to the development
and improvement of time series forecasting models. Well established
time series models include: (1) linear models, e.g., moving average,
exponential smoothing and the autoregressive integrated moving average
(ARIMA); (2) nonlinear models, e.g., neural network models and fuzzy
system models [15,19]; and (3) the combination of linear and nonlinear
models [35].
In this paper, a local linear wavelet neural network (LLWNN) is proposed,
in which the connection weights between the hidden layer units and output
units are replaced by a local linear model. The usually used learning algorithm
for WNN is gradient descent method. But its disadvantages are slow
convergence speed and easy stay at local minimum. A combination approach
of PSO with adaptive diversity learning and gradient descent method is
proposed for training the LLWNN. Simulation results for time-series
prediction problems show the effectiveness of the proposed method. The
main contributions of this paper are (1) the LLWNN providing a more
parsimonious interpolation in high-dimension spaces when modelling
samples are sparse; (2) a novel hybrid training algorithm for WNN and LLWNN
was proposed.
The paper is organized as follows. The LLWNN is introduced in Section 2. A
hybrid learning algorithm for training LLWNN is described in Section 3. The
experiments on time-series prediction problems are given in Section 4. A short
discussion is given in Section 5. Finally, concluding remarks are derived in the last
section.
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2. Local linear wavelet neural network
In terms of wavelet transformation theory, wavelets in the following form:


x  bi
C ¼ fCi ¼ jai j1=2 c
: ai ; bi 2 Rn ; i 2 Zg,
ai

(1)

x ¼ ðx1 ; x2 ; . . . ; xn Þ,
ai ¼ ðai1 ; ai2 ; . . . ; ain Þ,
bi ¼ ðbi1 ; bi2 ; . . . ; bin Þ,
are a family of functions generated from one single function cðxÞ by the operation of
dilation and translation. cðxÞ; which is localized in both the time space and the
frequency space, is called a mother wavelet and the parameters ai and bi are named
the scale and translation parameters, respectively. The x represents inputs to the
WNN model.
In the standard form of WNN, the output of a WNN is given by


M
M
X
X
x  bi
1=2
f ðxÞ ¼
oi Ci ðxÞ ¼
oi jai j
c
,
(2)
ai
i¼1
i¼1
where ci is the wavelet activation function of ith unit of the hidden layer and oi is
the weight connecting the ith unit of the hidden layer to the output layer unit. Note
that for the n-dimensional input space, the multivariate wavelet basis function can be
calculated by the tensor product of n single wavelet basis functions as follows
cðxÞ ¼

n
Y

cðxi Þ.

(3)

i¼1

Obviously, the localization of the ith units of the hidden layer is determined by the
scale parameter ai and the translation parameter bi : According to the previous
researches, the two parameters can either be predetermined based upon the wavelet
transformation theory or be determined by a training algorithm. Note that the above
WNN is a kind of basis function neural network in the sense of that the wavelets
consists of the basis functions.
Note that an intrinsic feature of the basis function networks is the localized
activation of the hidden layer units, so that the connection weights associated with
the units can be viewed as locally accurate piecewise constant models whose validity
for a given input is indicated by the activation functions. Compared to the multilayer
perceptron neural network, this local capacity provides some advantages such as the
learning efﬁciency and the structure transparency. However, the problem of basis
function networks is also led by it. Due to the crudeness of the local approximation,
a large number of basis function units have to be employed to approximate a given
system. A shortcoming of the WNN is that for higher dimensional problems many
hidden layer units are needed.
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In order to take advantage of the local capacity of the wavelet basis functions
while not having too many hidden units, here we propose an alternative type of
WNN. The architecture of the proposed LLWNN is shown in Fig. 1. Its output in
the output layer is given by
y¼

M
X

ðoi0 þ oi1 x1 þ    þ oin xn ÞCi ðxÞ

i¼1

¼

M
X

ðoi0 þ oi1 x1 þ    þ oin xn Þjai j1=2 c

i¼1



x  bi
,
ai

ð4Þ

where x ¼ ½x1 ; x2 ; . . . ; xn : Instead of the straightforward weight oi (piecewise
constant model), a linear model
vi ¼ oi0 þ oi1 x1 þ    þ oin xn

(5)

is introduced. The activities of the linear models vi ði ¼ 1; 2; . . . ; MÞ are determined
by the associated locally active wavelet functions ci ðxÞ ði ¼ 1; 2; . . . ; MÞ; thus vi is
only locally signiﬁcant. The motivations for introducing the local linear models into
a WNN are as follows: (1) local linear models have been studied in some neuro-fuzzy
systems and shown good performances [9,8]; and (2) local linear models should
provide a more parsimonious interpolation in high-dimension spaces when
modelling samples are sparse.
The scale and translation parameters and local linear model parameters are
randomly initialized at the beginning and are optimized by a hybrid learning
algorithm discussed in the following section.
y

Σ
ωM0+ωM1x1+...+ωMnxn
ω10+ω11x1+...+ω1nxn
ω20+ω21x1+...+ω2nxn
ψ1

ψ2

ψM

...

...

x1

x2

xn

Fig. 1. A local linear wavelet neural network.
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3. A hybrid learning algorithm
3.1. The basic PSO model
The PSO [14,34] conducts searches using a population of particles which
correspond to individuals in evolutionary algorithm (EA). A population of particles
is randomly generated initially. Each particle represents a potential solution and has
a position represented by a position vector zi : A swarm of particles moves through
the problem space, with the moving velocity of each particle represented by a
velocity vector vi : At each time step, a function f i representing a quality measure is
calculated by using zi as input. Each particle keeps track of its own best position,
which is associated with the best ﬁtness it has achieved so far in a vector pi :
Furthermore, the best position among all the particles obtained so far in the
population is kept track of as pg : In addition to this global version, another version
of PSO keeps track of the best position among all the topological neighbors of a
particle.
At each time step t; by using the individual best position, pi ; and the global best
position, pg ðtÞ; a new velocity for particle i is updated by [13]
vi ðt þ 1Þ ¼ wðavi ðtÞ þ c1 f1 ðpi ðtÞ  zi ðtÞÞ þ c2 f2 ðpg ðtÞ  zi ðtÞÞÞ,

(6)

where w and a are real numbers. The parameter w controls the magnitude of v;
whereas the inertia weight a weights the magnitude of the old velocity vi ðtÞ in the
calculation of the new velocity vi ðt þ 1Þ: c1 and c2 are positive constant and f1 and
f2 are uniformly distributed random number in [0,1]. Changing velocity this way
enables the particle i to search around its individual best position, pi ; and global best
position, pg : Based on the updated velocities, each particle changes its position
according to the following equation:
zi ðt þ 1Þ ¼ zi ðtÞ þ vi ðt þ 1Þ.

(7)

The parameter zi enhances searching ability by controlling the balance between local
and global exploration in the problem search space both for EA and PSO. In the
next subsection, a detailed method for improving PSO search ability with a diversity
search strategy is introduced.
3.2. ADLPSO: PSO model with adaptive diversity learning
The main motivation for improving the particles with diversity operator in search
space is that the particles in the basic PSO tend to cluster too closely. When an
optimum (local or global) is found by one particle the other particles will be drawn
towards it. If all particles end up in this optimum, they will stay at this optimum
without much chance to escape. This simply happens because of the way the basic
PSO works. If the identiﬁed optimum is only local it would be advantageous to let
some of the particles explore other areas of the search space to ﬁne turning the
solution.
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In our ADLPSO model,
using a speciﬁc probability
(
ð1  qÞbebx
pðxÞ ¼
qbebx

we tried to increase the diversity in each generation by
density function (PDF):
if xp0;

(8)

if x40;

where adjustable parameters q 2 ½0; 1 and b are used to control the range and
direction of the diversiﬁcation search. Two example graphs of the PDF are shown in
Fig. 2 (left and right). It can be seen that the smaller the b; the larger the local search
range; the larger the q; the higher the search probability in positive direction. q ¼ 0:5
means that there is same search probability in positive and in negative direction.
By solving the above PDF inversely, a random diversity search vector d ¼
½d 1 ; d 2 ; . . . ; d N ; which belongs to the proposed PDF in Eq. (8), can be obtained as
follows:


8


1
ri
>
>
ln
if 0ori p1  qi ;
>
<b
1  qi


(9)
di ¼


1
1  ri
>
>
>
ln

pr
o1
;
if
1

q
i
i
: b
qi
where ri is a random real number uniformly distributed at [0,1], qi ¼ 0:5 for our
experiments, i ¼ 1; 2; . . . ; N and N is the number of particles whose turning strategy
is following the diversity rule.
In each generation, after the ﬁtness values of all the particles are calculated, the
top 70% best-forming ones are marked and form the ﬁrst group. Another 30%
particles will enhance themselves by using diversity rule as follows:
zðt þ 1Þ ¼ zðtÞ þ dðt þ 1Þ,

0.03

(10)
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Fig. 2. A speciﬁc probability distribution function in which the shape of the function depends on the
parameters b and q: (a) The larger the b; the smaller the local search range. (b) The larger the q; the higher
the search probability in positive direction.
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where zðt þ 1Þ represents the model free parameters at generation t þ 1 and each
element of the vector dðt þ 1Þ takes the same form as shown in Eq. (9). The particles
in ﬁrst group will enhance themselves based on their own private cognition and
global social interactions with each other (this means that the global best position,
pg ; is taken from the total population), and evolve by using Eqs. (6) and (7). It should
be noted that the control parameter b in Eq. (9) is adjusted according to the search
process with iteration steps as follows:
bðt þ 1Þ ¼

ðbðtÞ  bð0ÞÞðMAXITER-iterÞ
þ bð0Þ.
MAXITER

(11)

The process is shown in Fig. 3, in which with the decrease of b in the initial stage of
the search, the local search range becomes larger quickly and then it stayed with a
ﬁxed value.
3.3. Combination of ADLPSO and gradient descent algorithms for training LLWNN
Gradient descent-based training algorithms have shown their effectiveness in
previous studies on WNN. However, problems such as local minimum, sensitivity to
initial conditions and unstable property are still remained due to the nature of the
gradient descent [36]. Evolutionary algorithms including PSO are global search
algorithms but suffer from ﬁne-tuning inefﬁciency [32].
To take advantage of gradient descent and ADLPSO methods to train the
proposed LLWNN, an alternative training method is proposed in this study.
The ADLPSO algorithm is used ﬁrst to locate a good region in the search space and
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0
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Fig. 3. The variation process of the control parameter b with maximum iteration number 2000 and
bð0Þ ¼ 0:05; bð1Þ ¼ 0:4:
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then a gradient descent search algorithm is employed to ﬁne turn the optimal
solution.
Before describing details of the algorithm for training LLWNN, the issue of
coding is presented. Coding concerns the way the weights, dilation and translation
parameters of LLWNN are represented by individuals or particles. A ﬂoat point
coding scheme is adopted here. For LLWNN coding, suppose there are M nodes in
hidden layer and n input variables, then the total number of parameters to be coded
is ð2n þ n þ 1Þ  M ¼ ð3n þ 1ÞM: The coding of a LLWNN into an individual or
particle is as follows:
ja11 b11 . . . a1n b1n o10 o11 . . . o1n ja21 b21 . . . a2n b2n o20 o21 . . . o2n j . . .
jan1 bn1 . . . ann bnn on0 on1 . . . onn j
The simple loop of the proposed training algorithm for LLWNN is as follows.
S1: Initialization. Initial population is generated randomly. The learning
parameters, such as c1 ; c2 ; bð0Þ and bð1Þ in ADLPSO, and learning rate and
momentum in BP should be assigned in advance.
S2: Parameter optimization with ADLPSO algorithm.
S3: If maximum number of generations is reached or no better parameter vector is
found for a signiﬁcantly long time (100 steps), then go to step S4; otherwise goto step
S2.
S4: Parameter optimization with gradient descent algorithm.
S5: If the satisfactory solution is found then stop; otherwise goto step S4.

4. Experiments
The developed LLWNN model is applied here in conjunction with two time-series
prediction problems: the Box–Jenkins time series and the Mackey–Glass time series.
Well-known benchmark examples are used for the sake of an easy comparison with
existing models.
In this work, the mother wavelet (Eq. (12)) is used for both experiments.


x2
cðxÞ ¼ x exp 
.
(12)
2
The objective function used is the root mean square error (RMSE),
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u N
u1 X
RMSE ¼ t
ðyi  yi2 Þ2 ,
N i¼1 1

(13)

where yi1 and yi2 denote the target output and model output, respectively.
The parameters used for both experiments in optimization of LLWNN and WNN
are listed in Table 1. In addition, all experiments were performed using an 2.0 GHz
processor with 512 MB of RAM.
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Table 1
Parameter settings
Population size
c1 and c2
a
w
bð0Þ
bð1Þ
Learning rate
Momentum term

50
2.0
0.7
0.8
0.05
0.4
0.05
0.75

4.1. Application to Box–Jenkins time series
In this section, the proposed LLWNN model is applied to the gas furnace data
(series J) prediction problem [1]. The data set was recorded from a combustion
process of a methane–air mixture. It is well known and frequently used as a
benchmark example for testing identiﬁcation and prediction algorithms. The data set
consists of 296 pairs of input–output measurements. The input uðtÞ is the gas ﬂow
into the furnace and the output yðtÞ is the CO2 concentration in outlet gas. The
sampling interval is 9 s.
Following previous researchers [16] in order to make a meaningful comparison,
the inputs of the prediction model are selected as uðt  4Þ and yðt  1Þ; and the
output is yðtÞ:
We simulated the following four cases: (1) the gradient descent algorithm was
employed to train a WNN model with network architecture {2-8-1}; (2) the proposed
hybrid learning algorithm was employed to train a WNN model with same network
architecture; (3) the gradient descent algorithm (with momentum) was employed to
train a LLWNN model with network architecture {2-8-1}; and (4) the proposed
hybrid learning algorithm was employed to train a LLWNN model with same
network architecture. For each of the cases, the data were partitioned in 200 data
points as a training set, and the remaining 92 points as a test set for testing the
performance of the evolved model. In order to remove the effects of the initial values
of free parameters on the ﬁnal results, for each of the cases, 20 experiments (runs)
were performed with randomly set initial parameters. Each of the models was trained
for 3000 epochs. Over 20 runs, the average RMSE for cases 1, 2, 3, and 4 on test data
set are 0.048, 0.042, 0.034 and 0.025, respectively. The maximum and minimum
deviations in RMSE are 0.033 and 0.014. For the best results, a comparison of
LLWNN and WNN with gradient descent algorithm and the new hybrid technique
is shown in Table 2. Table 3 shows the comparison of test results of different models
for Box–Jenkins data prediction problem. A comparison has been made to show the
actual time-series, the output of the best LLWNN model and the prediction error
using the hybrid training algorithm for training and test data sets (see Fig. 4). Testing
the methods with different number of hidden units and comparing only the best
results got in cases of LLWNN and WNN are shown in Fig. 5.
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Table 2
Comparison of LLWNN and WNN for Box–Jenkins time-series prediction
Model

Structure

Para.

Training time (s)

RMSE training

RMSE testing

WNNþgradient
WNNþhybrid
LLWNNþgradient
LLWNNþhybrid

2-8-1
2-8-1
2-8-1
2-8-1

40
40
56
56

134
107
153
125

0.08831
0.08485
0.01581
0.01095

0.09000
0.08831
0.01643
0.013784

Table 3
Comparison of test results of different models for Box–Jenkins data prediction problem
Model name

Inputs

RMSE

ARMA [1]
Tong’s model [27]
Pedrycz’s model [21]
Xu’s model [33]
Sugeno’s model [25]
Surmann’s model [26]
Lee’s model [17]
Lin’s model [18]
Nie’s model [20]
ANFIS model [10]
FuNN model [11]
HyFIS model [16]
Neural tree model [4]
WNNþgradient
WNNþhybrid
LLWNNþgradient
LLWNNþhybrid

5
2
2
2
2
2
2
5
4
2
2
2
2
2
2
2
2

0.843
0.685
0.566
0.573
0.596
0.400
0.638
0.511
0.412
0.085
0.071
0.042
0.026
0.084
0.081
0.017
0.013

It is clear that the LLWNN has more accuracy than the conventional WNN
though it holds a few more free parameters. Meanwhile, the simulation results
demonstrated that the new hybrid training algorithm is efﬁcient than the
conventional gradient learning algorithm.
4.2. Application to Mackey–Glass time-series
The chaotic Mackey–Glass differential delay equation is recognized as a
benchmark problem that has been used and reported by a number of researchers
for comparing the learning and generalization ability of different models. The
Mackey–Glass chaotic time series is generated from the following equation:
dxðtÞ
axðt  tÞ
¼
 bxðtÞ,
dt
1 þ x10 ðt  tÞ

(14)

ARTICLE IN PRESS
Y. Chen et al. / Neurocomputing 69 (2006) 449–465

Data for training

459

Data for testing
model output
target
error

1

outputs and error

0.8

0.6

0.4

0.2

0

-0.2
0

50

100

150
time

200

250

300

Fig. 4. The time series data, output of the LLWNN and the prediction error for training and test samples
using the hybrid training algorithm.
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Fig. 5. The performance of LLWNN and WNN in RMSE for training data set with different hidden
units.
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where t417; the equation shows chaotic behavior. To make the comparison with
earlier work fair, we predict the xðt þ 6Þ using the input variables xðtÞ; xðt  6Þ;
xðt  12Þ and xðt  18Þ; respectively.
We simulated the following four cases: (1) the gradient descent algorithm was
employed to train a WNN model with network architecture {4-10-1}; (2) the
proposed hybrid learning algorithm was employed to train a WNN model with same
network architecture; (3) the gradient descent algorithm (with momentum) was
employed to train a LLWNN model with network architecture {4-10-1}; and (4) the
proposed hybrid learning algorithm was employed to train a LLWNN model with
same network architecture. For each of the cases, 1000 sample points are used in our
study. The ﬁrst 500 data pairs of the series were used as training data, while the
remaining 500 were used to validate the model identiﬁed. In order to remove the
effects of the initial values of free parameters on the ﬁnal results, for each of the
cases, 20 experiments (runs) were performed with randomly set initial parameters.
Each of the models was trained for 3000 epochs. Over 20 runs, the average RMSE
for cases 1, 2, 3, and 4 on test data set are 0.0089, 0.071, 0.049 and 0.042,
respectively. The maximum and minimum deviations in RMSE are 0.0028 and 0.012.
For the best results, a comparison of LLWNN and WNN with gradient descent
algorithm and the new hybrid technique is shown in Table 4. Table 5 shows the
comparison of test results of different models for the chaotic Mackey–Glass
prediction problem. A comparison has been made to show the actual time-series, the
output of the best LLWNN model and the prediction error using the hybrid training
algorithm for training and test data sets (see Fig. 6). Testing the methods with
different number of hidden units and comparing only the best results got in cases of
LLWNN and WNN are shown in Fig. 7.
It is also clear that the LLWNN has more accuracy than the conventional WNN
though it holds a few more free parameters. Meanwhile, the simulation results
demonstrated that the new hybrid training algorithm is efﬁcient than the
conventional gradient learning algorithm.
From above simulation results, it can be seen that the proposed LLWNN model
with new hybrid technique works well for generating prediction models of time
series.

Table 4
Comparison of LLWNN and WNN for Mackey–Glass time-series prediction
Model

Structure

Para.

Training
time (s)

RMSE
training

RMSE
testing

WNNþgradient
WNNþhybrid
LLWNNþgradient
LLWNNþhybrid

4-10-1
4-10-1
4-10-1
4-10-1

90
90
110
110

168
157
123
114

0.0067
0.0056
0.0038
0.0033

0.0071
0.0059
0.0041
0.0036
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Table 5
Comparison of test results of different models for the Mackey–Glass time-series problem
Method

Prediction error (RMSE)

Auto-regressive model
Cascade correlation NN
Back-propagation NN
Sixth-order polynomial
Linear prediction method
ANFIS and fuzzy system [10]
Wang et al. [30] Product T-norm
Classical RBF (with 23 neurons) [5]
PG-RBF network [22]
Genetic algorithm and fuzzy system [15]
Neural tree [4]
WNNþgradient
WNNþhybrid
LLWNNþgradient
LLWNNþhybrid

0.19
0.06
0.02
0.04
0.55
0.007
0.0907
0.0114
0.0028
0.049
0.0069
0.0071
0.0059
0.0041
0.0036

Data for training

Data for testing

1.4
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outputs and error

1
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0.4
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0.2

error
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100

200

300

400

500
time

600
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800

900 1000

Fig. 6. The actual time series data, output of the LLWNN model and the prediction error for training and
test samples using the hybrid training algorithm.

5. Discussion
With various wavelets used as activation functions and gradient descent based
training algorithms, the success has been demonstrated by the previous studies in
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Fig. 7. The performance of LLWNN and WNN in RMSE for training data set with different hidden
units.

conventional WNN [36]. However, a large number of basis function units should be
carefully determined for a high dimensional nonlinear problem.
The proposed LLWNN experiments demonstrate that only a few of wavelet basis
functions is needed for a given approximation/prediction problem with sufﬁcient
accuracy. This is because the local linear models provide more power than a constant
weight. Moreover, the dilation and translation parameters of LLWNN are randomly
generated and optimized without predetermination.
The hybrid training algorithm of the ADLPSO and gradient descent method made
the parameter searching process more effective. Namely, the ADLPSO can quickly
and globally position the global minimum of objective function and then the
gradient descent algorithm gives accurate position of the minimum.

6. Conclusion
In this paper, a LLWNN was proposed. The characteristic of the network is that
the straightforward weight is replaced by a local linear model. The working process
of the proposed network can be viewed as to decompose the complex, nonlinear
system into a set of locally active submodels, then smoothly integrate those
submodels by their associated wavelet basis functions. One advantage of the
proposed method is that it needs only smaller wavelets for a given problem than the
common WNN. A fast and hybrid training algorithm ADLPSO is also introduced
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for training the LLWNN. Simulation results for time-series prediction problem
showed the effectiveness of the proposed approach.
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