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Face Recognition by Regularized Discriminant Analysis
Dao-Qing Dai and Pong C. Yuen

Abstract—When the feature dimension is larger than the number of
samples the small sample-size problem occurs. There is great concern
about it within the face recognition community. We point out that optimizing the Fisher index in linear discriminant analysis does not necessarily
give the best performance for a face recognition system. We propose a new
regularization scheme. The proposed method is evaluated using the Olivetti
Research Laboratory database, the Yale database, and the Feret database.
Index Terms—Face recognition, optimization, regularized discriminant
analysis (RDA), small sample-size problem.

I. I NTRODUCTION
Identification of persons with automatic computer interfaces has
aroused increasing interest in the computer science community in
recent years [2], [16], [44]. Linear discriminant analysis (LDA) [8],
[9], [30] is a well-known and popular statistical method in pattern
recognition and classification. Its basic idea is to optimize the Fisher
discriminant index F [8], [9], [30] defined by voffset="pt"
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F = max tr (W Cw W )
W
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where tr(X) is the trace of the matrix X, i.e., the sum of diagonal
elements of X. Cb is the between-class scatter matrix, and Cw is
the pooled within-class scatter matrix. The optimal Fisher transform
−1
Cb .
is determined from eigenvectors of the matrix Cw
Many algorithms based on LDA have been employed in face
recognition technology. However, it suffers from a well-known small
sample-size problem [11], [20], [24], [28], [29], [34], [36], [38],
i.e., the number of samples is small compared with the size of the
feature vector. To avoid this difficulty, techniques are employed to

reduce the dimension from d to d , where d < d, so that in Rd
the within-class scatter matrix is not singular. The FisherFace [1],
[19], the most discriminant features [32], QR-decomposition [42],
the subspace methods [31], [44] and recursive LDA [39] have been
developed.
These approaches are straightforward, but some of them suffer
from two limitations. First, the FisherFace method might fail [45].
Selections of features are important issues also [26], [37]. Second,
feature vectors in the null space of Cw can still have discriminate
power as shown in [40].
Another direction is to modify the optimization criteria. The Fisher
index is a combination of two measures Cw and Cb . We need to maxiManuscript received December 9, 2005; revised June 14, 2006. This work
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Fig. 1. Recognition rates via the parameters α, β ranging from 0.5 to 150.
Larger recognition rates are not on the α-axis (small β).

mize the between-class scatter matrix and to minimize the within-class
scatter matrix. Substitutions of these two scatters are very natural [42].
Liu et al. [23] used the total scatter matrix Ct to replace the withinclass covariance Cw . The rank of the matrix Ct is, in general, greater
than that of the matrix Cw . But it can still be singular. Hence, they
sought transform matrix W such that tr(W T Cb W ) = 0 under the
constraint tr(W T Ct W ) = 0. Solutions of this optimization problem
are not unique in general. Chen et al. [3] and Belhumeur et al. [1]
further proposed to maximize tr(W T Cb W ) in the null space of Cw .
The final transformation matrix will lead the Fisher index to be infinite.
Yu and Yang [43] pointed out that the vectors outside the null space
still have discriminative power, and therefore they proposed direct
LDA. Lu et al. [25] applied regularized LDA in the range of Cb ;
see also [40].
We find out that when small sample-size problem occurs, optimizing
the Fisher index F does not necessarily lead to the best system
performance.
In this correspondence, motivated by the above limitations we
propose to use a regularized discriminate scheme. Our contribution
consists of two parts.
1) Maximizing the Fisher index is not always good.
2) Use of regularization instead of optimizing the Fisher index.
We report the experiment results to justify the effectiveness of the
proposed algorithm in Section III.
II. R EGULARIZED D ISCRIMINANT A NALYSIS (RDA)
The regularization method was originally proposed by Tikhonov
to solve the ill-posed operator equation; its application in machine
learning is addressed in [35]. We employ the idea of regularization
[5], [25], [28] but not restrict ourselves to small perturbation. Along
this line, we propose a two-parameter regularization scheme which
will be reported in Section II-B. Moreover, from Fig. 1, we find that
when the small sample-size problem occurs, maximizing the Fisher
index does not give the best performance. Therefore, we propose a
new optimization criterion based on posterior error rate; moreover we
introduce the method of robust cross-validation (RCV) to solve the
optimal problem. Details are discussed in Section II-D.
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A. Deﬁciency of the Fisherface Method
When applying the principal component analysis (PCA) plus LDA
[1] approach the following remarks should be considered.
1) LDA can still fail even after a PCA procedure. For the PCA

, Cb , and Ct , where
projected data we get the matrix Cw



Ct = Cb + Cw is the total scatter matrix. Then, there might ex
α=
ist a direction α such that αT Ct α = αT Cb α so that αT Cw

is still singular.
0. Hence, the matrix Cw
2) The null space of the within-class scatter matrix Cw contains
discriminative information for classification. For a projection
direct β, if β T Cw β = 0 and β T Cb β = 0, obviously, the Fisher
index is maximized [40].
These are illustrated by the following calculations. Suppose that the
three scatter matrices are decomposed as

Ct = Cb + Cw
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This is achieved by first diagonalizing the matrix Ct , in its range
choosing d (d ≤ rank(Ct )) eigenvectors for projection and normalizing to the d × d identity matrix. Then, diagonalizing the re
w
w
= diag{λw
duced within-class matrix to Cw
1 , λ2 , . . . , λd }. Finally,

is the
the between-class matrix is diagonal also since Cb = Ct − Cw
difference of two diagonal matrices.
We always have the identities
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From matrix theory, {λk } depends on Cw continuously, but {vk }
is very sensitive to the variation of Cw . Therefore, we are going to
regulate the eigenvalues and propose to use a two-parameter family
regularized inverse R of Cw with parameters α, β > 0 by
g

R = R(α, β) =
k=1

1
1
vk vkT +
λk + α
β

d

vk vkT

(1)

k=g+1

where α controls the nonzero λk while β controls the zero λk .
g
The inverse of R is therefore given by R−1 = k=1 (λk +
d
T
T
α)vk vk + β k=g+1 vk vk and satisfies the following.
1) R−1 is an approximation to the matrix Cw as α and β approach zero.
2) R−1 is symmetric.
3) R−1 keeps the first g principal eigenvectors the same as those
of Cw , and they are in the same order. The last (d − g) eigenvectors are subject only to orthogonality constraints, i.e., the
corresponding eigenvalues are identical. If sufficient samples are
given, all the eigenvalues should not be equal to zero. Because
only limited samples are available, the last d − g eigenvalues
λg+1 , . . . , λd are estimated as zero.
−1
Hence, instead of seeking eigenvectors of the matrix Cw
Cb , we
solve the eigenproblem

(RCb )Wrda = Wrda Drda

(2)

where Drda = Drda (α, β) is a diagonal matrix with nonnegative
entries, Wrda = Wrda (α, β) is the regularized Fisher transform. In
[4], a one-parameter scheme with kernel is developed, as we can
see from Fig. 1 that the optimal domain cannot be described by one
parameter. In [28], a perturbation of quadratic discriminant analysis is
developed.
C. Special Model: Inﬁnity Fisher Index (Inf-F)

λbi + λw
i = 1,

i = 1, 2, . . . , d .

Without loss of generality, we suppose that
λb1 ≥ λb2 ≥ · · · ≥ λbκ > λbκ+1 = · · · = λbd = 0
for some 1 ≤ κ < d , i.e., λbi (i = 1, 2, . . . , κ) are eigenvalues corresponding to eigenvectors in the range R(Cb ). For λw
i (i = 1, 2, . . . , κ)

there is no guarantee that it is not zero except that the null space of Cw
has empty intersection with R(Cb ); hence the quotient λbi /λw
is
not
i
defined and LDA cannot be applied.
B. Estimation of Covariance Matrix
When the small sample problem occurs, the covariance matrix Cw
is singular, and it is required to provide an estimate for its inverse
[28], [34]. Suppose that we have the singular value decomposition
d
Cw = k=1 λk vk vkT , where λ1 ≥ λ2 ≥ · · · ≥ λg > λg+1 = · · · =
λd = 0 are the eigenvalues of Cw and vk (k = 1, 2, . . . , d) are the
corresponding normalized eigenvectors; g is the rank of Cw , 1 ≤ g <
d because Cw is singular. To formulate the regularization scheme, there
are two possible strategies:
1) regulate on eigenvalues {λk };
2) regulate on orientation {vk }.

From the definition of the Fisher index, one needs to find an optimal
solution W such that C T Cb W is as large as possible and meanwhile
keeps W T Cw W as small as possible. When the matrix Cw is singular
and the matrix W is sought in the null space of Cw the Fisher index
will be maximum and reach infinity. It leads to the optimization
problem
arg

max

W ∈N (Cw )

tr(W T Cb W ).

This scheme ignores the within-class variation information, and the
data tend to be oversmoothed. Moreover, it should be noted that when
the small sample-size problem occurs, Inf-F index can always be
obtained in a null-space approach. In [3], [10], and [23], this idea
was used.
D. Posterior Error Rate and the Optimal Parameters
The purpose of this section is to estimate the two parameters α and
β. We proceed in the following steps.
1) Large Fisher index does not necessarily correspond to bigger
recognition rate (Fig. 1).
2) Optimizing of the posterior error rate instead of the Fisher index.
3) Use of the RCV method to solve the optimization problem.
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In order to find out the effect of parameters α and β for recognition,
we carry out an experiment with the Olivetti Research Laboratory
(ORL) database; please refer to Section III for detailed experiment
setting. The recognition performance with different values of α and
β are recorded and plotted in Fig. 1. The gray values represent the
recognition rate of one experiment.
From Fig. 1, we first examine two special parameters, and the
corresponding recognition rates are not high.
1) Tikhonov regularization (T-Reg) [44], the parameter (α, β) is
around the origin. The regularization matrix R is
g

R = (Cw + Id×d )−1 =
k=1

1
1
u k uT
k +
λk + 


d

uk uT
k.
k=g+1

2) Pseudoinverse [33], the parameter (α, β) is on the β-axis. The
g
regularization matrix is R = k=1 (1/λk )uk uT
k . This scheme
discards completely the information in the null space of the
covariance matrix Cw , which are estimated as zero because of
insufficient data.
Moreover, it can be seen that the recognition accuracy with zero
β value [i.e., on the α-axis (small β)] does not give the best result,
and this corresponds to the Inf-F model. Fig. 1 also suggests the
following.
1) For approximately the same recognition rate, its parameter space
is not a single point; it forms a subspace. Any regularization
parameter sets in the optimal subspace are good enough for
classification.
2) Maximizing the Fisher index does not necessarily lead to better
performance. Our experiments show that the Inf-F solution
Inf-F does not have superior performance.
3) Optimal recognition rate is not on the two axes, which corresponding, respectively, the null space and range space of Cw .
Better results are obtained through nontrival parameter, that is
using feature combination both in the null space and range space.
In [40], a different combination scheme was used.
To get an alternate optimization criteria, we thus propose to use the
posterior error rate as a criterion instead. Minimizing the error rate is
equivalent to maximizing the recognition rate, which is determined by
the parameters α, β. Therefore, the recognition rate r is a function
of these parameters, r = r(α, β). In turn, the optimization problem is
formulated as follows:
[αopt , βopt ] = arg max r(α, β).
α,β

(3)

To get the optimal parameter αopt , βopt , we propose to use a method
based on cross-validation.
1) Robust Cross-Validation (RCV): The recognition rate r(α, β)
depends on the training set and the probe set also. To increase the
stability of the system, we introduce the method of RCV.
Suppose that image set ω is available; this implies that each class
has at least three images; two are used for training, the rest for probing.
Given an integer N , we choose randomly image subset ωt from ω so
that each class of images in ωt has at least two images. The set ωt
is used as the training set, and the rest ω \ ωt is the probe set. This
process is carried out N times as follows.
For fixed integers I, J, we use the grids (αi , βj ), i = 1, 2, . . . , I,
j = 1, 2, . . . , J, where I and J stand for the number of grids in
two directions to be used. For the kth experiment, the array Dk (i, j)

Fig. 2. Example images of two subjects (the first row) and the cropped images
(the second row) with the Feret database.

records the recognition rate at grid αi , βj . The pseudocode reads as
follows.
for i = 1, 2, . . . , I
for j = 1, 2, . . . , J
for k = 1, 2, . . . , N
Dk (i, j) = r(αi , βj ), for each ωt
end
end
end

The maximal [αopt , βopt ] is determined by
N

[αopt , βopt ] = arg max

Dk (i, j)/N.

i,j

k=1

The computational complexity for searching αopt and βopt is in
proportion to O(IJN d3 ), which can be further reduced by using a
coarse to fine search strategy. This work load is for the training stage.
For the recognition stage, for each probe image, it needs to carry out
a matrix to vector multiplication, which is about the same as those in
the FisherFace method.
III. E XPERIMENT R ESULTS
This section reports the evaluation results of the proposed RDA
algorithm on face recognition. Three standard publicly available databases, namely ORL, Yale, and Feret, are used for evaluation. The
ORL database contains 400 images of 40 subjects taken at ORL in
Cambridge University, U.K. The Yale face database contains 165 gray
scale images of 15 individuals. This set has considerable variations in
facial expressions and illuminations. The Feret database [27] is more
challenging. We shall use 432 front-view images of 72 subjects, each
having six images. Fig. 2 shows images of two subjects. The images
are manually aligned according to the positions of eyes and cropped
as shown on the second row of Fig. 2. By means of a low-pass filter
and row-by-row reshaping, we reduce image size as follows. The sizes
are, respectively, 644(= 23 × 28) in the ORL database and the Feret
database and 667(= 29 × 23) in the Yale database. Hence, the matrix
Cw is singular.
Our recognition rate is the rank-one rate. It is estimated by Nc /Nt ,
where Nt is the number of test images, Nc is the number of correctly
recognized test images. For multiple runs, the average rate is defined
m
by rav = k=1 rk /m, where m is the number of runs, rk is the
recognition rate of each run. The classifier we shall use is the nearest
neighbor rule.
A. Performance of RDA
We use a cross-validation method to estimate the optimal parameters
αopt , βopt with two training images for each subject. The estimated
parameters αopt and βopt will be used in the testing phase with three
to nine training images. Each test set is randomly run 50 times.
In Tables I–III, we report the rank-one recognition rates based on
our RDA algorithm on the three databases. When two images are used,
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TABLE I
RANK-ONE RECOGNITION RATES OF 50 RANDOM RUNS WITH THE ORL DATABASE

TABLE II
RANK-ONE RECOGNITION RATES OF 50 RANDOM RUNS WITH THE YALE DATABASE

TABLE III
RANK-ONE RECOGNITION RATES OF 50 RANDOM RUNS
WITH THE FERET DATABASE

Fig. 4. Recognition rates of 50 random runs with the Yale database.

Fig. 3.

Recognition rates of 50 random runs with the ORL database.

the average recognition rates are 85.75%, 78.04%, and 82.42% for the
ORL, Yale, and Feret databases, respectively. Moreover, it is found
that the recognition rates increase when the number of training images
increases.
B. Inﬁnite Fisher Index is Not Necessarily Good
Normally, the LDA-based algorithm would like to maximize the
Fisher index. When the small sample-size problem occurs, the Inf-F
index can be obtained. This intuition idea has been used in [3], [10],
and [23]. The objective of this section is to demonstrate that Inf-F is
not necessarily a good choice. In Figs. 3–5, we report the performance
comparison of RDA with that of Inf-F. All the experiments are repeated
50 times with different training image sets. The rank-one recognition
rates with two to eight training images are plotted. Although its Fisher
index is infinity, the performance of the Inf-F method is not as good
as that of the RDA method. Due to larger image variations in the
Yale and Feret database, the difference between the Inf-F and RDA
is larger than that in the ORL database. This suggests that when image
variations in a database are considerably large, the use of Inf-F is not a
good choice.

Fig. 5. Recognition rates of 50 random runs with the Feret database.

C. Comparison With Other Methods
In Tables IV and V and Fig. 6, we shall compare the performance
of the proposed system with some of the existing methods published
in the literature, including FisherFace, kernel-FisherFace, Direct LDA,
and ICA. The recognition rates are extracted from the corresponding
references directly.
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TABLE IV
COMPARISON ON THE PERFORMANCE WITH THE ORL DATABASE

Fig. 6.

TABLE V
“LEAVE-ONE-OUT” PERFORMANCE WITH THE YALE DATABASE

With the ORL database: The comparison on the ORL database is
summarized in Table IV. The selected algorithms/systems used two or
five images of one subject as training and the rest images as probe set.
The training images are different from one algorithm to another. Also,
some algorithms only reported the best result. In our RDA system, we
run the program 50 times.
The convolution neural network in [22] achieved recognition rate
96.2% for one run. Using the pseudo-2-D hidden Markov models
and discrete cosine transform (HMM+DCT) [6] the recognition rate
reached 100% for one run. The recognition rate of the DCT-based
system [14] is 91% for one run. The average recognition accuracy
for direct LDA [43] for more than ten runs is 90.8%. The uncorrelated discriminant feature [17] with one run is 97.5%. For the
radial basis function and neural network (RBF+NN) [7], the average recognition rate of six runs is 98.08%. With a fuzzy hybrid
learning algorithm [13], the neural network system reaches 99.55%
with four runs. With two training images, the uncorrelated optimal
discrimination vectors method is 81.25% and the improved LDA

Comparison of RDA with other methods on the Feret database.

(ILDA) is 87.19% for a single run; our method reaches 85.75%
for 50 random runs. The standard deviation is 1.5 and the maximum rate is 100%. For the perturbation-based quadratic discriminant
analysis its error rate is larger than 10% when five training images
are used.
With the Yale database: Table V summarizes the results on some
of the existing methods on the Yale database using the “leave-oneout” strategy. The recognition rate of the Eigenface method is 75.6%.
If the first three eigenvectors are removed, it increases to 84.7%. The
correlation method and linear subspace method are 76.1% and 79.4%,
respectively. The FisherFace method [1], [12], [41], which uses PCA
for dimension reduction and then applies LDA, is 93.7%. The kernelFisher method [41] is 93.94%. The independent component analysis
(ICA) is 70.91%, if a feature extraction process is applied the ICA’s
(ICA-FX) [21] rate increases to 96.36%. The edge map method and
the line edge map method (LEM) [12] give the recognition rate 74.94%
and 85.45%, respectively. Our system RDA is 97.6%.
With the Feret database: Fig. 6 is a comparision of RDA with
FisherFace [1], Direct LDA [43], and Huang et al.’s method [15].
The data for the last three methods are extracted from [15] directly,
where six images of 70 persons were used. When the number of
training images are 2 and 3, RDA has the best performance. The overall
performance of the four methods is comparable with four and five
images.
IV. C ONCLUSION
In this correspondence, we have proposed to use a RDA to solve the
small sample-size problem and applied it to human face recognition.
The algorithm has been evaluated using the ORL database, Yale
database, and Feret database. We use the T-Reg method to solve
the ill-posed eigenvalue problem and show that even Inf-F does not
necessarily lead to optimal system performance.
A drawback of the proposed algorithm is that the computation load
of the proposed method is higher than that of the FisherFace method
in the training stage, although sometimes offline training is allowed.
Therefore, our future direction is to reduce the number of regularized
parameters so that the computation load can be reduced.
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