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Abstract

In this paper we disprove the following conjecture due to Goemans [16] and Linial [24] (also
see [5, 26]): “Every negative type metric embeds into ¢; with constant distortion.” We show
that for every 6 > 0, and for large enough n, there is an n-point negative type metric which
requires distortion at-least (loglogn)'/%=% to embed into ¢;.

Surprisingly, our construction is inspired by the Unique Games Conjecture (UGC) of Khot
[19], establishing a previously unsuspected connection between PCPs and the theory of metric
embeddings. We first prove that the UGC implies super-constant hardness results for (non-
uniform) SPARSEST CUT and MINIMUM UNCUT problems. It is already known that the UGC
also implies an optimal hardness result for MaxiMum CuT [20]. Though these hardness results
rely on the UGC, we demonstrate, nevertheless, that the corresponding PCP reductions can be
used to comstruct “integrality gap instances” for the respective problems. Towards this, we
first construct an integrality gap instance for a natural SDP relaxation of UNIQUE GAMES.
Then, we “simulate” the PCP reduction, and “translate” the integrality gap instance of UNIQUE
GAMES to integrality gap instances for the respective cut problems! This enables us to prove
a (loglogn)'/%=? integrality gap for (non-uniform) SPARSEST CUT and MiNIMUM UNcUT, and
an optimal integrality gap for MaxiMum CuT. All our SDP solutions satisfy the so-called
“triangle inequality” constraints. This also shows, for the first time, that the triangle inequality
constraints do not add any power to the Goemans-Williamson’s SDP relaxation of MAXIMUM
Cur.

The integrality gap for SPARSEST CUT immediately implies a lower bound for embedding
negative type metrics into ¢;. It also disproves the non-uniform version of Arora, Rao and
Vazirani’s Conjecture [5], asserting that the integrality gap of the SPARSEST CuT SDP, with
triangle inequality constraints, is bounded from above by a constant.
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1 Introduction

In recent years, the theory of metric embeddings has played an increasing role in algorithm design.
Best approximation algorithms for several NP-hard problems rely on techniques (and theorems)
used to embed one metric space into another with low distortion.

Bourgain [7] showed that every n-point metric embeds into ¢; (in fact into ¢2) with distortion
O(logn). Independently, Aumann and Rabani [6] and Linial, London and Rabinovich [25] gave a
striking application of Bourgain’s Theorem: An O(logn) approximation algorithm for SPARSEST
CuT. The approximation ratio is exactly the distortion incurred in Bourgain’s Theorem. This gave
an alternate approach to the seminal work of Leighton and Rao [23], who obtained an O(logn)
approximation algorithm for SPARSEST CUT via a LP-relaxation based on muticommodity flows.
It is well-known that an f(n) factor algorithm for SPARSEST CUT can be used iteratively to design
an O(f(n)) factor algorithm for BALANCED SEPARATOR: Given a graph that has a (3, 3)-partition
cutting an « fraction of the edges, the algorithm produces a (é, %)—partition that cuts at-most
O(f(n)a) fraction of the edges. Such partitioning algorithms are very useful as sub-routines in
designing graph theoretic algorithms via the divide-and-conquer paradigm.

The results of [6, 25] are based on the metric LP relazation of SPARSEST CUT. Given an instance
G(V,E) of SPARSEST CUT, let dg be the n-point metric obtained as a solution to this LP. The
metric dg is then embedded into ¢; via Bourgain’s Theorem. Since ¢1 metrics are non-negative
linear combinations of cut metrics, an embedding into #; essentially gives the desired sparse cut
(up to an O(logn) approximation factor). Subsequent to this result, it was realized that one could
write an SDP relaxation of SPARSEST CUT, and enforce an additional condition, that the metric
dc belong to a special class of metrics, called the negative type metrics (denoted by ¢3). Clearly,
if /3 embeds into ¢; with distortion g(n), then one would get a g(n) approximation to SPARSEST
Cur.!

The results of [6, 25] led to the conjecture that £3 embeds into ¢; with distortion Cyeg, for some
absolute constant Cyee. This conjecture has been attributed to Goemans [16] and Linial [24], see
[5, 26]. This conjecture, which we will henceforth refer to as the (£3, ¢1, O(1))-Conjecture, if true,
would have had tremendous algorithmic applications (apart from being an important mathematical
result). Several problems, specifically cut problems (see [11]), can be formulated as optimization
problems over the class of 1 metrics, and optimization over ¢; is an NP-hard problem in general.
However, one can optimize over £3 metrics in polynomial time via SDPs (and ¢; C ¢%). Hence,
if 2 was embeddable into #; with constant distortion, one would get a computationally efficient
approximation to #1 metrics.

However, no better embedding of ¢3 into /1, other than Bourgain’s O(logn) embedding (that
works for all metrics), was known until recently. A breakthrough result of Arora, Rao and Vazirani
(ARV) [5] gave an O(y/logn) approximation to (uniform) SPARSEST CUT by showing that the inte-
grality gap of the SDP relaxation is O(y/logn) (see also [28] for an alternate perspective on ARV).
Subsequently, ARV techniques were used by Chawla, Gupta and Récke [9] to give an O(log3/ tn)
distortion embedding of £2 metrics into £, and hence, into ¢;. This result was further improved to
O(v/lognloglogn) by Arora, Lee, and Naor [3]. The latter paper implies, in particular, that every
n-point ¢1 metric embeds into f» with distortion O(y/lognloglogn), almost matching decades old
Q(v/Togn) lower bound due to Enflo [12]. Techniques from ARV have also been applied, to obtain

! Algorithms based on metric embeddings (typically) work for the non-uniform version of SPARSEST CuUT, which
is more general. The Leighton-Rao algorithm worked only for the uniform version.



O(y/logn) approximation to MINIMUM UNCUT and related problems [1], to VERTEX SEPARATOR
[13], and to obtain a 2 — O( \/1;@) approximation to VERTEX COVER [18]. It was conjectured in
the ARV paper, that the integrality gap of the SDP relaxation of SPARSEST CUT is bounded from
above by an absolute constant (they make this conjecture only for the uniform version, and the
(¢2,¢1,0(1))-Conjecture implies it also for the non-uniform version). Thus, if the (¢3,¢1,0(1))-
Conjecture and/or the ARV-Conjecture were true, one would potentially get a constant factor
approximation to a host of problems, and perhaps, an algorithm for VERTEX COVER with an ap-
proximation factor better than 2! Clearly, it is an important open problem to prove or disprove the
(¢2,¢1,0(1))-Conjecture and/or the ARV-Conjecture. The main result in this paper is a disproval
of the (¢%,¢1,0(1))-Conjecture and a disproval of the non-uniform version of the ARV-Conjecture,
see Conjecture 6.16.2 The disprovals follow from the construction of a super-constant integrality
gap for the non-uniform version of BALANCED SEPARATOR (which implies the same gap for the
non-uniform version of SPARSEST CUT). We also obtain integrality gap instances for MAXIMUM
Cut and MINIMUM UNcCUT. In the following sections, we describe our results in detail and present
an overview of our E% versus ¢ lower bound.

2 Our Results

2.1 The Disproval of (£3,/;,0(1))-Conjecture

We prove the following theorem which follows from the integrality gap construction for non-uniform
BALANCED SEPARATOR. See Section 6 for definitions and basic facts.

Theorem 2.1 For every § > 0 and for all sufficiently large n, there is an n-point {3 metric which
cannot be embedded into ¢, with distortion less than (loglogn)'/6=9.

Remark 2.2 One of the crucial ingredients for obtaining the lower bound of (loglogn)Y/6=9 in

Theorems 2.1 and 2.3 is Bourgain’s Junta Theorem [8]. A recent improvement of this theorem due
to Mossel et al. [27] improves both of our lower bounds to (loglogn)'/4=2,

2.2 Integrality Gap Instances for Cut Problems

SPARSEST CUT and BALANCED SEPARATOR (non-uniform versions), as well as MAxiMum CuT
and MINIMUM UNCUT are defined in Section 6.4. Natural SDP relaxations for these problems are
also described there. All the SDPs include the so-called triangle inequality constraints: For every
triple of vectors u, v, w in the SDP solution, |[u — v||?> + ||[v — w||?> > |Ju — w||?. Note that these
constraints are always satisfied by the integral solutions, i.e., +1, —1 valued solutions. We prove
the following two theorems:

Theorem 2.3 SPARSEST CUT, BALANCED SEPARATOR (non-uniform versions of both) and MIN-
IMUM UNCUT have an integrality gap of at-least (loglog n)1/6_5, where § > 0 is arbitrary. The
integrality gap holds for standard SDPs with triangle inequality constraints.

Theorem 2.4 Let agw ( ~ 0.878) be the approximation ratio obtained by Goemans- Williamson’s
algorithm for Maximum CuT [17]. For every § > 0, the Goemans-Williamson’s SDP has an
integrality gap of at-least agw + 0, even after including the triangle inequality constraints.

2We believe that even the uniform version of the ARV-Conjecture is false.



This theorem relies on a Fourier analytic result called Majority is Stablest Theorem due to Mossel
et al. [27].

We note that without the triangle inequality constraints, Feige and Schechtman [15] already
showed an agw —+ J integrality gap. One more advantage of our result is that it is an explicit
construction, where as Feige and Schechtman’s construction is randomized (they need to pick
random points on the unit sphere). Our result shows that adding the triangle inequality constraints
does not add any power to the Goemans-Williamson’s SDP. This nicely complements the result
of Khot et al. [20], where it is shown that, assuming the Unique Games Conjecture (UGC), it is
NP-hard to approximate MAXIMUM CUT within a factor better than agw + 6.

2.3 Hardness Results for SPARSEST CUT and BALANCED SEPARATOR Assuming
the UGC

Our starting point is the hardness of approximation results for cut problems assuming the UGC
(see Section 8 for the statement of the conjecture). We prove the following result:

Theorem 2.5 Assuming the UGC, SPARSEST CUT and BALANCED SEPARATOR. (non-uniform ver-
sions) are NP-hard to approximate within any constant factor.

This particular result was also proved® by Chawla et al. [10]. Similar result for MiNtMUM UNCUT
is implicit in [19], where the author formulated the UGC and proved the hardness of approximating
MIN-2SAT-DELETION. As mentioned before, Khot et al. [20] proved that the UGC implies agw + 0
hardness result for MAXIMUM CUT. As an aside, we note that the UGC also implies optimal 2 — ¢
hardness result for VERTEX COVER, as shown in [22].

Therefore, assuming the UGC, all of the above problems are NP-hard to approximate within
respective factors, and hence, the corresponding integrality gap examples must exist (unless P=NP).
In particular, if the UGC is true, then the (¢2, 1, O(1))-Conjecture is false. This is a rather peculiar
situation, because the UGC is still unproven, and may very well be false. Nevertheless, we are
able to disprove the (¢2,¢1,0(1))-Conjecture unconditionally (which may be taken as an argument
supporting the UGC). Indeed, the UGC plays a crucial role in our disproval. Let us outline the
basic approach we take. First, we build an integrality gap instance for a natural SDP relaxation
of UNIQUE GAMES (see Figure 6). Surprisingly, we are then able to translate this integrality gap
instance into an integrality gap instance of SPARSEST CUT, BALANCED SEPARATOR, MAXIMUM
Cut and MiniMmuM UNcuT. This translation mimics the PCP reduction from the UGC to these
problems (note that the same reduction also proves hardness results assuming the UGC)! We believe
that this novel approach will have several applications in the future. Already, inspired by our work,
Khot and Naor [21] have proved several non-embeddability results (e.g. Edit Distance into ¢;), and
Arora et al. [2] have constructed integrality gap instances for the MAXQP problem.

2.4 Integrality Gap Instance for the UNIQUE GAMES SDP Relaxation

As mentioned above, we construct an integrality gap instance for a natural SDP relaxation of
UNIQUE GAMES (see Figure 6). Here, we choose to provide an informal description of this con-
struction (the reader should be able to understand this construction without even looking at the
SDP formulation).

3We would like to stress that our work was completely independent, and no part of our work was influenced by
their paper.



Theorem 2.6 (Informal statement) Let N be an integer and n > 0 be a parameter (think of N
as large and n as very tiny). There is a graph G(V, E) of size 2V /N with the following properties:
Every vertex w € V is assigned a set of unit vectors B(u) := {uy, ..., un} that form an orthonormal
basis for the space RN . Further,

1. For every edge e = (u,v) € E, the set of vectors B(u) and B(v) are almost the same upto
some small perturbation. To be precise, there is a permutation w. : [N] — [N], such that
V1I<i<N, (Ur@),vi) >1—n. In other words, for every edge (u,v) € E, the basis B(u)
moves “smoothly/continuously” to the basis B(v).

2. For any labeling A : V — [N], i.e., assignment of an integer A\(u) € [N] to every u € V,
for at-least 1 — 55 fraction of the edges e = (u,v) € E, we have m¢(A(u)) # A(v). In other
words, no matter how we choose to assign a vector uy(,) € B(u) for every vertex u € V, the
movement from Uy, to Ve, is “discontinuous” for almost all edges (u, v) € E.

3. All vectors in Uycy B(u) have co-ordinates in the set {TIN’ J—%}, and hence, any three of them
satisfy the triangle inequality constraint.

The construction is rather non-intuitive: One can walk on the graph G by changing the ba-
sis B(u) continuously, but as soon as one picks a representative vector for each basis, the motion
becomes discontinuous almost everywhere! Of course, one can pick these representatives in a contin-
uous fashion for any small enough local sub-graph of G, but there is no way to pick representatives
in a global fashion. This construction eventually leads us to a 3 metric which, roughly speaking,
is locally ¢1-embeddable, but globally, it requires super-constant distortion to embed into ¢; (such
local versus global phenomenon has also been observed by Arora et al. [4]).

3 Difficulty in Proving /3 vs. /; Lower Bound

In this section, we describe the difficulties in constructing ¢3 metrics that do not embed well into
£1. This might partly explain why one needs an unusual construction as the one in this paper. Our
discussion here is informal, without precise statements or claims.

Difficulty in constructing /3 metrics: To the best of our knowledge, no natural families of £3
metrics are known other than the Hamming metric on {—1,1}*. The Hamming metric is an £,
metric, and hence, not useful for the purposes of obtaining ¢; lower bounds. Certain £3 metrics can
be constructed via Fourier analysis, and one can also construct some by solving SDPs explicitly.
The former approach has a drawback that metrics obtained via Fourier methods typically embed
into ¢1 isometrically. The latter approach has limited scope, since one can only hope to solve SDPs
of moderate size. Feige and Schechtman [15] show that selecting an appropriate number of points
from the unit sphere gives a K% metric. However, in this case, most pairs of points have distance
(1) and hence, the metric is likely to be ¢;-embeddable with low distortion.

Difficulty in proving /; lower bounds: To the best of our knowledge, there is no standard
technique to prove a lower bound for embedding a metric into ¢;. The only interesting (super-
constant) lower bound that we know is due to [6, 25], where it is shown that the shortest path
metric on a constant degree expander requires §2(logn) distortion to embed into ¢;.

General theorems regarding group norms: A group norm is a distance function d(-,-) on a
group (G, o), such that d(z,y) depends only on the group difference zoy~!. Using Fourier methods,



it is possible to construct group norms that are ¢3 metrics. However, it is known that any group
norm on R¥  or on any group of characteristic 2, is isometrically ¢1-embeddable (see [11]). It is also
known (among the experts in this area) that such a result holds for every abelian group. Therefore,
any approach, just via group norms would be unlikely to succeed, as long as the underlying group
is abelian. (But, only in the abelian case, the Fourier methods work well.)

The best known lower bounds for the £3 versus ¢; question were due to Vempala (%0 for a metric
obtained by a computer search), and Goemans (1.024 for a metric based on the Leech Lattice),
see [30]. Thus, it appeared that an entirely new approach was needed to resolve the (¢2,¢1,0(1))-
Conjecture. In this paper, we present an approach based on tools from complexity theory, namely,
the UGC, PCPs, and Fourier analysis of boolean functions. Interestingly, Fourier analysis is used
both to construct the £3 metric, as well as, to prove the ¢1 lower bound.

4 Overview of Our /3 vs. {; Lower Bound

In this section, we present a high level idea of our £3 versus £; lower bound (see Theorem 2.1).
Given the construction of Theorem 2.6, it is fairly straight-forward to describe the candidate ¢3
metric: Let G(V, E) be the graph, and B(u) be the orthonormal basis for RV for every u € V, as
in Theorem 2.6. Fix s = 4. For u € V and x = (21,...,zy) € {—1,1}", define the vector Vausx
as follows:

N
1
Vu,s,x = 7]\[ E SUZ'I_IZ@QS (1)
Y =1

Note that since B(u) = {uy,...,uy} is an orthonormal basis for RY, every V,, s« is a unit vector.
Fix t to be a large odd integer, for instance 2240 4+ 1, and consider the set of unit vectors S =
{Vfﬁfg,x | u € V, x € {~1,1}"}. Using, essentially, the fact that the vectors in U,cy B(u) are a
good solution to the SDP relaxation of UNIQUE GAMES, we are able to show that every triple of
vectors in S satisfy the triangle inequality constraint and, hence, S defines a £2 metric. One can
also directly show that this £3 metric does not embed into £, with distortion less than (log N )1/6=9,

However, we choose to present our construction in a different and a quite indirect way. The
(lengthy) presentation goes through the Unique Games Conjecture, and the PCP reduction from
UNIQUE GAMES integrality gap instance to BALANCED SEPARATOR. Hopefully, our presentation
will bring out the intuition as to why and how we came up with the above set of vectors, which
happened to define a £3 metric. At the end, the reader will recognize that the idea of taking all
+/— linear combinations of vectors in B(u) (as in Equation (1)) is directly inspired by the PCP
reduction. Also, the proof of the ¢; lower bound will be hidden inside the soundness analysis of
the PCP!

The overall construction can be divided into three steps:
1. A PCP reduction from UNIQUE GAMES to BALANCED SEPARATOR.
2. Constructing an integrality gap instance for a natural SDP relaxation of UNIQUE GAMES.

3. Combining these two to construct an integrality gap instance of BALANCED SEPARATOR.
This also gives a £3 metric that needs (loglog n)1/6=9 distortion to embed into /1.



We present an overview of each of these steps in three separate sections. Before we do that, let
us summarize the precise notion of an integrality gap instance of BALANCED SEPARATOR. To keep
things simple in this exposition, we will pretend as if our construction works for the uniform version
of BALANCED SEPARATOR as well. (Actually, it doesn’t. We have to work with the non-uniform
version and it complicates things a little.)

4.1 SDP Relaxation of BALANCED SEPARATOR

Given a graph G'(V', E’), BALANCED SEPARATOR asks for a (%, %)—partition of V' that cuts as few
edges as possible. (However, the algorithm is allowed to output a roughly balanced partition, say

(4, 2)-partition.) Following is an SDP relaxation of BALANCED SEPARATOR:

L 1 1 )
Minimize vl e/:{%eg i = vil (2)

Subject to
VieV [vil* =1 3)
Vi, j e V' lvi = vl + [lv; = vill* > [lvi = vi]? (4)
Dicillvi=vil? = [V']? (5)

Figure 1: SDP relaxation of the uniform version of BALANCED SEPARATOR

Note that a {+1, —1}-valued solution represents a true partition, and hence, this is an SDP
relaxation. Constraint (4) is the triangle inequality constraint and Constraint (5) stipulates that
the partition be balanced. The notion of integrality gap is summarized in the following definition:

Definition 4.1 An integrality gap instance of BALANCED SEPARATOR is a graph G'(V', E’) and
an assignment of unit vectors i — v; to its vertices such that:

e FEvery almost balanced partition (say (%, %)-partitian; the choice is arbitrary) of V' cuts at-
least « fraction of edges.

o The set of vectors {v;| i € V'} satisfy (3)-(5), and the SDP objective value in Equation (2)
18 at-most 7.

The integrality gap is defined to be a/~y. (Thus, we desire that v < «.)

The next three sections describe the three steps involved in constructing an integrality gap
instance of BALANCED SEPARATOR. Once that is done, it follows from a folk-lore result that the
resulting £3 metric (defined by vectors {v;| i € V'}) requires distortion at-least (/) to embed
into #1. This would prove Theorem 2.1 with an appropriate choice of parameters.

4.2 The PCP Reduction from UNIQUE GAMES to BALANCED SEPARATOR

An instance U(G(V, E), [N],{me}ecr) of UNIQUE GAMES consists of a graph G(V, E) and permu-
tations 7, : [N] — [N] for every edge e = (u,v) € E. The goal is to find a labeling A : V — [N] that



satisfies as many edges as possible. An edge e = (u,v) is satisfied if 7w (A(u)) = A(v). Let OPT(U)
denote the maximum fraction of edges satisfied by any labeling.

UGC (Informal Statement): It is NP-hard to decide whether an instance U of UNIQUE GAMES
has OPT(U) > 1 —n (YES instance) or OPT(U) < ¢ (NO instance), where n,{ > 0 can be made
arbitrarily small by choosing N to be a sufficiently large constant.

It is possible to construct an instance of BALANCED SEPARATOR GL(V',E’) from an instance
UGV, E),[N],{me}ecr) of UNIQUE GAMES. We describe only the high level idea here. The
construction is parameterized by € > 0. The graph G~ has a block of 2V vertices for every u € V.
This block contains one vertex for every point in the boolean hypercube {—1,1}". Denote the set
of these vertices by V'[u]. More precisely,

V'u] = {(u,x) | x € {1, 1}N}.

We let V' := Uyev V'[u]. For every edge e = (u,v) € E, the graph G has edges between the blocks
V'[u] and V’[v]. These edges are supposed to capture the constraint that the labels of u and v
are consistent (i.e. me(A(u)) = A(v)). Roughly speaking, a vertex (u,x) € V'[u] is connected to a
vertex (v,y) € V'[v] if and only if, after identifying the co-ordinates in [N] via the permutation .,
the Hamming distance between the bit-strings x and y is at-most e N.

This reduction has the following two properties:
Theorem 4.2 (PCP reduction: Informal statement)

1. (Completeness/YES case): If OPT(U) > 1 —n, then the graph G. has a (3, 3)-partition that
cuts at-most n + € fraction of its edges.

2. (Soundness/NO Case): If OPT(U) < 2-OW/")  then every (1, 2)-partition of G cuts at-least
VE fraction of its edges.

Remark 4.3 We were imprecise on two counts: (1) The soundness property holds only for those
partitions that partition a constant fraction of the blocks V'[u] in a roughly balanced way. We call
such partitions piecewise balanced. This is where the issue of uniform versus non-uniform version
of BALANCED SEPARATOR arises. (2) For the soundness property, we can only claim that every
piecewise balanced partition cuts at least €' fraction of edges, where any t > % can be chosen in

advance. Instead, we write \/e for the simplicity of notation.

4.3 Integrality Gap Instance for the UNIQUE GAMES SDP Relaxation

This has already been described in Theorem 2.6. The graph G(V, E) therein along with the ortho-
normal basis B(u), for every u € V, can be used to construct an instance U(G(V, E), [N],{me}ecE) of
UNIQUE GAMES. For every edge e = (u,v) € F, we have an (unambiguously defined) permutation
e : [N] = [N], where (u, ¢y, vi) >1—mn, forall1<i<N.

Theorem 2.6 implies that OPT(U) < 3. On the other hand, the fact that for every edge e =
(u,v), the bases B(u) and B(v) are very close to each other means that the SDP objective value for I/

is at-least 1—7. (Formally, the SDP objective value is defined to be E._(, ,)ep [% Zfil (Wr, () vz>} )

Thus, we have a concrete instance of UNIQUE GAMES with optimum at most ﬁ = o(1), and
which has an SDP solution with objective value at-least 1 — n. This is what an integrality gap
example means: The SDP solution cheats in an unfair way!
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4.4 Integrality Gap Instance for the BALANCED SEPARATOR SDP Relaxation

Now we combine the two modules described above. We take the instance U(G(V, E), [N], {7c}ecE)
as above, and run the PCP reduction on it. This gives us an instance G'(V’, E’) of BALANCED
SEPARATOR. We show that this is an integrality gap instance in the sense of Defintion 4.1.

Since U is a NO instance of UNIQUE GAMES (i.e. OPT(U) = o(1)), Theorem 4.2 implies that
every (piecewise) balanced partition of G’ must cut at-least /¢ fraction of the edges. We need to
have 1/N7 < 2-0(1/=%) for this to hold.

On the other hand, we can construct an SDP solution for the BALANCED SEPARATOR instance
which has an objective value of at-most O(n + €). Note that a typical vertex of G’ is (u,x), where
u eV and x € {—1,1}". To this vertex, we attach the unit vector V%,  (for s = 4,¢ = 2240 4 1),
where

XN
Visx i= —— z;ud?,
T R 2
i=1

It can be shown that the set of vectors {V$% | u € V, x € {—1,1}"V} satisfy the triangle
inequality constraint, and hence, defines a Eg metric. Vectors Vfﬁ’;x and Vfi;_x are antipodes of
each other, and hence, the SDP Constraint (5) is also satisfied. Finally, we show that the SDP
objective value (Expression (2)) is O(n + ¢). It suffices to show that for every edge ((u,x), (v,y))
in G'(V', E"), we have

(VEL L VEL ) > 1—0(st(n+e)).

u757x’ U787y

This holds because, whenever ((u,x), (v,y)) is an edge of G, we have (after identifying the indices
via the permutation 7. : [N] — [N]): (a) (ur,(;), Vi) > 1—mn, forall 1 <i < N. (b) The Hamming
distance between x and y is at-most eN.

4.5 Quantitative Parameters

It follows from above discussion (see also Definition 4.1) that the integrality gap for BALANCED SEP-
ARATOR is (1/,/2) provided that n ~ ¢, and N > 200/>) . We can choose  ~ ¢ ~ (log N)~/3.
Since the size of the graph G’ is at-most n = 22V, we see that the integrality gap is ~ (loglog n)l/G
as desired.

4.6 Proving the Triangle Inequality

As mentioned above, one can show that the set of vectors {V{% | u € V, x € {—1,1}"} satisfy
the triangle inequality constraints. This is the most technical part of the paper, but we would
like to stress that this is where the “magic” happens. In our construction, all vectors in Uyecy B(u)
happen to be points of the hypercube {—1,1}"V (upto a normalizing factor of 1/v/N), and therefore,
they define an ¢; metric. The apparently outlandish operation of taking their +/— combinations

combined with tensoring, miraculously leads to a metric that is (¢ and) non-¢;-embeddable.

5 Organization of the Main Body of the Paper

In Sections 6.1 and 6.2 we recall important definitions and results about metric spaces. Section
6.4 defines the cut optimization problems we will be concerned about: SPARSEST CUT, BALANCED
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SEPARATOR, MAXIMUM CUT and MINIMUM UNCUT. We also give their SDP relaxations for which
we will construct integrality gap instances. Section 6.5 presents useful tools from Fourier analysis.

In Section 7, we present our overall strategy for disproving the (£3, /1, O(1))-Conjecture. We give a
disproval of the (£3, ¢1,O(1))-Conjecture assuming an appropriate integrality gap construction for
BALANCED SEPARATOR.

Section 8 presents the UGC of Khot [19]. We also present a natural SDP relaxation of UNIQUE
GAMES in this section. In Section 9 we present the integrality gap instance for the SDP relaxation
of UNIQUE GAMES. We then abstract out the key properties of the instance in Sections 9.3 and
9.3.1.

We build on the UNIQUE GAMES integrality gap instance in Section 9 to obtain the integrality gap
instances for BALANCED SEPARATOR, MAXIMUM CUT and MINIMUM UNCUT. These are presented
in Section 10. This section has two parts: In the first part (Section 10.1), we present the graphs,
and in the second part (Section 10.2), we present the corresponding SDP solutions. We establish
the soundness of the instances in Section 11 by presenting the corresponding PCP reductions.

Section 10.4 is the most technical part of the paper and this is where we establish that the SDP
solutions we construct satisfy the triangle inequality constraint.

6 Preliminaries

6.1 Metric Spaces
Definition 6.1 (X, d) is a metric space, or d is a metric on X if:
1. Forallz € X, d(z,x) =0.
2. For allx,y € X,z #y d(z,y) > 0.
3. For all z,y € X, d(x,y) = d(y, x).
4. Forallx,y,z € X, d(x,y) + d(y, z) > d(z, 2).

(X,d) is said to be a finite metric space if X is finite. (X,d) is called a semi-metric space if one
allows d(z,y) = 0 even when x # y.

Definition 6.2 (X;,dy) embeds with distortion at-most I into (Xo,ds) if there exists a map ¢ :
X1 +— Xy such that for all xz,y € X

d1($7y) < d2(¢(x)7¢(y)) <TI. dl(xvy)'

If T'=1, then (X1,d1) is said to isometrically embed in (Xs,ds2).
The metrics we would be concerned with in this paper are:

1. £, metrics: For X C R™, for some m > 1, and x,y € X, {,(x,y) = (O |z —yi]p)l/p.
Here, p > 1, and the metric {o(x,y) = max]", |x; — vy;|.
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2. Cut (semi-)metrics: A cut metric dg on a set X, defined by the set S C X is:

1 if {x,y}nsS|=1
0 otherwise

os(x,y) = {

The cut-cone (denoted CUT),,) is the cone generated by cut metrics on an n-point set X.
Formally,

CUT,, = {Z Agds i Ag >0 forall S C X} .
S

To avoid referring to the dimension, denote CUT:= U,,CUT,,.

3. Negative type metrics: A metric space (X, d) is said to be of negative type if (X, v/d) embeds
isometrically into f5. Formally, there is an integer m and a vector v, € R™ for every x € X,
such that d(z,y) = ||[vs — v,||>. Equivalently, for a set of vectors vi,...,v, € R™, d(i,j) :=
|v; — v;||* defines a negative type metric provided that for every triple v;, v;, vk, the angle
between the vectors v; — v; and vi — v; is at-most 7/2. The class of all negative type
metrics is denoted by 3. A metric d on {1,...,n} is of negative type if and only if the
matrix Q, defined as Q[i,j] := 3 (d(i,n) +d(j,n) — d(i,j)), is positive semi-definite. One
can optimize (any linear function) over the class of negative type metrics efficiently via semi-
definite programming. In particular, one can efficiently calculate the best distortion needed
to embed a given metric into £3.

6.2 Facts about Metric Spaces
Fact 6.3 [11] Any finite metric space isometrically embeds into {o.

Fact 6.4 [11] (X,d) is {1 embeddable if and only if d € CUT.
Fact 6.5 [11] Every {1 metric is of negative type (i.e. {1 C (3).

Theorem 6.6 (Bourgain’s Embedding Theorem [7]) Any n-point metric space embeds into
€1 with distortion at-most Cylogn, for some absolute constant Ch,.

Fact 6.7 [6, 25] There is an n-point metric, any embedding of which into {1, requires Q(logn)
distortion.

6.3 The (¢3,¢;,0(1))-Conjecture

Conjecture 6.8 ((£3,/1,0(1))-Conjecture, [16, 24]) Every negative type metric can be embed-
ded into £1 with distortion at-most Cyeg, for some absolute constant Cpeg > 1.

6.4 Cut Problems and their SDP Relaxations

In this section, we define the cut problems that we study in the paper and present their SDP
relaxations. All graphs are complete undirected graphs with non-negative weights or demands
associated to its edges. For a graph G = (V,E), and S C V, let E(S,S) denote the set of edges
with one endpoint in S and other in S. A cut (S, S) is called non-trivial if S # () and S # ().
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Remark 6.9 The versions of SPARSEST CUT and BALANCED SEPARATOR that we define below
are non-uniform versions with demands. The uniform version has all demands equal to 1 (i.e. unit
demand for every pair of vertices).

6.4.1 The Sparsest Cut Problem

Definition 6.10 (SPARSEST CuT) For a graph G = (V, E) with a weight wt(e), and a demand
dem(e) associated to each edge e € E, the goal is to optimize

_ een(ss) Whe)
min
Q)#SQV ZeEE(S,g) dem(e)

It follows from Fact 6.4 that the objective function above is the same as

min Ze:{q;,y}eE Wt(e)d(l‘? y)
d is £1 embeddable Ze:{r,y}eE dem(e)d(x7 y) .

Denote this minimum for {G,wt,dem} by 11 (G). Consider the following two quantities associated
to {G,wt,dem}:

Ze:{x,y}EE Wt (e)d(l’, y)

= min and
d is o embeddable 3¢, v dem(e)d(z,y)’

Yoo (G) :

(@) = min | Zestemer™EHAT.Y)
neg T dis negative type Ze:{x,y}eE dem(e)d(x’ y) .

Facts 6.5 and 6.3 imply that 11(G) > Yneg(G) > 9¥oo(G). In addition, Bourgain’s Embedding
Theorem (Theorem 6.6) can be used to show that 11 (G) < O(logn) - Yoo (G), where n := |V|. Fact
6.7 implies that this factor of O(logn) is tight upto a constant.

It is also the case that ¢neg(G) is efficiently computable using the semi-definite program (SDP)
of Figure 2. Let the vertex set be V = {1,2,...,n}. For a metric d on V, let Q := Q(d) be the
matrix whose (i, j)-th entry is Q[i, j] := 3 (d(i,n) + d(j,n) — d(i,)) .

Minimize Z wt(e)d(s, j) (6)

e={i,j}

Subject to

Vi,jev d(i,j) = 0 (7)
Vi,jeV d(i, j) = d(j, ) (8)
VijkeV d(i,j) +d(j, k) > d(i, k) 9)
5oy dem(e)d(i, j) = 1 (10)
Q(d) is positive semidefinite (11)

Figure 2: SDP relaxation of SPARSEST CUT
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Fact 6.11 Suppose that every n-point negative type metric embeds into {1 with distortion f(n).
Then, Y1(G) < f(n) - Yneg(G), and SPARSEST CUT can be approzimated within factor f(n). In
particular, if the (€3,01,0(1))-Conjecture (Conjecture 6.8) is true, then there is a constant factor
approrimation algorithm for SPARSEST CUT.

6.4.2 The Balanced Separator Problem

Definition 6.12 (BALANCED SEPARATOR) For a graph G = (V, E) with a weight wt(e), and a
demand dem(e) associated to each edge e € E, let D := )" _pdem(e) be the total demand. Let a
balance parameter B be given where D/4 < B < D/2. The goal is to find a non-trivial cut (S, S)
that minimizes

subject to

The cuts that satisfy ZeeE(S 3) dem(e) > B are called B-balanced cuts.

Figure 3 is an SDP relaxation of BALANCED SEPARATOR with parameter B.

Minimize ie:%;y} wt(e)||[ve — vy|? (12)
Subject to
Ve eV [ve)? =1 (13)
Va,y 2 €V [va = vyl* + vy = v2 | > [lve — v (14)
I X em(ayy dem(e)|[ve —vy|> > B (15)

Figure 3: SDP relaxation of BALANCED SEPARATOR

We need the following two (folk-lore) results stating that one can find a balanced partition in a
graph by iteratively finding (approximate) sparsest cut in the graph.

Theorem 6.13 Suppose x — v is a solution for SDP of Figure 8 with objective value
1
1 > wt(e)|ve — vyl <e.
e={z,y}

Assume that the negative type metric defined by the vectors {Vme € V} embeds into {1 with
distortion f(n) (n=1|V|]). Then, there exists a B'-balanced cut (S,S), B' > B/3 such that

ST wi(e) < O(f(n) <)

e€E(S,S)
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Lemma 6.14 If there is factor f(n) approzimation for SPARSEST CUT, then there is a O(f(n))
pseudo-approximation to BALANCED SEPARATOR. To be precise, given a BALANCED SEPARATOR
instance which has a D/2-balanced partition (D is the total demand) that cuts edges with weight c,
the algorithm finds a D /6-balanced partition that cuts edges with weight at-most O(f(n) - «).
6.4.3 The ARV-Conjecture

Conjecture 6.15 (Uniform Version) The integrality gap of the SDP of Figure 1 is O(1).
Conjecture 6.16 (Non-Uniform Version) The integrality gap of the SDP of Figure 3 is O(1).
Fact 6.17 The ({3, (1,0(1))-Conjecture implies the non-uniform ARV-Conjecture (Conjecture 6.16).

In this paper, we disprove the (£3, 1, O(1))-Conjecture by disproving the non-uniform ARV-Conjecture.

6.4.4 The Maximum Cut Problem

Definition 6.18 (MaxiMuM CuT) For a graph G = (V, E) with a weight wt(e) associated to each
edge e € E, the goal is to optimize
ZeeE(sE) wt(e)
max
0SSV Y eep Wh(e)

Without loss of generality we may assume that ) ., wt(e) = 1. Figure 4 is a semi-definite relax-
ation of MAXIMUM CUT.

. 1
Maximize 1 Z wt(e)||[ve — vy? (16)
e={z,y}
Subject to
VeeV ve]|? =1 (17)
Va,y,2€V Ve —vyl? + vy = v2[? > [lve — v (18)

Figure 4: SDP for MAaxiMmumMm CuT

Goemans and Williamson [17] gave agw (= 0.878) approximation algorithm for MaxiMum CUT.
They showed that every SDP solution with objective value ~spp can be rounded to a cut in the
graph that cuts edges with weight > agw - vspp- We note here that their rounding procedure does
not make use of the triangle inequality constraints.

6.4.5 The Minimum Uncut Problem

Definition 6.19 (MiNniMUuM UNCUT) Given a graph G = (V, E) with a weight wt(e) associated to
each edge e € E, the goal is to optimize

. 2eeB(s,9)UES,S) Whe)
min
0£SCV > ecr Wh(e)
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o 1
Minimize 1-— 1 Z wt(e)||ve — vyl? (19)
e_{x’y}
Subject to
Ve eV [ve]? =1 (20)
Va,yz €V |ve = vyl +lvy = val® = [lva = v2| (21)

Figure 5: SDP relaxation of MINIMUM UNCUT

Without loss of generality we may assume that ) ., wt(e) = 1. Figure 5 is a semi-definite relax-
ation of MINIMUM UNcCUT. This is similar to that for MaxiMmum CUT.

Goemans and Williamson [17] showed that every SDP solution for MINIMUM UNCUT with objective
value Gspp can be rounded to a cut in the graph, such that the weight of edges left uncut is at-
most O(y/Bspp). We note again that their rounding procedure does not make use of the triangle
inequality constraints.

6.5 Fourier Analysis

Consider the real vector space of all functions f : {—1,1}" — R, where addition of two functions is
defined as pointwise addition. For f, g : {—1,1}" — R, define the following inner product: (f,g)2 :=
27" Y xefo1,13m f(x)g(x).* For a set S C [n], define the Fourier character xs(x) := [[;cqxi- It is
well-known (and easy to prove) that the set of all Fourier characters form an orthonormal basis
with respect to the above inner product. Hence, every function f : {—1,1}" — R has a (unique)
representation as f = > sCn fgxg, where the Fourier coefficient fg := (f,xs)2.

Fact 6.20 (Parseval’s Identity) For any f:{—1,1}" — {-1,1}, ng[n] fg, =1.

Definition 6.21 (Long Code) The Long Code over a domain [N] is indexed by all inputs x €
{=1,13N. The Long Code f of an element j € [N] is defined as f(x) := Xy (%) = x4, for all
x=(r1,...,2n) € {-1,1}V.

Thus, a Long Code is simply a boolean function that is a dictatorship, i.e., it depends only on one
co-ordinate. In particular, if f is the Long Code of j € [N], then f;; = 1 and all other Fourier
coefficients are zero.

Definition 6.22 For p € (—1,1),
So(f) =Y [l

SC[n]

4Notice that this inner product is the same as the standard inner product of truth-tables of f and g upto the
normalizing factor of 1/2™.
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Theorem 6.23 (Majority Is Stablest [27]) For every p € (—1,0] and € > 0, there is a small
enough ¢ := (g, p) > 0, and a large enough k := k(e, p), such that, for any f: {—1,1}" — [-1,1],
z'fInf?k(f) < for all1 <i<n, then

2
S,(f) >1— —arccosp —e.
™

<k
Here, Inf7" (f) := > g.ie5,5/<k f2.

1/p
For f: {~1,1}" = R, and p > 1, let ||l i= (3 Sueqorp FGOP) -

Definition 6.24 (Hyper-contractive Operator) For each p € [—1,1], the Bonami-Beckner op-
erator T, is a linear operator that maps the space of functions {—1,1}" — R into itself via

Tplf] = Z P‘SIfSX&

SCln]
Fact 6.25 For a boolean function f:{—1,1}" +— {—1,1}, and p € [0, 1],
IT/5lF1113 = Sp(f)-
Theorem 6.26 (Bonami-Beckner Inequality [29]) Let f: {—1,1}" — R and1 < p < q. Then
1Tl < 171l

forall 0<p< (%)1/2.

Theorem 6.27 (Bourgain’s Junta Theorem [8]) Fiz any 5 < t < 1. Then, there exists a
constant ¢ > 0, such that, for all integers k, for all v > 0 and for all boolean functions f :

{-1,1}" — {-1,1},

Iy fE<cak™ then S <yt

S |S|>k S ¢ | fs|<ya—h?

6.6 Standard Inequalities

The following are some standard inequalities which will be used in the soundness analysis of the
PCPs without any explicit referencing. We state them here for completeness.

Fact 6.28 Let X be a random variable such that Pr[0 < X <1] =1, and 0 < ¢ < 1. If E[X] > 0,
then Pr[X > 0/2] > §/2.

Fact 6.29 (Markov’s Inequality) Let X be a non-negative random variable. For any t > 0,
Pr(X > < BXL

Fact 6.30 (Jensen’s Inequality) For a random variable X, E[X?] > (E[X])2.
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7 Overall Strategy for Disproving the (¢3,/;,0(1))-Conjecture

We describe the high-level approach to our disproval of the (¢2,¢1,0(1))-Conjecture in this section.
We construct an integrality gap instance of non-uniform BALANCED SEPARATOR to disprove the
non-uniform ARV-Conjecture, and that suffices to disprove the (¢3,¢1,0(1))-Conjecture using the
(folk-lore) Fact 6.17. The instance has two parts: (1) The graph and (2) The SDP solution. The
graph construction is described in Section 10.1, while the SDP solution appears in Section 10.2.

We construct a complete weighted graph G(V, wt), with vertex set V' and weight wt(e) on edge
e, and with ) wt(e) = 1. The vertex set is partitioned into sets Vi, V5, ..., V;, each of size |V|/r
(think of r ~ \/]V]).

A cut A in the graph is viewed as a function A : V +— {—1,1}. We are interested in cuts that
cut many sets V; in a somewhat balanced way.

Definition 7.1 For 0<60 <1, a cut A is called 0-piecewise balanced if

EiER[r][ ’ Ezepvi [A(7)] ’ } <.

We also assign a unit vector to every vertex in the graph. Let v, denote the vector assigned
to vertex x. Our construction of the graph G(V,wt) and the vector assignment x — v, can be
summarized as follows:

Theorem 7.2 Fiz any % <t < 1. For every sufficiently small e > 0, there ezists a graph G(V, wt),
with a partition V = U_,V;, and a vector assignment x +— v, for every x € V, such that

1. V] < 2200,

2. Every %—pz’ecewise balanced cut A must cut €' fraction of edges, i.e., for any such cut

Z wt(e) > .

e€E(A,A)

3. The unit vectors {v, | = € V} define a negative type metric, i.e., the following triangle
inequality is satisfied:

Va,y,z €V, [ve = vyl® + vy = val® > lve — v .

4. For each part V;, the vectors {v, | © € V;} are well-separated, i.e.,

1

§Efc,y€RVi [Hvx - VyHQ] =1

5. The vector assignment gives a low SDP objective value, i.e.,

1
i > wt(e)llve —vyl> < e
e={z,y}

Theorem 7.3 The (¢3,¢1,0(1))-Conjecture is false. In fact, for every § > 0, for all sufficiently
large n, there are m-point negative type metrics that require distortion at-least (loglog n)l/ﬁ_‘S to
embed into V1.
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Proof: Suppose that the negative type metric defined by vectors {vz| * € V} in Theorem 7.2
embeds into ¢ with distortion I'. We will show that I' = Q ( = t) using Theorem 6.13.

Construct an instance of BALANCED SEPARATOR as follows. The graph G(V,wt) is as in
Theorem 7.2. The demands dem(e) depend on the partition V' = U]_,V;. We let dem(e) =1 if e
has both endpoints in the same part V; for some 1 < ¢ < r, and dem(e) = 0 otherwise. Clearly,
D:=3_dem(e) =71 ('VQVT).

Now, z — v, is an assignment of unit vectors that satisfy the triangle inequality constraints.
This will be a solution to the SDP of Figure 3. Property (4) of Theorem 7.2 guarantees that

Z dem(e)||v, — v,||* = 1 <|V2’/T>.2:D/2: B
e={z,y}

Thus, the SDP solution is D/2-balanced and its objective value is at-most €. Using Theorem 6.13,
we get a B'-balanced cut (A4, A), B’ > D/6 such that > een(aa Wt(e) <O(T -¢).

Claim: The cut (A, A) must be a 2-piecewise balanced cut.

Proof of Claim: Let p; := Prycy,[A(z) = 1]. The total demand cut by (4, A) is equal to
> pi(1—pi)|Vi]®. This is at-least B’ > D/6 since (A, A) is B’-balanced. Hence

szl—pz ez g (V).

Thus, Y, pi(1 — pi) > {5. By Cauchy-Schwartz,

T

Eicalr [ ‘ ExeRw[A(ﬂf)]H = %Z [1-2p;| < %Z(l —2p)t= |1 sz ) < \/g < %
=1

=1

Hence, (A, A) must be a 3-piecewise balanced cut.

However, Property (2) of Theorem 7.2 says that such a cut must cut at-least e’ fraction of
edges. This implies that ' = Q(sl—l,t) The theorem follows by noting that ¢ > % is arbitrary and

3
n:= V| < 2270/ .

8 The Unique Games Conjecture (UGC)

In this section, we present the UGC due to Khot [19]. We also present the SDP relaxation of UNIQUE
GAMES considered by Khot in [19] in Section 8.3. This SDP was inspired by a paper of Feige and
Lovasz [14]. We start by defining UNIQUE GAMES and presenting some notations.

8.1 UNIQUE GAMES

Definition 8.1 (UNIQUE GAMES) An instance U (G(V, E), [N],{me}ecr, wt) of UNIQUE GAMES
is defined as follows: G = (V, E) is a a graph with a set of vertices V' and a set of edges E, with
possibly parallel edges. An edge e whose endpoints are v and w is written as e{v,w}. For every
e € E, there is a bijection m. : [N] — [N], and a weight wt(e) € RT. For an edge e{v,w}, we think
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v

of T as a pair of permutations {7V, 7%}, where T = (7¥)7L. 7¥ is a mapping that takes a label

of vertex w to a label of vertex v. The goal is to assign one label to every vertex of the graph from
the set [N]. The labeling is supposed to satisfy the constraints given by bijective maps .. A labeling
A V i [N] satisfies an edge e{v,w}, if Av) = 7¥(Mw)). Define the indicator function I*(e),
which is 1 if e is satisfied by A and 0 otherwise. The optimum OPT(U) of the UNIQUE GAMES
instance is defined to be

m&xZwt(e) - I(e).

eck
Without loss of generality, we assume that ) .pwt(e) = 1.
Conjecture 8.2 (UGC [19]) For every pair of constants n,( > 0, there exists a sufficiently large

constant N := N(n,(), such that it is NP-hard to decide whether a UNIQUE GAMES instance
U(G(V,E),[N],{me}ecr, wt), has OPT(U) > 1 —mn, or OPT(U) < (.

8.2 Notations

The following notations will be used throughout the paper.

1. Since the graph can have parallel edges, we denote an edge e with end-points {v,w} by
e{v,w}.

2. For an edge e{v,w}, 7¥ takes a label assigned to w to a label for v, and 7% := (7¥)~!. We
will often use m. when we do not want to refer to either 77 or 7%°.

3. We always assume (without loss of generality) that » ., wt(e) = 1. This is to be thought of
as a probability distribution over the edges of the graph.

4. I'(v) will denote the set of edges adjacent to a vertex v.

5. py = %Eeef(v) wt(e). Since ) .5 wt(e) = 1, this defines a probability distribution on the
vertices of the graph.

wt(e)
2pv

6. For a vertex v and e € T'(v), let U, (e) := . This defines a probability distribution on the

edges adjacent to v.
7. With the above notation, the following two sampling procedures are equivalent:

e Pick an edge e{v, w} with probability wt(e).
e Pick a vertex v with probability p, and then pick an edge e € I'(v) with probability
U, (e).

8.3 SDP Relaxation for UNIQUE GAMES

Consider a UNIQUE GAMES instance U = (G(V, E), [N], {7 }eer, wt) . Khot [19] proposed the SDP
in Figure 6. Here, for every u € V, we associate a set of N orthogonal vectors {uj,...,uy}. The
intention is that if ig € [N] is a label for vertex u € V, then w;, = VN1, and u; = 0 for all
1 # ig. Here, 1 is some fixed unit vector and 0 is the zero-vector. However, once we take the SDP
relaxation, this may no longer be true and {uj, us,...,uy} could be any set of orthogonal vectors.
In fact, in our construction, they will form an orthonormal basis of R .
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Mz

1
Maximize Z N ( Ureu (), Vi ) (22)

e{uv}elE i=1
Subject to
VueV (u,u)+--+ (uy,uy) =N (23)
YVueV V i#j (uj,u;) =0 (24)
VuveV V ij (ug,vj) >0 (25)
YuveV ZlSiJSN (us,vj) =N (26)

Figure 6: SDP for UNIQUE GAMES

Theorem 8.3 (Khot [19]) If the SDP in Figure 6 has a solution with objective value 1 — 9§, then
that solution can be rounded to get a labeling that satisfies edges with weight 1—O <N2(51/5\ / log(%)>.

9 Integrality Gap Instance for the SDP of UNIQUE GAMES

In this section, we construct an integrality gap instance for the SDP in Figure 6. To be precise,
for parameters N and 7, we will construct an instance U (G(V, E), [N],{mc}ecr, wt) of UNIQUE
GAMES such that (a) OPT () < w5 and (b) There is an SDP solution with objective value at-least
1 — 7. This construction will be later used to construct integrality gap instances for cut problems.

Let F denote the family of all boolean functions on {—1,1}*. For f,g € F, define the product
fgas (fg)(x) = f(x)g(x). Consider the equivalence relation = on F defined as f = g if and only if
there is a S C [k], such that f = gxs. This relation partitions F into equivalence classes Py, ..., Pp.
We denote by [P;], the function f; € P; which is the smallest among all functions in P; with respect

0 <. Thus, by definition,
Pi={[Pilxs | S C [k]}.

It follows from the orthogonality of the characters {xs}sc[x], that all the functions in any partition
are also orthogonal. Further, for a function f € F, let P(f) denote the P; in which f belongs.

For p > 0, let f €, F denote a random boolean function on {—1,1}* where for every x €
{—1,1}*, independently, f(x) = 1 with probability 1—p, and —1 with probability p. For a parameter
n > 0 and boolean functions f,g € F, let wt,({f,g}) denote the following:

ty({f,9}) = Prpc 7 ue,7 [(f=F ANg=Fuw)V(g=Ff nf=Ffw)].

First, notice that this probability does not change if we interchange the roles of f and ¢g. Further,
for any S C [k], wt,({f, g}) = wt,({fxs. 9xs})-

We are now ready to define the UNIQUE GAMES instance for which we will establish the integral-
ity gap. Fix n > 0. First, we define the graph G = (V, E). The set of vertices is V := {P1,..., Pn}.
For every f,g € F, there is an edge in FE between the vertices P(f) and 77( ) with weight
wt,({f,9}). The set of labels for the UNIQUE GAMES instance will be 2!* := {S : S C [k]},
i.e., the set of labels [N] is identified with the set 2[¥ (and thus, N = 2%). ThlS identification will
be used for the rest of the paper. The bijection 7., for the edge e{f, g} corresponding to the pair
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of functions f and g can now be defined: If f = [P(f)]xs and g = [P(g)]xr, for some S,T C [k],
then
PUINT AU):=SAU, YUCIk.

(f)

Here, A is the symmetric difference operator on sets. Note that 7723 . 2l 2K is a permutation

on the set of allowed labels.

Remark 9.1 [t is readily verified (for the graph defined above) that for a vertex v € V, the quantity

1
poi=5 Z wty(e),
e€l'(v)
is independent of v. The weight function wt, should be thought of as a probability distribution on
the edges, while the function p, should be thought of as the probability distribution on the vertices,
induced by wt,,.

9.1 Soundness: No Good Labeling

We show that any labeling to the UNIQUE GAMES instance described above achieves an objective
of at-most ﬁ Consider a labeling R : {P1,Pa,..., Py} — 2Kl which assigns to each P;, a subset
of [k]. We extend this labeling (denote this extended labeling by R) to all g € F as follows: For
g = [P(9)]xr, define R(g) := R(P(g9)) A T. We claim that the objective of the UNIQUE GAMES
instance for this labeling is exactly equal to the following probability:

Pric,r ue,7 [R(f) =R(fw)]. (27)
The reason is this: Let e{f,g} be an edge of the UNIQUE GAMES instance with f = [P(f)]xs,
g =[P(9)]xt, and g = fu. Then

=TI (R(P(g))) = R(P(f)) R(P(9))AT = R(P(f))AS

<~
— Rg) =R(f) < R(fm) =R(f)
Thus, the labeling R satisfies the edge e{f, g} if and only if R(f) = R(fu). Hence, the objective
of the UNIQUE GAMES instance (i.e. total weight of its edges satisfied) equals (27).

We will upper-bound this probability using the Bonami-Beckner Inequality. For a set S C [k],
let R(f) be the indicator function, which is 1 if R(f) = S, and 0 otherwise. Clearly, for any
extended labeling R, and any S C [k], Efe,7[R°(f)] = +-

Pric.r pe,7 [R(f) = R(fp) = 8] = Efepr, e, 7 [R°(F)R®(fu)] .

Via the Fourier expansion of the function R : {—1, 1} — {0, 1}, we get that the above expectation
is
N2 2 9 1 1
Z (Rg) (1- 277)‘04 - HT\/IJW[RS]H = HRSH2—2 =—7 = 1+n°
2 Ui Nia N1+n
aC[N]

Here, the second last inequality uses the Bonami-Beckner Inequality (see Theorem 6.26). Hence,
by a union bound over the sets S C [k], it follows that

Pryer pe,r (RO = RUW) < o

This proof, using the Bonami-Beckner Inequality, was suggested by Ryan O’Donnell.
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9.2 Completeness: A Good SDP Solution

Let N := 2% and F be the set of functions f : {—1,1}* — {—1,1} as before. For f € F, let uy;
denote the unit vector (with respect to the £ norm) corresponding to the truth-table of f. Formally,

indexing the vector uy with coordinates x € {—1,1}*, (uy)x = I

x = UN"
Recall that in the SDP relaxation of UNIQUE GAMES, for every vertex in V, we need to assign

a set of orthogonal vectors. Let f = [P;] be the representative boolean function for the vertex P;.

With P;, we associate the set of vectors {u?}?s }Sc[k} . The following facts are easily verified.

2 2 2
L. ng[k] <u?XS,u;€?XS> = ng[k] (Upyg,upyg)” = N.

2 2
2. For S #T C [k], <u§?§s,u;‘?§T> = (Ufyg, Upyp) = (Uyg, Uy )" =0.

3. For f,g € F and S,T C [k], <u?§s,u§®§T> = <quS,ung>2 >0.

4. For f € P;, g € P for i # j,

2 2 2
Z <u§?xs’u;®XZT> = Z (Upys, Ugyr)” = Z [ugy, " = N.
TC[k]

S, TC[k]| S, TC[k]|

Here, the second last equality follows from the fact that, for any f € F, {uyy}scpy forms
an orthonormal basis for RV,

Hence, all the conditions of the SDP for UNIQUE (GAMES are satisfied. Next, we show that this
vector assignment has an objective at-least 1 —97. Notice that most of the weight is concentrated on
edges corresponding to pairs of boolean functions f, g which differ at at-most 2n fraction of points.
More formally, it follows from a Chernoff type bound that for any f € F, Prye, rldist(f, fu) >
2nN] < (0.9)"V. Here, dist(f,g) is defined as the number of points where f and g differ. Hence,

for N > Q (% log %) , this probability is at-most 7. Further, if dist(f, g) < 2nN, (us,uy) > 1 —4n.

Hence, <u;€?2, u5®2> > (1 —4m)? > (1 — 8n). This implies that the objective of this SDP solution is

at-least (1 —n)(1 —8n) >1—9n.

9.3 Abstracting the UNIQUE GAMES Integrality Gap Instance

Letting n = 2V, the following theorem summarizes our integrality gap example for the SDP of
UNIQUE GAMES.

c 1
Theorem 9.2 There is a constant ¢ > 0, such that for any 0 < n < 1/2, for all n > 27110g77,
there is a UNIQUE GAMES instance Uy, (G(V, E), [N],{Tc}ecE, Wt) satisfying properties in Fig. 7.
Moreover, this instance has an SDP solution as described in Theorem 9.35.
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’ Property ‘

Vertex Set V' V| =n/logn
Label Set [N] | [NV] is identified with 2. Here N = 2% n = 2N,
Optimum OPT(U,)< log™"n
| Prob. distr. |
Edge Weights wt: E—RT, Y _wtle) =1
I'(v) Set of edges adjacent to v
P vEV Po = 5 Doeer(o) WEE) = 7
Uy(le),veV \I/U(e):%(f)

Figure 7: Abstracting the UNIQUE GAMES Instance

9.3.1 Abstracting the SDP solution

In this section, we summarize the key properties of the SDP solution presented in Section 9.2. For
every vertex v € V of the UNIQUE GAMES instance of Theorem 9.2, there is an associated set of
vectors: {vgs}gcpy- For instance, if the vertex v corresponds to the partition P;, and f = [P;] is the
representative, then we define vg := uy, . The set of vectors for vertices v, w, ... will be denoted
by their boldface counterparts {vs}scii, {Wr}rc, - - - respectively.

Theorem 9.3 For every v € V of the UNIQUE GAMES instance of Theorem 9.2, there is a set of
vectors {Vs}sciy which satisfy the following properties:

1. Orthonormal Basis
The set of vectors {vs}sciy forms an orthonormal basis for the space R2", Hence, for any

k
vector w € R?" | ||w]|? = > SCik] (w,vg)2.

2. Triangle Inequality
For any u,v,w € V, and any S,T,U C [k], 1 + (us, vr) > (us, wy) + (vr, wy).

3. Matching Property
For any v,w € ‘/v and T17T27S - [k]) <VT17WT2> = <VT1AS7WT2AS>'

4. Closeness Property
For e{v,w} picked with probability wt(e), with probability at-least 1 —n), there are sets S, S" C
[k] such that (vg,wgr) > 1 — 4n. Moreover, if me is the bijection corresponding to this edge,
then w2(S'AU) = SAU for all U C [k].

5. Negative type property of the average
For v,w € V, and an integer t > 0, consider the distance function

&t

1 1
dy (v, w) = _ ®t
(v, w) H\/Nscg[klvs Wii g W

Then, for all u,v,w €V,
de(u,v) + di(v,w) > di(u, w).
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Hence, dy defines a negative type semi-metric (actually, {1 metric, as we will see). These
vectors will be useful in the construction of the integrality gap instance for MAXIMUM CUT.

Proof:

1. Notice that for any f € F, the set of vectors {uy4}scr forms an orthonormal basis for the

k
space R?".

2. Notice that for any f,g,h € F, 1+ (uy,up) > (us,u,) + (uy, u). This is because the set of
vectors {uy}fer are (normalized) truth-tables of {—1,1}-valued functions.

3. Notice that for any f,g € F, and T1,T5, S C [k],

<quT1 ) ngT2> = <quT1AS7 u9XT2AS>'

4. For any f € F and p €, F, let g := fu. Then, for N > ) <%log%> , (ug,ug) > 1 —4n with
probability at-least 1 — 7.

5. See the discussion after Theorem 9.4.

Theorem 9.4 [11, Theorem 8.2.5] Let (G,o,id) be an abelian group of characteristic 2, i.e.,
gog=1id for all g € G. Let d(g,h) be a distance function® on G such that d(g,h) depends only on
goh. Then, d is of negative type if and only if it is £1-embeddable.

We view F = {—1,1}"V as a group (denoted G) with the multiplicative operator o being the
point-wise multiplication between the boolean functions. The identity element id is the boolean
function which is 1 at all points. The set H := {XS}Sg[k-] forms a normal sub-group of G. The
group and the distance we apply Theorem 9.4 on will be G/H and dy(-,-) respectively. It is easy to
check that d; is well defined. Further, G, and hence, H, has characteristic 2. We need to show that
for f,g € G, diy(fH,gH) depends only on fg. Since both \/% Esg[k} u%’is and \;—N Equ} usl are
unit vectors, it is sufficient to show that their inner product depends only on fg.

1 1 1 ¢
<\/N u?;s’\/iﬁ Z u?}?T> - N Z <qusvngT>

SCIk] TClH S.TCIH
t
1 f(x)g(x)xsar(x)
RPNt

1 (F9)X)xsar®) )’
_ N <Z NSAT )
S.TCk]

X

Hence, Theorem 9.4 implies that d; is ¢1-embaddable, and hence, defines a negative type metric.

®In general, a distance function may not satisfy the triangle inequality.
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10 Integrality Gap Instances for Cut Problems

In this section, we describe the integrality gap instances for BALANCED SEPARATOR, MAXIMUM
Cut and MINIMUM UNcUT, along with their SDP solutions. These are constructed from the
integrality gap instance of UNIQUE GAMES, and its SDP solution (abstracted out in Section 9.3).
Each construction essentially mimics the PCP reduction from UNIQUE GAMES to the respective
cut problem. These PCP reductions (in particular, the PCP soundness analysis that we need) are
presented separately in Section 11.

10.1 The Graphs

The starting point of all the constructions is the (NO) instance of UNIQUE GAMES described
in Theorem 9.2. We recall the following notations which will be needed. For a permutation
7 : [N] — [N] and a vector x € {—1,1}", the vector x o 7 is defined to be the vector with its j-th

entry as (X o m)j := Xq(j). For £ > 0, the notation x €. {—1,1}" means that the vector x is a

®))
random {—1,1}" vector, with each of its bits independently set to —1 with probability ¢, and set
to 1 with probability 1 — . In this section we will also be using the notations from Section 8.2.

10.1.1 BALANCED SEPARATOR

This instance has a parameter ¢ > 0 and we refer to it as Z53(V*, E*). We start with the UNIQUE
GAMES instance U, (G(V, E), [N], {7 }ecr, wt) of Theorem 9.2. In ZB5, each vertex v € V is
replaced by a block of vertices denoted by V*[v]. This block consists of vertices (v,x) for each
x € {—1,1}". Thus, the set of vertices for the BALANCED SEPARATOR instance is

V i={(v,x) |veV, xe{-1,1}"} and V* = Upev V*[v].

The edges in the BALANCED SEPARATOR instance are defined as follows: For e{v, w} € E, there is
an edge e* in ZBS between (v,x) and (w,y), with weight

wtps(e) := wt(e) - Prx,el/z{_m}N [(x=x)A(y=xpor)].
“ei{flvl}N

Notice that the size of ZBS is |V*| = |V|- 2N =n/logn -n = n?/logn.

Theorem 10.1 For everyt € (%, 1), there exists a constant ¢; > 0 such that the following holds: Let
e > 0 be sufficiently small and let Uy, (G(V, E), [N],{7c}ecE, Wt) be an instance of UNIQUE GAMES
with OPT(U,) < 2-0(1/€*) " Let TBS be the corresponding instance of BALANCED SEPARATOR as

defined above. Let V* = U,ey V*[v] be the partition of its vertices as above. Then, any %—piecewz’se
balanced cut (A, A) in IBS (in the sense of Definition 7.1) satisfies

Z wtgs(e*) > ciel.

e*€E*(A,A)

This theorem is a direct corollary of Theorem 11.2. See Section 11.1 for more details.
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10.1.2 MaximMuMm Cut

This instance has a parameter p € (—1,0) and we refer to it as IS/'C(V*,E*). We start with the
UNIQUE GAMES instance U, (G(V, E), [N],{me}ecr, wt) of Theorem 9.2. In I}';/'C, each vertex in
v € V is replaced by a block of vertices (v, x), where x varies over {—1,1}"V. For every pair of edges
e{v,w},e{v,w'} € E, there is an edge €* in IpMC between (w,x) and (w’,y), with weight

wtmc(e) == (wt(e)¥,(e)) - Prxlel/z{_l’l}w (x=x'oal)A(y=x'pory)].

#ELE—p{—l,I}N
Notice that the size of IpMC is n2/logn.

Theorem 10.2 For any constants p € (—1,0) and A > 0, there is a constant c¢(p, ) such that
the following holds: Let Uy, (G(V,E),[N],{me}ecr, wt) be an instance of UNIQUE GAMES with
OPT(Uy) < c(p,N). Let Ig"c be the corresponding instance of MAXIMUM CUT as defined above.
Then, any cut (A, A) in IS"C satisfies

1
Z wtmc(e*) < —arccos p + .
T
e*€E*(A,A)

This theorem essentially follows from the results of [20] and [27]. See Section 11.2 for more details.

10.1.3 MiniMmuM UNcUT

This instance has a parameter £ € (0,1) and we refer to it as ZMYC(V*, E*). This is the same as
IME .. More precisely, we start with the UNIQUE GAMES instance U, (G(V, E), [N], {mc}ccE, wt)
of Theorem 9.2. In ZMYC  each vertex in v € V is replaced by a block of vertices (v,x), where x
varies over {—1,1}". For every pair of edges e{v,w},e{v,w'} € E, there is an edge ¢* in ZMYC
between (w,x) and (w',y), with weight

wtpmuc(e) == (wt(e) W, () - Prxlel/Q{il’l}N [(x=x'oal)A(y=x'pory)].
ue1-{-1,1}N

Notice that the size of ZMUC is n?/log n.

Theorem 10.3 For every t € (%, 1), there exists a constant ¢; > 0 such that the following holds:
Let ¢ > 0 be sufficiently small and let U, (G(V, E),[N],{mc}tecr, wt) be an instance of UNIQUE
GAMEs with OPT (U,) < 2-00/2*) " Let TMYC pe an instance of MINIMUM UNCUT as defined above.
Then, every cut in IE_I:\/IUC has weight at most 1 — c;et. In other words, every set of edges, removing
which leaves I, ;V'UC bipartite, is of weight at-least ciet.

This theorem is a direct corollary of Theorem 11.8, which is implicit in [19]. See Section 11.3 for
more details.
10.2 SDP Solutions

Now we describe the SDP solutions for the BALANCED SEPARATOR, MAXIMUM CUT, and MINIMUM
UNcuUT instances in Theorems 10.1, 10.2, and 10.3 respectively. Recall that [N] is identified with
2lkl. Thus, x € {—1,1}" can be interpreted as a {+1, —1}-assignment to sets 7' C [k].
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Definition 10.4 For x € {—1,1}", and T C [k], let x(T) denote the j** co-ordinate of x where
J € [N] is the index identified with the set T

Definition 10.5 For x € {—1,1}", and a bijection 7 : 28 — 28 x o 7 is defined as
(xom)(T) = x(n(T)).

Notice that this definition is slightly abused: Previously, for x € {—1,1}, and 7 : [N] — [N], xo7
was defined to be the vector whose j-th co-ordinate is x.(;). Upto the identification of j € [N] and
T C [k], this is consistent, and it will be clear from the context which definition we are referring to.

We start with the SDP solution of Theorem 9.3. Consider the following unit vectors, one for every
pair (v,x), where v € V and x € {—1,1}" (note that V is the set of vertices of the UNIQUE G AMES
instance of Theorem 9.2). Also, s is a positive integer (to be taken to be 4 in the rest of the paper).

1
Vs = —— > x(T)v§>. (28)
\/N TClk]
Further, for v € V, and an integer ¢ > 0, consider the vector
— 1
Vo= — Y vil. (29)
VN TClk|

These vectors will be used as SDP solutions later on. In this section, we prove some of their generic
properties.

Fact 10.6 For every v € V, x € {—1,1}" and every integer s > 0, || Vysx|| = 1. Further, for all
integers t > 0, [V = 1.

Lemma 10.7 (Well Separated Lemma) For any integer s > 0, and any odd integer t > 0,

1 2
§EXE1/2{—171}N7 y€io{-L1} [vai,x o Vf?,l;,y | ] =1

Lemma 10.8 Let 0 < n < 1/2, and assume that for u,v € V and S, S’ C [k], (ug,ve/) =1 —n.
Let 7 : 2IF — 20 be defined as m(S'AU) := SAU, ¥ U C [k]. Then

e Lower Bound: (1 —7)?(1 — 2rdist(xom,y)) — (27)° < (Vusx, Vusy)-
e Upper Bound: (V,sx, Vusy) < (1 —n)%(1 — 2rdist(xom,y)) + (2n)°.
Here, rdist(x,y) denotes the fraction of points where x and'y differ.

Corollary 10.9 Let 0 <n < 1/2, and assume that for u,v € V and S, S’ C [k], (ug,vg) =1—n.
Then -
(L= = (20)"7? < (Vup, Vor) < (1—n)" + (2p)"2.

Theorem 10.10 For s = 4 and t = 2% + 1, the set of vectors {VEi xtoevixe(—1,135 give rise to
a negative-type metric.

Theorem 10.11 For s = 4 and t = 2", the set of vectors {Vysx @ Vo byevxe(-1,1}8 give rise
to a negative-type metric.

We differ the extremely technical proofs of these two theorems to Section 10.4.
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10.2.1 Solution for the SDP of 755

Now we present an SDP solution for ZBS(V*, E*, wtgs) that satisfies Properties (3), (4) and (5) of
Theorem 7.2. This suffices to prove Theorem 7.3. For (v,x) € V*, we associate the vector V?’ix,
where ¢t = 2240 4+ 1. Property (3) follows from Theorem 10.10, while Property (4) follows from
Lemma 10.7. Property (5) follows from the following theorem.

Theorem 10.12 Ze*:{(%x)’(w’y)}eE* ths(e*)Hfoix — Vg’t47y]\2 < O(n+e).
Proof: It is sufficient to prove that for an edge e{v,w} € E picked with probability wt(e) (from

the UNIQUE GAMES instance Uy), x €1/ {—1,1}", and p €. {—1,1}7,

Ee{v,w} Exel/g{—l,l}N <V§fl,x7 V%f4,xp,o7rg> >1- O(t(n + 5))
peA-1,1}N

Since e{v,w} is a random edge of U, we know from the Closeness Property of Theorem 9.3, that
w.h.p., there are S, 5" C [k] such that (vg,wg/) > 1—0(n). Moreover, 7¥(S’AU) = SAU, YU C [k].
Further, using Chernoff Bounds, we see that except with probability e, rdist(x,xp) < 2¢. Thus,
using the lower bound estimate from Lemma 10.8, we get that

(Ve VE pors ) 2 1= Olt(n +©)).
This completes the proof. _

~1/3

Using Theorem 10.12 along with Theorem 10.1, for the choices ¢ = (loglogn) , n = 0(e), one

gets the following theorem (note that OPT(U,) < log™"n).

Theorem 10.13 Non-uniform versions of SPARSEST CUT and BALANCED SEPARATOR have an
integrality gap of at-least (loglog n)l/G*‘S, where & > 0 is arbitrary. The integrality gaps hold for
standard SDPs with triangle inequality constraints.

10.2.2 Solution for the SDP of Ig"c

Now we present an SDP solution for Ig/'c(V*, E*,wtyc) with an objective of at-least % —0(n).

For (w,x) € V*, we associate the vector V, 4 x ®Vw,t. The following theorem shows that this SDP

. M . 1=
solution to 7 C has an objective at-least 152 — O(n).

Theorem 10.14
1 * X7 X7 2 1- P
- Z WtMC(e )HVwA,x & Vw,t - Vw’,4,y & Vw’,t” > T - 0(77)
e*={(w,x),(w',y)}eE*

L arccos p+A f

As a corollary to Theorem 10.2 and Theorem 10.14, we obtain an integrality gap of *—; ow or
Te-

MaxiMuM Cut. Choosing the “critical” choice of p, and letting A\,n — 0, we get the following
theorem.
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Theorem 10.15 Let agw (=~ 0.878) be the approximation ratio obtained by Goemans- Williamson’s
algorithm for MAXIMUM CUT. For every § > 0, the Goemans- Williamson’s SDP has an integrality
gap of at-least agw + 6, even after including the triangle inequality constraints.

Proof: [of Theorem 10.14] It is sufficient to prove that for an edge e{v,w} € E picked with
probability wt(e), ¢’{v,w’} € T'(v) picked with probability ¥,(e'), x €5 {—1, 13V, and p €1,
2

{_17 1}Na

Ee{v,w},e’{v,w’} E Xel/g{—].,l}N <Vw,4,xo7rg ® VU}J’ Vw’,4,xp,o7rg, ® lezt> S p + 0(77)
[J,Elpr{—l,l}N

Notice that
<Vu;,4,xo7rg X Vw,ta Vw’,4,xuo7rg, & Vw’,t> = <Vw,4,xo7rg ) Vw’,4,x,u,o7rz,> <Vw,ta Vw’,t> .

Since e{v,w} and €{v,w’} are random (but not independent) edges of U,, we know from the
Closeness Property, that w.h.p., there are S,T,T" C [k] such that

(vs,wr) > 1—O(y), w2(TAU) = SAU, ¥ U C [K

(vs, W) >1—0(n), 7o(T'AU) = SAU, VU C [k].

This implies (via the triangle inequality) that (wrp,w’,) > 1 — O(n). Further, using Chernoff
Bounds, we see that w.h.p., we have I_Tp —n < rdist(x, xp) < 1_Tp + n. Now we use the estimate
from Lemma 10.8 for (Vi 4xony, Vs a,xpory,) and for (Vi ¢, V). The former dot-product is
p £ O(n) and the latter is 1 — O(n). ’ =

10.2.3 Solution for the SDP of ZMU¢

Now we present an SDP solution for ZMYC(V*, E* wtyuyc) with an objective of at-most O(n + ¢).

Set t = 2240 1. For (w,x) € V*, we associate the vector Vf;)il,x. The triangle inequality follows

from Theorem 10.10. The following theorem shows that the SDP solution to ZMYC has a small
objective.

Theorem 10.16

1
1— 1 Z WtMUC(e*)\|V§f4,x - V§f74,y\\2 <O(n+e).
e*={(wx),(w"y)}EE*

The proof of this theorem is similar to the one for MAxiMuM CUT.
Using Theorem 10.16 along with Theorem 10.3, for the choices n = O(e) and € = (loglogn)~1/3,

one gets the following theorem (note that OPT(U,)) < log™"n).

Theorem 10.17 MINIMUM UNCUT has an integrality gap of at-least (loglog n)l/ﬁ_‘;, where § > 0
is arbitrary. The integrality gap holds for the standard SDP with the triangle inequality constraints.
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10.3 Proofs of Basic Properties of the SDP Solutions

Proof: [of Lemma 10.7]

1
2 XY[”V?EX_V(@t,yH] = EXQ’[ <V?ngvgg,y>}
t
1 s
= 1By |5 X x@y(T)vs ve)’
S, TC[k]
= 1.

The last equality follows from the fact that the contribution of (x,y) to the expectation is cancelled
by that of (x, —y). .

Proof: [of Lemma 10.8]

1
<Vu,s,xyvv,s,y> = N X uTaVT’>28
T,17'Clk]
1
= ¥ Z x(S ATy (S AT usar, vear )
T,17'Clk]

We first show that in the above summation, terms with 7' = 7" dominate the summation. Since
(ug,vg) = 1—n, the Matching Property implies that for all T' C [k], (usaT, Vsrar) = 1—n. Further,
since the vectors {vzs}pcpy form an orthonormal basis for RV, 2ric (Usar, Vs ar)? = 1.
Hence,
Y. (usar,vear)® < (1-(1-n)?%)°" < (@2n-27°)° = (2n)*.
T'Clk],T'#£T

Now, <Vu757x,Vv,57y> is at-least

1
~ Z (S AT)y(S" AT)(usar, vear)™ — N > (usar vear)®,
T,T'Clk]
TAT
and at-most
1 / 2s 1 2s
N > x(SAT)y(S' AT){ugar, vear)™ + N > (usar, vear)
=0 T
TAT

The first term in both these expressions is

= Z (SAT)y(S'AT)(1 — 2n)% = (1 — 2rdist(x o 7,y))(1 — 2n)%
TC[Ic]

The second term is bounded by (21)® as seen above. This completes the proof of the lemma. n
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10.4 Proving the Triangle Inequality

In this section, we prove Theorem 10.10 and Theorem 10.11. Unfortunately, the proof relies on
heavy case-analysis and is not very illuminating.

10.4.1 Main Lemma

Lemma 10.18 Let {w;}N |, {vi}¥,,{w;}¥, be three sets of unit vectors in RN, such that the
vectors in each set are mutually orthogonal. Assume that any three of these vectors satisfy the
triangle inequality. Assume, moreover, that

(ur,vy) = (ug,vy) =--- = (un,vn), (30)
A= (ul,w1> = <UQ,W2> == <uN,wN) Z 0, (31)
V1<i,7 <N, |[(u,w;)| <A, (32)
1—n:=(vi,w1) = (vo,ws) =+ = (Vy,Wn), (33)

where 0 < n < 27405 gnd s = 4. Let s;,t;,1; € {—1,1} for 1 <i < N. Define unit vectors

u:= \/7 Z s;u ®25’ : \/7 Zt ®25 o \/7 ZTZW@QS

Then, the vectors u,v,w satisfy the triangle inequality 1 + (u,v) > (u,w) + (v, w), i.e.,

N N N
N + Z sitJ-(ui,vj)?S > Z SZ"I"j<ui,Wj>28 + Z tﬂ“j<Vi,Wj>28. (34)
3,j=1 5,j=1 3,j=1

Proof: It suffices to show that for every 1 < j < N,

N
1+ Z sitj(u;, v;)? Z (g, W) (v, w2+ Z (vi, W), (35)
i=1

i=1 1<i<N,i#j
We consider four cases depending on value of A.

(Case1) A <n: Since (v;,w;) = 1—n, and Zl§i§N<vi7Wj>2 = 1, we have ZlgigN;i;éj(Viij>25 <
(2n — n?)*. Also, Ziil(ui,wj}% < AZ572 < 2572 Moreover, for any 1 < i < N, by the triangle
inequality, 1 + (u;,v;) > (v],wj> + (u;, w;) > 1—n—X>1-—2n, and therefore, |(u;,v;)| < 27.
Therefore, SN | (u;,v;)?* < (21)2*~2. Thus, it suffices to prove that

1> 2))» 24+ 0> 2+ (1—n)* + (2n —n?)".

This is true when 7 < 27405,

(Case 2) n < A<1—,/: We will show that
N

N
1+ Z Sitj <ui7 V] Z Tj u;, Wj ® 4 tjrj(l - 77)28 + (277 - 772)8' (36)
=1 =1
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(Subcase i) t; #r; : In this case it suffices to show that

N N

L+ (1=m)® =) (w,vy)™ + ) (i, wy)™ + (20 — %)’

i=1 i=1

Again, as before, we have that for every 1 < i < N, [(u;,w;)| < A <1 - /7, and |[(u;,vj)| <
A+n<1-—,/m+mn. Thus, it suffices to prove that

L (L=n)® > (1= g+ 072+ (L= y)* 72 + (20— n?)°.
This also holds when 7 < 27405,
(Subcase ii) t; =r; : We need to prove (36). It suffices to show that

N

L= (1 =m)* = 2n—7")°* = > (uiwj)[** = (ui,vy) S|—Zl925

i=1
where 0; := [(u;, wj)|, p;:=|(u;,v;)|. Clearly,
10; — puil < [(ws,vj) — (i, wi)| < 1—(vi, wy) =,

Here, we used the assumption that (u;,v;, w;) satisfy the triangle inequality. Note also that

maxj<i<n 0 = X and SN 02 =1. Let J := {i | 6; <n} and I := {i | 6; > n}. We have,

1=1 2
N
SOUOF — < D 07+ )+ ) (0 + ) - 607)
i=1 e el
< TP (0 + 1) - 67).

i€l
Lemma 10.19 implies that the summation on the last line above is bounded by

2s5—2 2
Z(l>)\25l2l (28+1)252.

=1

Thus, it suffices to show that

25—2
S S 2 S— S—
L= - n=t) = 3 () a2

This is true if

2s
2s
2877 Z < >77 - 277 n ) > 25)\2873774— Z ( ; )nl 4 (477)2572.

=2

This is true if 2sn(1 — A2573) > n?(22% + 22 + 1 + 4%9). This is true if 2sm\/1 > n? - 4251 which
holds when 7 < 240k Note that we used the fact that A < 1 — V-
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(Case 3) 1— /< A<1-—n?: Wehave (v;,w;) =1—mn, (uj,w;) =X =:1—(. This implies
that (u;,v;) =1 —, where by the triangle inequality

n<¢+o, d<n+¢ ¢<n+o.
Thus, to prove (35), it suffices to show that
L st (uy,v5)® = syrj(ug, wy)® + tyry (v, wi)®+
(20 —1%)° + (2¢ = ¢*)° + (20 — 6%)°.
Depending on signs s;,t;,r;, this reduces to proving one of the three cases:
1 (1= 02 = (1= O 4 (1= )™ + (2 — ?)* + (2¢ — C)* + (20 — 82)°.
T (1= ) = (1= O + (1— )% + (2 — )" + (2¢ — C)* + (20 — 82)°.

L+ (1= = (1 =m)*+ 1 =0+ (2n—n")"+ (20 = ¢*)* + (20 - 6%)".
We will prove the first case, and the remaining two are proved in a similar fashion. We have that
L+ (1=0)*—(1-¢)* - (1—mn*
21+ (1= (C+n)* - 1-0*~1-n*

2s 17\ s
> 2s(2s — 1) - (n — ’
>2s(2s—1)-(n Z <i+j>< ; ><77

3<it+j<2s

i>1,7>1
> 28(28 — 1)CT] — 28SC77 : maX{Cvna 6}
> min{(n,nd, (5},

provided that 28 max{¢,n,d} < 1. Thus, it suffices to have

min{¢n, nd, (6} > (20 — n*)° + (2¢ — *)° + (26 — 6%)°.

This is clearly true, since, ¢,7,d are within squares (or square-roots) of each other, and n < 2740,

(Case 4) 1 — 7% < A : This is essentially same as Case (2). Just interchange 1 — 1 with A and
interchange u;, v; for every i. This completes the proof of the Main Lemma. "

Lemma 10.19 Let n, A and {0;}., be non-negative reals, such that Zf\il 0? < 1, and for all i,
n<6; <\ Then

N 2s—2

s S 2s s—Il— S—
Z((9i+n)2 —0%) < Z (l>)‘2 =200 4 (25 4 1) 2.

i=1 =1
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Proof: Clearly, N < 1/n%.

N

2s 2s Al 2s 2s—1, 1
S Oi+n)* -0 = > i U

=1

IN

IN
[N}
V)
o

AQA
)

N~ N
>
[\V)
w0
%)

3&.

+

[\

w

3

[\&)
w
—
+
3
[3%)
W

Lemma 10.20 Let a,b,c € [—1,1] such that 1 +a > b+c. Then, 1 +a > bt + ¢t for every odd
integer t > 1.

Proof: First, we notice that it is sufficient to prove this inequality when 0 < a,b,c < 1.

Suppose that b < 0 and ¢ < 0, then b' + ¢! < 0 < 1 + a'. Hence, without loss of generality
assume that b > 0. If ¢ < 0 and @ > 0, then b + ¢! < b® < 14+4a'. If ¢ < 0 and a < 0, by
hypothesis, 1 — ¢ > b — a, which is the same as 1 + |¢| > b+ |a|, and proving 1 + a® > b' + ¢!
is equivalent to proving 1 + |c|' > b + |a|’. Hence, we may assume that ¢ > 0. If a < 0, then
l+a'=1—|al'!>1—la] =1+4+a>b+c> b +c'. Hence, we may assume that 0 < a,b,c < 1.

Further, we may assume that a < b < c. Since, if a > b, then 1 +a* > +b'. 1+a>b+c
implies that 1 — ¢ > b — a. Notice that both sides of this inequality are positive. It follows from the
fact that 0 < a < b < ¢ <1, that Zl ot > Zﬁ;é a’b'=1=% Multiplying these two inequalities, we
obtain 1 — ¢! > bt — a?, Wthh implies that 1 + a’ > b' + ¢!. This completes the proof.

10.4.2 Proof of Theorem 10.10

We will prove that any three vectors V% ., V& and VI’

T C [k], let rp :=x(T),sp :=y(T),tr := z(T) so that

satisfy the triangle inequality. For

®t
®t
Vi)@;y \/» Z STV ®25 = (say) W&,
TC[H
®t
V%fs,z: Z tr W®28 = (say) W%t
TC[k
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We need to show that

L+ (VEE VO Y > (VEL VI Y 4 (VEL VO Y,

0,8,y° ¥ W,S,2 u,8,X7 ¥ 0,8,y u,8,X7 ¥ W,S,Z

We can assume that at-least one of the dot-products has magnitude at-least 1/3; otherwise,
the inequality trivially holds. Assume, w.l.o.g., that [(V®L_ V& )| > 1/3. This implies that

u,5,X7 ¥ W,S,Z

(W, W)t > 1/3, and therefore, [(W,, W,)| =1 — 7/, for some ¥ = O(1/t). Hence, for some
S, T C [k], |{us,wr)| = 1 —n for some n < 27405, By relabeling, if necessary, we may assume that
<UQ,W@> =1- n.
Note that we need to show that
14+ (W, Wy,)' > (W, W) + (W, W,,)".
By Lemma 10.20, it suffices to show that
1+ (Wy, Wy) > (W, Wy) + (W, Wy).

For notational convenience, we replace indexing by 7" C [k] with indexing by 1 < i < N where
N = 2% and 0 is identified with 1. Thus, we write s;,t;,; instead of sp,tr, rp. We also write u;
instead of up, v; instead of vy and w; instead of wp. Thus, we need to show that

N N N
N + Z Sitj<Vi,Wj>2S > Z sirj(u,-,vj>28 -+ Z tirj<ui,wj>25.
ij=1 i,j=1 i,j=1
As noted before, we may assume that (u;, w;) =1 — 7, and hence, by the Matching Property,
(u, wi) = (uz, wy) =--- = (uy,wy) =1 -1

Let X := maxi<; j<n [(u, vj)|. We may assume, w.l.o.g., that the maximum is achieved for uy, v,
and again by the Matching Property,

(ug,vy) = (ug,va) =--- = (un,vy) = A.

Now, the desired inequality follows from Lemma 10.18.

10.4.3 Proof of Theorem 10.11

The proof is similar to that of Theorem 10.10 that appears in Section 10.4.2. Recall that s = 4,
and t = 224!, First we need a simple lemma.

Lemma 10.21 Let a,b,c € [—1,1] such that 1+ a > b+c. Let a',V,¢ € [0,1] such that 1+ a’ >
V+d, 1+ >d+ and1+c >a +V. Then, 1 +aa’ > bt + cc.

Proof: For fixed a,b,c € [—1, 1], consider the following LP: It can be verified that the only vertices
of the (bounded) polytope for the above LP are: (z,y,z) = (0,0,0),(1,0,0),(0,1,0),(0,0,1) and
(1,1,1). Hence, the minima has to occur at one of these vertices. The objective function at these
5 points is:

e At (0,0,0), it is 1.
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Minimize 1+ ax —by —cz (37)

Subject to
0<z,y,2 < 1
r—y—z > —1
—r+y—z > -1
—r—y+z > -1
e At (1,0,0), it is 1 + @, which is at-least 0 as a > —1.
e At (0,1,0), it is 1 — b, which is at-least 0 as b < 1.
e At (0,0,1), it is 1 — ¢, which is at-least 0 as ¢ < 1.

e At (1,1,1),1it is 1 +a — b — ¢, which is at-least 0 by hypothesis.
This shows that the objective is at-least 0, hence, 1+ ax — by — cz > 0 for all feasible points. Since

a’, b, form a feasible point, the lemma follows. n

We will prove that any three vectors Vi, sx ® Vw, Visy ® Vv,t and Vi 5, ® Vw,t satisfy the
triangle inequality. For T' C [k], let rp := x(T), sy := y(T), tr := z(T), so that

TCk] TC [k]

— 1
Vu,s,x ®Vu,t = ﬁ Z TTU?QS ® Z ur ) = Sa}’) W,

— 1 1
Vv,s,y ®Vv,t =\ 7= Z STV%QS K| —= Z V%t = (say) W,,
\/NTQ[H \/NTQ[H
— 1 1
Viusz®@Vur= | —= Z trwi | @ | —= Z wil | = (say) Wy,
\/NTQ[’C] \/NTQ[’C]

We need to show that
14+ (W, Wy) > (W, W,) + (W, W,).

We can assume that at-least one of the dot-products has magnitude at-least 1/3; otherwise, the
inequality trivially holds. Assume, w.l.o.g., that [(W,, W,,)| > 1/3. Hence,

(Vi Vs, g [(Vue, V)| > 1/3.

'Ll)
Hence, [(Vy.t, V)| > 1/3. Hence, for some S, T C [k], |(u S,WT>| = 1 —1, for some < 27405, By
relabeling, if necessary, we may assume that (ug, wy) =1 —

We know from Theorem 9.3 that

1 + <V V ,t> Z <Vu,tavw,t> + <Vv,tavw,t>
1 + <vu,tuvw,t> Z <vu7t7vv,t> + <V’U,tavw,t>
1+ <vv,t,v 1) > (vu,uvw,t) + <vu,tavv t)



Hence, by Lemma 10.21, it suffices to show that
1+ (Vosy: Vusz) 2 (Vusx Vusz) + (Visxo Vosy)-

Rest is exactly as in the proof of Theorem 10.10, We restate it for completeness. For notational
convenience, we replace indexing by 7' C [k] with indexing by 1 < i < N where N = 2* and 0 is
identified with 1. Thus, we write s;,t;,r; instead of sp,tp,rp. We also write u; instead of ur, v;
instead of vy and w; instead of wp. Thus, we need to show that

N N N
N + Z Sitj<Vi,Wj>2S > Z SiTj<ui,Vj>2S + Z tiTj<ui,Wj>2S.
i,5=1 1,j=1 1,j=1

As noted before, we may assume that (u;, w;) =1 — 7, and hence, by the Matching Property,
(up,wy) = (ug,wy) = --- = (uy,wy) =1 — .

Let A := maxi<; j<n [(u;, vj)|. We may assume, w.l.o.g., that the maximum is achieved for uy, v,
and again by the Matching Property,

<111,V1> = <u27v2> == <UN,VN> =\

Now, the desired inequality follows from Lemma 10.18.

11 PCP Reductions

This section contains the proofs of Theorems 10.1, 10.2 and 10.3. In fact, we do more: We also es-
tablish, assuming the UGC, hardness of approximation results for non-uniform versions of SPARSEST
CuT and BALANCED SEPARATOR, and for MINIMUM UNCUT. Optimal hardness of approximation
result for MAXxiIMUM CUT (assuming the UGC) was already known, see [20]. The hardness results
are proved via the standard paradigm of composing an inner PCP with the outer PCP provided
by the UGC. We present a separate inner PCP for BALANCED SEPARATOR, MAXIMUM CUT and
MiniMUM UNCUT. The inner PCP for MaXxiMum CuUT was proposed by Khot et al. in [20], while
that for MINIMUM UNCUT is implicit in [19].

The reduction from a PCP to a graph theoretic problem is standard: Replace bits in the proof
by vertices, and replace every (2-query) PCP test by an edge of the graph. The weight of the edge
is equal to the probability that the test is performed by the PCP verifier. The task of proving
Theorems 10.1, 10.2 and 10.3 corresponds exactly to the soundness analysis for the corresponding
inner PCPs, i.e., proving Theorems 11.2, 11.5 and 11.8 respectively.

11.1 Inner PCP for BALANCED SEPARATOR

In this section, we establish that, assuming the UGC, it is NP-hard to (pseudo)-approximate BAL-
ANCED SEPARATOR to within any constant factor. By a standard reduction, this immediately
implies, again assuming the UGC, that it is NP-hard to approximate SPARSEST CUT to within any
constant factor. First, we describe an inner PCP that reads two bits from the proof and accepts
if and only if the two bits are equal. For ¢ € (0, 1), the verifier VBS is given a UNIQUE GAMES
instance U(G(V, E), [N],{me}ecr). The verifier expects, as a proof, the Long Code of the label of
every vertex v € V. Formally, a proof II is {A"},cy, where each A” € {—1,1}" is the supposed
Long Code of the label of v.
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The Verifier VB with Parameter ¢ € (0,1)
1. Pick e{v,w} € E with probability wt(e).
2. Pick a random x €5 {—1,1}" and p €. {-1,1}".
3. Let m := m : [N] — [N] be the bijection corresponding to e{v,w}. Accept if and only if

A (x) = A"((xpr) o 7).

Theorem 11.1 (Completeness) For every e € (0,1), if OPT(U) > 1 — n, then there is a proof
IT such that Pr [VeBS accepts IT] > (1 — n)(1 — €). Moreover, every table AV in II is balanced, i.e.,
exactly half of its entries are +1 and the rest half are —1.

Proof: Since OPT(U) > 1 — n, there is a labeling A\ for which the total weight of the edges
satisfied is at-least 1 —n. Hence, if we pick an edge e{v,w} with probability wt(e), with probability
at-least 1 — 7, we have A\(v) = 7¥(A(w)). Let the proof consist of Long Codes of the labels assigned
by A to the vertices. With probability 1 — ¢, we have py,) = 1. Hence, with probability at-least

(I=m)(1—e),
A% (x) = X)) = (%) zo(A(w)) = A ((xp) 0 7).

Noting that a Long Code is balanced, this completes the proof. "
We say that a proof II = {AV},cy is f-piecewise balanced if

E, [|A5|} <.
Here, the expectation is over the probability distribution p, on the vertex set V.

Theorem 11.2 For every t € (%, 1), there exists a constant by > 0 such that the following holds:
Let e > 0 be sufficiently small and let U be an instance of UNIQUE GAMES with OPT(U) < 2-0(1/e%),
Then, for every 5/6-piecewise balanced proof II,

Pr VaBS accepts H] <1— b

Proof: The proof is by contradiction: We assume that there is a 5/6-piecewise balanced proof II,

which the verifier accepts with probability at-least 1 — byet, and deduce that OPT (/) > 2901/ ).
We let by := %Ct, where ¢; is the constant in Bourgain’s Junta Theorem.
The probability of acceptance of the verifier is

1 1

5 + iEv,e{v,w},x,u [Av (X)Aw (X.u © ﬂ-:)} .

Using the Fourier expansion A" = )| @Xu and AY = Zﬁ ;lg’xg, and the orthonormality of
characters, we get that this probability is

1 1 —

5+ 5 Boefvw) > ARAL, (1= 2e)lel]
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Here a C [N]. Hence, the acceptance probability is

1 1
“+-E
2+2 Y

3 ALE.(u [%J (1- 25)|a|] .

If this acceptance probability is at-least 1 — be?, then,

ZA Ee{v w} [ 7!'“’(04)] (1- )Ia] >1- 2bt5t'

Hence, over the choice of v, with probability at-least 2 3 4,

ZA Ee{v w} |: (o )} (1 - 25)‘0[' >1- 48bt6t.
Call such vertices v € V' good. Fix a good vertex v. Using the Cauchy-Schwarz Inequality we get,
Av Aw _ || v _ 2| w
S AZE.q0) [Aw(a)] (1—2e)l < \/ZA (1= 2¢)2 'ZEe{v ” [A )}

Combining Jensen’s Inequality and Parseval’s Identity, we get that

ZEe{vw} ] <1

Hence,
—2
1—96be’ < Ay (1—2¢)%l.

Now we combine Parseval’s Identity with the fact that 1 — x < e~ to obtain

Y &

a |a\>%

;) btﬁt == Ct6t.
Hence, by Bourgain’s Junta Theorem

— 2
o |AY|<g54-1/e

. . _ - _ 2
Call a good if o C [N] is nonempty, || < e and |A4Y] > £:4 1/e%,
Bounding the contribution due to large sets

Using the Cauchy-Schwarz Inequality, Parseval’s Identity and Jensen’s Inequality, we get

> BBy |y (1 -2 <m < Ve
Q- |O‘|>% la|>e—1
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We can choose ¢ to be small enough so that the last term above is less than 1/50.

Bounding the contribution due to small Fourier coefficients

Similarly, we use 2 A S and get

o JAY <54 1/e 25007

— _— 1
Z AgEe{v,w} [A:;”(a)} (1- 25)|a| < 50
N AP

Bounding the contribution due to the empty set

Since E, [\;ﬁé]} < 3 E, [Ee{v,w} [[I@Egﬂ” < 3. This is because each \;ﬁcﬂ < 1. Hence, with

probability at-least % over the choice of v, Ec(y ) “@;@q < m. Hence, with probability at-least

2—14 over the choice of v, v is good and E(, ) “;lg;l%ﬂ <1 10 . Call such a vertex very good.

Lower bound for a very good vertex with good sets
Hence, for a very good v,

1 1 10 1

gyl > - =~ — > .
) A3 oBefo,u} [A (J (1—2) =50 50 112 (38)

« is good

The labeling
Now we define a labeling for the UNIQUE GAMES instance U as follows: For a vertex v € V, pick

«a with probability ;122, pick a random element of « and define it to be the label of v.

Let v be a very good vertex. It follows that the weight of the edges adjacent to v satisfied by this
labeling is at-least

—~2 ——2 1
Ee{v,w} Z AZ Aﬂéu(a) m =& Ee{v,w} Z Av ﬂ.w(a)

« is good « is good

This is at-least
]. ) 2 — 2
< 25004 /e Eefvw) Z A;Ué”(a) )
« is good
which is at-least
 oagt Y By | 3 Al (-2
« is good
It follows from the Cauchy-Schwarz Inequality and Parseval’s Identity that this is at-least
2

1y
¢ saoot Y Betwu || D ARG, (1 - 20)

« is good
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Using Jensen’s Inequality, we get that this is at-least
2
e L 4%e S mAT (-2l || e tge L
2500 elvw) afm (@) =" 2500 484

« is good

Here, the last inequality follows from our estimate in Equation (38). Since, with probability at-
least 2 1 over the choice of v, v is very good, our labeling satisfies edges with total weight at-least

Q ( 4~ 2/52> . This completes the proof of the theorem. "

Hardness of approximating SPARSEST CUT and BALANCED SEPARATOR

Assuming the UGC, for any 1, > 0, it is NP-hard to determine whether an instance U of UNIQUE
GAMES has OPT(U) > 1 —n or OPT(U) < ¢. We choose n = ¢ and ¢ < 27°(/=*) 50 that (a) when
OPT(U) > 1 — n, there is a (piecewise balanced) proof that the verifier accepts with probability
at-least 1 — 2¢ and (b) when OPT () < (, the verifier does not accept any 5/6-piecewise balanced
proof with probability more than 1 — bse?. Here b; is as in the statement of Theorem 11.2.

Consider the instance of BALANCED SEPARATOR, IES, as described in Section 10.1.1. We recall it
here: This instance has a parameter €. Start with a UNIQUE GAMES instance

u (G(V, E)v [N]v {We}eeEy"Vt) )

and replace each vertex v € V by a block of vertices (v,x) for each x € {—1,1}"V. For an edge
e{v,w} € E, there is an edge in ZB° between (v,x) and (w,y), with weight

Wt(e) . Prx/€1/2{*1,1}N [(X = X,) A (y = X/“ o ’/Tg)] .
MES{—l,l}N

This is exactly the probability that V.BS picks the edge e{v,w}, and decides to look at the x-th
(resp. y-th) coordinate in the Long Code of the label of v (resp. w).

The demand functlon dem is 1 for any edge between vertices in the same block, and 0 otherwise.
Let B := 5 \V!( ) be half of the total demand.

Suppose that OPT (/) > 1—n. Let X be a labeling that achieves the optimum. Consider the partition
(S,5) in ZBS, where S consists of all vertices (v,x) with the property that the Long Code of A(v)
evaluated at x is 1. Clearly, the demand cut by this partition is exactly equal to B. Moreover, it
follows from Theorem 11.1 that this partition cuts edges with weight at-most n + ¢ = 2¢.

Now, suppose that OPT (/) < (. Then, it follows from Theorem 11.2, that any B’-balanced parti-
tion, with B/3 < B’ < B, cuts at-least b;e! fraction of the edges. This is due to the following: Any
partition (S, S) in ZB> corresponds to a proof IT in which we let the (supposed) Long Code of the
label of v to be 1 at the point x if (v,x) € S, and —1 otherwise. Since B/3 < B’ < B, as in the
proof of Theorem 7.2, I is 5/6 piecewise balanced and we apply Theorem 11.2.

Thus, we get hardness factor of (2 (1 / 51_t) for BALANCED SEPARATOR and hence, by Lemma 6.14,
for SPARSEST CUT as well.

Theorem 11.3 Assuming the UGC (Conjecture 8.2), it is NP-hard to approximate (non-uniform
versions of ) BALANCED SEPARATOR and SPARSEST CUT to within any constant factor.
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11.2 Inner PCP for MaxiMmuMm CuUT

We describe an inner PCP that reads two bits from the proof and accepts if and only if the two
bits are unequal. The verifier and the soundness analysis is due to Khot et al. [20]. The soundness
analysis uses the Majority is Stablest Conjecture (see Theorem 6.23), which has been recently
proved by Mossel et al. [27]. The hardness result for MAXIMUM CuUT follows from the standard
reduction from the PCP to a graph.

The verifier VpMC is given a UNIQUE GAMES instance U(G(V, E), [N],{me}ecr). The verifier
expects, as a proof, the Long Code of the label of every vertex v € V. Formally, a proof II is
{A"}yev, where each AY € {—1,1}¥" is the supposed Long Code of the label of v. The verifier is
parameterized by p € (—1,0).

The Verifier VpMC with Parameter p € (—1,0)

1. Pick v € V with probability p,. Then, pick two edges e{v,w}, e’{v,w'}, independent of each
other, where e is picked with probability ¥, (e) and e’ with probability ¥, (e’).

2. Pick x €15 {=1,1}" and p €(1_,) o {—1,1}".
3. Let m, and 7. be the bijections for edges e and €’ respectively. Accept if and only if
A" (x0ml) # A ((xp) o 7).

Theorem 11.4 (Completeness) For every p € (—1,0), if OPT(U) > 1 —n, then there is a proof
IT with Pr [VPMC accepts II| > (1*2’77%(1#’)_

Proof: Since OPT(U) > 1—n, there is a labeling A for which the total weight of the edges satisfied
is at-least 1—n. Hence, with probability at-least 1—2n over the choice of edges e{v, w} and e'{v,w’},
Av) = w¢(Mw)) = 7% (AM(w")). Let the proof consist of Long Codes of the labels assigned by A to

the vertices. With probability 1;2’), Ka(w) = —1. Hence, with probability at-least %,

AY(x o) = Xpv(aw)) = Xaw) 7 (XM)a@) = (K)zv, (Aw)) = A (xpp) 0 7).
This completes the proof. "

Theorem 11.5 (Soundness [20]) For any constants p € (—1,0) and X\ > 0, there is a constant
c(p, \) such that the following holds: Let U be an instance of UNIQUE GAMES with OPT(U) <
c(p,N\). Then, for any proof I,

1
Pr [VPMC accepts II| < —arccos(p) + .
m

Proof: The proof is by contradiction. Assume that there is a proof II := {A"},cy, where AY
is the supposed Long Code for the label assigned to v, which the verifier accepts with probability
at-least %arccos p + A. Then, with probability at-least A\/2 over the choice of v,

1 1 —~— 1 A
- ! olel - A
5 2Ee{v,w}7e’{v’w/} E AGAE P = — arccos p + 5"

72 () =7, (B)
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Call such a vertex v good. Fix a good vertex v. Note that e{v,w} and e'{v,w'} are identically
distributed. Hence, the above can be written as

— N\Z 2
Z (Ee{v,w} [Aﬂg,(a)D ,0| <1 - arecosp — A
Let C?(x) := Egfy ) [A¥(x 0 my)] . Hence,
— 2
Z C}fp"“‘ <1-— —arccosp— A
T

Applying the Majority is Stablest Theorem on CV, we get that there is a coordinate, say i,, such
that Inf?ﬂk(C”) > (. Here (, k are some constants depending on A and p. Since Infigvk(C“) > ¢,

(< Y Euu [%)]23 S oo [ A |-

iy Ea a: iy Ea
|| <k loo| <k

The last inequality follows from Jensen’s Inequality. Hence,
<k
C < Ee{v,w} [Inf;;u(zv)(Aw)] :

Hence, with probability at-least (/2 over the choice of edges e{v, w} adjacent to a good vertex v,
< InfSk(. (A"). (39)

The labeling

Now we define a labeling for the good vertices of the UNIQUE GAMES instance U as follows: Let
Candy[v] := {j € [N] : Inf5*(C") > ¢}, and let Candy[v] := {j € [N] : Inf3*(AY) > ¢/2}.
Then, let Cand[v] := Cand;[v] U Candz[v]. Since Infjgk(A”) < k, |Cand; [v]| < 2k/(. Similarly,
|Cands[v]| < k/(. Further, for a good vertex v, as noted above, Candy[v] # (). The labeling is as
follows: Pick a random ¢ from Cand[v] and let it be the label of v. Hence, for a good vertex v,
with probability at-least (/3k, i € Canda[v]. Further, it follows from Equation (39), it follows that
for i € Canda[v], with probability at-least (/2 over the choice of e{v,w}, 7 (i) € Cand;[w]. This

2
will be assigned to w with probability at-least (/3k. Hence, this labeling satisfies at least %% (%)

2
fraction of the edges. Since k,( depend only on A and p, we can let ¢(p, A) := %% (%) to complete

the proof of the theorem.

The following theorem, due to Khot et al., follows immediately from Theorems 11.4 and 11.5.

Theorem 11.6 [20] Assuming the UGC (Conjecture 8.2), Maximum CuUT is NP-hard to approxi-
mate within any factor greater than agw =~ 0.878.
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11.3 Inner PCP for MiniMuM UNCUT

In this section, we describe the verifier VMUC. This is exactly the same as Vﬂi%. We describe it
explicitly for the sake of completeness. The verifier V;.MUC is given a UNIQUE GAMES instance

M(G(Vv E)a [N]v {We}eGE)'

The verifier expects, as a proof, the Long Code of the label of every vertex v € V. Formally, a proof
ITis {A%},ev, where each A € {—1,1}V is the supposed Long Code of the label of v. The verifier
is parameterized by ¢ € (0, 1).

The Verifier VMU with Parameter ¢ € (0,1)
1. Pick v € V with probability p,. Then, pick two edges e{v,w}, e’{v,w'}, independent of each
other, where e is picked with probability ¥, (e) and e’ with probability ¥, (e’).
2. Pick x €10 {—1,1}" and p €, {-1,1}.
3. Let me and 7 be the bijections for edges e and €’ respectively. Accept if and only if

A" (xo0mt) # A" ((xp1) o 7).

Theorem 11.7 (Completeness) For every e € (0,1), if OPT(U) > 1 —n, then there is a proof
IT with Pr [VMYC accepts IT] > (1 — 2n)(1 — ¢).

Proof: Since OPT(U) > 1—mn, there is a labeling A for which the total weight of the edges satisfied
is at-least 1—1n. Hence, with probability at-least 1—2n over the choice of edges e{v, w} and e'{v,w’},
Av) = wl(AMw)) = 7% (AM(w")). Let the proof consist of Long Codes of the labels assigned by X to
the vertices. With probability 1 — ¢, py(,) = —1. Hence, with probability at-least (1 —2n)(1 —¢),

A (x0m) = Xpu(\(w)) # (XB)re, (A(w')) = A ((xp) o ).

This completes the proof. "

Theorem 11.8 (Soundness) For every t € (3,1), there exists a constant by > 0 such that the
following holds: Let € > 0 be sufficiently small and let U be an instance of UNIQUE GAMES with
OPT(U) < 2-0(1/€*)  Then, for every proof 11,

Pr |VMYC accepts H} <1— bt

Proof: The proof is by contradiction: We assume that there is a proof I := {A"},cy, where A
is the supposed Long Code for the label assigned to v, which the verifier accepts with probability
at-least 1 —b,e’, and deduce that OPTU) > 2-0(1/€%) We let by = %ct, where ¢; is the constant
in Bourgain’s Junta Theorem.

The probability that the verifier accepts II is

1 1

)

9 9 v,e{v,w}e’{v,w'},x,n |:Aw (X © Wg)Aw, (X/'l’ o ﬂ—g’) .
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Using the Fourier expansion AY = )" ;@Xa and AY = > 3 Ag’/)m, and the orthonormality of
characters, we get that this probability is

1 1 —_—
5 - iEv,e{v,w},e’{v,w’} E AgAg (28 - 1)|a\
a’ﬁ
mg (a)=m?(B)

Here o, 3 C [N]. If the acceptance probability is at-least 1 — b;et, then,

“Eocputeat | D, ARAF2e—1I| > 1-2be".
a7ﬁ
72 (@)= ()

Hence, over the choice of v, with probability at-least %

E Aw Aw' o t
Ee{v,w},e’{v,w’} AaAﬁ (25 — 1)' | > 1 —4be’.
a?ﬁ
e (O‘):ﬂ'g/ (8)

Call such vertices good. Fix a good vertex v. Now, e{v, w} and €¢/{v,w’} are identically distributed.
Hence, the above can be written as

=3 (Bt [ ) 22— 00 21— et

If we let ¢ < 1/2, the contribution of o = ) will be negative. Hence, we may assume that A“’ =0
for every w € V. Hence,

_ Z 1)l (Ee{w} [%J)Q (1—20)el > 1 — 4pet,

Using Jensen’ Inequality, it follows that

e{v w}

ZA 1 - 25)|a] > 1 — 4bet.

Hence, as in the proof of Theorem 11.2,

o 2 4 t
Ecfvu) | D Aoy | < 7=zt (40)

1
la|>=

For every v € V, define a function C¥(x) : {—1,1}" — R as CV(x) := Ef, 4 [A“(x o 72)] . Then,
(/j’gj = Ecfpw) [m )} . Combining Equation (40) with Jensen’s Inequality, for a good vertex v,

I

lof>2

bt€t.
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Hence, by Bourgain’s Junta Theorem,

—~2 1
U — 41
Y sy )

o:| G| < fpa= /e

Let a be such that |6\';j| > %04*1/52. Then, E,(, .} [‘m)” > 14-1/¢° Hence,

_— 1 —1/e2 1 —1/e2
Pre{v’w} |:‘A:ruéﬂ(a) > %4 /5:| > %4 /e . (42)
The labeling

Now we define a labeling for the UNIQUE GAMES instance U as follows: For a good vertex v € V,

define the set of candidate labels as follows: Let Cand;[v] := {a!a #0,lal <1, |;12\ > %4—1/52}
and Candz[v] := {a|a #0,lal <1, 16\3\ > %4_1/52} . Then, let Cand[v] := Cand;[v] U Candz[v]. It

follows from Parseval’s Identity that |Cand[v]| < |Cand, [v]| 4 |Canda[v]| < 600 - 42/=”. Further, it

follows from Equation (41) that |Canda[v]| # 0. The labeling is as follows: Pick a random « from

Cand[v] and let a random element of « be the label of v. For a good vertex v, let a # () € Candaz[v]. Tt

Av, | > La-v/e,
¥ (a)l = 20

Since 0 < [7¥(a)| < L1, 7¥(a) € Cand;[w]. Hence, Canda[v] N Cand;[w] # 0. Hence, this labeling

satisfies at-least

follows from Equation 42 that for at-least %4_1/ ¢* fraction of neighbors w of v,

1
2
edges. This completes the proof of the theorem. "

(20 - 41/5%)(600 - 42/2%)2 . ¢

The following theorem now follows immediately:

Theorem 11.9 Assuming the UGC, it is NP-hard to approximate MINIMUM UNCUT to within any
constant factor.

12 Conclusion

We have presented a construction of an n-point negative type metric that requires distortion of
(loglog n)l/ 6=9 to embed into £;. The best upper bound for embedding negative type metrics into
¢y (rather, into o C ¢1) is O(v/lognloglogn) by Arora, Lee, and Naor [3]. It would be nice to
close this gap. We believe that the connection between PCPs and metric embeddings, and the
general approach of using PCP reductions to construct integrality gap instances would find several
applications in future. In particular, combining the techniques in this paper with the PCP reduction
for VERTEX COVER by Khot and Regev [22] may lead to new integrality gap results for VERTEX
COVER.

It would be nice to give a more illuminating reason why our vectors satisfy the triangle inequality
constraints. It may be true that our vectors satisfy the so-called k-gonal inequalities for small values
of k (i.e. k=5,7,...), and, perhaps, even for all values of k. This would imply that adding the
k-gonal inequalities to the SDP relaxations does not increase their power. We leave this as an open
problem.
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The results in this paper seem to support the UGC, and resolving this conjecture remains
a major open problem. The integrality gap instance for UNIQUE GAMES (Theorem 2.6) might
suggest approaches towards this goal.
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