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Abstract. W e in tro duce, in P art I, a n um b er represen tation suitable for

exact real n um b er computation, consisting of an exp onen t and a man-

tissa, whic h is an in�nite stream of signed digits, based on the in terv al

[ � 1 ; 1]. Numerical op erations are implemen ted in terms of line ar fr ac-

tional tr ansformations (LFT's). W e deriv e lo w er and upp er b ounds for

the n um b er of argumen t digits that are needed to obtain a desired n um-

b er of result digits of a computation, whic h imply that the complexit y

of LFT application is that of m ultiplying n -bit in tegers. In P art I I, w e

presen t an accessible accoun t of a domain-theoretic approac h to com-

putational geometry and solid mo delling whic h pro vides a data-t yp e for

designing robust geometric algorithms, illustrated here b y the con v ex

h ull algorithm.

P art I: The LFT Aproac h to Real Num b er Computation

1 In tro duction

Computing with real n um b ers is one of the main applications of \computers".

Y et real n um b ers are in�nite mathematical ob jects (digit sequences, Cauc h y

sequences, nested sequences of in terv als, or the lik e). Within �nite time, one

ma y only hop e to obtain a �nite part of a real n um b er, giving an appro ximation

to some accuracy .

This also means that comparison on real n um b ers is undecidable. Consider

the predicate x > 0 applied to the n um b er x represen ted as the nested sequence of

in terv als ([ �

1

n

;

1

n

])

n � 0

. Within �nite time, only a �nite n um b er of these in terv als

can b e insp ected, whic h alw a ys con tain p ositiv e as w ell as negativ e n um b ers so

that no decision on the sign of x is p ossible.



The problems men tioned ab o v e can b e a v oided b y restricting atten tion to

some subset of real n um b ers whic h can b e �nitely describ ed. An ob vious c hoice

are the r ational numb ers , but this means that op erations suc h as square ro ot

or tangen t are not p ossible. A larger suc h set consists of the algebr aic numb ers ,

i.e., the ro ots of in teger p olynomials. With algebraic n um b ers, square ro ots and

higher ro ots are p ossible, but trigonometric functions suc h as sine, cosine or

tangen t are still not supp orted.

Usually , a di�eren t approac h is c hosen. A �nite set of mac hine-represen table


o ating-p oint numb ers is singled out, and fast op erations are pro vided whic h

appro ximate the standard op erations and functions: if, sa y , the square ro ot of

a 
oating-p oin t n um b er is computed, then the resulting 
oating-p oin t n um b er

is usually not the exact mathematical answ er, but a n um b er v ery close to it.

The errors in tro duced b y these appro ximations are kno wn as r ound-o� err ors ,

and the easiest approac h is to simply ignore them b ecause they are so small.

Y et in certain situations, round-o� errors ma y accum ulate to yield a big error.

An example where this happ ens is the follo wing n um b er sequence de�ned b y

Jean-Mic hel Muller (found in [40]):

a

0

=

11

2

; a

1

=

61

11

; a

n +1

= 111 �

1130 �

3000

a

n � 1

a

n

:

With the Unix program b c , one can compute with an arbitrary , but �xed n um b er

of decimal places. Let a

( k )

n

b e the sequence elemen t a

n

computed with an accu-

racy of k decimal places. Computing with 5 decimal places yields the follo wing

results (rounded to 3 places for presen tation):

a

(5)

0

5 : 500

a

(5)

1

5 : 545

a

(5)

2

5 : 590

a

(5)

3

5 : 632

a

(5)

4

5 : 648

a

(5)

5

5 : 242

a

(5)

6

� 3 : 241

a

(5)

7

283 : 1

a

(5)

8

103 : 738

a

(5)

9

100 : 209

a

(5)

10

100 : 012

a

(5)

11

100 : 001

F rom this, one gets the impression that the sequence con v erges to 100. T o

con�rm this impression, w e compute the n um b er a

100

with an increasing n um b er

of decimal places:

a

(5)

100

100.0

4

1

a

(30)

100

100.0

29

1

a

(60)

100

100.0

57

997

a

(100)

100

100.0

17

98 . . .

a

(110)

100

100.0

7

92 . . .

a

(120)

100

� 3 : 790 : : :

a

(130)

100

5.9

7

8697 . . .

a

(140)

100

5.9

7

87925 . . .

Here, the \exp onen ts" indicate the n um b er of rep etitions; for instance, 100.0

4

1

means 100.00001. As exp ected, the computations with 5, 30, and 60 decimal

places sho w that a

100

is close to the presumable limit 100. They are consisten t

in their result v alue, and it is tempting to think \I kno w that round-o� errors



ma y lead to wrong results, but if I increase the precision from 30 to 60 and the

result obtained with 30 digits is con�rmed, then it m ust b e accurate." Y et the

computations with 100 and 110 decimal places indicate that a

100

is less close to

100 than exp ected, and w orse, the computations with 120, 130, and 140 decimal

places sho w that all the decimals obtained from the less precise computations

w ere wrong. Or do the more precise computations yield wrong answ ers? What

is the correct answ er after all? Using the approac h to exact real arithmetic pre-

sen ted in the sequel, one can v erify that the n um b er a

(140)

100

computed with 140

decimal places is an accurate appro ximation of the real v alue of a

100

(and with

a bit of mathematical reasoning, one can sho w that the sequence con v erges to

6, not to 100). Th us, on the p ositiv e side, w e see that there is a precision (140)

whic h yields the righ t answ er for a

100

, but in programs suc h as b c , one has to �x

this precision in adv ance, and without a detailed analysis of the problem, it is

unclear whic h precision will b e su�cien t (all precisions up to 110 giv e completely

wrong, but consisten t answ ers near 100).

In the approac h to Exact Real Arithmetic presen ted here, one need not sp ec-

ify a �xed precision in adv ance. Instead, a real n um b er is set up b y some op er-

ations and functions, and then one ma y ask the system to ev aluate this n um b er

up to a certain precision. The result will b e an in terv al whic h appro ximates the

real n um b er with the required precision, and it is actually guar ante e d that the

n um b er really is con tained in this in terv al: with this arithmetic, it is imp ossible

to get wrong answ ers (w ell, sometimes it ma y tak e v ery long to get an answ er,

but once the answ er is there, it is trust w orth y).

1.1 Ov erview

In Section 2, w e in tro duce a n um b er represen tation suitable for our purp oses,

consisting of an exp onen t and a man tissa, whic h is an in�nite stream of signed

digits. A few simple op erations lik e � x and j x j are implemen ted directly on this

represen tation. All other op erations are implemen ted in terms of line ar fr actional

tr ansformations (LFT's). Individual LFT's act on n um b er represen tations and

digit streams in a uniform w a y whic h is �xed once and for all. Th us they pro vide

a high-lev el framew ork for implemen ting functions without the need to think

ab out their action on the lo w-lev el digit streams.

LFT's and basic LFT op erations are in tro duced in Section 3. Section 4 studies

monotonicit y prop erties of general functions, in particular LFT's. Suc h prop er-

ties are useful in the design and analysis of algorithms. In Section 5, w e c har-

acterize those LFT's whic h map the b ase interval [ � 1 ; 1] in to itself ( r e�ning

LFT's ). The action of re�ning LFT's on digit streams is de�ned in Section 6:

the absorption of argumen t digits in to an LFT, and the emission of result digits

from an LFT. Absorption and emission are the main ingredien ts of an algorithm

that computes the result of applying an LFT to a real n um b er (Section 6.3).

Section 6.5 con tains some example runs of this algorithm.

In Section 7, w e deriv e lo w er and upp er b ounds for the n um b er of argu-

men t digits that are needed to obtain a desired n um b er of result digits of an

LFT application. This information is complemen ted b y information ab out the



complexit y of individual absorptions and emissions (Section 8). T ak en together,

these results imply that LFT application is quadratic in the n um b er n of emit-

ted digits|pro vided that digits are absorb ed and emitted one b y one. If man y

digits are absorb ed and emitted at once, the complexit y can b e reduced to that

of m ultiplying n -bit in tegers (Section 9).

All basic arithmetic op erations are sp ecial instances of LFT application. In

Section 10, the results ab out general LFT application are sp ecialized to addition,

m ultiplication, and recipro cal 1 =x . T ranscenden tal functions can b e implemen ted

as in�nite LFT expansions. Section 11 de�nes the seman tics of suc h expansions,

and sho ws ho w they can b e deriv ed from T a ylor expansions (Section 11.4) or

con tin ued fraction expansions (Section 11.5). In Section 12, this kno wledge is

used to implemen t exp onen tial function and natural logarithm; other functions

are handled in the exercises.

Sections 13{18 presen t a domain-theoretic framew ork for computational ge-

ometry . Section 19 con tains historical remarks to b oth parts, and Section 20

con tains exercises.

2 Digit Streams

In the approac h to real n um b er computation presen ted here, (computable) real

n um b ers are represen ted as p oten tially in�nite streams of digits. A t an y time, a

�nite pre�x of this stream has already b een ev aluated, e.g., � = 3 : 14159 � � � , and

there is a metho d to compute larger �nite pre�xes on demand.

A �nite pre�x of the digit stream denotes an in terv al, namely the set of all real

n um b ers whose digit streams start with this pre�x. F or instance, the pre�x 3.14

denotes the in terv al [3 : 14 ; 3 : 15] since all n um b ers starting with 3.14 are b et w een

3 : 14000 � � � and 3 : 14999 � � � = 3 : 15. The longer the pre�x, the smaller the in terv al,

e.g., 3.141 denotes [3 : 141 ; 3 : 142]. In this w a y , the digit stream denotes b y means

of its pre�xes a nested sequence of in terv als whose in tersection con tains exactly

one n um b er, namely the real n um b er giv en b y the digit stream.

The closed in terv als of I R form a domain when ordered under opp osite inclu-

sion. A nested sequence of in terv als is an increasing c hain in this domain, with

its in tersection as the least upp er b ound. The real n um b ers themselv es are in

one-to-one corresp ondence to the maximal elemen ts of this domain, namely the

degenerate in terv als [ x; x ]. The Scott top ology of the in terv al domain induces

the usual top ology on I R via this em b edding.

2.1 The F ailure of Standard Num b er Systems

The examples ab o v e are based on the familiar de cimal system , whic h is actually

unsuitable for exact arithmetic (Brou w er [10]). W e shall demonstrate this b y

means of an example, and note that similar examples exist for bases di�eren t

from 10, i.e., this is a principal problem a�ecting all standard p ositional n um b er

systems.



Consider the task of computing the pro duct y = 3 � x where x is giv en b y the

decimal represen tation � = 0 : 333 � � � . Mathematically , the result is giv en b y the

decimal represen tation � = 0 : 999 � � � , but is it p ossible to compute this result?

Recall that at an y time, only a �nite pre�x of � is kno wn, and this �nite pre�x

is the only source of information a v ailable to pro duce a �nite pre�x of the result

� .

Assume w e kno w the pre�x 0 : 333 of � . Is this su�cien t to determine the

�rst digit of � ? Unfortunately not, b ecause the pre�x 0 : 333 denotes the in terv al

[0 : 333 ; 0 : 334], whic h giv es [0 : 999 ; 1 : 002] when m ultiplied b y 3. So w e kno w that

� should start with 0. or 1., but w e do not y et kno w whic h is the righ t one,

since neither the in terv al [0 ; 1] denoted b y 0. nor the in terv al [1 ; 2] denoted b y

1. co v ers the output in terv al [0 : 999 ; 1 : 002]. W orse, it is easy to see that this

happ ens with all pre�xes of the form 0 : 33 � � � 3. Hence if � is the stream 0 : 333 � � �

with `3' forev er, w e can nev er output the �rst digit of � since no �nite amoun t

of information from � is su�cien t to decide whether � should start with 0. or 1. .

A solution to this problem is to admit negativ e digits ( � 1, . . . , � 9 in base

10). If w e no w �nd that � b egins with 0 : 333, w e ma y safely output `1 : ' (ev en

1 : 00) as a pre�x of � since w e can comp ensate b y negativ e digits if it turns

out later that the n um b er represen ted b y � is less than 1 = 3, and so the result

is actually smaller than 1. More formally , the in terv al denoted b y the pre�x

0 : 333 is no w [0 : 332 ; 0 : 334], since the smallest p ossible extension of 0.333 is no

longer 0 : 33300 � � � , but 0 : 333( � 9)( � 9) � � � . This in terv al yields [0 : 996 ; 1 : 002] when

m ultiplied b y 3, whic h is con tained in the in terv al [0 : 99 ; 1 : 01] represen ted b y the

pre�x 1 : 00, i.e., w e can safely output 1 : 00 as the b eginning of the output stream.

2.2 Signed P ositional Systems

Signed p ositional systems are v arian ts of standard p ositional systems whic h ad-

mit negativ e as w ell as p ositiv e digits. Lik e the standard systems, they are c har-

acterised b y a base r , whic h is an in teger r � 2. Once the base is �xed, the set

of p ossible digits is tak en as D

r

= f d 2 Z Z j j d j < r g . F or r = 10, w e obtain

D

10

= f� 9 ; � 8 ; : : : ; 0 ; 1 ; : : : ; 9 g ( signe d de cimal system ), but the signe d binary

system with r = 2 and D

2

= f� 1 ; 0 ; 1 g is practically more imp ortan t. Most

of these lecture notes deal with the case of base 2, whic h will therefore b e the

default case when the index r is omitted.

T o a v oid a sp ecial notation for the \decimal" (or \binary") p oin t, let's assume

it is alw a ys at the b eginning of the digit stream. Then an (in�nite) digit stream

� = h d

1

; d

2

; d

3

; � � �i with d

i

2 D

r

represen ts the real n um b er [ � ]

r

=

P

1

i =1

d

i

r

� i

as

usual. A �nite digit sequence � represen ts the set [ � ]

r

of all n um b ers [ � � ]

r

whic h

are represen ted b y extensions of � to an in�nite stream. F or � = h d

1

; d

2

; � � � ; d

n

i ,

this set can b e determined as the in terv al [ � ]

r

= [

P

n

i =1

d

i

r

� i

� r

� n

;

P

n

i =1

d

i

r

� i

+

r

� n

] of length 2 r

� n

. Note that the empt y pre�x hi ( n = 0) denotes the in terv al

[ � 1 ; 1], whic h is the set of all real n um b ers represen table b y no w. F or the other

ones, see Section 2.3 b elo w.

In the sequel, w e shall usually omit the paren theses and commas in digit

sequences to obtain a more compact notation. Instead, w e shall write concrete



examples of digits and digit sequences in a sp ecial st yle, e.g., 4711 for h 4 ; 7 ; 1 ; 1 i ,

to distinguish these sequences as syn tactic ob jects from the n um b ers they denote.

F or further notational con v enience, the min us sign b ecomes a bar within digit

sequences, e.g., w e write 1

�

1 01 for the sequence h 1 ; � 1 ; 0 ; 1 i . The digit sequence

whic h results from attac hing a single digit d to a sequence � will b e written as

d : � (lik e \cons" in the lazy functional languages Hask ell and Miranda). Unlik e

these languages, w e shall abbreviate d

1

: d

2

: � b y d

1

d

2

: � .

What is then the prop er seman tic meaning of this \cons" op eration? F or

in�nite streams, w e ma y calculate

[ d : � ]

r

= d � r

� 1

+

1

X

i =2

�

i � 1

r

� i

=

1

r

 

d +

1

X

i =1

�

i

r

� i

!

=

1

r

( d + [ � ]

r

) :

Hence, w e ha v e [ d : � ]

r

= A

r

d

([ � ]

r

) where A

r

d

denotes the a�ne function with

A

r

d

( x ) =

x + d

r

. A similar calculation can b e done for �nite digit sequences de-

noting in terv als; the result is again [ d : � ]

r

= A

r

d

([ � ]

r

), but this time, b oth

sides are in terv als, and for an in terv al I , A

r

d

( I ) is the image of I under A

r

d

,

whic h ma y as w ell b e obtained as A

r

d

([ u; v ]) = [ A

r

d

( u ) ; A

r

d

( v )]. F or �nite digit se-

quences, these considerations lead to an alternativ e c haracterisation of [ d

1

� � � d

n

]

r

as A

r

d

1

( � � � A

r

d

n

([ � 1 ; 1]) � � � ).

In con trast to the \cons" op eration, the \tail" op eration (omitting the �rst

digit) has no seman tic meaning. In base 2, 010 : : : and 1

�

10 : : : b oth represen t

the n um b er

1

4

, but their tails 10 : : : and

�

10 : : : represen t t w o di�eren t n um b ers

(

1

2

and �

1

2

).

Let's no w consider the practically imp ortan t case r = 2, D = f� 1 ; 0 ; 1 g more

closely . Here, w e ha v e (suppressing the index 2) A

�

1

( x ) =

1

2

( x � 1), A

0

( x ) =

1

2

x ,

and A

1

( x ) =

1

2

( x + 1). All p ossible digit sequences up to length 2 and the in terv als

denoted b y them are giv en b y the follo wing table:

[ 11 ] = [

1

2

; 1]

[ 1 ] = [0 ; 1] [ 10 ] = [

1

4

;

3

4

]

[ 01 ] = [ 1

�

1 ] = [0 ;

1

2

]

[ ] = [ � 1 ; 1] [ 0 ] = [ �

1

2

;

1

2

] [ 00 ] = [ �

1

4

;

1

4

]

[ 0

�

1 ] = [

�

11 ] = [ �

1

2

; 0]

[

�

1 ] = [ � 1 ; 0] [

�

10 ] = [ �

3

4

; �

1

4

]

[

�

1

�

1 ] = [ � 1 ; �

1

2

]

W e see that the in terv als o v erlap considerably , and some in terv als are outrigh t

equal, e.g., [ 1

�

1 ] and [ 01 ]. The latter observ ation can b e strengthened to the

fact that for all �nite or in�nite digit sequences � , the sequences 1

�

1 : � and

01 : � are equiv alen t in the sense that they denote the same in terv al (�nite

case) or the same real n um b er (in�nite case). The seman tic reason for this is

A

1

� A

�

1

= A

0

� A

1

= ( x 7!

1

4

( x + 1)). Similarly ,

�

1 1 : � and 0

�

1 : � are alw a ys

equiv alen t.

Therefore, most real n um b ers ha v e sev eral (often in�nitely man y) di�eren t

digit stream represen tations. This redundancy , or more precisely the o v erlapping



whic h causes it is imp ortan t for computabilit y: if an output range crosses the

b order p oin t 0 of [

�

1 ] and [ 1 ] and is su�cien tly small, then it will b e con tained

in [ 0 ], i.e., the digit 0 ma y b e output. This observ ation ma y b e strengthened as

follo ws:

{ If an in terv al J � [ � 1 ; 1] has length ` ( J ) �

1

2

, then it is con tained in (at

least) one of the three digit in terv als [

�

1 ], [ 0 ], [ 1 ].

An in terv al J with

1

2

< ` ( J ) � 1 ma y or ma y not �t in to one of the three digit

in terv als; consider [ � �;

1

2

+ � ] whic h do es not �t for � > 0, and [0 ; l ] whic h �ts

in to [ 1 ] = [0 ; 1] for l � 1. Finally , an in terv al J with ` ( J ) > 1 cannot �t in to an y

of the three digit in terv als.

These observ ations can b e generalised to digit sequences of length greater

than 1 and arbitrary bases r as follo ws:

Prop osition 2.1. L et J � [ � 1 ; 1] b e an interval.

1. If ` ( J ) � r

� n

, then J � [ � ]

r

for some digit se quenc e � of length n in b ase r .

2. If J � [ � ]

r

for some digit se quenc e � of length n in b ase r , then ` ( J ) � 2 r

� n

.

2.3 Exp onen ts

W e ha v e seen that a signed p ositional n um b er system as de�ned ab o v e can only

represen t n um b ers x with j x j � 1 b y digit streams. T o obtain represen tations for

real n um b ers x of an y size, one ma y write x as r

e

� x

0

where r

e

is a p o w er of the

base and x

0

satis�es j x

0

j � 1 so that it can b e represen ted b y a digit stream. In

principle, exp onen ts e � 0 are su�cien t, but allo wing arbitrary e 2 Z Z has its

virtues. Th us, w e arriv e at represen tations ( e j j � ) where e is an in teger (called

exp onent ) and � is a digit stream (called mantissa ), and ( e j j � ) represen ts

[( e j j � )]

r

= r

e

� [ � ]

r

. Seman tically , the attac hmen t of the exp onen t can again b e

captured b y an a�ne map, namely [( e j j � )]

r

= E

r

e

([ � ]

r

), where E

r

e

is giv en b y

E

r

e

( x ) = r

e

� x .

The resulting n um b er represen tation is similar to the familiar exp onen t-

man tissa represen tation. The di�erences are that the man tissa is (p oten tially)

in�nite and ma y con tain negativ e digits, and that no leading sign is required to

represen t negativ e n um b ers. (A further syn tactic di�erence is that the exp onen t

comes �rst; this re
ects the fact that all algorithms deal with the exp onen t �rst

b efore w orking with the man tissa.)

Clearly , the exp onen t in the n um b er represen tation is not unique. Since

[ 0 : � ]

r

=

1

r

[ � ]

r

, a represen tation ( e j j � ) can alw a ys b e replaced b y ( e + 1 j j 0 : � ),

or more generally b y ( e + k j j 0

k

: � ), where 0

k

: � means that k 0 -digits are at-

tac hed to the b eginning of � . On the other hand, w e ma y remo v e leading 0 -digits

from � and reduce ( r e�ne ) the exp onen t accordingly: [( e j j 0 : � )]

r

= [( e � 1 j j � )]

r

,

or more generally [( e j j 0

k

: � )]

r

= [( e � k j j � )]

r

.

Note that 0 -digits ma y b e squeezed out of a digit stream ev en if it do es not

b egin with a 0 -digit. F or instance, in base r = 2, w e ha v e seen that 1

�

1 : � and

01 : � are equiv alen t, and so are

�

11 : � and 0

�

1 : � . Th us, w e ha v e [( e j j 1

�

1 : � )] =

[( e � 1 j j 1 : � )] and [( e j j

�

11 : � )] = [( e � 1 j j

�

1 : � )].



Re�nemen t of the exp onen t is no longer p ossible i� the man tissa � starts with

one of 10 , 11 ,

�

10 , or

�

1

�

1 . W e call a represen tation with this prop ert y normalise d .

A normalised man tissa represen ts a n um b er x with

1

4

� j x j � 1. All real n um b ers

except 0 ha v e normalised represen tations, but in con trast to the familiar case of

unsigned digits, the exp onen ts of t w o normalised represen tations for the same

n um b er ma y still di�er b y 1, e.g.,

1

3

= [( � 1 j j ( 10 )

!

)] = [(0 j j 1 ( 0

�

1 )

!

)].

The computation of a real n um b er y (more exactly , one of its represen tations)

generally pro ceeds in the follo wing stages:

1. Obtain an upp er b ound for the exp onen t of y .

2. Re�ne the exp onen t un til it is su�cien tly small or the represen tation is

normalised.

3. Compute pre�xes of the man tissa according to the required precision.

In simple cases, the exp onen t of the result is immediately kno wn, but sometimes,

considerable w ork is to b e done in the �rst t w o stages.

2.4 Calculations with Digit Streams

Supp ose w e w an t to implemen t a function f : I R ! I R whic h tak es real n um b ers

to real n um b ers. Then w e need to �nd a corresp onding function ' on r epr esenta-

tions , i.e., a function ' that maps represen tations ( e j j � ) of x in to represen tations

( e

0

j j � ) of f ( x ). Often, this function will b e based on some function '

0

that maps

digit streams in to digit streams. Algorithms for suc h stream functions can usually

b e sp eci�ed recursiv ely in the spirit of a lazy functional programming language

suc h as Hask ell or Miranda.

W e are no w ready to presen t the implemen tations of a few simple functions

(and constan ts), alw a ys assuming base r = 2. W e shall usually not distinguish

b et w een a stream � and its denotation [ � ], nor b et w een a function f and its

represen tation ' .

Zer o ma y b e represen ted b y (0 j j 0

!

), and one b y (0 j j 1

!

) or (1 j j 10

!

).

Ne gation � x can b e implemen ted b y lea ving the exp onen t alone, and negating

(the n um b er represen ted b y) the man tissa: � ( e j j � ) = ( e j j � � ).

The latter can b e done b y 
ipping all digits around:

� ( 1 : � ) =

�

1 : ( � � ) ; � ( 0 : � ) = 0 : ( � � ) ; � (

�

1 : � ) = 1 : ( � � ) :

A bsolute value j x j can also b e realised b y acting on the man tissa:

j ( e j j � ) j = ( e j j j � j ).

As long as the leading digit of � is 0 , w e do not kno w whether [ � ] is p ositiv e or

negativ e. But b ecause of [ 0 : � ] =

1

2

[ � ] and j

1

2

x j =

1

2

j x j w e can safely output a

0 -digit for ev ery 0 -digit w e meet: j 0 : � j = 0 : j � j .

Once the �rst non-zero digit has b een found, w e kno w [ � ] � 0 or [ � ] � 0, and

can switc h to the iden tit y stream function or negation:

j 1 : � j = 1 : � ; j

�

1 : � j = 1 : ( � � ) :



Other op er ations. Implemen tations of the minim um function min ( x; y ) and

addition x + y in this framew ork are straigh tforw ard (see also Exercise 1). Mul-

tiplication is a bit more di�cult, but division already requires some ingen uit y ,

and there is no immediate w a y to obtain functions lik e square ro ot, exp onen tial,

logarithm, etc. F ortunately , line ar fr actional tr ansformations (LFT's) pro vide a

high-lev el framew ork that mak es the implemen tation of suc h real n um b er op er-

ations m uc h easier. Individual LFT's act on n um b er represen tations and digit

streams in a uniform w a y whic h is �xed once and for all. The desired real n um-

b er op erations ma y then b e implemen ted in terms of LFT expressions, without

the need to think ab out their action on the lo w-lev el digit streams. (Another

approac h w as used b y Plume [42] who w ork ed on digit streams using auxiliary

represen tations and an auxiliary limit function. These also pro vide an abstrac-

tion from the underlying digit streams.)

3 Linear F ractional T ransformations (LFT's)

W e ha v e already seen that the seman tic meaning of digits and exp onen ts can b e

captured b y certain a�ne tr ansformations : [ d : � ]

r

= A

r

d

([ � ]

r

) with A

r

d

( x ) =

x + d

r

,

and [( e j j � )]

r

= E

r

e

([ � ]

r

) with E

r

e

( x ) = r

e

� x . The general form of these a�ne

transformations is A ( x ) = ax + b with t w o �xed parameters a and b . Considering

a�ne transformations w ould already b e su�cien t to obtain some useful results,

but to handle division and certain transcenden tal functions, one needs the more

general linear fractional transformations or LFT's.

3.1 One-Dimensional LFT's (1-LFT's) and Matrices

A one-dimensional line ar fr actional tr ansformation (1-LFT), also called M• obius

tr ansformation , is a function of the form L ( x ) =

ax + c

bx + d

with four �xed parameters

a , b , c , and d . In general, these parameters are arbitrary real (or ev en complex)

n um b ers, but w e shall usually only consider 1-LFT's with in teger parameters.

The notion of 1-LFT includes that of a�ne transformation. A 1-LFT

ax + c

bx + d

is a�ne if and only if b = 0; in this case it b ecomes

a

d

x +

c

d

.

F or ease of notation, w e abbreviate the function x 7!

ax + c

bx + d

b y




a

b

c

d

�

. The

follo wing are some examples of 1-LFT's:

x 7! x




1

0

0

1

�

x 7! � x

D

� 1

0

0

1

E

x 7! x + 1




1

0

1

1

�

x 7! 3 x




3

0

0

1

�

x 7!

1

x




0

1

1

0

�

x 7!

2 x +3

4 x +5




2

4

3

5

�

x 7! A

r

d

( x ) =

x + d

r

D

1

0

d

r

E

x 7! E

r

e

( x ) = r

e

� x

D

r

e

0

0

1

E

The notation




a

b

c

d

�

for 1-LFT's lo oks similar to a 2-2-matrix M =

�

a

b

c

d

�

. In-

deed, an y suc h matrix M =

�

a

b

c

d

�

de�nes a 1-LFT, namely h M i =




a

b

c

d

�

, with



h M i ( x ) =

ax + c

bx + d

. Y et this corresp ondence is not one-to-one: in a 1-LFT, common

factors of the four parameters do not matter;




a

b

c

d

�

and

D

k a

k b

k c

k d

E

are the same

1-LFT if k is a non-zero n um b er. Th us, w e ha v e h M i = h k M i for k 6= 0. In fact,

the opp osite direction also holds: if h M

1

i = h M

2

i , then M

1

and M

2

di�er only

b y a non-zero m ultiplicativ e factor. In particular, w e ha v e h M i = h� M i . As a

sligh t normalisation, w e usually presen t 1-LFT's in a w a y suc h that the lo w er

righ t en try is non-negativ e ( d � 0).

The matrix-lik e notation for 1-LFT's carries mathematical meaning b ecause

of the follo wing:

Prop osition 3.1. The c omp osition of two 1-LFT's L

1

and L

2

is again a 1-LFT.

Comp osition of 1-LFT's c orr esp onds to matrix multiplic ation: h M

1

i � h M

2

i =

h M

1

� M

2

i (Exer cise 2).

Recall from linear algebra ho w t w o matrices are m ultiplied:

�

a

b

c

d

�

�

�

a

0

b

0

c

0

d

0

�

=

�

aa

0

+ cb

0

ba

0

+ db

0

ac

0

+ cd

0

bc

0

+ dd

0

�

(1)

If b = b

0

= 0, then also ba

0

+ db

0

= 0, hence a�nit y is preserv ed b y m ultiplication.

The neutral elemen t of matrix m ultiplication is the identity matrix E =

�

1

0

0

1

�

,

whose 1-LFT




1

0

0

1

�

is the iden tit y function. Recall further the imp ortan t notion

of the determinant of a matrix

det

�

a

b

c

d

�

= ad � bc (2)

and its basic prop erties:

det E = 1 det( A � B ) = det A � det B det( k M ) = k

2

� det M (3)

Because of the last equation ab o v e, the determinan t is not a w ell-de�ned prop-

ert y of a 1-LFT (remem b er that h k M i = h M i for k 6= 0). Y et the sign of the

determinan t is a p erfect 1-LFT prop ert y b ecause for k 6= 0, det ( k M )

>

=

<

0 i�

det M

>

=

<

0.

A matrix M is non-singular i� det M 6= 0. The inverse of a non-singular

matrix M =

�

a

b

c

d

�

is giv en b y

�

a

b

c

d

�

� 1

=

1

det M

�

d

� b

� c

a

�

. F or 1-LFT's, the

factor

1

det M

do es not matter, and w e ma y de�ne the pseudo inverse M

�

instead:

�

a

b

c

d

�

�

=

�

d

� b

� c

a

�

(4)

Note that the pseudo in v erse of an in teger matrix is again an in teger matrix,

and a�nit y ( b = 0) is preserv ed as w ell. The follo wing are the main prop erties

of this notion (in the matrix w orld):

E

�

= E ( M

�

)

�

= M

( k � M )

�

= k � M

�

( A � B )

�

= B

�

� A

�

det M

�

= det M M � M

�

= M

�

� M = det M � E

(5)



Since non-zer o factors do not matter for 1-LFT's, the last prop ert y giv es the

1-LFT equation h M

�

i � h M i = h M i � h M

�

i = id for det M 6= 0, i.e., h M

�

i is the

in v erse function of h M i .

3.2 Tw o-Dimensional LFT's (2-LFT's) and T ensors

The 1-LFT's de�ned ab o v e are functions of one argumen t, and as suc h, not

suitable to capture the standard binary op erations of addition x + y , subtraction

x � y , m ultiplication x � y , and division x=y . F or this purp ose, w e in tro duce LFT's

of t w o argumen ts (t w o-dimensional LFT's, shortly 2-LFT's).

A two-dimensional line ar fr actional tr ansformation (2-LFT) is a function of

the form L ( x; y ) =

axy + cx + ey + g

bxy + dx + f y + h

with eigh t �xed parameters a , b , c , d , e , f , g ,

and h . F or ease of notation, w e write this function as

D

a

b

c

d

e

f

g

h

E

. The follo wing

are some examples of 2-LFT's:

( x; y ) 7! x + y




0

0

1

0

1

0

0

1

�

( x; y ) 7! x � y

D

0

0

1

0

� 1

0

0

1

E

( x; y ) 7! x � y




1

0

0

0

0

0

0

1

�

( x; y ) 7! x=y




0

0

1

0

0

1

0

0

�

( x; y ) 7!

x + y

1 � xy

D

0

� 1

1

0

1

0

0

1

E

( x; y ) 7!

2 x +3

4 y +5




0

0

2

0

0

4

3

5

�

The notation

D

a

b

c

d

e

f

g

h

E

for 2-LFT's lo oks similar to a 2-4-matrix T =

�

a

b

c

d

e

f

g

h

�

,

called tensor . The relation b et w een tensors and 2-LFT's is similar to the rela-

tion b et w een matrices and 1-LFT's. An y tensor T de�nes a 2-LFT h T i . Tw o

tensors de�ne the same 2-LFT if and only if their en tries di�er b y a non-zero

m ultiplicativ e factor. Th us, h T i = h k T i for k 6= 0; in particular h T i = h� T i . W e

usually presen t 2-LFT's in a w a y suc h that the lo w er righ t en try is non-negativ e

( h � 0).

If the second argumen t of a 2-LFT F =

D

a

b

c

d

e

f

g

h

E

is a �xed n um b er y , then

F j

y

is a function in one argumen t, giv en b y

F j

y

( x ) = F ( x; y ) =

( ay + c ) x + ( ey + g )

( by + d ) x + ( f y + h )

=

�

ay + c

by + d

ey + g

f y + h

�

( x ) :

A similar calculation can b e done if the �rst argumen t is a �xed n um b er x ,

leading to another 1-LFT F j

x

. Th us, if w e de�ne for tensors T =

�

a

b

c

d

e

f

g

h

�

T j

x

=

�

ax + e

bx + f

cx + g

dx + h

�

and T j

y

=

�

ay + c

by + d

ey + g

f y + h

�

(6)

then h T j

x

i ( y ) = T ( x; y ) and h T j

y

i ( x ) = T ( x; y ).

While there is no ob vious w a y to comp ose t w o 2-LFT's in the framew ork

presen ted here, there are sev eral w a ys to comp ose a 2-LFT and a 1-LFT (or to

m ultiply a tensor and a matrix). Let for the follo wing M b e a matrix and T a

tensor.



First, the function F de�ned b y F ( x; y ) = h M i ( h T i ( x; y )) is again a 2-LFT,

namely F = h M T i , where M T is an instance of ordinary matrix m ultiplication:

�

a

0

b

0

c

0

d

0

� �

a

b

c

d

e

f

g

h

�

=

�

a

0

a + c

0

b

b

0

a + d

0

b

a

0

c + c

0

d

b

0

c + d

0

d

a

0

e + c

0

f

b

0

e + d

0

f

a

0

g + c

0

h

b

0

g + d

0

h

�

(7)

Second, the function G de�ned b y G ( x; y ) = h T i ( h M i ( x ) ; y ) is again a 2-LFT,

namely G = h T

L


M i , where T

L


M is a sp ecial purp ose op eration de�ned b y

�

a

b

c

d

e

f

g

h

�

L


�

a

0

b

0

c

0

d

0

�

=

�

aa

0

+ eb

0

ba

0

+ f b

0

ca

0

+ g b

0

da

0

+ hb

0

ac

0

+ ed

0

bc

0

+ f d

0

cc

0

+ g d

0

dc

0

+ hd

0

�

(8)

Third, the function H de�ned b y H ( x; y ) = h T i ( x; h M i ( y )) is again a 2-LFT,

namely H = h T

R


M i , where T

R


M is a sp ecial purp ose op eration de�ned b y

�

a

b

c

d

e

f

g

h

�

R


�

a

0

b

0

c

0

d

0

�

=

�

aa

0

+ cb

0

ba

0

+ db

0

ac

0

+ cd

0

bc

0

+ dd

0

ea

0

+ g b

0

f a

0

+ hb

0

ec

0

+ g d

0

f c

0

+ hd

0

�

(9)

All these op erations are connected b y v arious algebraic la ws:

( M

1

� M

2

) � T = M

1

� ( M

2

� T ) ( T

L


M

1

)

R


M

2

= ( T

R


M

2

)

L


M

1

(10)

( M

1

� T )

L


M

2

= M

1

� ( T

L


M

2

) ( M

1

� T )

R


M

2

= M

1

� ( T

R


M

2

) (11)

( T

L


M

1

)

L


M

2

= T

L


( M

1

� M

2

) ( T

R


M

1

)

R


M

2

= T

R


( M

1

� M

2

) (12)

3.3 Zero-Dimensional LFT's (0-LFT's) and V ectors

In analogy to 1-LFT's whic h tak e one argumen t and 2-LFT's whic h tak e t w o

argumen ts, there are also 0-LFT's




a

b

�

whic h tak e no argumen t at all, but deliv er

the constan t

a

b

.

The notation




a

b

�

for 0-LFT's lo oks similar to a v ector

�

a

b

�

. Clearly , t w o

v ectors corresp ond to the same 0-LFT if and only if they di�er b y a non-zero

m ultiplicativ e factor.

A 1-LFT




a

b

c

d

�

can b e applied to a 0-LFT




u

v

�

resulting in a new 0-LFT

D

au + cv

bu + dv

E

. If the �rst argumen t of a 2-LFT F =

D

a

b

c

d

e

f

g

h

E

is a �xed 0-LFT w =




u

v

�

, then F j

w

is the 1-LFT

D

au + ev

bu + f v

cu + g v

du + hv

E

. Similarly , F j

w

=

D

au + cv

bu + dv

eu + g v

f u + hv

E

.

These absorption rules can b e used to deal with rational n um b ers in the

real arithmetic. An expression lik e

1

3

� can b e set up as




1

0

0

0

0

0

0

1

�

(




1

3

�

; � ) using

the tensor for m ultiplication, and then simpli�ed to




1

0

0

3

�

( � ). If only rational

op erations on rational n um b ers are p erformed, this is equiv alen t to a rational

arithmetic, with the disadv an tage that in general, denominators double in their

bit size in ev ery addition and m ultiplication. Alternativ ely , a rational n um b er

can b e treated lik e an y real n um b er and transformed in to a digit stream.



4 Monotonicit y

By in terv al, w e alw a ys mean a closed in terv al [ u; v ] with u � v in I R. If I is an

in terv al and f : I ! I R a con tin uous function, then its image f ( I ) is again an

in terv al. T o actually determine the end p oin ts of f ( I ), it is useful to kno w ab out

the monotonicit y of f .

A function f : I ! I R is

{ incr e asing if x � y in I implies f ( x ) � f ( y ),

{ de cr e asing if x � y in I implies f ( x ) � f ( y ),

{ strictly incr e asing if x < y in I implies f ( x ) < f ( y ),

{ strictly de cr e asing if x < y in I implies f ( x ) > f ( y ),

{ monotonic if it is increasing (on the whole of I ) or decreasing (on the whole

of I ).

F or monotonic functions, w e also sp eak of their monotonicity typ e , whic h is

" for increasing functions, and # for decreasing functions. Clearly , f ([ u; v ]) =

[ f ( u ) ; f ( v )] for increasing f , and f ([ u; v ]) = [ f ( v ) ; f ( u )] for decreasing f . Hence

for monotonic f , f ([ u; v ]) is the in terv al spanned b y the t w o v alues f ( u ) and

f ( v ), extending from their minim um to their maxim um. If J is another in terv al,

then f ([ u; v ]) � J if and only if b oth f ( u ) and f ( v ) are in J .

Let h M i b e a 1-LFT suc h that the denominator bx + d of h M i ( x ) =

ax + c

bx + d

is non-zero for all x in an in terv al I . W e call suc h a 1-LFT b ounde d on I since

it a v oids the v alue 1 whic h formally o ccurs as a fraction with denominator 0.

Analogous notions can b e in tro duced for 2-LFT's.

A 1-LFT f = h M i whic h is b ounded on I is a con tin uous function f : I ! I R,

giv en b y f ( x ) =

ax + c

bx + d

. Clearly , this function is di�eren tiable with deriv ativ e

f

0

( x ) =

ad � bc

( bx + d )

2

. In this fraction, the denominator is alw a ys greater than 0 (it

cannot b e 0 since f w as supp osed to b e b ounded on I ), while the n umerator is

a constan t, namely det M . Th us, the monotonicit y b eha viour of h M i dep ends

only on the sign of det M (whic h is a meaningful notion for a 1-LFT):

{ If det M > 0, then h M i

0

( x ) > 0 for all x in I , hence h M i is strictly increasing.

{ If det M < 0, then h M i

0

( x ) < 0 for all x in I , hence h M i is strictly decreasing.

{ If det M = 0, then h M i

0

( x ) = 0 for all x in I , hence h M i is constan t on I .

In an y case, h M i is monotonic, and therefore, the remarks on monotonic func-

tions giv en ab o v e apply . All this relies on the fact that w e let the 1-LFT act on

an in terv al; for instance,




0

1

1

0

�

= ( x 7!

1

x

) with det

�

0

1

1

0

�

= � 1 is decreasing on

[1 ; 2] and on [ � 2 ; � 1], but not on [ � 1 ; 1] n f 0 g .

W e no w turn to functions of t w o argumen ts. Let I and J b e t w o in terv als.

Geometrically , their pro duct set I � J is a rectangle. F or a function F : I � J !

I R, w e de�ne F j

x

: J ! I R for �xed x in I b y F j

x

( y ) = F ( x; y ), and dually

F j

y

: I ! I R for �xed y in J b y F j

y

( x ) = F ( x; y ); these functions are the

se ctions of F .

A function F : I � J ! I R is monotonic if all its sections F j

x

for x 2 I and

F j

y

for y 2 J are monotonic. Recall that all the sections of a 2-LFT are 1-LFT's,



and therefore monotonic b y the results ab o v e. Hence, ev ery 2-LFT is monotonic

on ev ery rectangle where it is b ounded (i.e., its denominator a v oids 0).

Prop osition 4.1. If F : [ u

1

; u

2

] � [ v

1

; v

2

] ! I R is c ontinuous and monotonic,

then its image F ([ u

1

; u

2

] � [ v

1

; v

2

]) is the interval sp anne d by the four c orner

values F ( u

1

; v

1

) , F ( u

1

; v

2

) , F ( u

2

; v

1

) , and F ( u

2

; v

2

) , i.e., it extends fr om the

smal lest of these values to the lar gest.

Corollary 4.2. If F : [ u

1

; u

2

] � [ v

1

; v

2

] ! I R is c ontinuous and monotonic, then

for al l intervals J , the inclusion F ([ u

1

; u

2

] � [ v

1

; v

2

]) � J holds if and only if al l

the c orner values F ( u

1

; v

1

) , F ( u

1

; v

2

) , F ( u

2

; v

1

) , and F ( u

2

; v

2

) ar e in J .

If F : I � J ! I R is monotonic, then it ma y happ en that some of the sections

F j

y

are increasing, while some other sections F j

y

are decreasing. W e sa y F is

incr e asing in the �rst ar gument if all sections F j

y

for y 2 J are increasing.

The prop erties to b e decreasing in the �rst (or second) argumen t are de�ned

analogously . W e sa y F has typ e ( " ; # ) if F is increasing in the �rst argumen t and

decreasing in the second. The 3 other t yp es ( " ; " ), ( # ; " ), and ( # ; # ) are de�ned

similarly .

Let's consider some examples. On I

0

� I

0

= [ � 1 ; 1]

2

, addition F ( x; y ) = x + y

has t yp e ( " ; " ), subtraction F ( x; y ) = x � y has t yp e ( " ; # ), while m ultiplication

F ( x; y ) = x � y is of course monotonic lik e all other 2-LFT's, but do es not ha v e an y

of the four t yp es. F or, F j

1

( x ) = x is increasing, but F j

� 1

( x ) = � x is decreasing.

5 Bounded and Re�ning LFT's

Later, w e shall apply LFT's to argumen ts giv en b y digit streams. Of course,

this mak es only sense if the LFT is w ell-de�ned for argumen ts from the \b ase

interval" I

0

= [ � 1 ; 1], i.e., is b ounde d in the sense that its denominator a v oids 0

for argumen ts from I

0

. If w e w an t the result to b e represen ted b y a digit stream

as w ell, then the LFT should moreo v er b e r e�ning , i.e., map I

0

in to itself.

In this section, w e shall deriv e some criteria for LFT's to b e b ounded and

re�ning, and pro v e some prop erties of these notions. These pro ofs in v olv e some

manipulations of absolute v alues, so that it is w orth while to establish some

prop erties of absolute v alues in the b eginning. Recall

j x j = max( x; � x ) � j x j = min( x; � x ) (13)

for real n um b ers x . The follo wing lemma will b e useful in dealing with sums.

Lemma 5.1.

max( j x + y j ; j x � y j ) = j x j + j y j and j x + y j + j x � y j = 2 max ( j x j ; j y j ) .

5.1 Bounded 1-LFT's

A 1-LFT




a

b

c

d

�

is b ounde d i� the denominator D ( x ) = bx + d is non-zero for all

x 2 I

0

. Since I

0

is an in terv al and D is con tin uous, this means either D ( x ) > 0



for all x in I

0

, or D ( x ) < 0 for all x in I

0

. Under the general assumption d � 0,

the second case is ruled out b ecause D (0) = d . T o c hec k D ( x ) > 0 for all x 2 I

0

,

it su�ces to consider the minimal v alue of D on [ � 1 ; 1]. F or b � 0, this is

D ( � 1) = d � b , and for b � 0, it is D (1) = d + b . In an y case, the minim um is

d � j b j . Therefore, w e obtain:

Prop osition 5.2.




a

b

c

d

�

with d � 0 is b ounde d if and only if d > j b j . In this

c ase, the denominator bx + d is p ositive for al l x in I

0

.

5.2 Bounded 2-LFT's

F or a 2-LFT F =

D

a

b

c

d

e

f

g

h

E

, the denominator is D ( x; y ) = bxy + dx + f y + h . W e

sa y F is b ounded if D a v oids 0 for ( x; y ) in I

2

0

. Under the general assumption

h = D (0 ; 0) � 0, this is again equiv alen t to p ositivit y of D on I

2

0

. F unction

D is monotonic; this is most easily seen b y noting that D =

D

b

0

d

0

f

0

h

1

E

is a

2-LFT. Hence, the range of p ossible v alues of D on I

2

0

is spanned b y the four

corner v alues D ( � 1 ; � 1). Th us, F is b ounded i� the four v alues b + d + f + h ,

� b � d + f + h , � b + d � f + h , and b � d � f + h are p ositiv e. Equiv alen tly , this

means

h > max ( b + d � f ; b � d + f ; � b + d + f ; � b � d � f ) : (14)

In case of b = 0, the condition can b e simpli�ed to h > j d j + j f j with the help of

Lemma 5.1.

Prop osition 5.3. If

D

a

b

c

d

e

f

g

h

E

with h � 0 is b ounde d, then h > max( j b j ; j d j ; j f j ) .

Pr o of. W e start with (14). Adding the t w o relations h > b + d � f and h > b � d + f

giv es 2 h > 2 b , and adding h > � b + d + f and h > � b � d � f yields 2 h > � 2 b .

T ogether, h > j b j follo ws. In a similar w a y , h > j d j and h > j f j can b e deriv ed.

ut

5.3 Re�ning 1-LFT's

A b ounded 1-LFT f =




a

b

c

d

�

is r e�ning if f ( I

0

) � I

0

. Since f is monotonic, this

is equiv alen t to the t w o conditions f ( � 1) 2 I

0

and f (1) 2 I

0

, or j f ( � 1) j � 1

and j f (1) j � 1. With the assumption d � 0, the denominator of f ( x ) =

ax + c

bx + d

is

p ositiv e. Hence, the t w o conditions can b e reform ulated as j c � a j � d � b and

j c + a j � d + b , or d � max ( j c � a j + b; j c + a j � b ) = max ( c + a � b; c � a + b; � c +

a + b; � c � a � b ).

Note the similarit y of this condition to the condition for a 2-LFT to b e

b ounded (14); the only di�erence lies in the v ariable names and the relation

sym b ol. Hence ev erything what has b een said ab out b ounded 2-LFT's holds

here as w ell in an analogous w a y:

Prop osition 5.4.

A n a�ne 1-LFT




a

0

c

d

�

with d > 0 is r e�ning if and only if d � j a j + j c j .

Prop osition 5.5. If




a

b

c

d

�

with d � 0 is r e�ning, then d � max ( j a j ; j b j ; j c j ) .



5.4 Re�ning 2-LFT's

A b ounded 2-LFT F =

D

a

b

c

d

e

f

g

h

E

is r e�ning if F ( I

2

0

) � I

0

. Since F is mono-

tonic, this is equiv alen t to the condition that all four corner v alues F ( � 1 ; � 1)

are in I

0

, or j F ( � 1 ; � 1) j � 1. With the assumption h � 0, all denominators are

p ositiv e. Hence, the four conditions can b e reform ulated as

j a + c + e + g j � b + d + f + h

j a � c � e + g j � b � d � f + h

j� a � c + e + g j � � b � d + f + h

j� a + c � e + g j � � b + d � f + h

(15)

W e no w sho w that the lo w er righ t en try h of a re�ning 2-LFT dominates all other

ones (under the assumption h � 0). First, w e kno w from Prop. 5.3 that h >

j b j ; j d j ; j f j . Adding the t w o equations in the �rst column of (15) giv es max( j a +

g j ; j c + e j ) � h + b with the help of Lemma 5.1. Similarly , adding the second

column yields max( j a � g j ; j c � e j ) � h � b . Next, adding j a + g j � h + b and

j a � g j � h � b giv es max( j a j ; j g j ) � h , and adding the other t w o relations yields

max( j c j ; j e j ) � h .

Prop osition 5.6. If

D

a

b

c

d

e

f

g

h

E

with h � 0 is r e�ning, then h � j a j ; j c j ; j e j ; j g j

and h > j b j ; j d j ; j f j .

6 LFT's and Digit Streams

No w w e consider the application of (re�ning) LFT's to argumen ts from I

0

. The

LFT's will b e represen ted b y matrices, and the argumen ts and results b y digit

streams (exp onen ts are handled later). W e tak e the freedom to o ccasionally iden-

tify LFT's and their represen ting matrices, and th us to apply the LFT notions

b ounded, re�ning, monotonic etc. to the represen ting matrices as w ell.

6.1 Absorption of Argumen t Digits

Absorption in to Matrices. Let f = h M i b e a 1-LFT to b e applied to a digit

stream. Remem b er that a digit k in base r corresp onds to an a�ne transfor-

mation A

r

k

with A

r

k

( x ) =

x + k

r

. This is a sp ecial case of a 1-LFT, with matrix

A

r

k

=

�

1

0

k

r

�

. Using this matrix, w e ma y calculate

h M i ([ k : � ]

r

) = h M i ( h A

r

k

i ([ � ]

r

)) = h M � A

r

k

i ([ � ]

r

) :

Th us, w e ma y absorb the �rst digit of the argumen t stream in to the matrix M

b y m ultiplying M with A

r

k

from the righ t:

{ Absorption: M ( k : � ) = ( M � A

r

k

) ( � ).

An explicit form ula for the pro duct M � A

r

k

ma y b e obtained b y sp ecialising

Equation (1):

M � A

r

k

=

�

a

b

c

d

�

�

�

1

0

k

r

�

=

�

a

b

r c + k a

r d + k b

�

(16)



F or the follo wing, let M =

�

a

b

c

d

�

and M

0

= M � A

r

k

=

�

a

0

b

0

c

0

d

0

�

, where the actual

v alues of a

0

etc. are giv en b y (16).

1. If M is b ounded with p ositiv e denominator, then so is M

0

.

Pro of: Let D ( x ) = bx + d b e the denominator of M , and D

0

( x ) = b

0

x + d

0

the denominator of M

0

. Both D and D

0

are 1-LFT's, namely D =

�

b

0

d

1

�

and D

0

=

�

b

0

r d + k b

1

�

. By (16), D � A

r

k

is D

00

=

�

b

0

r d + k b

r

�

. By h yp othesis,

D ( x ) > 0 for all x in I

0

. Hence, D ( x ) > 0 for all x 2 A

r

k

( I

0

) � I

0

, and

therefore, D

00

( x ) = D ( A

r

k

( x )) > 0 for all x in I

0

. F rom this, p ositivit y of

D

0

( x ) = r � D

00

( x ) immediately follo ws.

2. If M is re�ning, then so is M

0

.

Pro of: If M ( I

0

) � I

0

, then M

0

( I

0

) = M ( A

r

k

( I

0

)) � M ( I

0

) � I

0

.

3. If M is increasing (decreasing), then so is M

0

.

Pro of: M

0

is M comp osed with the increasing function A

r

k

.

Absorption in to T ensors. The absorption of a digit in to a tensor T rests on

a similar seman tic foundation. It comes in t w o v ersions, dep ending on whether

the digit is tak en from the left or the righ t argumen t.

{ Left absorption: T ( k : � ; � ) = ( T

L


A

r

k

) ( � ; � ).

{ Righ t absorption: T ( � ; k : � ) = ( T

R


A

r

k

) ( � ; � ).

Explicit form ulae for the pro ducts T

L


A

r

k

and T

R


A

r

k

ma y b e obtained b y

sp ecialising (8) and (9):

T

L


A

r

k

=

�

a

b

c

d

e

f

g

h

�

L


�

1

0

k

r

�

=

�

a

b

c

d

r e + k a

r f + k b

r g + k c

r h + k d

�

(17)

T

R


A

r

k

=

�

a

b

c

d

e

f

g

h

�

R


�

1

0

k

r

�

=

�

a

b

r c + k a

r d + k b

e

f

r g + k e

r h + k f

�

(18)

F or the follo wing, let T

0

= T

L


A

r

k

or T

0

= T

R


A

r

k

.

1. If T is b ounded with p ositiv e denominator, then so is T

0

.

2. If T is re�ning, then so is T

0

.

3. If T has a monotonicit y t yp e, e.g., ( " ; " ), then T

0

has the same t yp e.

The pro ofs of these statemen ts are analogous to the corresp onding ones for

matrices.

6.2 Emission of Result Digits

Of course, absorption is not enough; w e also need a metho d to emit digits of the

output stream represen ting the result of a computation.



Emission from Matrices. Let M b e a matrix and � a digit stream. T o emit

a digit k of h M i ([ � ]

r

), w e m ust transform this v alue in to the form [ k : � ]

r

=

h A

r

k

i ([ � ]

r

). This can b e done b y writing M as pro duct A

r

k

� M

0

for some matrix

M

0

. The equation M = A

r

k

� M

0

yields M

0

= A

r

k

�

� M using the in v erse of A

r

k

.

Th us, emission is p erformed b y M ( � ) = k : ( A

r

k

�

� M )( � ).

An explicit form ula for the pro duct A

r

k

�

� M is obtained b y sp ecialising (1):

A

r

k

�

� M =

�

r

0

� k

1

�

�

�

a

b

c

d

�

=

�

r a � k b

b

r c � k d

d

�

(19)

Of course, w e cannot emit an arbitrary digit. If the output stream is to b egin

with k , then the result of the computation should b e in the corresp onding digit

in terv al [ k ]

r

; otherwise the metho d w ould b e unsound. Th us, w e can only emit

k from M ( � ) if w e kno w that its v alue is con tained in [ k ]

r

. Without lo oking in to

� , w e kno w nothing ab out it. Th us, the condition M ( � ) 2 [ k ]

r

m ust hold for all

digit streams � , whic h is equiv alen t to M ( I

0

) � [ k ]

r

.

{ Emission: M ( � ) = k : ( A

r

k

�

� M )( � ).

This op eration is p ermitted only if M ( I

0

) � [ k ]

r

.

F or the follo wing in v ariance prop erties, let M

0

= A

r

k

�

� M .

1. If M is b ounded with p ositiv e denominator, then so is M

0

.

Pro of: This is ob vious since M and M

0

ha v e the same denominator.

2. If M is re�ning and the emission leading to M

0

w as p ermitted, then M

0

is re-

�ning again. Pro of: If M ( I

0

) � [ k ]

r

= A

r

k

( I

0

), then M

0

( I

0

) = A

r

k

�

( M ( I

0

)) �

A

r

k

�

( A

r

k

( I

0

)) = I

0

.

3. If M is increasing (decreasing), then so is M

0

.

Pro of: M

0

is M comp osed with the increasing function A

r

k

�

.

Emission from T ensors. Emission from a tensor w orks similar to emission

from a matrix:

{ Emission: T ( � ; � ) = k : ( A

r

k

�

� T )( � ; � ).

This op eration is p ermitted only if T ( I

2

0

) � [ k ]

r

.

An explicit form ula for the pro duct A

r

k

�

� T is obtained b y sp ecialising (7):

�

r

0

� k

1

�

�

�

a

b

c

d

e

f

g

h

�

=

�

r a � k b

b

r c � k d

d

r e � k f

f

r g � k h

h

�

(20)

This v arian t of emission satis�es in v ariance prop erties 1{3 analogous to those

for matrices.

6.3 Sk etc h of an Algorithm

W e are no w able to sk etc h an algorithm for applying a re�ning 1-LFT giv en b y

a matrix M to a digit stream:



Algorithm 1

L et M

0

= M . Then for every n � 0 do:

If ther e is a digit k such that M

n

( I

0

) � [ k ]

r

,

then output digit k and let M

n +1

= A

r

k

�

� M

n

,

else r e ad the next digit k fr om the input str e am and let M

n +1

= M

n

� A

r

k

.

The matrices M

0

, M

1

, etc. represen t the in ternal state of the algorithm. Hence,

w e refer to them collectiv ely as the state matrix . (In an imp erativ e language,

they w ould all o ccup y the same v ariable.)

F or tensors an additional problem comes up: if no emission is p ossible, should

w e absorb a digit from the left argumen t or from the righ t? A simple strategy

is to alternate b et w een left and righ t absorption, while a more sophisticated

strategy could lo ok in to the tensor to see whic h absorption is more lik ely to lead

to a subsequen t emission.

6.4 The Emission Conditions

Algorithm 1 w as not v ery sp eci�c on ho w to �nd a digit k suc h that the image

of the LFT is con tained in [ k ]

r

, or to �nd out that suc h a digit do es not exist.

These questions will b e handled for base r = 2 only since this case allo ws for a

simple solution: try the 3 p ossibilities k = 1 ; 0 ;

�

1 in turn. (An idea of what to

do for a general base can b e obtained b y lo oking at Section 9.3 b elo w.)

The actual computation is simpli�ed if w e kno w some prop erties of the state

matrix (or tensor) in question. Remem b er that some LFT prop erties are pre-

serv ed b y absorptions and p ermitted emissions. Th us, if the initial matrix is

re�ning and b ounded with p ositiv e denominator, then so will b e all state ma-

trices encoun tered in Alg. 1. Moreo v er, if the initial matrix has some sp eci�c

monotonicit y prop ert y , then all state matrices will ha v e this prop ert y . Th us,

for the follo wing, w e alw a ys assume a re�ning b ounded matrix with p ositiv e

denominator, and w e shall try to exploit monotonicit y as far as p ossible.

Base 2: Matrices. Let M b e a re�ning b ounded matrix with p ositiv e de-

nominator. First, w e consider the case that M is increasing, so that M ( I

0

) =

[ M ( � 1) ; M (1)]. Since M is re�ning, w e kno w M ( I

0

) � I

0

, or M ( � 1) � � 1 and

M (1) � 1. Then M ( I

0

) � [ 1 ]

2

= [0 ; 1] i� M ( � 1) � 0 and M (1) � 1, where the

second condition is redundan t. The �rst condition reads

� a + c

� b + d

� 0. Since the

denominator is p ositiv e, this is equiv alen t to a � c . Similarly , M ( I

0

) � [

�

1 ]

2

=

[ � 1 ; 0] i� M ( � 1) � � 1 and M (1) � 0, where the �rst condition is redundan t.

The second condition reads

a + c

b + d

� 0. Since the denominator is p ositiv e, this is

equiv alen t to � a � c .

Finally , M ( I

0

) � [ 0 ]

2

= [ �

1

2

;

1

2

] i� M ( � 1) � �

1

2

and M (1) �

1

2

, where no

condition is redundan t. The �rst condition reads

� a + c

� b + d

� �

1

2

, or 2( c � a ) � b � d .

The second condition reads

a + c

b + d

�

1

2

, or 2( c + a ) � b + d . Chec king these t w o

conditions b ecomes more e�cien t if they con tain common sub expressions that

can b e ev aluated ahead. Indeed, the �rst condition can b e transformed in to



b � 2 c � d � 2 a , and the second in to 2 c � b � d � 2 a . Hence, the t w o conditions

ma y b e ev en com bined in to one, namely j 2 c � b j � d � 2 a .

If M is decreasing, the roles of M (1) and M ( � 1) are in terc hanged. This

means that in the emission conditions, a and b ha v e to b e replaced b y � a and

� b , resp ectiv ely , while c and d remain unc hanged. Th us, the condition a � c for

emission of 1 b ecomes � a � c , the condition � a � c for emission of

�

1 b ecomes

a � c , and �nally , the condition j 2 c � b j � d � 2 a b ecomes j 2 c + b j � d + 2 a . All

conditions are summarised in the follo wing table:

T yp e 1

�

1 0

" a � c � a � c j 2 c � b j � d � 2 a

# � a � c a � c j 2 c + b j � d + 2 a

Since the condition for 0 is more complicated than the other t w o, w e prop ose

to c hec k the conditions in the order 1 ,

�

1 , 0 . This has the additional adv an tage

that there is a situation where some tests can b e a v oided b ecause they are b ound

to fail. Supp ose the c hec ks of the emission conditions for 1 and

�

1 b oth failed, but

the c hec k for 0 succeeded. Then the digit 0 is emitted, and the curren t matrix

�

a

b

c

d

�

is replaced b y

�

2 a

b

2 c

d

�

according to (19). Y et the relationship b et w een

� 2 a and 2 c is the same as b et w een � a and c , whic h means that the emission

conditions for 1 and

�

1 will again fail; therefore, only the condition for 0 needs

to b e c hec k ed again.

Base 2: T ensors. No w let T b e a re�ning b ounded tensor with p ositiv e de-

nominator. First, w e consider the case that T is of t yp e ( " ; " ), so that T ( I

2

0

) =

[ T ( � 1 ; � 1) ; T (1 ; 1)]. Then T ( I

2

0

) � [ 1 ]

2

= [0 ; 1] i� T ( � 1 ; � 1) � 0; the other con-

dition T (1 ; 1) � 1 holds an yw a y since T is re�ning. The relev an t condition reads

a � c � e + g

b � d � f + h

� 0. Since the denominator is p ositiv e, this is equiv alen t to c + e � g + a .

Similarly , T ( I

2

0

) � [

�

1 ]

2

= [ � 1 ; 0] i� T (1 ; 1) =

a + c + e + g

b + d + f + h

� 0, whic h is equiv alen t

to c + e � � ( g + a ).

Finally , T ( I

2

0

) � [ 0 ]

2

= [ �

1

2

;

1

2

] i� T ( � 1 ; � 1) � �

1

2

and T (1 ; 1) �

1

2

. The

�rst condition reads

a � c � e + g

b � d � f + h

� �

1

2

, or � 2( a � c � e + g ) � b � d � f + h . The

second condition reads

a + c + e + g

b + d + f + h

�

1

2

, or 2( a + c + e + g ) � b + d + f + h . The

�rst condition can b e transformed in to d + f � 2 a � 2 g � h + b � 2 c � 2 e , and the

second in to 2 a + 2 g � d � f � h + b � 2 c � 2 e . Again, these t w o conditions can

b e com bined in to one, namely j 2( g + a ) � ( d + f ) j � ( h + b ) � 2( c + e ). Note that

g + a and c + e also o ccur in the tests for 1 and

�

1 ; they need only b e ev aluated

once.

If T is of t yp e ( " ; # ) instead, then T ( � 1 ; � 1) m ust b e replaced b y T ( � 1 ; 1),

and T (1 ; 1) b y T (1 ; � 1). This corresp onds to negation of a , b , e , f , while the

other four parameters are unc hanged. The other t w o monotonicit y t yp es can b e

handled b y similar negations. The results are collected in the follo wing table:



T yp e 1

�

1 0

( " ; " ) c + e � g + a c + e � � ( g + a ) j 2( g + a ) � ( d + f ) j � ( h + b ) � 2( c + e )

( " ; # ) c � e � g � a c � e � � ( g � a ) j 2( g � a ) � ( d � f ) j � ( h � b ) � 2( c � e )

( # ; " ) e � c � g � a e � c � � ( g � a ) j 2( g � a ) � ( f � d ) j � ( h � b ) � 2( e � c )

( # ; # ) � c � e � g + a � c � e � � ( g + a ) j 2( g + a ) + ( d + f ) j � ( h + b ) + 2( c + e )

If T is of unkno wn monotonicit y t yp e or do es not ha v e an y t yp e at all, then the

conjunction of the four conditions in eac h column m ust b e considered. The four

conditions for 1 can b e com bined in to the t w o conditions j c + e j � g + a and

j c � e j � g � a , and similarly for

�

1 , while no simpli�cation seems to b e p ossible

in case of 0 .

Again, the conditions for 0 are more complicated then the other t w o. If the

order 1 ,

�

1 , 0 is c hosen, then as in the matrix case, 1 and

�

1 need not b e c hec k ed

again after emission of 0 .

6.5 Examples

Example 6.1. Let's �rst consider the matrix M =

�

3

0

0

4

�

whic h means m ultipli-

cation b y

3

4

. The d -en try 4 is p ositiv e, and the determinan t 12 is p ositiv e as

w ell. The function is b ounded ( d = 4 > j b j = 0), and re�ning ([ M ( � 1) ; M (1)] =

[ �

3

4

;

3

4

] � I

0

). Therefore, w e can use the emission conditions in the " ro w of

the matrix table. Generally , w e c hec k the conditions in the order 1 ,

�

1 , 0 , except

after emission of 0 , where the conditions for 1 and

�

1 are skipp ed b ecause they

are kno wn to fail as p oin ted out ab o v e. W e also tak e an y opp ortunit y to cancel

common factors of the four parameters of the state matrix. Let's assume the

digit sequence denoting the argumen t starts with 101 .

Start: M =

�

3

0

0

4

�

a � c , 3 � 0 fails, � a � c , � 3 � 0 fails, j 2 c � b j � d � 2 a , 0 � � 2 fails.

Absorb 1 and set M to

�

3

0

3

8

�

.

a � c , 3 � 3 succeeds.

Emit 1 and set M to

�

6

0

� 2

8

�

. Cancel a factor of 2 so that M =

�

3

0

� 1

4

�

.

a � c , 3 � � 1 fails, � a � c , � 3 � � 1 fails, j 2 c � b j � d � 2 a , 2 � � 2 fails.

Absorb 0 and set M to

�

3

0

� 2

8

�

.

a � c , 3 � � 2 fails, � a � c , � 3 � � 2 fails, j 2 c � b j � d � 2 a , 4 � 2 fails.

Absorb 1 and set M to

�

3

0

� 1

16

�

.

a � c , 3 � � 1 fails, � a � c , � 3 � � 1 fails,

but j 2 c � b j � d � 2 a , 2 � 10 succeeds.

Emit 0 and set M to

�

6

0

� 2

16

�

. Cancel a factor of 2 so that M =

�

3

0

� 1

8

�

.

j 2 c � b j � d � 2 a , 2 � 2 succeeds.

Emit 0 and set M to

�

6

0

� 2

8

�

. Cancel a factor of 2 so that M =

�

3

0

� 1

4

�

.

j 2 c � b j � d � 2 a , 2 � � 2 fails.

No w, w e should absorb a new digit, but w e only assumed the pre�x 101 to b e

kno wn. Th us, the algorithm transforms the argumen t pre�x 101 in to the result



pre�x 100 . Note that [ 101 ] = [

1

2

;

3

4

] and 100 = [

3

8

;

5

8

] � [

3

8

;

9

16

] = M ([

1

2

;

3

4

]),

as it should b e. In practice, a demand for more output digits will automatically

generate a demand for more input digits, whic h will b e computed b y the pro cess

computing the argumen t.

Example 6.2. Let's consider another example whic h in v olv es something more

complicated than m ultiplication b y

3

4

, namely computing

1

x +2

. In con trast to

3

4

x , it is not immediate ho w a digit stream for

1

x +2

can b e computed from a digit

stream for x . Y et the algorithm dev elop ed ab o v e pro vides the answ er.

The function x 7!

1

x +2

is a 1-LFT with matrix

�

0

1

1

2

�

. The en try d = 2 is

p ositiv e, but the determinan t � 1 is negativ e. The function is b ounded ( d = 2 >

j b j = 1), and re�ning ([ M (1) ; M ( � 1)] = [

1

3

; 1] � I

0

). Th us, the algorithm can b e

applied|with the emission conditions from the # ro w of the table for matrices.

Start: M =

�

0

1

1

2

�

� a � c , 0 � 1 succeeds. Emit 1 and set M to

�

� 1

1

0

2

�

.

� a � c , 1 � 0 fails, a � c , � 1 � 0 fails, j 2 c + b j � d + 2 a , 1 � 0 fails.

Absorb 1 and set M to

�

� 1

1

� 1

5

�

.

� a � c , 1 � � 1 fails, a � c , � 1 � � 1 succeeds.

Emit

�

1 and set M to

�

� 1

1

3

5

�

.

� a � c , 1 � 3 succeeds. Emit 1 and set M to

�

� 3

1

1

5

�

.

� a � c , 3 � 1 fails, a � c , � 3 � 1 fails, j 2 c + b j � d + 2 a , 3 � � 1 fails.

Absorb 0 and set M to

�

� 3

1

2

10

�

.

� a � c , 3 � 2 fails, a � c , � 3 � 2 fails, j 2 c + b j � d + 2 a , 5 � 4 fails.

Absorb 1 and set M to

�

� 3

1

1

21

�

.

� a � c , 3 � 1 fails, a � c , � 3 � 1 fails, j 2 c + b j � d + 2 a , 3 � 15 succeeds.

Emit 0 and set M to

�

� 6

1

2

21

�

.

j 2 c + b j � d + 2 a , 5 � 9 succeeds. Emit 0 and set M to

�

� 12

1

4

21

�

.

j 2 c + b j � d + 2 a , 9 � � 3 fails.

Th us, the algorithm maps the input pre�x 101 , whic h denotes the in terv al [

1

2

;

3

4

],

in to the output pre�x 1

�

1 100 , whic h denotes the in terv al [

11

32

;

13

32

]. This in terv al

really con tains M ([

1

2

;

3

4

]) = [

4

11

;

2

5

] as it should b e.

Note that in Example 6.1, a common factor of 2 could o ccasionally b e can-

celled, while in Example 6.2, no cancellation w as p ossible. W e will return to this

p oin t in Section 8.1. Note further the w a y in whic h absorptions (A) and emis-

sions (E) alternate. In the �rst example, the sequence is AEAAEE, and in the

second, it is EAEEAAEE. In b oth cases, the next w ould b e an A. There app ears

to b e some randomness in these sequences, but it is not to o bad; there seem to

b e no strings of 3 consecutiv e A's or E's.

The question ho w man y absorptions are needed to ac hiev e a certain n um b er

of emissions is imp ortan t for the p erformance of the algorithm. W e w ould not



lik e situations where a large n um b er of absorptions is needed b efore the next

emission is p ossible. The w orst p ossibilit y w ere a situation where the algorithm

k eeps on absorbing for ev er without ev er b eing able to emit something (lik e in

the problem of computing 3 � 0 : 333 � � � in ordinary decimal notation). F ortunately ,

w e can pro v e that this cannot happ en; apart from some �nite start-up phase in

the b eginning, absorptions and emissions will appro ximately alternate. This will

b e sho wn in the next section.

7 Con tractivit y and Expansivit y

Our next goal is to deriv e b ounds for the n um b er of absorptions that are required

to ac hiev e a certain n um b er of emissions. Suc h b ounds can b e obtained from

b ounds of the deriv ativ e(s) of the LFT. In fact, w e are able to obtain theoretical

b ounds for an ev en larger class of functions.

7.1 F unctions of One Argumen t

Let I b e an in terv al (as alw a ys closed) and F : I ! I R a C

1

-function, i.e., a

con tin uous function whic h is di�eren tiable with con tin uous deriv ativ e F

0

. The

me an value the or em of analysis states that for all x , y in I , there is some z

b et w een x and y (hence in I ) suc h that F ( x ) � F ( y ) = F

0

( z ) � ( x � y ). This

prop ert y giv es b ounds for the length of the in terv al F ( I ). First, w e ha v e for

I = [ u; v ]

` ( F ( I )) � j F ( v ) � F ( u ) j � inf

z 2 I

j F

0

( z ) j � ( v � u ) = exp

I

F � ` ( I ) (21)

where exp

I

F = inf

z 2 I

j F

0

( z ) j is the exp ansivity of F on I .

Second, w e ha v e

` ( F ( I )) = sup

x;y 2 I

j F ( x ) � F ( y ) j � sup

z 2 I

j F

0

( z ) j � sup

x;y 2 I

j x � y j = con

I

F � ` ( I ) (22)

where con

I

F = sup

z 2 I

j F

0

( z ) j is the c ontr activity of F on I . Since F

0

: I ! I R

is con tin uous, the con tractivit y is alw a ys �nite, and so w e ha v e 0 � exp

I

F �

con

I

F < 1 :

T ogether with Prop. 2.1, the b ounds deriv ed ab o v e will pro vide information

ab out p ossible emissions. Assume F is a C

1

-function de�ned on the base in terv al

I

0

= [ � 1 ; 1] with F ( I

0

) � I

0

. W e no w lo ok for theoretical lo w er and upp er b ounds

for the n um b er of digits required from a digit stream � represen ting an argumen t

x if w e w an t to compute a certain n um b er n of digits of a stream represen ting

the result F ( x ). W e w ork with a general base r � 2.

If a pre�x � of length m of the argumen t stream � is kno wn, then x is in

the in terv al I = [ � ]

r

of length ` ( I ) = 2 r

� m

. Hence, F ( x ) is in the in terv al

F ( I ), whose length l is b ounded b y exp

I

F � 2 r

� m

� l � con

I

F � 2 r

� m

. The

dep endence on the actual in terv al I can b e remo v ed b y replacing exp

I

F b y

exp

I

0

F � exp

I

F , and con

I

F b y con

I

0

F � con

I

F . Dropping the index I

0

, w e



obtain exp F � 2 r

� m

� l � con F � 2 r

� m

. (Y et note for later that w e ma y w ork

with exp

J

F and con

J

F instead, if w e are in terested in argumen ts tak en from a

subin terv al J � I

0

.)

By Prop. 2.1, w e kno w that (at least) n result digits can b e emitted if l � r

� n

.

Hence, n digits can b e emitted if con F � 2 r

� m

� r

� n

, or r

m

� 2 con F � r

n

,

or m � log

r

(2 con F ) + n . Th us, to emit n output digits, w e need at most

d log

r

(2 con F ) e + n input digits. This statemen t ev en applies to the case con F =

0, where the logarithm is �1 . F or, in this case, F is constan t, and an y n um b er

of output digits can b e obtained without lo oking at the input at all.

By Prop. 2.1, w e also kno w that l � 2 r

� n

if (at least) n result digits can b e

emitted. Th us, exp F � 2 r

� m

� 2 r

� n

, or m � log

r

(exp F ) + n if n result digits

can b e emitted. Hence, w e need at least d log

r

(exp F ) e + n input digits to obtain

n result digits. In case of exp F = 0 where the logarithm is �1 , this statemen t

still holds (trivially), but do es not yield an y useful information.

Theorem 7.1. L et F b e a C

1

-function de�ne d on the b ase interval I

0

. T o obtain

n digits of F ( x ) for x in I

0

, one ne e ds at le ast c

<

+ n and at most c

>

+ n digits

of x , wher e

c

<

= d log

r

(exp F ) e and c

>

= d log

r

(2 con F ) e

wher e r is the b ase of the numb er system, exp F = inf

x 2 I

0

j F

0

( x ) j and con F =

sup

x 2 I

0

j F

0

( x ) j .

F or functions with con F � exp F > 0, the theorem implies that asymptot-

ically , the n um b er of absorptions and emissions will b e equal, i.e., on the long

run and on a v erage, one absorption is required for ev ery emission. Lo cally , w e

see that for n emissions, at least c

<

+ n absorptions are needed, while for n + 1

emissions, at most c

>

+ n + 1 are required. Hence, after an y emission, w e need

at most c

>

� c

<

+ 1 absorptions, b efore the next emission is p ermitted. In par-

ticular, it can nev er happ en that an in�nite amoun t of absorptions do es not lead

to an y emission.

F or a�ne F , i.e., F ( x ) = ax + b , F

0

is constan t and so exp F and con F

coincide. In this case, the t w o b ounds in Theorem 7.1 are close together: F or

base 2, they alw a ys di�er b y one, while for large bases, they are ev en iden tical

in most cases, allo wing the exact prediction of the n um b er of required argumen t

digits. F or non-a�ne F , exp F and con F ma y di�er considerably , leading to less

accurate estimations.

Let's no w consider the case that F is a 1-LFT whic h is b ounded on I

0

, giv en

b y a matrix M =

�

a

b

c

d

�

with non-negativ e d . Recall from Section 4 that M is

C

1

with M

0

( x ) =

det M

( bx + d )

2

. F rom Prop. 5.2 and its pro of, w e kno w that bx + d is

p ositiv e for x 2 I

0

, with least v alue d � j b j . It is not hard to see that its largest

v alue is d + j b j , and therefore

con M =

j det M j

( d � j b j )

2

and exp M =

j det M j

( d + j b j )

2

: (23)

F or a�ne matrices ( b = 0), b oth expressions simplify to

j ad j

d

2

=

j a j

d

.



With these v alues, Theorem 7.1 not only describ es the theoretical complexit y

of obtaining M ( x ), but also the actual complexit y of Algorithm 1. F or, the

algorithm detects an opp ortunit y for emission as so on as it arises b ecause its

tests are logically equiv alen t to the emission condition.

In Example 6.1, w e ha v e M =

�

3

0

0

4

�

, hence exp M = con M =

3

4

, and so

c

<

= d log

2

3

4

e = 0 and c

>

= d log

2

3

2

e = 1. Hence, b et w een n and n + 1 absorptions

are needed for n emissions, and the maxim um n um b er of absorptions b et w een

an y t w o emissions is 1 � 0 + 1 = 2.

In Example 6.2, w e ha v e M =

�

0

1

1

2

�

, hence exp M =

1

9

and con M = 1, and

so c

<

= d log

2

1

9

e = � 3 and c

>

= d log

2

2 e = 1. Hence, b et w een n � 3 and n + 1

absorptions are needed for n emissions, and the maxim um n um b er of absorptions

b et w een an y t w o emissions is 1 � ( � 3) + 1 = 5.

Note that for 1-LFT's M , w e ha v e exp M = 0 i� con M = 0 i� det M = 0

i� M is a constan t function. Hence, there are only t w o cases: if det M 6= 0, the

n um b er of absorptions and emissions is asymptotically equal, while for det M =

0, an y n um b er of digits can b e emitted without absorbing an ything.

7.2 F unctions of Tw o Argumen ts

Let I and J b e t w o in terv als (as alw a ys closed) and F : I � J ! I R a C

1

-

function, i.e., a con tin uous function whic h is di�eren tiable in b oth argumen ts

with con tin uous deriv ativ es

@ F

@ x

and

@ F

@ y

. Th us, for �xed x in I , F j

x

: J ! I R

with F j

x

( y ) = F ( x; y ) is a C

1

-function on J , and for �xed y in J , F j

y

: I ! I R

with F j

y

( x ) = F ( x; y ) is a C

1

-function on I .

Let's �rst deriv e a lo w er b ound for ` ( F ( I ; J )). F or ev ery y in J , (21) implies

` ( F ( I � J )) � ` ( F j

y

( I )) � exp

I

( F j

y

) � ` ( I ) � exp

L

I ;J

F � ` ( I ) (24)

where

exp

L

I ;J

F = inf

y 2 J

exp

I

( F j

y

) = inf

x 2 I ;y 2 J

j

@ F

@ x

( x; y ) j (25)

is the left exp ansivity of F on I � J . Dually , w e ha v e

` ( F ( I � J )) � exp

R

I ;J

F � ` ( J ) where exp

R

I ;J

F = inf

x 2 I ;y 2 J

j

@ F

@ y

( x; y ) j (26)

is the righ t exp ansivity of F on I � J .

F or an upp er b ound, consider x

1

; x

2

2 I and y

1

; y

2

2 J . With (22), w e obtain

j F ( x

1

; y

1

) � F ( x

2

; y

2

) j � j F ( x

1

; y

1

) � F ( x

2

; y

1

) j + j F ( x

2

; y

1

) � F ( x

2

; y

2

) j

� con

I

( F j

y

1

) � ` ( I ) + con

J

( F j

x

2

) � ` ( J )

� con

L

I ;J

F � ` ( I ) + con

R

I ;J

F � ` ( J ) (27)

where con

L

I ;J

F = sup

y 2 J

con

I

( F j

y

) = sup

x 2 I ;y 2 J

j

@ F

@ x

( x; y ) j

and con

R

I ;J

F = sup

x 2 I

con

J

( F j

x

) = sup

x 2 I ;y 2 J

j

@ F

@ y

( x; y ) j :



Note that these n um b ers are �nite b ecause the partial deriv ativ es are con tin uous.

Finally , Relation (27) yields ` ( F ( I � J )) =

sup

x

1

;x

2

2 I

sup

y

1

;y

2

2 J

j F ( x

1

; y

1

) � F ( x

2

; y

2

) j � con

L

I ;J

F � ` ( I ) + con

R

I ;J

F � ` ( J ) : (28)

Assume no w F is a C

1

-function de�ned on I

2

0

= [ � 1 ; 1] � [ � 1 ; 1] with F ( I

2

0

) �

I

0

. Assume further that F ( x

1

; x

2

) is to b e computed where eac h x

i

is giv en b y a

digit stream �

i

, and w e w an t to �nd out ho w man y argumen t digits are needed

to obtain n digits of the result F ( x

1

; x

2

).

If a pre�x �

i

of length m

i

of the argumen t stream �

i

is kno wn, then x

i

is in

the in terv al I

i

= [ �

i

]

r

of length ` ( I

i

) = 2 r

� m

i

. Hence, F ( x

1

; x

2

) is in the in terv al

F ( I

1

; I

2

), whose length l is b ounded b y l

<

� l � l

>

, where

l

<

= max (exp

L

I

1

;I

2

F � 2 r

� m

1

; exp

R

I

1

;I

2

F � 2 r

� m

2

)

l

>

= con

L

I

1

;I

2

F � 2 r

� m

1

+ con

R

I

1

;I

2

F � 2 r

� m

2

Again, the dep endence on the actual in terv als I

1

and I

2

can b e remo v ed b y

enlarging b oth of them to I

0

. W e call the resulting b ounds l

�

and l

�

. F or ease

of notation, w e drop the indices in exp

L

I

0

;I

0

, etc.

By Prop. 2.1, w e kno w that (at least) n result digits can b e emitted if l �

r

� n

, whic h is the case if l

�

� r

� n

. Hence, n digits can b e emitted if con

L

F �

2 r

� m

1

�

1

2

r

� n

and con

R

F � 2 r

� m

2

�

1

2

r

� n

. The �rst condition is equiv alen t to

r

m

1

� 4 con

L

F � r

n

, or m

1

� log

r

(4 con

L

F ) + n . Th us, to emit n output digits,

d log

r

(4 con

L

F ) e + n digits from the left argumen t and d log

r

(4 con

R

F ) e + n digits

from the righ t argumen t are su�cien t.

By Prop. 2.1, w e also kno w that l � 2 r

� n

if (at least) n result digits can

b e emitted. Th us, if n digits can b e emitted, then l

�

� 2 r

� n

, or exp

L

F �

2 r

� m

1

� 2 r

� n

and exp

R

F � 2 r

� m

2

� 2 r

� n

, or m

1

� log

r

(exp

L

F ) + n and

m

2

� log

r

(exp

R

F ) + n . These relations indicate ho w man y digits from the t w o

argumen ts are at least needed to obtain n result digits.

Theorem 7.2. L et F b e a C

1

-function with two ar guments de�ne d on I

2

0

. T o

obtain n digits in b ase r of F ( x

1

; x

2

) for x

1

, x

2

in I

0

, one ne e ds at le ast c

<

L

+ n

digits of x

1

and c

<

R

+ n digits of x

2

, wher e

c

<

L

= d log

r

(exp

L

F ) e and c

<

R

= d log

r

(exp

R

F ) e :

On the other hand, c

>

L

+ n digits of x

1

and c

>

R

+ n digits of x

2

ar e su�cient to

obtain (at le ast) n output digits, wher e

c

>

L

= d log

r

(4 con

L

F ) e and c

>

R

= d log

r

(4 con

R

F ) e :

F or functions with exp

L

F > 0 and exp

R

F > 0, the theorem implies that on

the long run and on a v erage, one absorption from eac h argumen t is required for

ev ery emission. Analogously to the case of one argumen t, one can sho w that it

can nev er happ en that an in�nite amoun t of absorptions from b oth sides do es

not lead to an y emission.



Unlik e the case of matrices, there are no simple form ulae for the left and

righ t con tractivities and expansivities of a general tensor. The reason is that the

general forms of the partial deriv ativ es are to o complicated. Y et for some sp ecial

tensors, concrete b ounds can b e obtained easily .

The tensor for addition is not re�ning, but T =

�

0

0

1

0

1

0

0

2

�

with T ( x; y ) =

1

2

( x + y ) is re�ning. Since

@ T

@ x

( x; y ) =

@ T

@ y

( x; y ) =

1

2

, w e ha v e exp

L

T = exp

R

T =

con

L

T = con

R

T =

1

2

. Hence in base 2, at least n � 1 digits and at most n + 1

digits m ust b e absorb ed from b oth sides to obtain n output digits. (In practice,

n � 1 digits are not su�cien t.)

The tensor T =

�

1

0

0

0

0

0

0

1

�

with T ( x; y ) = xy is re�ning. Since

@ T

@ x

( x; y ) = y

and

@ T

@ y

( x; y ) = x , w e ha v e exp

L

T = exp

R

T = 0 and con

L

T = con

R

T = 1.

Hence in base 2, n + 2 digits from b oth sides are su�cien t to obtain n output

digits, but w e do not get useful lo w er b ounds. Indeed, w e ha v e ( 0 : � ) � � =

0 : ( � � � ), and therefore, an arbitrary n um b er of output digits can b e obtained

without lo oking at the second argumen t if the �rst argumen t is 0

!

.

8 The Size of the En tries

When a non-singular re�ning matrix is applied to a digit stream, w e kno w from

Theorem 7.1 that b et w een c

<

+ 2 n and c

>

+ 2 n tr ansactions (absorptions plus

emissions) are needed to obtain n output digits. A t �rst glance, these transactions

(and the emission tests) seem to require only constan t time (see (16) and (19)),

but w e need to tak e in to accoun t the size of the four en tries of the state matrix. In

Example 6.2, the en tries seem to gro w during the course of the computation, and

the time required b y the in teger op erations in the transactions and tests (mainly

addition and comparison) is linear in the bit size of the in v olv ed n um b ers. Th us,

w e should try to obtain b ounds for the en tries of the state matrix (or tensor) in

order to obtain prop er complexit y results.

8.1 Common F actors

Cancellation of common factors of the en tries of the state matrix could help to

k eep the en tries small. In Example 6.1, a common factor of 2 could o ccasionally

b e cancelled, while there w ere no common factors at all in Example 6.2.

W e �rst sho w that the range of p ossible common factors is quite limited.

Prop osition 8.1. L et M b e a matrix or tensor in lowest terms (i.e., no non-

trivial c ommon factors in the entries), and let M

0

b e the r esult of p erforming one

tr ansaction in b ase r (absorption or emission) at M . Then any c ommon factor

of M

0

divides r .

Pr o of. Let M =

�

a

b

c

d

�

as usual. If M

0

results from absorbing digit k , then M

0

=

�

a

b

r c + k a

r d + k b

�

. An y common factor g of a , b , r c + k a , and r d + k b is also a common

factor of r a , r b , r c , and r d . Since a , b , c , and d are relativ ely prime b y assumption,

g m ust divide r . The argumen ts for emission, where M

0

=

�

r a � k b

b

r c � k d

d

�

, and

for tensors are similar. ut



Ev en the limited amoun t of cancellation admitted b y Prop. 8.1 do es not sho w

up in most cases. Note that without cancellation of common factors, neither

absorption nor emission a�ect the b -en try of the state matrix or tensor. If b is

o dd lik e in Example 6.2, then it remains o dd for ev er, and there will nev er b e an y

common factors in base 2. If b is ev en and non-zero, then common factors ma y

o ccur, but only as often as the exp onen t of the largest p o w er of 2 con tained in b .

After this amoun t of common factors has b een cancelled out, the resulting v alue

of b will b e o dd, and no further cancellations will b e p ossible. Only if b = 0, an

unlimited n um b er of cancellations ma y o ccur. In the follo wing t w o subsections,

w e study the t w o cases b = 0 and b 6= 0 for matrices more closely .

8.2 A�ne Matrices

F or an a�ne matrix ( b = 0), the transactions simplify a bit:

�

a

0

c

d

�

� A

r

k

=

�

a

0

r c + k a

r d

�

A

r

k

�

�

�

a

0

c

d

�

=

�

r a

0

r c � k d

d

�

(29)

Hence, the result of �rst absorbing k and then emitting l , or the other w a y round,

is

A

r

l

�

�

�

a

0

c

d

�

� A

r

k

=

�

r a

0

r

2

c + r k a � r l d

r d

�

(30)

whic h has a common factor of r . After cancelling it, w e obtain

�

a

0

r c + k a � ld

d

�

,

whic h is the same as the original matrix, except for the c -en try . Similarly , w e

obtain a common factor r

k

after p erforming k absorptions and k emissions in

an y order, and cancelling r

k

will pro duce a matrix with the same a and d en tries

as the original one. The d -en try will only increase if there is an excess of absorp-

tions o v er emissions; this increase consists of a factor of r for ev ery additional

absorption.

By Theorem 7.1, w e kno w that at most c

>

+ n absorptions are needed for n

emissions. Th us, immediately b efore the last of these n emissions, n � 1 emissions

and at most c

>

+ n absorptions ha v e happ ened; the maximal p ossible excess is

therefore c

>

+ 1. Recall c

>

= d log

r

(2 con M ) e = d log

r

(2

j a j

d

) e . By Prop. 5.4, j a j �

d holds, whence c

>

� 1. Therefore, the maximal p ossible excess of absorptions

o v er emissions is 2.

Theorem 8.2. L et M

0

=

�

a

0

0

c

0

d

0

�

b e an a�ne r e�ning matrix with d

0

� 0 ,

and ( M

n

)

n � 0

the se quenc e of matric es which r esults fr om A lgorithm 1, with the

additional pr ovision that after e ach step, al l c ommon factors ar e c anc el le d out.

Then al l entries of M

n

ar e b ounde d by r

2

� d

0

.

This b ound is sharp as can b e seen from Example 6.1: The starting v alue is

d

0

= 4, and so the theoretical upp er b ound is 2

2

� 4 = 16, whic h indeed o ccurs

after four transactions. But Theorem 8.2 ensures that it cannot get w orse.

Because of the constan t upp er b ound in Theorem 8.2, the additions and

comparisons needed to execute the algorithm tak e only constan t time.



Corollary 8.3. If an a�ne r e�ning 1-LFT is applie d to a digit str e am, e ach

tr ansaction (absorption or emission) takes only c onstant time. Henc e, n output

digits c an b e c ompute d in time O ( n ) .

8.3 Non-A�ne Matrices

Remem b er that b in

�

a

b

c

d

�

is in v arian t under absorptions and emissions. Hence

in case b 6= 0, all common factors that ma y app ear during the calculation are

factors of b , and th us, cancellation of common factors can only lead to a constan t

size reduction. (In the sp ecial case j b j = 1, there will b e no non-trivial common

factors at all.)

Let us consider en try d , whic h is an upp er b ound for all other en tries b y

Prop. 5.5. Emission do es not a�ect d , while absorption of A

r

k

transforms d in to

d

0

= r d + k b . Because of j k j � r � 1, one obtains d

0

� r d + ( r � 1) j b j and

d

0

� r d � ( r � 1) j b j , whic h lead to d

0

+ j b j � r ( d + j b j ) and d

0

� j b j � r ( d � j b j ) : These

estimations can easily b e iterated. T aking in to accoun t p ossible cancellations b y

common factors in the lo w er b ound, one obtains:

Theorem 8.4. L et M

0

=

�

a

b

c

d

�

b e a r e�ning matrix with d � 0 and b 6= 0 ,

and let M

m

=

�

a

m

b

m

c

m

d

m

�

b e a matrix which r esults fr om M

0

by m absorptions in

b ase r , any numb er of emissions, and c anc el lation of al l c ommon factors. Then

d

m

�

d �j b j

j b j

r

m

+ 1 and d

m

� ( d + j b j ) r

m

� j b j holds (wher e the c o e�cients of r

m

ar e p ositive by Pr op. 5.2).

F or the matrix

�

0

1

1

2

�

of Example 6.2, w e obtain in base 2 the estimations 2

m

+ 1 �

d

m

� 3 � 2

m

� 1. F or m = 0 ; : : : ; 3, the lo w er b ounds are 2, 3, 5, 9, the upp er

b ounds 2, 5, 11, 23, and the observ ed v alues of d

m

are 2, 5, 10, 21, close to the

upp er b ounds.

On the p ositiv e side, Theorem 8.4 ensures that the bit size of the d -en try

(and with it all other en tries b y Prop. 5.5) is at most linear in the n um b er of

absorptions. On the negativ e side, it indicates that it really has linear bit size;

the increase of the size of the d -en try cannot b e a v oided. The a - and c -en tries

ma y gro w as w ell, but they need not, while b is guaran teed to remain small

b ecause it is in v arian t.

Theorem 8.4 also has a negativ e e�ect on e�ciency . Remem b er (Theorem 7.1)

that n emissions require O ( n ) absorptions, and th us lead to a d -en try of bit size

O ( n ). The next execution of the lo op in Algorithm 1 will th us need time O ( n )

b ecause it requires the calculation of either 2 c � d (emission of 1 ), or 2 c + d

(emission of

�

1 ), or d � 2 a (in the test whether 0 can b e emitted). Therefore w e

obtain:

Theorem 8.5. The c alculation of the �rst n digits of the r esult of applying a

non-a�ne r e�ning 1-LFT to a digit str e am ne e ds time O ( n

2

) if A lgorithm 1 is

use d.



8.4 Size Bounds for T ensors

F or tensors, similar results hold, but their pro ofs are m uc h more in v olv ed. Here,

w e presen t only the main results.

Prop osition 8.6. L et T

0

=

�

a

b

c

d

e

f

g

h

�

b e a r e�ning tensor with h � 0 , and let

T

m

b e a tensor which r esults fr om T

0

by m absorptions in b ase r , any numb er of

emissions, and c anc el lation of al l c ommon factors. Then al l entries of T

m

ar e

b ounde d by r

m

( h + j f j + j d j + j b j ) .

Prop osition 8.7. F or every r e�ning tensor T

0

=

�

a

b

c

d

e

f

g

h

�

with h � 0 , ther e

is an inte ger m

0

� 0 such that after m � m

0

absorptions, any numb er of emis-

sions, but no cancellations , the lower right entry h

0

of the r esulting tensor sat-

is�es h

0

� r

m � m

0

.

8.5 Cancellation in T ensors

F rom (17), (18), and (20), it follo ws that the en try b in

�

a

b

c

d

e

f

g

h

�

is in v arian t

under emissions and absorptions. Hence, only a �nite amoun t of cancellation is

p ossible if b 6= 0, and so, h will ha v e size � ( r

m

) after m absorptions. Only in the

case b = 0, an in�nite amoun t of cancellations is p ossible. The result of emitting

A

r

k

from

�

a

0

c

d

e

f

g

h

�

is

�

r a

0

r c � k d

d

r e � k f

f

r g � k h

h

�

:

The results of left and righ t absorption of A

r

k

in to

�

a

0

c

d

e

f

g

h

�

are the tensors

�

a

0

c

d

r e + k a

r f

r g + k c

r h + k d

�

and

�

a

0

r c + k a

r d

e

f

r g + k e

r h + k f

�

:

These three tensors rev eal that the three en tries a , d , and f either remain the

same or are m ultiplied b y r . Hence|under the condition b = 0|the three condi-

tions a = 0, d = 0, and f = 0 are in v arian t under absorptions and emissions, i.e.,

zeros at these p ositions will sta y for ev er. Y et the three tensors do not exhibit

an y opp ortunit y for cancellation in themselv es.

In the case of matrices, the opp ortunit y for cancelling r app ears only if an

absorption and an emission are considered together. Analogously , w e no w con-

sider the com bined e�ect of absorbing k

1

from the left and k

2

from the righ t,

and emitting l at

�

a

b

c

d

e

f

g

h

�

(a r ound ). The result, whic h do es not dep end on

the temp oral order of these three transactions, has a common factor of r in its

8 en tries. Cancelling this factor leads to

�

a

0

r c + k

2

a � l d

d

r e + k

1

a � l f

f

G

r h + k

1

d + k

2

f

�

(31)



where G = r

2

g + r k

1

c + r k

2

e + k

1

k

2

a � r l h � k

1

l d � k

2

l f .

Th us, in eac h round, a factor of r can b e cancelled. Y et this is not enough: since

a round con tains t w o absorptions, the lo w er righ t en try increases b y a factor of

appro ximately r

2

in eac h round, i.e., with the cancellation, it still increases b y

appro ximately r . A t least, it will b e only half as big (in terms of bit size) as in

the case b 6= 0. Note also that a , d , and f attain their original v alues after a

round with cancellation. On the p ositiv e side, this means that these three en tries

are b ounded, reducing b oth space and time complexit y of the calculations. On

the negativ e side, it implies that if at least one of these three v alues is non-zero,

then only a �nite amoun t of further cancellations is p ossible (none at all if at

least one of a , d , f is 1 or � 1). Th us, w e ma y only hop e for a further in�nite

amoun t of cancellations if a = d = f = 0. Under this assumption, there is indeed

another common factor of r in T ensor (31). Its cancellation leads to

�

0

0

c

0

e

0

r g + k

1

c + k

2

e � l h

h

�

(32)

Hence, the en tries c , e , and h attain their original v alues. As h is the dominan t

en try , one ma y argue further as in the case of matrices that all en tries are

b ounded during the calculation. Summarising, w e ha v e the follo wing three cases

for

�

a

b

c

d

e

f

g

h

�

if all p ossible cancellations are p erformed:

1. If b 6= 0, then there are only �nitely man y cancellations p ossible. After m

rounds, h has bit size 2 m + O (1).

2. If b = 0, then it sta ys 0 for ev er, and so do eac h of a , d , f in this case. If not

all of a , d , f are zero, then a factor of r can b e cancelled in eac h round, but

apart from these, there are only �nitely man y cancellations p ossible. After

m rounds, h has bit size m + O (1).

3. If b = a = d = f = 0, then this remains true for ev er, and a factor of r

2

can

b e cancelled in eac h round. All en tries of the tensor ha v e size O (1).

Lik e in the case of matrices, these results imply that a calculation with a tensor

T needs quadratic time, unless b = a = d = f = 0 or exp

L

T = 0 or exp

R

T = 0.

9 Handling Man y Digits at Once

The complexit y analysis giv en ab o v e has sho wn that apart from some exceptional

cases, the computation of n output digits from M ( x ) or T ( x; y ) needs quadratic

time O ( n

2

)|if Algorithm 1 is used whic h w orks digit b y digit, handling eac h

individual digit b y a transaction. In this section, w e sho w that handling man y

digits at once leads to a reduction in the complexit y .

9.1 Multi-Digits

The k ey observ ation is that the pro duct of t w o (and hence man y) digit matrices

is again a digit matrix, in a bigger base. The pro duct of t w o digit matrices

�

1

0

k

1

r

1

�

�

�

1

0

k

2

r

2

�

=

�

1

0

k

1

r

2

+ k

2

r

1

r

2

�

(33)



lo oks lik e a digit matrix again; indeed, the conditions j k

i

j � r

i

� 1 imply

j k

1

r

2

+ k

2

j � ( r

1

� 1) r

2

+ ( r

2

� 1) = r

1

r

2

� 1

so that the result really is a digit matrix in base r

1

r

2

. Iterating (33) yields

A

r

k

1

� : : : � A

r

k

n

= A

R

K

where R = r

n

and K =

n

X

i =1

k

i

r

n � i

: (34)

Th us, instead of considering the digit sequence k

1

: : : k

n

, one ma y instead con-

sider the single n um b er K and the length n of the sequence. The n um b er K with

j K j � r

n

� 1 will b e called an n -multi-digit in base r .

If a real n um b er x 2 I

0

is giv en, then w e ma y ask for the �rst n digits

of a p ossible digit stream represen tation of x ; this request is written as n ? x .

According to the considerations ab o v e, w e ma y accept that the answ er is not

giv en as a digit stream of length n , but as an n -m ulti-digit K . The n um b er K

with j K j � r

n

� 1 is a correct answ er to the request n ? x i� x is in [

K � 1

r

n

;

K +1

r

n

].

W e write K = n ? x if K is a correct answ er for n ? x (but note that there are

usually t w o di�eren t correct answ ers, e.g., 1?

1

3

has the correct answ ers 0 and 1).

9.2 Multi-Digit Computation

Assume w e are giv en a re�ning non-singular matrix M and an argumen t x in

I

0

, and w e are ask ed for n digits of M ( x ) in base 2. Theorem 7.1 pro vides t w o

in tegers c

<

and c

>

suc h that at least c

<

+ n and at most c

>

+ n digits from x

are needed to obtain n digits of M ( x ). Th us w e m ust ask for some n um b er m of

digits of x , but w e only kno w c

<

+ n � m � c

>

+ n . There are t w o strategies

that can b e used:

1. Ask for m = c

<

+ n digits from x and let K = m ? x . Absorb A

2

m

K

in to M

and c hec k whether n digits can b e emitted from the resulting matrix M

0

. If

y es, then do the emission, but if not, absorb one more digit from x , c hec k

again, etc. Alternativ ely , one ma y determine the n um b er c

0

<

b elonging to

M

0

and ask for c

0

<

� c

<

more digits from x , absorb these new digits in to M

0

and c hec k again whether n digits can b e emitted, etc.

2. Ask for m = c

>

+ n digits from x and let K = m ? x . Absorb A

2

m

K

in to M and

emit n digits from the resulting matrix (whic h is guaran teed to b e p ossible).

Strategy (1) ensures that as few as p ossible digits are read from x , but it is al-

gorithmically more in v olv ed than strategy (2) since it in v olv es c hec king whether

the emission is p ossible, and if this fails, either degenerates to the old digit-b y-

digit algorithm, or in v olv es �nding out ho w man y more argumen t digits are at

least needed. Here, w e shall follo w strategy (2), whic h is easier to describ e.

Assume M =

�

a

b

c

d

�

is giv en where the four en tries are small. W e need to

determine c

>

= d log

2

(2 con M ) e = d log

2

(

2 j det M j

( d �j b j )

2

) e . The rounded logarithm

can b e obtained b y coun ting ho w often the denominator ( d � j b j )

2

m ust b e



doubled un til it is bigger than the n umerator, or the other w a y round, dep ending

on whic h is bigger in the b eginning. Alternativ ely , the calculation ma y b e based

on bit sizes. Clearly , it is su�cien t to compute c

>

once for M to serv e sev eral

requests n ? M ( x ) with di�eren t n and x .

T o handle a request n ? M ( x ), w e compute m = c

>

+ n and ask for K = m ? x .

Then w e absorb A

2

m

K

in to M :

M � A

2

m

K

=

�

a

b

c

d

�

�

�

1

0

K

2

m

�

=

�

a

b

2

m

c + K a

2

m

d + K b

�

(35)

Since the original en tries are assumed to b e small and 2

m

and K ha v e a bit size

of O ( m ) = O ( n ), the computations in (35) can b e done in linear time O ( n ). Let

the result b e M

0

=

�

a

b

C

D

�

with small a and b , and big C and D .

The next step is to �nd a suitable in teger L with j L j � 2

n

� 1 suc h that A

2

n

L

can b e emitted from M

0

, whic h is p ossible i� M

0

( I

0

) � [

L � 1

2

n

;

L +1

2

n

]. If M and

hence M

0

are increasing, then M

0

( I

0

) = [

C � a

D � b

;

C + a

D + b

], and if M is decreasing, then

M

0

( I

0

) = [

C + a

D + b

;

C � a

D � b

]. An yw a y , w e kno w what M

0

( I

0

) is. In the next subsection,

w e shall sho w ho w to determine a suitable L from this information.

Before w e come to this, w e consider the case of tensors. Assume w e are giv en

a re�ning tensor T and t w o argumen ts x

1

and x

2

in I

0

, and w e are ask ed to

compute the �rst n digits of a represen tation of the result T ( x

1

; x

2

). Although

w e did not sho w ho w to do this, it is in principle p ossible to compute the t w o

in tegers c

>

L

= d log

2

(4 con

L

T ) e and c

>

R

= d log

2

(4 con

R

T ) e from Theorem 7.2.

Then w e ma y request m

1

= c

>

L

+ n digits from x

1

and m

2

= c

>

R

+ n digits

from x

2

whic h will b e deliv ered as m ulti-digits K

1

= m

1

? x

1

and K

2

= m

2

? x

2

.

Absorbing these m ulti-digits in to T =

�

a

b

c

d

e

f

g

h

�

yields

T

0

=

�

a

b

C

D

E

F

G

H

�

= T

L


A

2

m

1

K

1

R


A

2

m

2

K

2

where T

0

is giv en b y

�

a

b

2

m

2

c + K

2

a

2

m

2

d + K

2

b

2

m

1

e + K

1

a

2

m

1

f + K

1

b

2

m

1

+ m

2

g + 2

m

1

K

2

e + 2

m

2

K

1

c + K

1

K

2

a

2

m

1

+ m

2

h + 2

m

1

K

2

f + 2

m

2

K

1

d + K

1

K

2

b

�

(36)

In con trast to the matrix case, w e do not get a w a y with a linear computation. The

pro duct K

1

K

2

is a pro duct of t w o n -bit in tegers whic h needs time  ( n ) > O ( n ).

Curren tly , the b est kno wn algorithms yield  

0

( n ) = O ( n log n log log n ), but

man y soft w are pac k ages for big in teger arithmetic come up with a m ultiplication

whic h needs more time than  

0

( n ), but is still more e�cien t than O ( n

2

).

Apart from the pro duct K

1

K

2

, all other op erations, including m ultiplication

b y the p o w ers of 2, can b e p erformed in linear time O ( n ). Th us w e still ha v e

linear time if a = b = 0; in this case, some p o w er of 2 ma y b e cancelled.

Again, the next step is to �nd a suitable L with j L j � r

n

� 1 suc h that

A

r

n

L

can b e emitted from T

0

, whic h is p ossible i� T

0

( I

2

0

) � [

L � 1

2

n

;

L +1

2

n

]. The t w o

end p oin ts of T

0

( I

2

0

) are the smallest and the largest of the four corner v alues



T

0

( � 1 ; � 1), resp ectiv ely . If the monotonicit y t yp e of T and hence of T

0

is kno wn,

then it is clear whic h of the corner v alues are the smallest and the largest.

9.3 Multi-Digit Emission

The treatmen t in the previous section has left us with the follo wing problem:

giv en an in teger n > 0 and a rational in terv al [ u; v ] � I

0

, whic h arose as M

0

( I

0

)

or T

0

( I

2

0

), �nd an in teger L suc h that j L j � 2

n

� 1 and [ u; v ] � [

L � 1

2

n

;

L +1

2

n

].

Because w e used the upp er b ounds for absorption, w e kno w that suc h an L

exists, but for the sak e of generalit y , w e also deriv e a condition for the existence

of L .

The in terv al inclusion ab o v e can b e written as u �

L � 1

2

n

and v �

L +1

2

n

, whic h

is equiv alen t to 2

n

v � 1 � L � 2

n

u + 1. Since L is required to b e an in teger, this

in turn is equiv alen t to v

0

� L � u

0

, where v

0

= d 2

n

v � 1 e and u

0

= b 2

n

u + 1 c .

Note that v

0

and u

0

are in tegers.

Th us, the follo wing seems to b e the appropriate metho d: Compute the in te-

gers v

0

and u

0

. If v

0

> u

0

, then the emission of n digits is not p ossible. Otherwise,

an y in teger L with v

0

� L � u

0

can b e emitted, for instance L = v

0

or L = u

0

.

There is one remaining di�cult y though: as an n -m ulti-digit, the c hosen

in teger L should satisfy j L j � 2

n

� 1. Y et if u = 1, then u

0

= 2

n

+ 1, and if

1 � 2

� n

� u < 1, then u

0

= 2

n

; in b oth cases, the c hoice L = u

0

is forbidden.

Similarly , v

0

= � 2

n

� 1 or v

0

= � 2

n

ma y happ en if v � � 1 + 2

� n

, rendering the

c hoice L = v

0

unsuitable.

These problems ma y b e solv ed as follo ws: remem b er u � � 1, whence u

0

�

� 2

n

+ 1. Hence, u

0

is a suitable c hoice if u

0

� 2

n

� 1. This condition can b e

expressed in terms of u as follo ws:

u

0

= b 2

n

u + 1 c � 2

n

� 1 ( ) 2

n

u + 1 < 2

n

( ) u < 1 � 2

� n

: (37)

Since n > 0, this is certainly the case if u � 0. Analogously , one ma y sho w that

v

0

is suitable if v � 0. Since u � v , one of these t w o conditions is alw a ys satis�ed.

Actually , the decision whic h of u

0

and v

0

to tak e can b e based on the sign of an y

elemen t w 2 [ u; v ]; for, w � 0 implies u � 0, and w � 0 implies v � 0.

Algorithm 2

Input: A n inte ger n > 0 and a r ational interval [ u; v ] � I

0

.

Output: A n n -multi-digit L which c an b e emitte d, or the information that such

a digit do es not exist.

Metho d:

u

0

= b 2

n

u + 1 c ; v

0

= d 2

n

v � 1 e ;

if u

0

< v

0

then no such digit exists

else if w � 0 then L = v

0

else L = u

0

(wher e w is any c onvenient test value fr om [ u; v ] ).

This algorithm is su�cien t to deal with the v arious cases of LFT's whic h

ha v e b een handled in the previous section. Since w e follo w ed strategy (2) and



absorb ed su�cien tly man y digits to guaran tee the emission, the test u

0

< v

0

can

b e omitted.

In the matrix case, w e ha v e [ u; v ] = M

0

( I

0

) where M

0

=

�

a

b

C

D

�

. If M

0

is

increasing, then u =

C � a

D � b

and v =

C + a

D + b

. A simple test v alue w in-b et w een is

M

0

(0) = C =D . The test C =D � 0 is equiv alen t to C � 0 since D > 0 b y

our general assumption. Hence, w e obtain the follo wing algorithm (whic h also

includes the absorption phase):

Algorithm 3

Input: A r e�ning incr e asing matrix M =

�

a

b

c

d

�

with c

>

, an ar gument x , and

the desir e d numb er n > 0 of output digits.

Output: A n n -multi-digit L = n ? M ( x ) .

Metho d:

m = c

>

+ n ;

if m > 0 then K = m ? x ; C = 2

m

c + K a ; D = 2

m

d + K b

else C = c ; D = d ;

if C � 0 then L =

l

2

n

( C + a )

D + b

m

� 1 else L =

j

2

n

( C � a )

D � b

k

+ 1 .

F or a decreasing matrix, the algorithm has to b e suitably mo di�ed.

The t w o n um b ers

j

2

n

( C � a )

D � b

k

and

l

2

n

( C + a )

D + b

m

are obtained b y in teger divisions

of the 2 n -bit in tegers 2

n

( C � a ) b y the n -bit in tegers D � b , resulting in n -bit

in tegers. The complexit y of suc h a division is the same as the complexit y  ( n ) of

m ultiplying t w o n -bit in tegers. Apart from the t w o divisions, all other op erations,

including m ultiplication b y 2

n

, can b e p erformed in linear time O ( n ). Th us, w e

ha v e managed to decrease the time needed to obtain n output digits from O ( n

2

)

(for non-a�ne matrices) to  ( n ).

But what ab out a�ne matrices ( b = 0) where the single digit algorithm

already p erformed in time O ( n )? W ell, if b = 0, the fractions

2

n

( C � a )

D � b

simplify to

2

n

( C � a )

2

m

d

, where a p o w er of 2 can b e cancelled b efore the quotien ts are computed.

After cancellation, these are divisions of an n bit in teger b y a small in teger whic h

can b e done in linear time O ( n ).

F or tensors of kno wn monotonicit y t yp e, similar v arian ts of the general Al-

gorithm 2 can b e dev elop ed. F or general tensors, the algorithm b ecomes more

complicated.

10 Algebraic Op erations

These are the basic arithmetic op erations lik e addition and m ultiplication. F or

eac h op eration, w e shall sho w ho w exp onen ts can b e handled, and ho w its ac-

tion on man tissas can b e implemen ted b y LFT's. The general algorithm for

m ulti-digits (Alg. 2) can b e sp ecialised to the v arious cases (here only sho wn

for addition). These sp ecialised m ulti-digit op erations will not dep end on LFT's

an y more. Later, w e consider transcenden tal functions lik e exp onen tial and log-

arithm, where LFT's will b e indisp ensable.



10.1 Addition x

1

+ x

2

Exp onents. If b oth argumen ts happ en to ha v e the same exp onen t, it can b e tak en

out since 2

e

x

1

+2

e

x

2

= 2

e

( x

1

+ x

2

). If the exp onen ts are di�eren t, then the smaller

one can b e increased b ecause of [ � ]

2

= 2

e

[ 0

e

: � ]

2

. If the exp onen ts ha v e b een

successfully handled, w e are left with adding the man tissas. Unfortunately , the

base in terv al [ � 1 ; 1] is not closed under addition, but writing x

1

+ x

2

as 2( x

1

� x

2

)

with x

1

� x

2

=

x

1

+ x

2

2

solv es the problem. Hence the exp onen t handling can b e

done as follo ws:

( e

1

j j �

1

) + ( e

2

j j �

2

) = ( e + 1 j j ( 0

e � e

1

: �

1

) � ( 0

e � e

2

: �

2

)) where e = max( e

1

; e

2

).

Single-digit algorithm. The op eration ` � ' is a re�ning 2-LFT T =

�

0

0

1

0

1

0

0

2

�

of

t yp e ( " ; " ). By the analysis in Section 8.5 w e kno w that the zeros written as 0

are p ersisten t, and that there are su�cien t opp ortunities for cancellation so that

the en tries remain b ounded. Th us, the single-digit algorithm for addition can b e

run with tensors of the form

�

0

0

c

0

e

0

g

h

�

, i.e., four parameters whic h are small

in tegers. Since the en tries are b ounded, only �nitely man y tensors ma y sho w up

during the single-digit algorithm. Hence, the algorithm can b e turned in to the

action of a �nite state transducer op erating on digits as pure sym b ols.

Multi-digit algorithm. Algorithm 2 can b e adapted to the sp ecial case of addition.

Because of

@ T

@ x

( x; y ) =

@ T

@ y

( x; y ) =

1

2

, w e kno w con

L

T = con

R

T =

1

2

, whence

c

>

L

= c

>

R

= 1. Th us, n + 1 digits from the t w o argumen ts are su�cien t to obtain

n result digits. With K

i

= ( n + 1)? �

i

for i = 1 ; 2, w e ha v e u =

K

1

� 1

2

n +1

�

K

2

� 1

2

n +1

=

K

1

+ K

2

� 2

2

n +2

and v =

K

1

+ K

2

+2

2

n +2

. A con v enien t test v alue w in-b et w een is

K

1

+ K

2

2

n +2

;

the condition w � 0 is equiv alen t to K

1

+ K

2

� 0. The t w o in teger candidates

are u

0

= b 2

n

u + 1 c = b ( K

1

+ K

2

+ 2) = 4 c and v

0

= d ( K

1

+ K

2

� 2) = 4 e . Th us, the

algorithm lo oks as follo ws:

F or L = n ? ( �

1

� �

2

) do:

K

1

= ( n + 1)? �

1

; K

2

= ( n + 1)? �

2

; K = K

1

+ K

2

;

if K � 0 then L = d ( K � 2) = 4 e else L = b ( K + 2) = 4 c .

Subtraction is v ery similar to addition and not included here.

10.2 Multiplication x

1

� x

2

Exp onents: ( e

1

j j �

1

) � ( e

2

j j �

2

) = ( e

1

+ e

2

j j �

1

� �

2

).

Zer o digits. Multiplication ` � ' is a re�ning 2-LFT T =

�

1

0

0

0

0

0

0

1

�

whic h has no

monotonicit y t yp e since �

1

� �

2

is increasing in �

1

for �

2

� 0, but decreasing for

�

2

� 0. If �

2

starts with 1 or

�

1 , w e are in one of these t w o cases, but 0 do es

not pro vide the necessary information. Y et w e ma y push out an y zero digits

without b othering ab out monotonicit y and without c hanging the state tensor:

( 0 : �

1

) � �

2

= 0 : ( �

1

� �

2

) ; �

1

� ( 0 : �

2

) = 0 : ( �

1

� �

2

) :

This pro cess requires only linear time in the n um b er of emitted digits. It ends if

enough digits ha v e b een emitted or b oth argumen ts are normalised.



Single-digit algorithm. If there are no more zero digits to b e emitted, then the

signs of the argumen ts can b e read o� from their �rst non-zero digits. F rom

these signs, the monotonicit y t yp e to b e used in the rest of the computation can

b e determined, e.g., �

1

� 0 and �

2

� 0 implies t yp e ( # ; " ). By the analysis in

Section 8.5 w e kno w that

�

1

0

0

0

0

0

0

1

�

has three p ersisten t zeros and b elongs to

the medium class of tensors that p ermit one cancellation in ev ery round, whic h

do es not su�ce to obtain b ounded en tries. The general form of the state tensor

will b e

�

a

0

C

0

E

0

G

H

�

with small a and big C , E , G , and H . The algorithm cannot

b e optimised to a �nite state transducer, but some optimisations are p ossible

b ecause of the p ersisten t zero en tries. (Konecn y [39] c haracterized the functions

that can b e computed b y �nite state transducers. Multiplication is not among

these functions.)

10.3 Recipro cal 1 =x

This op eration presen ts the di�cult y that it is unde�ned for x = 0. T o compute

1 =x , w e �rst need to normalise the argumen t x b y squeezing out zeros from the

man tissa and reducing the exp onen t accordingly (see Section 2.3). This pro cess

do es not terminate for x = 0 and ma y tak e v ery long for x � 0. A p ossible

solution is to pro vide a lo w er b ound for the exp onen t and to indicate a \p oten tial

division b y 0" if this b ound is reac hed.

If normalisation terminates, w e kno w x 6= 0 and

1

4

� j � j � 1 for the �nal

man tissa of x . Then 1 �

1

j � j

� 4, whence j

1

4 �

j � 1. This sho ws ho w to pro ceed

after normalisation:

1 = ( e j j � ) = ( � e + 2 j j R ( � )) where R ( � ) =

1

4 �

F unction R is a 1-LFT, R =

�

0

4

1

0

�

. It is decreasing, b ounded and re�ning on

the t w o in terv als [

1

4

; 1] and [ � 1 ; �

1

4

]. This is su�cien t to use the single-digit

algorithm for computing R ( � ). Practically , this can b e done b y �rst absorbing

the initial t w o digits of � , whic h are 11 , 10 ,

�

10 , or

�

1

�

1 b ecause of normalisation.

Absorption of 11 leads to

�

0

1

1

3

�

(after cancellation), absorption of 10 leads to

�

0

1

1

2

�

etc. These matrices are ordinary decreasing re�ning matrices as required

b y the single-digit algorithm (

�

0

1

1

2

�

is exactly the matrix used in Example 6.2).

11 In�nite LFT Expressions

11.1 In�nite Matrix Pro ducts

W e shall later see that man y familiar constan ts lik e � or e can b e written as

(formal) in�nite pro ducts

Q

1

n =0

M

n

of matrices with in teger en tries. This is a

generalisation of the in�nite sequences (or pro ducts) of digit matrices that w e

ha v e already seen. Moreo v er, functions lik e e

x

can b e realised as in�nite pro ducts

of matrices whose en tries dep end on the argumen t x .



Before w e con tin ue, w e need to clarify what suc h an in�nite pro duct actually

means. As �nite pro ducts of matrices are again matrices, one should exp ect the

same for an in�nite pro duct. The standard w a y to de�ne the in�nite pro duct

Q

1

n =0

M

n

w ould b e that it is the limit of the �nite pro ducts

Q

m

n =0

M

n

as m go es

to in�nit y . Y et suc h a de�nition w ould in v olv e a notion of limit for matrices,

or rather 1-LFT's. While it is not imp ossible to de�ne suc h a limit notion, it

is b ey ond the scop e of these notes. T o a v oid this problem, w e only de�ne the

results of applying in�nite pro ducts to argumen ts (n um b ers or in terv als); the

pro duct itself remains meaningless and is considered mainly as another w a y to

presen t a sequence of matrices.

Giv en a real n um b er argumen t y

0

, it is straigh tforw ard to de�ne

Q

1

n =0

M

n

( y

0

)

as the limit of the sequence of real n um b ers y

n

= M

0

� � � M

n � 1

( y

0

), pro vided all

the n um b ers y

n

are w ell-de�ned (no division b y 0) and the limit exists. Using

this new notion, w e obtain for instance the real n um b er y =

P

1

i =1

d

i

2

� i

de-

noted b y the digit stream d

1

d

2

� � � as

Q

1

n =1

A

d

n

(0), b ecause A

d

1

� � � A

d

n

(0) =

(

P

n

i =1

d

i

2

n � i

) = 2

n

con v erges to y . Actually , the argumen t 0 can b e replaced b y

an y real n um b er y

0

since A

d

1

� � � A

d

n

( y

0

) = ( y

0

+

P

n

i =1

d

i

2

n � i

) = 2

n

also con v erges

to y .

No w w e replace the argumen t y

0

b y an in terv al J

0

. In analogy to the n um b er

case w e consider the in terv als

J

n

= M

0

� � � M

n � 1

( J

0

) : (38)

The sequence ( J

n

)

n � 0

of in terv als is neste d if J

n

� J

n +1

for all n � 1 (this

do es not include the inclusion J

0

� J

1

whic h is disregarded delib erately). The

inclusion J

n

� J

n +1

means M

0

� � � M

n � 1

( J

0

) � M

0

� � � M

n

( J

0

). If the matrices

M

0

, . . . , M

n � 1

are non-singular, this is equiv alen t to M

n

( J

0

) � J

0

. Therefore in

the non-singular case, the sequence of in terv als is nested i� all LFT's M

n

with

n � 1 are re�ning w.r.t. the in terv al J

0

. Note that M

0

need not b e re�ning,

but it should b e b ounded on J

0

so that J

1

= M

0

( J

0

) and all other in terv als are

w ell-de�ned.

F ollo wing these considerations, an in�nite pro duct

Q

1

n =0

M

n

( J

0

) is called

r e�ning if M

0

is b ounded on J

0

and all M

n

for n � 1 are re�ning for J

0

. This

includes the sequences of our signed n um b er represen tation, where M

0

is an

exp onen t matrix, whic h is b ounded on the base in terv al I

0

, and the remaining

matrices are digit matrices, whic h are re�ning for I

0

.

W e sa y that the re�ning pro duct

Q

1

n =0

M

n

( J

0

) has as v alue the real n um b er

y if the in tersection of the nested sequence of in terv als J

1

� J

2

� � � � is the sin-

gleton set f y g . F or instance, the pro duct E

e

Q

1

n =1

A

d

n

( I

0

) corresp onding to the

n um b er represen tation ( e j j d

1

d

2

: : : ) has as v alue the real n um b er 2

e

�

P

1

i =1

d

i

2

� i

denoted b y the represen tation.

Application of an in�nite pro duct to a n um b er and to an in terv al are clearly

related. If y =

Q

1

n =0

M

n

( J

0

), then also y =

Q

1

n =0

M

n

( y

0

) for all y

0

in J

0

. On

the other hand, the in terv al notion is more restricted and hence more p o w erful

than the p oin t notion b ecause it includes the fact that the in terv al sequence is

nested, whic h pro vides lo w er and upp er b ounds for all sequences ( y

n

)

n � 0

coming

from argumen ts y

0

2 J

0

.



11.2 Con v ergence Criteria

A nested sequence of in terv als J

n

= [ u

n

; v

n

] con v erges to some single p oin t i�

` ( J

n

) = v

n

� u

n

! 0 as n ! 1 . This single p oin t is then the common limit of

( u

n

)

n � 1

and ( v

n

)

n � 1

. Because of this observ ation, a con v ergence criterion ma y

b e obtained from the notion of con tractivit y . Iterating Relation (22) yields

` ( J

n

) = ` (( M

0

� � � M

n � 1

)( J

0

)) � con

J

0

M

0

� : : : � con

J

0

M

n � 1

� ` ( J

0

) :

Th us, w e obtain the follo wing:

Theorem 11.1.

A r e�ning in�nite pr o duct

Q

1

n =0

M

n

( J

0

) c onver ges if

Q

1

n =0

con

J

0

M

n

= 0 .

Usually , w e shall not directly apply this criterion, but the follo wing corollary:

Corollary 11.2. If

Q

1

n =0

M

n

( J

0

) is a r e�ning in�nite pr o duct with the pr op erty

lim

n !1

con

J

0

M

n

< 1 , then the pr o duct c onver ges to a r e al numb er.

11.3 T ransformation of In�nite Pro ducts

(F ormal) in�nite pro ducts can b e transformed b y algebraic manipulation with

the hop e that the result of the transformation has b etter con v ergence prop erties

than the original pro duct.

Giv en

Q

1

n =0

M

n

, select a sequence ( U

n

)

n � 1

of non-singular matrices. Then

�nite pro ducts can b e transformed as follo ws:

M

0

� � � M

n � 1

U

n

= M

0

U

1

U

�

1

M

1

U

2

� � � U

�

n � 1

M

n � 1

U

n

=

f

M

0

f

M

1

� � �

f

M

n � 1

(39)

using the new matrices

f

M

0

= M

0

U

1

and

f

M

n

= U

�

n

M

n

U

n +1

for n � 1 : (40)

Because an y in�nite pro duct

Q

1

n =0

M

n

of non-singular matrices can b e trans-

formed in to an y other pro duct

Q

1

n =0

f

M

n

b y c ho osing U

1

= M

�

0

f

M

0

and U

n +1

=

M

�

n

U

n

f

M

n

, one needs separate argumen ts for the con v ergence of the new pro duct

to the same v alue as the old one.

If the original pro duct is applied to a real n um b er y

0

, then its v alue is the

limit of the sequence y

n

= M

0

� � � M

n � 1

( y

0

). If there is a real n um b er ey

0

suc h

that U

n

( ey

0

) = y

0

for all n � 1, then the n um b er sequence induced b y the new

matrices at ey

0

is the same as the sequence induced b y the old matrices at y

0

b ecause of

f

M

0

� � �

f

M

n � 1

( ey

0

) = M

0

� � � M

n � 1

U

n

( ey

0

) = y

n

using (39). Hence

w e obtain:

Prop osition 11.3. If

Q

1

n =0

f

M

n

r esults fr om tr ansforming

Q

1

n =0

M

n

with ( U

n

)

n � 1

and y

0

and ey

0

ar e two r e al numb ers satisfying U

n

( ey

0

) = y

0

for al l n � 1 , then

Q

1

n =0

f

M

n

( ey

0

) =

Q

1

n =0

M

n

( y

0

) (this me ans, the �rst expr ession c onver ges if and

only if the se c ond c onver ges, and if they c onver ge, they have the same value).



11.4 In�nite Pro ducts from T a ylor Series

W e w an t to implemen t transcenden tal functions b y in�nite pro ducts, and so

w e need metho ds to obtain suc h pro ducts from more familiar represen tations.

One suc h represen tation is the T a ylor p o w er series f ( x ) =

P

1

n =0

a

n

x

n

, e.g.,

e

x

=

P

1

n =0

x

n

n !

.

There are sev eral w a ys to transform T a ylor series in to in�nite pro ducts.

Among the metho ds explored so far, the one describ ed in the sequel turned out

to b e the most useful one for the in tended applications [29]. It can b e applied

whenev er a

n

6= 0 for n � 1 and uses the matrices

M

0

=

�

a

1

x

0

a

0

+ a

1

x

1

�

and M

n

=

�

x

0

x

q

n

�

for n � 1 (41)

where q

n

=

a

n

a

n +1

. T o sho w that these matrices corresp ond to the T a ylor series,

w e claim that their �nite pro ducts ha v e the follo wing form (up to scaling):

P

n

= M

0

� � � M

n � 1

=

�

a

n

x

n

0

P

n

i =0

a

i

x

i

1

�

(42)

This claim can b e v eri�ed b y induction. F or n = 1, w e ha v e P

1

= M

0

, whic h

clearly has the claimed form. F or the step from n to n + 1, w e compute P

n +1

=

P

n

M

n

=

�

a

n

x

n

0

P

n

i =0

a

i

x

i

1

� �

x

0

x

q

n

�

=

�

a

n

x

n +1

0

a

n

x

n +1

+ q

n

(

P

n

i =0

a

i

x

i

)

q

n

�

Dividing all four en tries b y q

n

6= 0 yields the required form b ecause of a

n

=q

n

=

a

n +1

.

F rom (42), P

n

(0) =

P

n

i =0

a

i

x

i

follo ws. Hence, the pro duct

Q

1

n =0

M

n

(0) con-

v erges if and only if the T a ylor series con v erges, and yields the desired v alue

P

1

i =0

a

i

x

i

.

Of course, w e do not w an t to apply the pro duct to the real n um b er 0, but to

the base in terv al I

0

= [ � 1 ; 1] of our n um b er represen tation. Clearly , all matrices

M

n

are b ounded (under the assumption a

n

6= 0 for n � 1). The matrices

�

x

0

x

q

n

�

are re�ning i� j x j + j x j � j q

n

j (Prop. 5.4). Hence,

Q

1

n =0

M

n

( I

0

) is re�ning for

j x j � q = 2, where q = inf

n � 1

j q

n

j . The con tractivit y of M

n

is j x j = j q

n

j � j x j =q ,

whic h is at most 1 = 2 for j x j � q = 2. Th us, for j x j � q = 2,

Q

1

n =0

M

n

( I

0

) is a re�ning

con v ergen t pro duct. Since I

0

con tains 0, its v alue coincides with

Q

1

n =0

M

n

(0) =

P

1

n =0

a

n

x

n

as desired.

11.5 In�nite Pro ducts from Con tin ued F ractions

Another, less familiar source of in�nite pro ducts are con tin ued fraction expan-

sions. A con tin ued fraction is an in�nite expression

a

0

+

b

1

a

1

+

b

2

:::

(43)



parameterised b y n um b ers ( a

n

)

n � 0

and ( b

n

)

n � 1

. It denotes the limit of the se-

quence of partial con tin ued fractions

a

0

; a

0

+

b

1

a

1

; a

0

+

b

1

a

1

+

b

2

a

2

; : : :

pro vided that this limit exists. F or ease of notation, the in�nite expression (43)

is written as h a

0

; b

1

; a

1

; b

2

; a

2

; : : : i .

Lik e for T a ylor series, there are sev eral w a ys to turn a con tin ued fraction in to

an in�nite pro duct. W e use the follo wing:

M

0

=

�

1

0

a

0

1

�

and M

n

=

�

0

1

b

n

a

n

�

for n � 1 : (44)

Since M

0

( y ) = a

0

+ y and M

n

( y ) =

b

n

a

n

+ y

, the partial pro ducts M

0

� � � M

n � 1

(0)

are exactly the partial con tin ued fractions so that

Q

1

n =0

M

n

(0) con v erges if and

only if the con tin ued fraction con v erges, and yields the same v alue.

In practical applications, this in�nite pro duct m ust usually b e transformed

in to a more appropriate one b efore the argumen t can successfully b e extended

to the base in terv al I

0

. Often, the transformation matrices are c hosen as U

n

=

�

1

0

0

u

n

�

. Since 0 is a �xed p oin t of these matrices ( U

n

(0) = 0), the transformed

in�nite pro duct still has the v alue of the con tin ued fraction when applied to 0

b y Prop. 11.3. F or the actual transformation, it is useful to note that

�

a

b

c

d

�

�

1

0

0

u

n +1

�

=

�

a

b

c u

n +1

d u

n +1

�

(45)

�

1

0

0

u

n

�

�

�

a

b

c

d

�

�

1

0

0

u

n +1

�

=

�

u

n

a

b

u

n

c u

n +1

d u

n +1

�

(46)

11.6 The Ev aluation of In�nite Pro ducts

Before w e come to the implemen tation of the v arious transcenden tal functions

b y in�nite pro ducts, w e giv e hin ts on ho w to use the pro ducts in a practical

implemen tation. F or simplicit y , w e only consider re�ning pro ducts applied to

the base in terv al [ � 1 ; 1].

If all the matrices in

Q

1

n =0

M

n

( I

0

) ha v e in teger en tries, there is a c hoice of

sev eral di�eren t ev aluation algorithms. W e only consider single digit approac hes,

but corresp onding m ulti-digit realisations do exist. Generally , one has to assume

that a matrix M

n

can b e created from its index n . First, the matrices ma y b e put

in to a list whic h initially con tains only M

0

. In this list, eac h matrix absorbs the

digits that are emitted from its righ t neigh b our. Whenev er the righ tmost matrix

M

n

needs to absorb a digit, the next matrix M

n +1

is created and app ended to

the list.

Second, the algorithm ma y b e run with a state matrix whic h initially is M

0

.

Whenev er the state matrix cannot emit a digit, it absorbs the next matrix M

n



do wn the list of matrices whic h has not b een absorb ed b efore. This next matrix

is created on the 
y from its index n . Th us, only one matrix m ust b e stored (and

the index of the next one to b e absorb ed), while in the �rst metho d, a whole

list of matrices m ust b e main tained. On the other hand, the upp er b ounds for

space and time complexit y of the ordinary single-digit algorithm do not hold

here, since the matrices that are absorb ed are usually m uc h more complicated

than the simple digit matrices.

Usually , the matrices in the in�nite pro duct dep end on an argumen t x , lik e

in the pro duct deriv ed from the T a ylor series expansion. If the argumen t is a

giv en rational, the matrices can b e con v erted in to in teger matrices b y suitable

scaling, and w e are bac k to the previous case. In the general case of an arbitrary

real argumen t, this cannot b e done; instead, the matrices m ust b e con v erted

in to tensors. This is alw a ys p ossible if their four en tries dep end linearly on x , b y

using (6):

�

ax + e

bx + f

cx + g

dx + h

�

=

�

a

b

c

d

e

f

g

h

�

�

�

�

�

x

If T

n

is the tensor b elonging to M

n

, the pro duct f ( x ) =

Q

1

n =0

M

n

( I

0

) b ecomes

the in�nite tensor expression f ( x ) = T

0

( x; T

1

( x; : : : )). Suc h an expression can

only b e ev aluated b y the �rst metho d indicated ab o v e: a list of tensors m ust

b e main tained whic h initially consists of T

0

only . Eac h tensor absorbs argumen t

digits from the left, and from the righ t the digits emitted from the next tensor.

If the last tensor needs a digit from its righ t argumen t, a new tensor is created

and added to the list. This algorithm w orks if the tensors are su�cien tly con-

tractiv e so that (almost) eac h tensor needs strictly less than n digits from its

righ t argumen t to emit n digits.

12 T ranscenden tal F unctions

12.1 Exp onen tial F unction

A r gument r e duction. The in�nite pro ducts deriv ed b elo w will only b eha v e w ell

for j x j � 1, whic h is equiv alen t to the exp onen t of x b eing at most 0. Y et an

arbitrary real argumen t can b e brough t in to this region b y exploiting the fact

e

2 x

= (e

x

)

2

. Hence, an exp onen t n � 0 ma y b e handled b y e

( n j j � )

= S

n

(e

�

)

where S

n

means n applications of the squaring op eration S . (Admittedly , this

can b ecome quite ine�cien t for larger exp onen ts.) Negativ e exp onen ts n < 0 can

b e handled b y putting the corresp onding n um b er of zero digits in fron t of the

man tissa: e

( n j j � )

= e

�

0

where �

0

= 0

j n j

: � .

T aylor series r e alisation. The w ell-kno wn T a ylor series for e

x

is

P

1

n =0

x

n

n !

. All

co e�cien ts a

n

= 1 =n ! are non-zero, so that the metho d of Section 11.4 can b e

applied. The quotien t q

n

= a

n

=a

n +1

is n + 1, so that q = inf

n � 1

j q

n

j = 2. Th us

w e ha v e

e

x

=

�

x

0

x + 1

1

�

1

Y

n =1

�

x

0

x

n + 1

�

( I

0

) for j x j � 1 : (47)



All M

n

with n � 1 ha v e con tractivit y

j x j

n +1

�

1

n +1

.

As already men tioned, a represen tation suc h as (47) is op en to t w o di�eren t

in terpretations. F or rational argumen ts x , it is (equiv alen t to) an in�nite pro d-

uct of in teger matrices, e.g., e =

�

1

0

2

1

�

Q

1

n =1

�

1

0

1

n +1

�

( I

0

). F or general (real)

argumen ts ho w ev er, represen tation (47) should b e turned in to the in�nite tensor

expression e

x

= T

0

( x; T

1

( x; T

2

( x; : : : ))) with

T

0

=

�

1

0

1

0

0

0

1

1

�

and T

n

=

�

1

0

1

0

0

0

0

n + 1

�

where eac h tensor has 3 p ersisten t zeros, indicated b y 0 .

The tensors T

n

for n � 0 realise the functions T

n

( x; y ) = x ( y + 1) = ( n + 1)

whic h are increasing in x b ecause y + 1 � 0 for y 2 I

0

, but are not monotonic

in y . They can b e handled similar to m ultiplication: leading zero digits of x can

b e pushed out without c hanging the tensor, and then the �rst non-zero digit

decides the monotonicit y b eha viour.

The fron t tensor T

0

( x; y ) = x ( y + 1) + 1 has the same monotonicit y b e-

ha viour, but cannot b e handled immediately in the same w a y; notice also that

it is b ounded, but not re�ning, so that it m ust emit an exp onen t matrix �rst.

{ F or x 2 [0 ; 1] (leading digit 1 ), T

0

has t yp e ( " ; " ) and image [1 ; 3], so that

the appropriate exp onen t is 2 (and 10 can b e emitted after emitting the

exp onen t matrix).

{ F or x 2 [ � 1 ; 0] (leading digit

�

1 ), T

0

has t yp e ( " ; # ) and image [ � 1 ; 1], so that

the appropriate exp onen t is 0.

{ F or x 2 [ �

1

2

;

1

2

] (leading digit 0 ), T

0

has image [0 ; 2], so that the appropriate

exp onen t is 1, and 1 can b e emitted after the exp onen t matrix. The ten-

sor resulting from these emissions is (up to scaling) T

0

0

=

�

1

0

1

0

0

0

0

1

�

with

T

0

0

( x; y ) = x ( y + 1). Hence, all leading zeros of x can b e pushed out with-

out mo difying T

0

0

, and the �rst non-zero digit decides the monotonicit y b e-

ha viour.

Continue d fr action r e alisation. A con tin ued fraction for the exp onen tial function

is

e

x

= h 1; x; 1 �

x

2

;

x

2

16 � 1

2

� 4

; 1;

x

2

16 � 2

2

� 4

; 1; : : : i :

It corresp onds to the pro duct represen tation

e

x

=

�

1

0

1

1

� �

0

1

x

1 � x= 2

�

1

Y

n =1

�

0

1

x

2

= (16 n

2

� 4)

1

�

(0) :

The pro duct of the �rst t w o matrices is (up to scaling) M

0

=

�

2

2

2+ x

2 � x

�

. The

in�nite pro duct cannot directly b e extended to the base in terv al I

0

= [ � 1 ; 1]

since the denominators of the matrices M

n

=

�

0

1

x

2

= (16 n

2

� 4)

1

�

b ecome 0 at � 1.

This problem is solv ed b y transforming the pro duct with the matrices U

n

=



�

1

0

0

4(2 n � 1)

�

( n � 1), whic h ha v e the form considered in Section 11.5. By (45),

the new fron t matrix is

f

M

0

=

�

2

2

4(2 + x )

4(2 � x )

�

�

=

�

1

1

4 + 2 x

4 � 2 x

�

whic h is b ounded on I

0

for j x j � 1. By (46), the other matrices are

f

M

n

=

 

0

1

x

2

16(2 n � 1)(2 n +1)

4(2 n � 1)(2 n +1)

4(2 n + 1)

!

=

�

0

1

4 x

2

4(2 n + 1)

�

These matrices are re�ning on I

0

for j x j � 1. By (23), the con tractivit y of

f

M

n

is

4 x

2

(8 n +3)

2

�

x

2

16 n

2

whic h is b etter (i.e., smaller) than the v alue

j x j

n +1

�

1

n +1

ac hiev ed

b y the T a ylor expansion. Therefore,

Q

1

n =0

f

M

n

( I

0

) con v erges, and since 0 2 I

0

,

it con v erges to

Q

1

n =0

f

M

n

(0) =

Q

1

n =0

M

n

(0) = e

x

.

Lik e the T a ylor pro duct, the con tin ued fraction pro duct consists of in teger

matrices for rational argumen ts, e.g., e =

�

1

1

6

2

�

Q

1

n =1

�

0

1

4

8 n +4

�

( I

0

). In con trast

to the T a ylor case, these matrices are not a�ne and hence more di�cult to

handle, but they ha v e b etter con tractivit y .

F or general (real) argumen ts, the represen tation m ust b e turned in to the

in�nite tensor expression e

x

= T

0

( x; T

1

( x

2

; T

2

( x

2

; : : : ))) whic h uses b oth x

and x

2

. The tensors are

T

0

=

�

0

0

2

� 2

1

1

4

4

�

and T

n

=

�

0

0

4

0

0

1

0

8 n + 4

�

where eac h tensor except T

0

has 3 p ersisten t zeros, indicated b y 0 . T aking in to

accoun t that their left argumen t x

2

is � 0, the tensors T

n

for n � 1 ha v e t yp e

( " ; # ). Leading zero digits of x are doubled b y squaring and can b e pushed out

of T

n

without mo difying it. Moreo v er, eac h T

n

can emit 1 after reading 1 from

x

2

. The fron t tensor T

0

is a bit more complicated, but can b e handled essen tially

lik e the fron t tensor of the T a ylor expansion.

12.2 Logarithm

De�nition. Natural logarithm ln x is the in v erse of the exp onen tial function.

Th us it is only de�ned for argumen ts x > 0. T o deal with negativ e argumen ts,

w e prop ose to actually compute the function f ( x ) = ln j x j , whic h is the an ti-

deriv ativ e (inde�nite in tegral) of the recipro cal function 1 =x .

A r gument normalisation. Lik e the recipro cal itself, f is still unde�ned for 0. The

handling of this sp ecial case is similar to the handling of 1 = 0 in Section 10.3:

T o compute f ( x ), w e �rst normalise the argumen t x b y squeezing out zeros

from the man tissa and reducing the exp onen t accordingly (see Section 2.3). If

normalisation terminates, w e kno w x 6= 0 and

1

4

� j � j � 1 for the �nal man tissa

of x . This man tissa will start with the digit 1 or

�

1 . The follo wing description

tells what to do in the p ositiv e case; the negativ e case is dual.



A r gument r e duction. Here, w e use the fact that a (p ositiv e) normalised man tissa

starts with 10 or 11 : ln ( e j j 1 : � ) = ln(2

e

� ( � + 1) = 2) = ( e � 1) � ln 2 + ln(1 + � ).

F or the constan t ln 2 see b elo w. The �rst digit of � is 0 or 1 ; hence � 2 [ �

1

2

; 1].

Continue d fr action exp ansion. A con tin ued fraction for the function ln(1 + x ) is

h 0; x; 1; x= 2 ; 1; v

1

; 1; w

1

; 1; v

2

; 1; w

2

; 1; : : : i

where v

n

=

nx

4 n +2

and w

n

=

( n +1) x

4 n +2

. W e no w write this con tin ued fraction as an

in�nite pro duct lik e in Section 11.5, and immediately transform this pro duct b y

U

n

=

�

1

0

0

4

�

, using (45) and (46) in the step mark ed b y `

T

= '. In the last step, the

matrices are con v erted in to tensors.

ln(1 + x ) =

�

1

0

0

1

� �

0

1

x

1

� �

0

1

x= 2

1

�

1

Y

n =1

�

0

1

v

n

1

� �

0

1

w

n

1

�

(0)

=

�

x

1

x

x= 2 + 1

�

1

Y

n =1

�

v

n

1

v

n

w

n

+ 1

�

(0)

=

�

2 x

2

2 x

x + 2

�

1

Y

n =1

�

nx

4 n + 2

nx

( n + 1) x + 4 n + 2

�

(0)

T

=

�

2 x

2

2 x � 4

( x + 2) � 4

�

1

Y

n =1

�

4 � nx

4 n + 2

4 � nx � 4

(( n + 1) x + 4 n + 2) � 4

�

(0)

=

�

x

1

4 x

2 x + 4

�

1

Y

n =1

�

2 nx

2 n + 1

8 nx

(2 n + 2) x + 8 n + 4

�

(0)

=

�

1

0

4

2

0

1

0

4

�

�

�

�

�

x

1

Y

n =1

�

2 n

0

8 n

2 n + 2

0

2 n + 1

0

8 n + 4

�

�

�

�

�

x

(0)

The tensors in the last line will b e called T

n

( n � 0), and the corresp onding

matrices in the second but last line M

n

( n � 0). All tensors T

n

exhibit one

p ersisten t zero, in the lo w er left corner. They are b ounded on I

2

0

since the righ t

en try in their second line is bigger than the sum of the t w o middle en tries. The

determinan ts of the matrices are det M

0

= 2 x

2

� 0 and det M

n

= 4 n ( n + 1) x

2

�

0 for n � 1. Hence, all tensors are increasing in their second argumen t, for an y

x . F or y 2 I

0

, one ma y also v erify det ( T

n

j

y

) � 0, i.e., all the tensors ha v e t yp e

( " ; " ) in I

2

0

. They are not re�ning for I

0

, but remem b er that w e only consider

x 2 [ �

1

2

; 1]. F or suc h x , the matrices M

n

with n � 1 ar e re�ning. By (23), the

con tractivit y of these matrices is

4 n ( n + 1) x

2

((2 n + 2) x + 6 n + 3)

2

n !1

� !

4 x

2

(2 x + 6)

2

=

�

x

x + 3

�

2

F or x = �

1

2

; 0 ;

1

2

; 1, this giv es

1

25

; 0 ;

1

49

;

1

16

, resp ectiv ely .



The c onstant ln 2 can b e deriv ed from the general case as

ln(1 + 1) =

�

1

1

4

6

�

1

Y

n =1

�

2 n

2 n + 1

8 n

10 n + 6

�

( I

0

)

with con tractivit y

1

16

(in the limit). Another p ossibilit y is to exploit the fact

ln 2 = � ln(

1

2

) = � ln(1 �

1

2

), whic h leads to a pro duct with con tractivit y

1

25

(in

the limit):

ln 2 =

�

1

2

4

6

�

1

Y

n =1

�

� n

2 n + 1

� 4 n

7 n + 3

�

( I

0

) :

P art I I:

A Domain F ramew ork for Computational Geometry

13 In tro duction

In P art I w e presen ted a framew ork for exact real n um b er computation, where w e

dev elop ed a data t yp e for real n um b ers and presen ted algorithms for computing

elemen tary functions. W e no w turn our atten tion to computational geometry ,

where w e are in terested in computing geometric ob jects, suc h as lines, curv es,

planes, surfaces, con v ex h ulls and V oronoi diagrams. In a broad sense, w e can

sa y that this represen ts an extension of exact arithmetic in that w e no w need

to compute a subset of the Euclidean space rather than just a real n um b er. In

fact, the undecidabilit y of comparison of real n um b ers in exact arithmetic has

a close coun terpart in computational geometry , namely the undecidabilit y of

the mem b ership predicate for prop er subsets of the Euclidean space. Th us, in

computational geometry one has to deal with somewhat similar problems as in

exact arithmetic. Ho w ev er, there are some other fundamen tal new issues whic h

are not encoun tered in exact arithmetic, making computational geometry an

indep enden t sub ject of its o wn.

Computational geometry and solid mo delling, as in Computer Aided Design

(CAD), are fundamen tal in the design and man ufacturing of all ph ysical ob jects.

Ho w ev er, these disciplines su�er from the lac k of a prop er and sound data-

t yp e. The curren t framew orks in these sub jects are based, on the one hand, on

discon tin uous predicates and Bo olean op erations, and, on the other hand, on

comparison of real n um b ers, whic h is undecidable. These essen tial foundations

of the existing theory and implemen tations are b oth unjusti�ed and unrealistic;

they giv e rise to unreliable programs in practice.

T op ology and geometry , as mainstream mathematical disciplines, ha v e b een

dev elop ed to study con tin uous transformations on spaces. It is therefore an iron y

that the main building blo c ks in these sub jects, namely the mem b ership pred-

icate of a set, the subset inclusion predicate, and the basic op erations suc h as

in tersection are generally not con tin uous and therefore non-computable.



F or example, in an y Euclidean space I R

n

the mem b ership predicate 2

S

of

an y subset S � I R

n

de�ned as

2

S

: I R

n

! f tt ; � g

x 7!

�

tt if x 2 S

� if x =2 S

with the discrete top ology on f tt ; � g is con tin uous if and only if S is b oth op en

and closed, i.e. if S is either empt y or the whole space. In fact, the mem b ership

predicate of an y prop er subset of I R

n

is discon tin uous at the b oundary of the

subset.

Similarly , consider the in tersection op erator as a binary op erator on the col-

lection C (I R

n

) of compact subsets of I R

n

equipp ed with the Hausdor� distance

d

H

de�ned on closed subsets b y

d

H

( C ; D ) = max ( sup

d 2 D

inf

c 2 C

j c � d j ; sup

c 2 C

inf

d 2 D

j c � d j ) ;

with the con v en tion that d

H

( ; ; ; ) = 0 and for C 6= ; , d

H

( ; ; C ) = 1 :

� \ � : C (I R

n

) � C (I R

n

) ! C (I R

n

)

( A; B ) 7! A \ B

Then, � \ � is discon tin uous whenev er A and B just touc h eac h other.

The non-con tin uit y of the basic predicates and op erations creates a founda-

tional problem in computation, whic h has so far b een essen tially neglected. In

fact, in order to construct a sound computational mo del for solids and geometry ,

one needs a framew ork in whic h these elemen tary building blo c ks are con tin uous

and computable.

In practice, correctness of algorithms in computational geometry is usually

pro v ed using the Real RAM mac hine mo del of computation, in whic h comparison

of real n um b ers is considered to b e decidable. Since this mo del is not realistic,

correct algorithms, when implemen ted, turn in to unreliable programs.

A simple example is pro vided b y computing, in an y 
oating p oin t format,

�rst the in tersection p oin t x in the plane of t w o straigh t lines L

1

and L

2

meeting

under a small angle, and then computing the minim um distance d ( x; L

1

) and

d ( x; L

2

) from x to eac h of the t w o lines. In general, d ( x; L

1

) and d ( x; L

2

) are

b oth p ositiv e and distinct.

A more sophisticated example is giv en b y the implemen tation in 
oating

p oin t of an y algorithm to compute the con v ex h ull of a �nite n um b er of p oin ts

in the plane. If there are three nearly collinear p oin ts A; B ; C as in the picture,

then dep ending up on the 
oating p oin t format, the program can giv e, instead

of the t w o edges AB and B C , an y of the follo wing:

(i) AB only .

(ii) AC only .

(iii) B C only .

(iv) none of them.
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Fig. 1. The con v ex h ull of a �nite n um b er of p oin ts (top picture) and four p ossible

errors arising from 
oating p oin t implemen tations.



In an y of the ab o v e four cases, w e get a logical inconsistency as the edges

returned b y the program do not giv e the correct con v ex h ull and in the cases (i),

(iii) and (iv) do not giv e a closed p olygon at all.

In CA GD mo delling op erators, the e�ect of rounding errors on consistency

and robustness of actual implemen tations is an op en question, whic h is handled

in industrial soft w are b y v arious heuristics.

The solid mo delling framew ork pro vided b y classical analysis, whic h allo ws

discon tin uous b eha viour and comparison of exact real n um b ers, is not realistic

as a mo del of our in teraction with the ph ysical w orld in terms of measuremen t

and man ufacturing. Nor is it realistic as a basis for the design of algorithms im-

plemen ted on realistic mac hines, whic h can only deal with �nite data. Industrial

solid mo delling soft w are used for CA GD (Computer Aided Geometric Design),

CAM (Computer Aided Man ufacturing) or rob otics is therefore infected b y the

disparit y b et w een the classical analysis paradigm and feasible computations.

This disparit y , as w ell as the represen tation of uncertain ties in the geometry of

the solid ob jects, is handled case b y case, b y v arious exp ensiv e and unsatisfac-

tory \up to epsilon" ad-ho c heuristics. It is di�cult, if at all p ossible, to impro v e

and generalise these tec hniques, since their relativ ely p o or success dep ends on

the skill and exp erience of soft w are engineers rather than on a w ell formalised

metho dology . In practice, the main tenance cost of some cen tral geometric op er-

ators suc h as the Bo olean op erations or some sp eci�c v arian ts of the Mink o wski

sum has alw a ys remained critical.

A robust algorithm is one whose correctness is pro v ed with the assumption

of a realistic mac hine mo del. Recursiv e analysis de�nes precisely what it means,

in the con text of the realistic T uring mac hine mo del of computation, to compute

ob jects b elonging to non-coun table sets suc h as the set of real n um b ers.

Here, w e use a domain-theoretic approac h to recursiv e analysis to dev elop

the foundation of an e�ectiv e framew ork for solid mo delling and computational

geometry . It is based on the w ork of the second author with Andr � e Lieutier. In

fact these notes form an abridged v ersion of t w o pap ers [14, 15]; full details of

pro ofs and man y other results can b e obtained from these pap ers.

W e presen t the con tin uous domain of solid ob jects whic h giv es a concrete

mo del of computation on solids close to the actual practice of CAD engineers.

In this mo del, the basic predicates, suc h as mem b ership and subset inclusion,

and op erations, suc h as union and in tersection, are con tin uous and computable.

The set-theoretic asp ects of solid mo delling are revisited, leading to a theoreti-

cally motiv ated mo del. Within this mo del, some una v oidable limitations of solid

mo delling computations are sho wn and a sound framew ork to design sp eci�ca-

tions for feasible mo delling op erators is pro vided. Moreo v er, the mo del is able

to capture the uncertain ties of input data in actual CAD situations.

W e need the follo wing requiremen ts for the mathematical mo del:

1. the notion of computabilit y of solids has to b e w ell de�ned,

2. the mo del has to re
ect the observ able prop erties of real solids,

3. it has to b e closed under the Bo olean op erations and all basic predicates and

op erations ha v e to b e computable,



4. non-regular sets

1

ha v e to b e captured b y the mo del as w ell as regular solids,

5. the mo del has to supp ort a design metho dology for actual robust algorithms.

A general metho dology for the sp eci�cation of feasible op erators and the

design of robust algorithms should rely on a sound mathematical mo del. This

is wh y the domain-theoretic approac h is a p o w erful framew ork b oth to mo del

partial or uncertain data and to guide the design of robust soft w are.

14 The Solid Domain

In this section, w e in tro duce the solid domain, a mathematical mo del for repre-

sen ting rigid solids. The reader should refer to the App endix for a basic in tro duc-

tion to the domain-theoretic notions required in the rest of this article. W e fo cus

here on the set-theoretic asp ects of solid mo delling. Our mo del is motiv ated b y

requiremen ts 1 to 5 giv en ab o v e.

W e �rst recall some basic notions in top ology . F or an y subset A of a top olog-

ical space X , the closure, A , of A is the in tersection of all closed sets con taining

A , the in terior, A

�

, of A is the union of all op en sets con tained in A and the

b oundary , @ A , of A is the set of p oin ts x 2 X suc h that an y neigh b ourho o d of x

(i.e. an y op en set con taining x ) in tersects b oth A and its complemen t A

c

. Recall

that an op en set is r e gular if it is the in terior of its closure; dually , a closed set

is regular if it is the closure of its in terior. The complemen t of a regular op en

set then is a regular closed set and vice v ersa. A subset C � X is c omp act if for

ev ery collection of op en subsets h O

i

i

i 2 I

with C �

S

i 2 I

O

i

there exists a �nite

set J � I with C �

S

i 2 J

O

i

. A subset of I R

d

is compact i� it is b ounded and

closed.

Giv en an y prop er subset S � I R

n

, the classical mem b ership predicate 2

S

:

I R

n

! f tt ; � g is con tin uous except on @ S . Recall that a predicate is semi-

decidable if there is an algorithm to con�rm in �nite time that it is true whenev er

the predicate is actually true. F or example, mem b ership of a p oin t in an op en

set in I R

n

is semi-decidable, since if the p oin t is giv en in terms of a shrinking

sequence of rational rectangles, then in �nite time one suc h rational rectangle

will b e completely inside the op en set. On the other hand, if S is an op en or

closed set, then its b oundary has empt y in terior and it is not semi-decidable that

a p oin t is on the b oundary . F or example if n = 1 and S is the set of p ositiv e

n um b ers, then a real n um b er x 2 I R is on the b oundary of S i� x = 0 whic h is not

decidable in computable analysis. It therefore mak es sense from a computational

viewp oin t to rede�ne the mem b ership predicate as the con tin uous function:

2

0

S

: I R

n

! f tt ; � g

?

x 7!

8

<

:

tt if x 2 S

�

� if x 2 S

c

�

? otherwise.

1

An op en set is regular if it is the in terior of its closure.



Here, f tt ; � g

?

is the three elemen t p oset with least elemen t ? and t w o incom-

parable elemen ts tt and � . In the Scott top ology f tt g and f � g are op en sets but

f?g is not op en. W e call this the c ontinuous memb ership pr e dic ate . Then, t w o

subsets, or t w o solid ob jects, are equiv alen t if and only if they ha v e the same con-

tin uous mem b ership predicate, i.e. if they ha v e the same in terior and the same

exterior (in terior of complemen t). By analogy with general set theory for whic h

a set is completely de�ned b y its mem b ership predicate, w e can de�ne a solid

ob ject in I R

n

to b e an y con tin uous map of t yp e I R

n

! f tt ; � g

?

. The de�nition

of the solid domain is then consisten t with requiremen t 1 since a computable

mem b ership predicate has to b e con tin uous.

Note that a solid ob ject, giv en b y a con tin uous map f : I R

n

! f tt ; � g

?

,

is determined precisely b y t w o disjoin t op en sets, namely f

� 1

( tt ) and f

� 1

( � ).

Moreo v er, the in terior ( f

� 1

( tt ) [ f

� 1

( � ))

c

�

of the complemen t of the union of

these t w o op en sets can b e non-empt y . If w e no w consider a second con tin uous

function g : I R

n

! f tt ; � g

?

with f v g , then w e ha v e f

� 1

( tt ) � g

� 1

( tt ) and

f

� 1

( � ) � g

� 1

( � ). This means that a more de�ned solid ob ject has a larger in te-

rior and a larger exterior. W e can think of the pair f

� 1

( tt ) ; f

� 1

( � ) as the p oin ts

of the in terior and the exterior of a solid ob ject as determined at some �nite

stage of computation. A t a later stage, w e obtain a more re�ned appro ximation

g whic h giv es more information ab out the solid ob ject, i.e. more p oin ts of its

in terior and more p oin ts of its exterior.

De�nition 14.1. The solid domain ( S I R

n

; v ) of I R

n

is the set of or der e d p airs

( A; B ) of disjoint op en subsets of I R

n

endowe d with the information or der:

( A

1

; B

1

) v ( A

2

; B

2

) ( ) A

1

� A

2

and B

1

� B

2

.

An elemen t ( A; B ) of S I R

n

is called a p artial solid . The sets A and B are

in tended to capture, resp ectiv ely , the in terior and the exterior (in terior of the

complemen t) of a solid ob ject, p ossibly , at some �nite stage of computation.

Note that ( S I R

n

; v ) is a directed complete partial order with

F

i 2 I

( A

i

; B

i

) =

(

S

i 2 I

A

i

;

S

i 2 I

B

i

) and is isomorphic with the function space I R

n

! f tt ; � g

?

. By

dualit y of op en and closed sets, ( S I R

n

; v ) is also isomorphic with the collection

of ordered pairs ( A; B ) of closed subsets of I R

n

with A [ B = I R

n

with the

information ordering: ( A

1

; B

1

) v ( A

2

; B

2

) ( ) A

2

� A

1

and B

2

� B

1

.

Prop osition 14.2. The p artial solid ( A; B ) 2 ( S I R

n

; v ) is a maximal element

i� A = B

c

�

and B = A

c

�

.

Pr o of. Let ( A; B ) b e maximal. Since A and B are disjoin t op en sets, it follo ws

that A � B

c

�

. Hence, ( A; B ) v ( B

c

�

; B ) and th us A = B

c

�

. Similarly , B = A

c

�

.

This pro v es the \only if " part. F or the \if " part, supp ose that A = B

c

�

and

B = A

c

�

. Then, an y prop er op en sup erset of A will ha v e non-empt y in tersection

with B and an y prop er op en sup erset of B will ha v e non-empt y in tersection with

A . It follo ws that ( A; B ) is maximal. ut

Corollary 14.3. If ( A; B ) is a maximal element, then A and B ar e r e gular

op en sets. Conversely, for any r e gular op en set A , the p artial solid ( A; A

c

�

) is

maximal.



Pr o of. F or the �rst part, note that A is the in terior of the closed set B

c

and

is, therefore, regular; similarly B is regular. F or the second part, observ e that

A

c

�

c

�

= ( A )

�

= A . ut

W e de�ne ( A; B ) 2 S I R

n

to b e a classic al solid ob ject if A [ B = I R

n

.

Prop osition 14.4. A ny maximal element is a classic al solid obje ct.

Pr o of. Supp ose ( A; B ) is maximal. Then I R

n

= A [ @ A [ A

c

�

= A [ B , since

A = A [ @ A and A

c

�

� A

c

�

= B . ut

Classical solid ob jects form a larger family than the maximal elemen ts, i.e. regu-

lar solids. F or example, if A = f z 2 I R

2

j j z j � 1 g [ f ( x; 0) 2 I R

2

j j x j � 2 g , then

A is represen ted in our mo del b y the classical (non-regular) ob ject ( A

�

; A

c

).

Theorem 14.5. The solid domain ( S I R

n

; v ) is a b ounde d c omplete ! -c ontinuous

domain and ( A

1

; B

1

) � ( A

2

; B

2

) i� A

1

and B

1

ar e c omp act subsets of A

2

and

B

2

r esp e ctively.

Pr o of. T o c haracterise the w a y-b elo w relation, �rst assume that A

1

and B

1

are

compact subsets of A

2

and B

2

resp ectiv ely . If A

2

�

S

i 2 I

U

i

and B

2

�

S

i 2 I

V

i

,

where the unions are assumed to b e directed, then w e get A

1

� A

2

�

S

i 2 I

U

i

and B

1

� B

2

�

S

i 2 I

V

i

. By compactness of A

1

and B

1

it follo ws that there exists

i 2 I with B

1

� U

i

and B

2

� V

i

. Con v ersely , assume that ( A

1

; B

1

) � ( A

2

; B

2

).

There exist directed collections of op en sets ( U

i

)

i 2 I

and ( V

i

)

i 2 I

with union A

2

and B

2

resp ectiv ely suc h that U

i

and V

i

are compact subsets of A

2

and B

2

for eac h i 2 I . By the de�nition of the w a y-b elo w relation, there exists i 2 I

with A

1

� U

i

and B

1

� V

i

from whic h it follo ws that A

1

and B

1

are compact

subsets of A

2

and B

2

resp ectiv ely . Ev ery op en subset of I R

n

can b e obtained as

the union of an increasing sequence of op en rational p olyhedra (i.e. p olyhedra

whose v ertices ha v e rational co ordinates) w a y-b elo w the op en set. The collection

of all pairs of disjoin t op en rational p olyhedra th us pro vides a coun table basis

for S I R

n

. ut

In practice, w e are often in terested in the sub domain S

b

I R

n

of b ounde d partial

solids whic h is de�ned as S

b

I R

n

= f ( A; B ) 2 S I R

n

j B

c

is b ounded g [ f ( ; ; ; ) g ,

ordered b y inclusion. It is easy to see that S

b

I R

n

is a sub dcp o of S I R

n

. Moreo v er,

it is left as an exercise to sho w that:

Prop osition 14.6. The dcp o S

b

I R

n

is ! -c ontinuous with the way-b elow r elation

given by ( A

1

; B

1

) � ( A

2

; B

2

) i� A

1

� A

2

and B

c

2

� B

1

c

�

.

W e sa y ( A; B ) 2 S [ � a; a ]

n

is a pr op er elemen t if ( A; B ) 6= ( ; ; [ � a; a ]

n

) and

( A; B ) 6= ([ � a; a ]

n

; ; ). Consider the collection R ([ � a; a ]

n

) of non-empt y regular

closed subsets of [ � a; a ]

n

with the metric giv en b y ,

d ( A; B ) = max( d

H

( A; B ) ; d

H

( A

c

; B

c

) ;

where d

H

is the Hausdor� metric.



Theorem 14.7. The c ol le ction of pr op er maximal elements of S [ � a; a ]

n

is the

c ontinuous image of the sp ac e ( R ([ � a; a ]

n

) ; d ) of the non-empty r e gular close d

subsets of [ � a; a ]

n

.

Pr o of. It is con v enien t to w ork with the represen tation of S [ � a; a ]

n

b y pairs

( A; B ) of closed subsets of [ � a; a ]

n

, with A [ B = [ � a; a ]

n

, ordered b y rev erse

inclusion. An y pair of op en sets ( U; V ) of [ � a; a ]

n

pro vides a basic Scott op en set

O

( U ;V )

of S [ � a; a ]

n

giv en b y O

( U ;V )

= f ( A; B ) 2 S [ � a; a ]

n

j A � U & B � V g .

No w consider the map � : R ([ � a; a ]

n

) ! S [ � a; a ]

n

de�ned b y � ( A ) = ( A; A

c

).

Clearly , � is a function on to the set of prop er maximal elemen ts of S [ � a; a ]

n

.

T o sho w that it is con tin uous, supp ose ( A; A

c

) 2 O

( U ;V )

, i.e. A � U and A

c

�

V . Let k = min ( r ( A; U

c

) ; r ( A

c

; V

c

)) where r ( Y ; Z ) is the minim um distance

b et w een compact sets Y and Z . Then for D 2 R ([ � a; a ]

n

) with d ( C ; D ) < k ,

the inequalities d

H

( C ; D ) < k and d

H

( C

c

; D

c

) < k imply D � U and D

c

� V .

This sho ws that � is con tin uous. ut

W e can de�ne a metric on the non-empt y closed subsets of I R

n

b y putting:

d

0

H

( A; B ) = max ( d

H

( A; B ) ; 1). W e lea v e it as an exercise for the reader to sho w

that the collection of prop er maximal elemen ts of S I R

n

is the con tin uous image

of the space ( R (I R

n

) ; d

0

) of the non-empt y regular closed subsets of I R

n

with the

metric de�ned b y

d

0

( A; B ) = max ( d

0

H

( A; B ) ; d

0

H

( A

c

; B

c

)) : (48)

15 Predicates and Op erations on Solids

Our de�nition is also consisten t with requiremen t 2 in a closely related w a y .

W e consider the idealisation of a mac hine used to measure mec hanical parts.

Tw o parts corresp onding to equiv alen t subsets cannot b e distinguished b y suc h

a mac hine. Moreo v er, partial solids, and, more generally , domain-theoretically

de�ned data t yp es allo w us to capture partial, or uncertain input data encoun-

tered in realistic CAD situations. In order to b e able to compute the con tin u-

ous mem b ership predicate, w e extend it to the in terv al domain I I R

n

and de�ne

� 2 � : I I R

n

� S I R

n

! f tt ; � g

?

with:

C 2 ( A; B ) =

8

<

:

tt if C � A

� if C � B

? otherwise

(see Figure 2). Note that w e use the in�x notation for predicates and Bo olean

op erations.

W e de�ne the predicate � � � : S

b

I R

n

� S I R

n

! f tt ; � g

?

, b y

( A; B ) � ( C ; D ) =

8

<

:

tt if B [ C = I R

n

� if A \ D 6= ;

? otherwise



(A,B)

B

A

 ff

 ^̂

 tt

 ^̂

 ^̂

Fig. 2. The mem b ership predicate of a partial solid ob ject of the unit square.

The restriction to S

b

I R

n

will ensure that � � � is con tin uous, as w e will see in

one of the exercises b elo w. Starting with the con tin uous mem b ership predicate,

the natural de�nition for the complemen t w ould b e to sw ap the v alues tt and � .

This means that the complemen t of ( A; B ) is ( B ; A ), cf. requiremen t 3.

As for requiremen t 4, Figure 3 represen ts a subset S of [0 ; 1]

2

that is not reg-

ular. Its regularization remo v es b oth the external and in ternal \dangling edge".

Here and in subsequen t �gures, the t w o comp onen ts A and B of the partial solid

are, for clarit y , depicted separately b elo w eac h picture.

(A,B)

A B

Fig. 3. Represen tation of a non-regular solid.

Bearing in mind that for a partial solid ob ject ( A; B ), the op en sets A and

B resp ectiv ely capture the in terior and the exterior of the solid, w e can deduce



the de�nition of Bo olean op erators on partial solids:

( A

1

; B

1

) [ ( A

2

; B

2

) = ( A

1

[ A

2

; B

1

\ B

2

)

( A

1

; B

1

) \ ( A

2

; B

2

) = ( A

1

\ A

2

; B

1

[ B

2

) :

One can lik ewise de�ne the m -ary union and the m -ary in tersection of partial

solids. Note that, giv en t w o partial solids represen ting adjacen t b o xes, their

union w ould not represen t the set-theoretic union of the b o xes, as illustrated in

Figure 4.

(A2,B2)

A2 B2

(A1,B1)

A1 B1

(A1,B1)È(A2,B2)

A1ÈA2
B1ÇB2

Fig. 4. The union op eration on the solid domain.

Theorem 15.1. The fol lowing maps ar e c ontinuous:

(i) The pr e dic ate � 2 � : I I R

n

� S I R

n

! f tt ; � g

?

.

(ii) The binary union � [ � : S I R

n

� S I R

n

! S I R

n

and mor e gener al ly the m -ary

union

S

: ( S I R

n

)

m

! S I R

n

:

(iii) The binary interse ction � \ � : S I R

n

� S I R

n

! S I R

n

and mor e gener al ly the

m -ary interse ction

T

: ( S I R

n

)

m

! S I R

n

.

Pr o of. (i) A function of t w o v ariables on domains is con tin uous i� it is con tin uous

in eac h v ariable separately when the other v ariable is �xed. F rom this, w e obtain

the required con tin uit y b y observing that a non-empt y compact set is con tained

in the union of an increasing sequence of op en sets i� it is con tained in one suc h

op en set.

(ii) This follo ws from the distributivit y of [ o v er \ .

(iii) F ollo ws from (ii) b y dualit y . ut



15.1 The Mink o wski Op erator

W e no w in tro duce the Mink o wski sum op eration for partial solids of I R

n

. Recall

that the Mink o wski sum of t w o subsets S

1

; S

2

� I R

n

is de�ned as

S

1

� S

2

= f x + y j x 2 S

1

; y 2 S

2

g

where x + y is the v ector addition in I R

n

. F or con v enience w e will use the same

notation � for the Mink o wski sum on the solid domain, whic h is de�ned as a

function � � � : ( S

b

I R

n

) � ( S I R

n

) ! S I R

n

b y:

( A

1

; B

1

) � ( A

2

; B

2

) = (( A

1

� A

2

) ; ( B

c

1

� B

c

2

)

c

) :

It can b e sho wn that � � � : ( S

b

I R

d

) � ( S I R

d

) ! S I R

d

is w ell-de�ned and

con tin uous.

16 Computabilit y on the Solid Domain

W e can pro vide an e�ectiv e structure for S I R

n

as follo ws. Consider the collection

of all pairs of disjoin t op en rational p olyhedra of the form K = ( L

1

; L

2

). T ak e

an e�ectiv e en umeration ( K

i

)

i 2 !

with K

i

= ( �

1

( K

i

) ; �

2

( K

i

)) of this collection.

W e sa y ( A; B ) is a c omputable partial solid if there exists a total recursiv e

function � : I N ! I N suc h that ( A; B ) = (

S

n 2 !

�

1

( K

� ( n )

) ;

S

n 2 !

�

2

( K

� ( n )

)).

One can similarly de�ne an e�ectiv e structure on I I R

n

, b y taking an e�ectiv e

en umeration of rational in terv als.

It follo ws from the general domain-theoretic de�nition (see the App endix)

that a function F : ( S I R

n

)

2

! S I R

n

is c omputable if the relation f ( i; j; k ) j K

k

�

F ( K

i

; K

j

) g is r.e.. The de�nition extends in the natural w a y to functions of other

t yp es. A sequence (( A

n

; B

n

))

n 2 !

of partial solids is c omputable if there exists

a total recursiv e function � : I N � I N ! I N suc h that ( A

n

; B

n

) =

F

i 2 !

K

� ( n;i )

,

with ( K

� ( n;i )

)

i 2 !

an increasing c hain for eac h n 2 ! . F or domains in general, it

can b e sho wn that a function is computable i� it sends computable sequences to

computable sequences.

Prop osition 16.1. The fol lowing functions ar e c omputable with r esp e ct to the

e�e ctive structur es on I I R

n

, S I R

n

and S [ � a; a ]

n

.

(i) � 2 � : I I R

n

� S I R

n

! f tt ; � g

?

:

(ii) � [ � : S I R

n

� S I R

n

! S I R

n

.

(iii) � \ � : S I R

n

� S I R

n

! S I R

n

.

(iv) � � � : S [ � a; a ]

n

� S [ � a; a ]

n

! f tt ; � g

?

.

Pr o of. W e sho w (ii) and lea v e the rest as exercise. W e ha v e to sho w that the

relation K

k

� K

i

[ K

j

is r.e. W riting this relation in detail, it reduces to

( �

1

( K

k

) ; �

2

( K

k

)) � ( �

1

( K

i

) [ �

1

( K

j

) ; �

2

( K

i

) \ �

2

( K

j

)) ;

i.e. �

1

( K

k

) � �

1

( K

i

) [ �

1

( K

j

) and �

2

( K

k

) � �

2

( K

i

) \ �

2

( K

j

), whic h are b oth

decidable. ut



17 Leb esgue and Hausdor� Computabilit y

Our domain-theoretic notion of computabilit y so far has the essen tial w eakness

of lac king a quan titativ e measure for the rate of con v ergence of basis elemen ts

to a computable elemen t. This shortcoming can b e redressed b y enric hing the

domain-theoretic notion of computabilit y with an additional requiremen t whic h

allo ws a quan titativ e degree of appro ximation. W e will see in this section that

this can b e done in at least t w o di�eren t w a ys. The reader should refer to the

app endix for v arious notions of computabilit y in this section.

17.1 Leb esgue Computabilit y

The Leb esgue measure � in I R

n

, whic h measures the v olume of subsets of I R

n

,

giv es us a notion of appro ximation whic h is stable under Bo olean op erations. F or

simplicit y , w e con�ne ourselv es to the solid domain of a large cub e in I R

n

. W e sa y

that ( A; B ) 2 S [ � a; a ]

n

is L eb esgue c omputable if there exists a total recursiv e

function � : I N ! I N suc h that ( A; B ) = (

S

n 2 !

�

1

( K

� ( n )

) ;

S

n 2 !

�

2

( K

� ( n )

)) with

� ( A ) � � ( �

1

( K

� ( n )

)) < 2

� n

and � ( B ) � � ( �

2

( K

� ( n )

)) < 2

� n

. The de�nition

extends naturally to computable elemen ts of ( S X )

m

for an y p ositiv e in teger m .

Prop osition 17.1. If a is a c omputable r e al numb er and ( A; B ) 2 S [ � a; a ]

n

is

a c omputable maximal element with � ( @ A ) = 0 , then ( A; B ) is L eb esgue c om-

putable.

The sequence (( A

n

; B

n

))

n 2 !

is said to b e Leb esgue computable if it is com-

putable and if ( � ( A

n

))

n 2 !

and ( � ( B

n

))

n 2 !

are computable sequences of real

n um b ers. As for computable elemen ts, the de�nition extends naturally to com-

putable sequences of ( S X )

m

for an y p ositiv e in teger m .

A computable function f : ( S X )

m

! S X is said to b e L eb esgue c omputable

if it tak es an y Leb esgue computable sequence of m -tuples of partial solids to

a Leb esgue computable sequence of partial solids. The main result here is the

follo wing.

Theorem 17.2. Bo ole an op er ations ar e L eb esgue c omputable.

17.2 Hausdor� Computabilit y

Another appropriate form for the quan titativ e degree of appro ximation of solids

is pro vided b y the Hausdor� distance. W e sa y ( A; B ) 2 S [ � a; a ]

n

is Hausdor�

c omputable if there exists a total recursiv e function � : I N ! I N suc h that

( A; B ) = (

S

n 2 !

�

1

( K

� ( n )

) ;

S

n 2 !

�

2

( K

� ( n )

)) with d

H

( �

1

( K

� ( n )

) ; A ) < 2

� n

and

d

H

( �

2

( K

� ( n )

) ; B ) < 2

� n

.

W e can de�ne the notion of a Hausdor� computable map similar to the w a y

w e de�ned a Leb esgue computable map. The Hausdor� distance pro vides a go o d

w a y of appro ximating solids; in fact, ob jects with small Hausdor� distance with

eac h other are visually close. Ho w ev er, it can b e sho wn b y a non-trivial example

that the binary Bo olean op erations do not preserv e Hausdor� computabilit y .

The main p ositiv e result is the follo wing.



Theorem 17.3. A c omputable maximal element of S [ � a; a ]

n

is Hausdor� c om-

putable.

18 The Con v ex Hull

W e ha v e already seen that p oin ts of I R

n

can b e mo delled using the domain I I R

n

of the compact rectangles in I R

n

ordered b y rev erse inclusion. Using the domain-

theoretic mo del, one can construct other basic notions in geometry , suc h as line

segmen ts, lines and h yp erplanes. W e demonstrate this b y describing the simplest

non-trivial geometric ob ject, namely a line segmen t.

W e de�ne the p artial line se gment map f : ( I I R

n

)

2

! S I R

n

with f ( x

1

; x

2

),

called the p artial line se gment through the partial p oin ts x

1

and x

2

, giv en b y

f ( x

1

; x

2

) = ( ; ; E ) where the exterior E is the empt y set if x

1

\ x

2

6= ; and is

otherwise the complemen t of the con v ex h ull of the 2 � 2

n

v ertices of x

1

and

x

2

; see Figure 5. It is easy to c hec k that f is Scott con tin uous and computable.

Lik ewise, one can de�ne Scott con tin uous maps for partial lines through t w o

partial p oin ts, and other basic geometric ob jects.

Fig. 5. A partial line segmen t

W e will no w describ e an algorithm to compute the con v ex h ull of a �nite

n um b er of p oin ts in the plane in the con text of the solid domain. Assume w e

ha v e m p oin ts in the plane. Eac h of these p oin ts is appro ximated b y a shrinking

nested sequence of rational rectangles; at eac h �nite stage of computation w e

ha v e appro ximations to the m p oin ts b y m rational rectangles, considered as

imprecise p oin ts, as in Figure 6.

F or these m rational rectangles w e obtain a partial solid ob ject with an

in terior op en rational p olygon, whic h is con tained in the in terior of the con v ex

h ull of the m p oin ts, and an exterior op en rational p olygon, whic h is con tained

in the exterior of the con v ex h ull of the m p oin ts. The union of the in terior

(resp ectiv ely , the exterior) op en rational p olygons obtained for all �nite stages

of computation giv es the in terior (resp ectiv ely , the exterior) of the con v ex h ull

of the m p oin ts.



Fig. 6. The con v ex h ull problem for rectangles.

More formally , w e de�ne a map C

m

: ( I I R

2

)

m

! S I R

2

, where I I R

2

is the

domain of the planar rectangles, the collection of all rectangles of the plane

partially ordered b y rev erse inclusion. Let C (I R

2

) b e the collection of non-empt y

compact subsets of I R

2

with the Hausdor� metric and let H

m

: (I R

2

)

m

! C (I R

2

)

b e the classical function whic h sends an y m -tuple of planar p oin ts to its con v ex

h ull regarded as a compact subset of the plane.

W e �rst de�ne C

m

on the basis ( I Q

2

)

m

of ( I I R

2

)

m

consisting of m -tuples

of rational rectangles. Let x = ( R

1

; R

2

; � � � ; R

m

) 2 ( I Q

2

)

m

b e an m -tuple of

rational rectangles. Eac h rectangle R

i

has four v ertices denoted, an ti-clo c kwise

starting with the b ottom left corner, b y R

1

i

, R

2

i

, R

3

i

and R

4

i

. W e de�ne C

m

( x ) =

( I

m

( x ) ; E

m

( x )) with

E

m

( x ) = ( H

4 m

(( R

1

i

; R

2

i

; R

3

i

; R

4

i

))

m

i =1

)

c

; I

m

( x ) = (

\

1 � j � 4

H

m

( R

j

i

)

m

i =1

)

�

:

In w ords, E

m

( x ) is the complemen t of the con v ex h ull of the 4 m v ertices of all

rectangles (Figure 7), whereas I

m

( x ) is the in terior of the in tersection of the

4 con v ex h ulls of the b ottom left, b ottom righ t, top righ t and top left v ertices

(Figure 8). Since the in tersection of con v ex sets is con v ex, I

m

( x ) as w ell as E

m

( x )

are b oth con v ex op en rational p olygons.

With more accurate input data ab out the planar p oin ts, the b oundaries of

the inner and outer con v ex h ulls get closer to eac h other as in Figure 9. In the

limit, the inner and outer con v ex h ulls will b e simply the in terior and the exterior

of the con v ex h ull of the planar p oin ts (Figure 10).

Since w e w ork completely with rational arithmetic, w e will not encoun ter an y

round-o� errors and, as comparison of rational n um b ers is decidable, w e will not

get inconsistencies.

Clearly the complexit y of these algorithms to compute I

m

( x ) and E

m

( x ) is

O ( m log m ) eac h. W e ha v e therefore obtained a robust algorithm for the con v ex



Fig. 7. The exterior con v ex h ull of rectangles.

Fig. 8. The in terior con v ex h ull of rectangles.



Fig. 9. Con v ergence of the in terior and exterior con v ex h ulls.

Fig. 10. Limit of in terior and exterior con v ex h ulls.

h ull whic h has the same complexit y as the non-robust classical algorithm. More-

o v er, the algorithm extends in the ob vious w a y to I R

d

. In 3d, w e still ha v e the

complexit y O ( m log m ); see [15] for the complexit y in higher dimension.

W e no w de�ne

^

C

m

: ( I I R

2

)

m

! S I R

2

on tuples of rectangles y 2 ( I I R

2

)

m

b y putting

^

C

m

( y ) =

F

f C ( x ) j x 2 ( I Q)

m

with x � y g . It can b e c hec k ed that

^

C

m

( x ) = C

m

( x ) for x 2 ( I Q

2

)

m

, and that, therefore, w e can simply write

^

C

m

as

C

m

whic h will b e a con tin uous function b et w een domains.

The map C

m

computes the con v ex h ull of m planar p oin ts as follo ws. Note

that a maximal elemen t x = ( R

i

)

m

i =1

of ( I I R

2

)

m

consists of an m -tuple of de-

generate rectangles, i.e., an m -tuple of planar p oin ts ( r

i

)

m

i =1

, where R

j

i

= r

i

,

for j = 1 ; 2 ; 3 ; 4. It can b e sho wn that, for suc h maximal x , w e ha v e C

m

( x ) =

( I

m

( x ) ; E

m

( x )) where I

m

( x ) = ( H

m

(( r

i

)

m

i =1

))

�

and E

m

( x ) = ( H

m

(( r

i

)

m

i =1

))

c

.

Theorem 18.1. The map C

m

is L eb esgue c omputable and Hausdor� c omputable.



W e can also study the domain-theoretic v ersion of the follo wing classical

question: Giv en N p oin ts x

1

; : : : ; x

N

in I R

2

, do es x

k

, for 1 � k � N , lie on the

b oundary of the con v ex h ull of these N p oin ts? With imprecise input, i.e. for N

input rectangles, the answ er is either \surely y es", or \surely not" or \cannot

sa y". More precisely , w e de�ne the b oundary r e ctangle predicate P

k

: ( I I R

2

)

N

!

f tt ; � g

?

. F or R = ( R

1

; : : : ; R

N

) 2 ( I I R

2

)

N

, let R ( k ) 2 ( I I R

2

)

N � 1

b e the ordered

list of the N � 1 dy adic in terv al v ertices: R ( k ) = ( R

1

; : : : ; R

k � 1

; R

k +1

; : : : ; R

N

).

W e ha v e:

P

k

( R ) =

8

<

:

tt if R

k

� E ( R ( k )) ;

� if R

k

� I ( R ) ;

? otherwise :

(49)

Theorem 18.2. The pr e dic ate P

k

is Sc ott c ontinuous and c omputable for e ach

k = 1 ; : : : ; N .

Finally , w e note that domain-theoretic algorithms for V oronoi diagram and De-

launa y triangulation ha v e also b een dev elop ed; see [38].

19 Historical Remarks and P oin ters to Literature

19.1 Real Num b er Computation

In the late 1980's, t w o framew orks for exact real n um b er computation w ere prop osed.

In the approac h of Bo ehm and Cart wrigh t [5, 6], a computable real n um b er is appro x-

imated b y rational n um b ers of the form K =r

n

where r is the base and K is a (usu-

ally big) in teger. This approac h w as further dev elop ed and implemen ted b y V al � erie

M � enissier-Morain [40]. F or an y basic function in analysis a feasible algorithm has b een

presen ted in order to pro duce an appro ximation to the v alue of the function at a giv en

computable real n um b er up to an y threshold of accuracy . Ho w ev er, the computation

is not incremen tal in the sense that to obtain a more accurate appro ximation one has

to compute from scratc h. F urthermore, the algorithms are constructed using v arious

ad-ho c tec hniques and therefore, except for the simplest arithmetic op erations, it is

rather di�cult to v erify their correctness. Actually , this metho d is not so di�eren t

from the m ulti-digit approac h presen ted here, except that our transcenden tal op era-

tions are based on LFT's, whic h pro vide a general underlying framew ork that simpli�es

the �nding of the algorithms and mak es the pro ofs of their correctness automatic.

V uillemin [57] prop osed a represen tation of computable real n um b ers b y con tin ued

fractions and presen ted v arious incremen tal algorithms for basic arithmetic op erations

using the earlier w ork of Gosp er [24], and for some transcenden tal functions. Ho w ev er,

this represen tation is rather complicated and the resulting algorithms are relativ ely

ine�cien t.

Plume [42] studied and implemen ted Exact Real Arithmetic based on the n um b er

represen tation of Section 2 (exp onen t plus a stream of signed binary digits). His di-

vision algorithm emplo ys an auxiliary represen tation with dy adic rationals as digits.

T ranscenden tal functions are based on an auxiliary function computing the real n um-

b er de�ned b y a (computable) nested sequence of real in terv als whose lengths tend

to 0.

In the early and mid 90's Di Gianan tonio [12, 13] and Escard� o [20] studied exten-

sions of the theoretical language PCF with a real n um b er data t yp e based on domain



theory . A t Imp erial College, a new approac h w as then dev elop ed whic h is almost en-

tirely based on LFT's and com bines domain theory and the digit approac h with con tin-

ued fraction algorithms [45, 16, 46, 43, 44]. Within this approac h, P eter P otts deriv ed

algorithms for transcenden tal functions from con tin ued fraction expansions. He also

dev elop ed the single-digit approac h with the absorption and emission of digit matrices,

and made �rst steps to w ards a m ulti-digit approac h. The approac h w as implemen ted in

functional languages suc h as Miranda, Hask ell and CAML, and in imp erativ e languages

suc h as C. The LFT framew ork for real n um b er computation has also b een studied in

the con text of extensions of PCF with a real n um b er data t yp e b y Edalat, Escard� o,

P otts and S • underhauf [47, 17].

In con trast to the notes at hand, P otts and Edalat used the base in terv al [0 ; 1 ],

and accordingly , digit matrices whic h w ere di�eren t from the ones presen ted here. This

approac h includes 1 with the same righ ts as an y �nite real n um b er. The n um b er

1 represen ts b oth + 1 and �1 . Its presence mak es the recipro cal function total b y

1

0

= 1 and

1

1

= 0. Y et on the other hand, addition and m ultiplication, whic h are total

if 1 is excluded, b ecome partial with 1 since 1 + 1 and 0 � 1 are not de�ned.

In this approac h, exp onen t matrices cannot b e used. Instead, eac h n um b er rep-

resen tation b egins with a sign matrix . There are four sign matrices, for n um b ers in

the in terv als [0 ; 1 ], [ � 1 ; 1], [ 1 ; 0], and [1 ; � 1] = f x jj x j � 1 g . Edalat and P otts name

t w o adv an tages of [0 ; 1 ]: First, the image M [0 ; 1 ] of [0 ; 1 ] under a non-singular LFT

M =

�

a

b

c

d

�

can b e easily obtained from the en tries of M : M [0 ; 1 ] = [

c

d

;

a

b

] if det M > 0,

and [

a

b

;

c

d

] if det M < 0. In con trast, the calculation of M [ � 1 ; 1] requires some additions.

Second, a matrix or tensor is re�ning for [0 ; 1 ] i� all its en tries are non-negativ e and all

its column sums are p ositiv e (if the matrix or tensor is w eakly normalised so that the

sum of its en tries is non-negativ e). This condition is m uc h simpler than the conditions

w e ha v e deriv ed for re�nemen t w.r.t. [ � 1 ; 1] in Section 5. The emission conditions for

the t w o base in terv als are similar, but the actual emissions and absorptions are simpler

in [ � 1 ; 1]. A h uge practical adv an tage of [ � 1 ; 1] are the p ersisten t zeros whic h can b e

found in basically all the tensors for the standard op erations. With [0 ; 1 ], there are

no p ersisten t zeros at all, and no en tries whic h are in v arian t under absorption and

emission.

On the theoretical side as w ell, the base in terv al [ � 1 ; 1] has clear adv an tages. It

a v oids the troublesome v alue 1 that p oses di�culties in algebraic transformations and

size estimations. F urthermore, one ma y w ork with the standard metric ( ` ([ u; v ]) = v � u )

and standard deriv ativ es in [ � 1 ; 1], while w orking with [0 ; 1 ] excludes the standard

metric. In fact, [16, 43, 28] use a metric on [0 ; 1 ] that is deriv ed from the standard

metric on [ � 1 ; 1]. Here, w orking in [ � 1 ; 1] directly drastically simpli�es the reasoning.

Results on the gro wth of the en tries of matrices and tensors w ere presen ted in [26,

27]|for the base in terv al [0 ; 1 ]. With this base in terv al, matrices

�

a

b

c

d

�

cannot b e

classi�ed according to b = 0 and b 6= 0 as in Section 8; the crucial v alue is instead

( c + d ) � ( a + b ). Giv en this, it is not surprising that a complete classi�cation of tensors

w.r.t. the opp ortunities for cancellations w as nev er found under the reign of [0 ; 1 ]. The

classi�cation presen ted in Section 8.5 of these notes w as recen tly found b y Reinhold

Hec kmann and nev er published b efore.

The con tractivit y w as already studied b y P otts, and considered in greater detail b y

Hec kmann in [28] (for [0 ; 1 ]). In [30], Hec kmann switc hed o v er to [ � 1 ; 1] and studied

con tractivit y there.

P eter P otts w as a master in the deriv ation of in�nite pro ducts from con tin ued

fractions (for [0 ; 1 ]). The few deriv ations presen ted here are new b ecause of the new



base in terv al. They start from the same con tin ued fractions, but are generally shorter.

The deriv ation of pro ducts from T a ylor series is tak en from [29].

19.2 Computational Geometry

The quest for reliable geometric algorithms in recen t y ears has b een a most c hallenging

problem. In the w ords of C. M. Ho�mann, a leading exp ert in computational geometry:

\Despite the pressing need, devising accurate and robust geometric algorithms has

pro v ed elusiv e for man y imp ortan t science and engineering applications"[31].

In the existing framew orks and implemen tations of geometric algorithms, great

e�orts are required to use v arious, often ad ho c, tec hniques in order to a v oid p oten-

tial inconsistencies and degeneracies. These metho ds include: (i) the so-called exact

arithmetic approac h [41, 37, 51, 23, 52, 3, 61, 9, 8, 22, 11], com bined with lazy implemen-

tation [4, 53] and sym b olic p erturbation [19, 51, 60] in whic h n umerical computations

are p erformed to a high degree of accuracy in order to ensure the correct logical and

top ological decisions; (ii) the logical and top ological orien ted tec hnique [52, 55, 56],

whic h seeks to place the highest priorit y on the consistency of the logical and top ological

prop erties of geometric algorithms, using n umerical results only when they are consis-

ten t with these prop erties; and, (iii) the in termediate metho ds, suc h as � -geometry [25],

the in terv al arithmetic tec hnique [49, 32{34] and the tolerance approac h [50, 21, 36],

whic h determine an upp er b ound for the n umerical error whenev er a computation

tak es place in order to decide if a computation is reliable or not. While there are pros

and cons for eac h of these metho ds in an y giv en category of algorithms [54]; no single

metho d giv es an o v erall satisfactory solution for geometric mo delling as a whole.

The traditional framew orks for geometric mo delling are not founded on computable

analysis: there is no reference to a notion of data t yp e or computabilit y in the standard

literature of computational geometry or geometric mo delling. Indeed, these framew orks

are all based on classical top ology and geometry in whic h the basic predicates and

Bo olean op erations are not con tin uous, and hence not computable, the source of non-

robustness of the resulting algorithms.

Brattk a and W eihrauc h [7] ha v e studied the question of computabilit y of classical

subsets of the Euclidean space in the t yp e t w o theory of computabilit y [59] but it is not

at all clear ho w their framew ork can b e used in an y practical geometric computation.

The domain-theoretic framew ork for solid mo delling and computational geometry

w as �rst form ulated in [14] and algorithms for the con v ex h ull and for V oronoi di-

agram/Delauna y triangulation in the domain-theoretic setting w ere presen ted in [15]

and [38] resp ectiv ely . Con tin uous geometric op erations ha v e also b een discussed in [35].

20 Exercises

20.1 Real Arithmetic

Exer cise 20.1. Implemen t addition x + y directly on the n um b er represen tations

b y exp onen ts and signed binary digit streams (cf. Section 2.4). Deal �rst with

exp onen ts and use the mean v alue op eration x � y =

x + y

2

on man tissas.

Exer cise 20.2. Pro v e Prop. 3.1 (using Equation (1)).

Exer cise 20.3. Let M

0

=

�

0

1

1

3

�

.



a) What is the function represen ted b y M

0

?

b) Compute det M

0

(Equation (2)) and deduce the monotonicit y t yp e of M

0

(Section 4).

c) Chec k that M

0

is b ounded (Prop. 5.2) and re�ning (Section 5.3) on I

0

.

d) Assuming that the digit stream � starts with 101 , determine the �rst four

digits of M

0

( � ) as in Section 6.5.

e) Compute exp M

0

and con M

0

(23) and deriv e the n um b ers c

<

and c

>

of

Theorem 7.1.

f ) Redo part (d) in the m ulti-digit approac h, i.e., answ er the request 4? M

0

( � ).

Run Algorithm 3, but consider the monotonicit y t yp e of M

0

. Use the fact

that � b egins with 101 to �nd the answ er of the required request to � .

g) Compare the results of parts (d) and (f ), but remem b er that there are often

t w o p ossible answ ers to a request, di�ering b y 1.

Exer cise 20.4. Let T =

�

0

0

1

0

0

1

1

3

�

.

a) What is the function represen ted b y T ?

b) Compute det( T j

x

) and det( T j

y

) (Equations (6)) and deduce the monotonic-

it y t yp e of T for argumen ts x; y 2 I

0

(Section 4).

c) Chec k that T is b ounded (14) and re�ning on I

0

. F or the latter, y ou ma y

use (15) or Cor. 4.2, taking the monotonicit y t yp e in to accoun t.

d) Determine con

L

T and con

R

T and deriv e the n um b ers c

>

L

and c

>

R

of Theo-

rem 7.2.

Exer cise 20.5. Let T =

�

0

0

1

0

1

1

0

1

�

. Giv en x � 0, solv e the equation y = T ( x; y )

for y � 0. (Th us y ou see ho w an imp ortan t function can b e implemen ted. The

equation y = T ( x; y ) can b e considered as an in�nite pro duct y = T ( x; T ( x; : : : )),

or more e�cien tly , as a feed-bac k lo op where ev erything emitted from T is fed

bac k in to T via its righ t argumen t.)

Exer cise 20.6. (T a ylor series)

Use the metho d presen ted in Section 11.4 to deriv e an in�nite pro duct for the

cosine function from the T a ylor series cos x =

P

1

n =0

( � 1)

n

(2 n )!

( x

2

)

n

. (By writing this

in terms of x

2

instead of x , zero co e�cien ts are a v oided.) Determine for whic h

x this pro duct is v alid, and calculate the con tractivities of its matrices.

20.2 Computational Geometry and Solid Mo delling

Exer cise 20.7. Sho w that the map � � � : S

b

I R

n

� S I R

n

! f tt ; � g

?

is con tin u-

ous.

Exer cise 20.8. Pro v e Prop osition 14.6.

Hint: Use the follo wing fact for Euclidean spaces. F or an op en set O and a

decreasing sequence of compact subsets h C

i

i

i!

, the relation

T

i 2 !

C

i

� O implies

the existence of i 2 ! with C

i

� O .



Exer cise 20.9. Sho w that the collection of prop er maximal elemen ts of S I R

n

is

the con tin uous image of the space ( R (I R

n

) ; d

0

) of the non-empt y regular closed

subsets of I R

n

with the metric de�ned b y Equation 48.

Hint: F ollo w the steps of pro of in Theorem 14.7 and note that in the represen-

tation of S I R

n

b y closed sets ordered b y rev erse inclusion w e ha v e: ( A

1

; B

1

) �

( A

2

; B

2

) i� A

2

and B

2

are compact subsets of A

�

1

and B

�

1

resp ectiv ely .

Exer cise 20.10. Dra w the inner and outer con v ex h ulls of the follo wing three

rectangles.

R

1

= f ( � 2 ; 0) ; ( � 1 ; 0) ; ( � 1 ; � 1) ; ( � 2 ; � 1) g

R

2

= f ( � 1 ; 3) ; (0 ; 3) ; (0 ; 2) ; ( � 1 ; 2) g

R

3

= f (1 ; 1) ; (2 ; 1) ; (2 ; 0) ; (1 ; 0) g :

Exer cise 20.11. In the domain-theoretic con v ex h ull algorithm, compute the

b oundary rectangle predicate P

k

for 1 � k � 11.

R

1

= f ( � 7 = 2 ; � 3) ; ( � 7 = 2 ; � 2) ; ( � 5 = 2 ; � 2) ; ( � 5 = 2 ; � 3) g

R

2

= f ( � 7 = 2 ; � 1) ; ( � 7 = 2 ; � 1 = 2) ; ( � 3 ; � 1 = 2) ; ( � 3 ; � 1) g

R

3

= f ( � 4 ; 4 = 3) ; ( � 4 ; 5 = 3) ; ( � 3 ; 5 = 3 ) ; ( � 3 ; 4 = 3 ) g

R

4

= f ( � 2 ; � 4) ; ( � 2 ; � 7 = 2) ; ( � 3 = 2 ; � 7 = 2) ; ( � 3 = 2 ; � 4) g

R

5

= f ( � 2 ; 3) ; ( � 2 ; 7 = 2) ; ( � 3 = 2 ; 7 = 2) ; ( � 3 = 2 ; 3) g

R

6

= f (0 ; � 4) ; (0 ; � 7 = 2) ; (1 = 2 ; � 7 = 2) ; (1 = 2 ; � 4) g

R

7

= f (0 ; 0) ; (0 ; 1) ; (1 ; 1) ; (1 ; 0) g

R

8

= f (0 ; 4) ; (0 ; 5) ; (1 ; 5) ; (1 ; 4) g

R

9

= f (4 ; � 3) ; (4 ; � 2) ; (5 ; � 2) ; (5 ; � 3) g

R

10

= f (5 ; � 1) ; (5 ; � 1 = 2) ; (27 = 5 ; � 1 = 2) ; (27 = 5 ; � 1) g

R

11

= f (5 ; 2) ; (5 ; 3) ; (6 ; 3) ; (6 ; 2) g :

Hint: Note that a rectangle is a b oundary rectangle if it lies completely inside

the exterior con v ex h ull of the other rectangles.

App endix: Basic Domain Theory

W e giv e here the formal de�nitions of a n um b er of notions in domain theory

used in these notes; see [1, 2, 18] for more detail. W e think of a partially ordered

set (p oset) ( P ; v ) as the set of output of some computation suc h that the partial

order is an order of information: in other w ords, a v b indicates that a has

less information than b . F or example, the set f 0 ; 1 g

1

of all �nite and in�nite

sequences of bits 0 and 1 with a v b if the sequence a is an initial segmen t

of the sequence b is a p oset and a v b simply means that b has more bits of

information than a . A non-empt y subset A � P is dir e cte d if for an y pair of

elemen ts a; b 2 A there exists c 2 A suc h that a v c and b v c . A directed



set is therefore a consisten t set of output elemen ts of a computation: for ev ery

pair of output a and b , there is some output c with more information than a

and b . A dir e cte d c omplete p artial or der (dcp o) or a domain is a partial order in

whic h ev ery directed subset has a least upp er b ound (lub). W e sa y that a dcp o

is p ointe d if it has a least elemen t whic h is denoted b y ? and is called b ottom .

F or t w o elemen ts a and b of a dcp o w e sa y a is way-b elow or appr oximates b ,

denoted b y a � b , if for ev ery directed subset A with b v

F

A there exists c 2 A

with a v c . The idea is that a is a �nitary appro ximation to b : whenev er the lub

of a consisten t set of output elemen ts has more information than b , then already

one of the input elemen ts in the consisten t set has more information than a . In

f 0 ; 1 g

1

, w e ha v e a � b i� a v b and a is a �nite sequence. The closed subsets of

the Sc ott top olo gy of a domain are those subsets C whic h are do wn w ard closed

(i.e. x 2 C & y v x ) y 2 C ) and closed under taking lub's of directed subsets

(i.e. for ev ery directed subset A � C w e ha v e

F

A 2 C ).

A basis of a domain D is a subset B � D suc h that for ev ery elemen t x 2 D

of the domain the set B

x

= f y 2 B j y � x g of elemen ts in the basis w a y-

b elo w x is directed with x =

F

B

x

. An ( ! )-c ontinuous domain is a dcp o with

a (coun table) basis. In other w ords, ev ery elemen t of a con tin uous domain can

b e expressed as the lub of the directed set of basis elemen ts whic h appro ximate

it. In a con tin uous dcp o D , subsets of the form

"

" a = f x 2 D j a � x g , for

a 2 D , form a basis for the Scott top ology . A domain is b ounde d c omplete if

ev ery b ounded subset has a lub; in suc h a domain ev ery non-empt y subset has

an in�m um or greatest lo w er b ound.

It can b e sho wn that a function f : D ! E b et w een dcp o's is con tin uous

with resp ect to the Scott top ology if and only if it is monotone (i.e. a v b )

f ( a ) v f ( b )) and preserv es lub's of directed sets i.e. for an y directed A � D , w e

ha v e f (

F

a 2 A

a ) =

F

a 2 A

f ( a ). Moreo v er, if D is an ! -con tin uous dcp o, then f

is con tin uous i� it is monotone and preserv es lub's of increasing sequences (i.e.

f (

F

i 2 !

x

i

) =

F

i 2 !

f ( x

i

), for an y increasing ( x

i

)

i 2 !

).

The collection, D ! E , of con tin uous functions f : D ! E b et w een dcp o's D

and E can b e ordered p oin t wise: f v g i� 8 x 2 D : f ( x ) v g ( x ). With this partial

order, D ! E b ecomes a dcp o with

F

i 2 I

f

i

giv en b y (

F

i 2 I

f

i

)( x ) =

F

i 2 I

f

i

( x ).

Moreo v er, if D and E are b ounded complete ! -con tin uous dcp o's, so is D ! E .

The interval domain I [0 ; 1]

n

of the unit b o x [0 ; 1]

n

� I R

n

is the set of all

non-empt y n -dimensional sub-rectangles in [0 ; 1]

n

ordered b y rev erse inclusion.

A basic Scott op en set is giv en, for ev ery op en subset O of I R

n

, b y the collection

of all rectangles con tained in O . The map x 7! f x g : [0 ; 1]

n

! I [0 ; 1]

n

is an

em b edding on to the set of maximal elemen ts of I [0 ; 1]

n

. Ev ery maximal elemen t

f x g can b e obtained as the least upp er b ound (lub) of an increasing c hain of

elemen ts, i.e. a shrinking, nested sequence of sub-rectangles, eac h con taining f x g

in its in terior and thereb y giving an appro ximation to f x g or equiv alen tly to x .

The set of sub-rectangles with rational co ordinates pro vides a coun table basis.

One can similarly de�ne, for example, the in terv al domain I I R

n

of I R

n

.

An imp ortan t feature of domains, in the con text of these notes, is that they

can b e used to obtain computable appro ximations to op erations whic h are clas-



sically non-computable. F or example, comparison of a real n um b er with 0 is not

computable. Ho w ev er, the function N : I [ � 1 ; 1] ! f tt ; � g

?

with

N ([ a; b ]) =

8

<

:

tt if b < 0

� if 0 < a

? otherwise

is the computable appro ximation to the comparison predicate. Here, f tt ; � g

?

is

the lift of f tt ; � g , i.e. the three elemen t p oin ted domain with t w o incomparable

maximal elemen ts tt and � .

An ! -con tin uous domain D with a least elemen t ? is e�e ctively given wrt

an e�ectiv e en umeration b : I N ! B of a coun table basis B if the set fh m; n i j

b

m

� b

n

g is recursiv e, where h :; : i : I N � I N ! I N is the standard pairing function

i.e. the isomorphism ( x; y ) 7!

( x + y )( x + y +1)

2

+ x . This means that for eac h pair

of basis elemen ts ( b

m

; b

n

), it is p ossible to decide in �nite time whether or not

b

m

� b

n

. W e sa y x 2 D is c omputable if the set f n j b

n

� x g is r.e. This is

equiv alen t to sa y that there is a master program whic h outputs exactly this set.

It is also equiv alen t to the existence of a recursiv e function g suc h that ( b

g ( n )

)

n 2 !

is an increasing c hain in D with x =

F

n 2 !

b

g ( n )

. If D is also e�ectiv ely giv en

wrt to another basis B

0

= f b

0

0

; b

0

1

; b

0

2

; � � �g suc h that the sets fh m; n i j b

m

� b

0

n

g

and fh m; n i j b

0

m

� b

n

g are b oth decidable, then x will b e computable wrt B i�

it is computable wrt B

0

. W e sa y that B and B

0

are r e cursively e quivalent .

W e can de�ne an e�ectiv e en umeration � of the set D

c

of all computable

elemen ts of D . Let �

n

, n 2 ! , b e the n th partial recursiv e function. It can b e

sho wn [18] that there exists a total recursiv e function � suc h that � : I N ! D

c

with �

n

:=

F

i 2 !

b

�

� ( n )

( i )

, with ( b

�

� ( n )

( i )

)

i 2 !

an increasing c hain for eac h n 2 ! , is

an e�ectiv e en umeration of D

c

. A sequence ( x

i

)

i 2 !

is c omputable if there exists

a total recursiv e function h suc h that x

i

= �

h ( i )

for all i 2 ! .

W e sa y that a con tin uous map f : D ! E of e�ectiv ely giv en ! -con tin uous

domains D (with basis f a

0

; a

1

� � �g ) and E (with basis f b

0

; b

1

� � �g ) is c omputable

if the set fh m; n i j b

m

� f ( a

n

) g is r.e. This is equiv alen t to sa y that f maps

computable sequences to computable sequences. Computable functions are stable

under c hange to a recursiv ely equiv alen t basis. Ev ery computable function can

b e sho wn to b e a con tin uous function [58, Theorem 3.6.16]. It can b e sho wn [18]

that these notions of computabilit y for the domain I I R of in terv als of I R induce

the same class of computable real n um b ers and computable real functions as in

the classical theory [48].

W e also need the follo wing classical de�nitions for sequences of real n um b ers.

A sequence ( r

i

)

i 2 !

of rational n um b ers is c omputable if there exist three total

recursiv e functions a , b , and s suc h that b ( i ) 6= 0 for all i 2 ! and

r

i

= ( � 1)

s ( i )

a ( i )

b ( i )

:

A computable double sequence of rational n um b ers is de�ned in a similar w a y .

A sequence ( x

i

)

i 2 !

of real n um b ers is c omputable if there exists a computable



double sequence ( r

ij

)

i;j 2 !

of rational n um b ers suc h that

j r

ij

� x

i

j � 2

� j

for all i and j

A computable double sequence of real n um b ers is de�ned analogously . If ( x

nk

)

n;k 2 !

is a computable double sequence of real n um b ers whic h con v erges to a se-

quence ( x

n

)

n 2 !

e�ectiv ely in k and n (i.e. there exists a total recursiv e function

e : I N � I N ! I N suc h that j x

nk

� x

n

j � 2

� N

for all k � e ( n; N )), then the

sequence ( x

n

)

n 2 !

is computable [48, P age 20].
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