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Summary. The article is a continuation of[1]. We define the following concepts: a
function from a seK into a sety, denoted by “Function ak,Y”, the set of all functions from
a setX into a setY, denoted by FuncX(Y), and the permutation of a set (mode Permutation
of X, whereX is a set). Theorems and schemes included in the article are reformulations of
the theorems of [1] in the new terminology. Also some basic facts about functions of two
variables are proved.

MML Identifier: FUNCT_2.
WWW: http://mizar.org/JFM/Voll/funct_2.html

The articlesl[4],[[3],[5],16], [7], [1], and[2] provide the notation and terminology for this paper.

1. FUNCTIONS FROM A SET TO A SET

In this papeP, Q, X, Y, Z, X, X3, X2, ¥, Zare sets.

Let us consideK, Y and letR be a relation betweeX andY. We say thaR is quasi total if and
only if:

(Def. 1)(i) X =domRifif Y =0, thenX =0,

(i)  R=0, otherwise.

Let us consideK, Y. Observe that there exists a relation betw¥esemdY which is quasi total
and function-like.

Let us considekX, Y. One can verify that every partial function froxhto Y which is total is
also quasi total.

Let us considekK, Y. A function fromX into Y is a quasi total function-like relation betwexn

andY.
We now state several propositions:

(38 Every functionf is a function from donf into rngf.
(4) For every functiorf such that rng C Y holdsf is a function from donf intoY.

(5) For every functionf such that donf = X and for everyx such thaix € X holds f(x) € Y
holdsf is a function fromX into Y.

(6) Forevery functionf from X intoY such that # 0 andx € X holds f(x) € rngf.
(7) Forevery functiorf from X into Y such thaty # 0 andx € X holdsf(x) € Y.

1 The propositions (1) and (2) have been removed.
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(8) For every functiorf from X intoY such that ifY = 0, thenX = 0 and rngf C Z holdsf is
a function fromX into Z.

(9) For every functionf from X into Y such that ifY = 0, thenX =0 andY C Z holdsf is a
function fromX into Z.

In this article we present several logical schemes. The sciemeEx1deals with setsq, B
and a binary predicat@, and states that:
There exists a functiof from 4 into B such that for everx such thaix € 4 holds
P[x, (X))
provided the following condition is met:
e For everyx such thak € 4 there existy such thay € B and?|x,y].

The schemé&ambdaldeals with sets1, B and a unary functof yielding a set, and states that:
There exists a functiof from 4 into B such that for everx such thaix € 4 holds
FO) = F (%)

provided the following condition is met:
e For everyx such tha € 4 holds ¥ (x) € B.
Let us consideK, Y. The functory* yielding a set is defined as follows:

(Def. 2) x e YXiff there exists a functiorf such tha = f and domf = X and rngf C Y.

We now state two propositions:

(11E] For every functionf from X into Y such that ifY = 0, thenX = 0 holds f € YX.

(12) For every functiorf from X into X holds f € XX.

Let X be a set and léf be a non empty set. One can verify tNdtis non empty.
Let X be a set. Note that* is non empty.
The following propositions are true:

(145 1f X # 0, thend* = 0.

(16@ Let f be a function fromX into Y. Supposer # 0 and for everyy such thaty € Y there
existsx such thak € X andy = f(x). Then rngf =Y.

(17) For every functiorf from X into Y such thaty € Y and rngf =Y there existx such that
xe Xandf(x) =y.

(18) For all functionsf, f, from X into Y such that for everx such that € X holds f1(x) =
fz(X) holds fl = f2.

(19) Letf be afunction fronX intoY andg be a function fronY into Z such that ifY = 0, then
Z=0o0rX=0.Theng- f is a function fromX into Z.

(20) Letf be a function fromX into Y andg be a function fron¥ into Z. If Y #£ 0 andZ # 0
and rngf =Y and rngy = Z, then rndg- f) = Z.

(21) For every functionf from X into Y and for every functiorg such thaty # 0 andx € X
holds(g- f)(x) = g(f (x)).

(22) Letf be a function fronX into Y. Suppose&’ # 0. Then rngf =Y if and only if for every
Z such thaZ £ 0 and for all functiongy, hfromY into Z such thag- f = h- f holdsg = h.

(23) For every functiorf from X into 'Y such that ifY = 0, thenX = 0 holds f -idy = f and
idy - f = f.

2 The proposition (10) has been removed.
3 The proposition (13) has been removed.
4 The proposition (15) has been removed.
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(24) For every functionf from X into Y and for every functiorg from Y into X such that
f-g=idy holds rngf =Y.

(25) Letf be a function fronX into Y such that ifY = 0, thenX = 0. Thenf is one-to-one if
and only if for allxg, X2 such that; € X andx; € X andf (x1) = f(x2) holdsx; = x,.

(26) Letf be a function fromX into Y andg be a function fron into Z. Suppose iZ = 0,
thenY =0 and ifY = 0, thenX = 0 andg- f is one-to-one. Theff is one-to-one.

(27) Letf be a function fronX intoY. SupposeX # 0 andY # 0. Thenf is one-to-one if and
only if for everyZ and for all functiong, h from Z into X such thatf -g= f -h holdsg=h.

(28) Letf be a function fromX intoY andg be a function fronY into Z. If Z # 0 and rndg-
f) = Z andg s one-to-one, then rng=Y.

(29) Letf be afunctionfronX intoY andg be a function fronY into X. If Y £ 0 andg- f =idx,
thenf is one-to-one and rmg= X.

(30) Letf be a function fromX into Y andg be a function fromy into Z. Suppose iZ = 0,
thenY = 0 andg- f is one-to-one and rng=Y. Thenf is one-to-one ang is one-to-one.

(31) For every functiorf from X into Y such thatf is one-to-one and rnj=Y holdsf~!is a
function fromY into X.

(32) For every functiorf from X into Y such thaty # 0 and f is one-to-one and € X holds
f=1(f(x)) = x.

(34E] Let f be a function fronX into Y andg be a function fron¥ into X. Suppose&X # 0 and
Y #0and rngf =Y and f is one-to-one and for ajl, x holdsy € Y andg(y) = x iff x € X
andf(x) =y. Theng = f~1.

(35) For every functiorf from X intoY such thal # 0 and rngf =Y andf is one-to-one holds
f1.f=idy andf-f~1 =idy.

(36) Letf be a function fronX into Y andg be a function fronY into X. If X £ 0 andY # 0
and rngf =Y andg- f = idx andf is one-to-one, theg = L.

(37) Letf be afunction fronX intoY. Suppos¢&’ # 0 and there exists a functianfromY into
X such thag- f =idyx. Thenf is one-to-one.

(38) For every functiorf from X into Y such that ifY = 0, thenX =0 andZ C X holdsf[Z is
a function fromZ into Y.

(40@ For every functionf from X into Y such thatX C Z holdsf[Z = f.

(41) Forevery functiorf from X intoY such thal = 0 andx € X andf(x) € Zholds(Z|f)(x) =
f(x).

(43 Let f be a function fronX into Y. Suppose # 0. Let giveny. If there exist such that
x € X andx € P andy = f(x), theny € f°P.

(44) For every functiorf from X intoY holdsf°P C Y.

Let us considekX, Y, let f be a function fromX into Y, and let us conside. Thenf°P is a
subset ofy.
Next we state three propositions:

(45) For every functiorf from X intoY such that ifY = 0, thenX = 0 holds f°X = rngf.

5 The proposition (33) has been removed.
6 The proposition (39) has been removed.
" The proposition (42) has been removed.
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(46) For every functiorf from X into Y such thaty + © and for everyx holdsx € f~1(Q) iff
xe X andf(x) € Q.

(47) For every partial functiori from X to Y holdsf~1(Q) C X.

Let us consideX, Y, let f be a partial function fronX to Y, and let us consideD. Thenf~—1(Q)
is a subset oK.
The following propositions are true:

(48) For every functiorf from X intoY such that ifY = 0, thenX = 0 holdsf~%(Y) = X.

(49) For every functiorf from X into Y holds for everyy such thaty € Y holds f ~1({y}) # 0
iffrng f =Y.

(50) For every functiorf from X into Y such that ifY = 0, thenX = 0 andP C X holdsP C
f=1(f°P).

(51) For every functiorf from X into Y such that ifY = 0, thenX = 0 holds f ~%(f°X) = X.

(53 Let f be a function fromX into Y andg be a function fronV into Z. If if Z =0, then
Y =0andifY =0, thenX = 0, thenf1(Q) C (g- f) " X(g°Q).

(55 For every functionf such that donf = 0 holdsf is a function fromd into Y.
(59@ For every functionf from @ into Y holds f°P = 0.

(60) For every functiorf from@intoY holdsf~1(Q) = 0.

(61) For every functiorf from {x} intoY such that¥ = 0 holdsf(x) €Y.

(62) For every functiorf from {x} into Y such thatt # 0 holds rngf = {f(x)}.
(64E For every functionf from {x} into Y such thal¥ # 0 holds f°P C {f(x)}.
(65) For every functiorf from X into {y} such thak € X holdsf(x) =Y.

(66) For all functionsf, f, from X into {y} holds f; = f,.

Let us consideK and letf, g be functions fronX into X. Theng- f is a function fromX into
X.
One can prove the following propositions:

(67) For every functiorf from X into X holds domf = X and rngf C X.

(YOE For every functionf from X into X and for every functiorg such thatx € X holds(g-
F)(x) = g(f(x)).

(73 For all functionsf, g from X into X such that rnd = X and rngg= X holds rndg- f) = X.

(74) For every functiorf from X into X holdsf -idx = f and ids - f = f.

(75) For all functionsf, g from X into X such thag- f = f and rngf = X holdsg = idx.

(76) For all functionsf, g from X into X such thatf -g= f andf is one-to-one holdg = idx.

(77) Letf be a function fromX into X. Thenf is one-to-one if and only if for abk;, xo such
thatx; € X andx; € X and f(x1) = f(x2) holdsx; = Xo.

8 The proposition (52) has been removed.

9 The proposition (54) has been removed.

10 The propositions (56)—(58) have been removed.

11 The proposition (63) has been removed.

12 The propositions (68) and (69) have been removed.
13 The propositions (71) and (72) have been removed.
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(79@ For every functionf from X into X holds f°X = rngf.
(SZE For every functionf from X into X holds f ~(f°X) = X.

Let X, Y be sets and let be a function fronX into Y. We say thaff is onto if and only if:
(Def. 3) rngf =Y.
Let us consideK, Y and letf be a function fronX into Y. We say thaf is bijective if and only
if:
(Def. 4) f is one-to-one and onto.

Let X, Y be sets. Observe that every function frédnmto Y which is bijective is also one-to-one
and onto and every function froX into Y which is one-to-one and onto is also bijective.

Let us consideK. One can check that there exists a function feénmto X which is bijective.

Let us consideK. A permutation ofX is a bijective function fronX into X.

We now state two propositions:

(83) For every functiorf from X into X such thatf is one-to-one and rnfj= X holds f is a
permutation oiX.

(85@ Let f be a function fromX into X. Supposef is one-to-one. Let giveRry, xp. If x; € X
andxz € X andf (x1) = f(x2), thenx; = xo.

Let us consideK and letf, g be permutations oX. Theng- f is a permutation oK.

Let us consideK. Observe that every function frokinto X which is reflexive and total is also
bijective.

Let us consideX and letf be a permutation ok. Thenf ! is a permutation oX.

Next we state four propositions:

(86) For all permutation$, g of X such thag- f = gholdsf = idy.

(87) For all permutation$, g of X such thay- f =idy holdsg= f 1.

(88) For every permutatiofi of X holdsf~1. f =idy andf - f 1 = idx.

(92 For every permutatiorf of X such thaP C X holdsf°f~(P) = Pandf-(f°P) = P.

In the sequeC, D, E denote non empty sets.
Let us consideK, D. Note that every partial function frobd to D which is quasi total is also
total.
Let us consideK, D, Z, let f be a function fromX into D, and letg be a function fronD into
Z. Theng- f is a function fromX into Z.
In the sequet denotes an element Gfandd denotes an element OX.
LetC be a non empty set, I€ be a set, lef be a function fronC into D, and letc be an element
of C. Thenf(c) is an element ob.
Now we present two schemes. The schdfoacExDdeals with non empty setd, B and a
binary predicate?, and states that:
There exists a functiorfi from 4 into B such that for every elementof 4 holds
P[x, f(x)]
provided the following condition is met:
e For every element of 4 there exists an elemenbf B such thatP[x,y].
The schemd.ambdaDdeals with non empty setd, B and a unary functoff yielding an
element ofB, and states that:
There exists a functiori from 4 into B such that for every elementof 4 holds
f(x) = F(x)
for all values of the parameters.
We now state several propositions:

14 The proposition (78) has been removed.

15 The propositions (80) and (81) have been removed.
16 The proposition (84) has been removed.

17 The propositions (89)—(91) have been removed.
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(113@ For all functionsfy, f, from X into Y such that for every elememtof X holds f1(x) =
fz(X) holds fl = f2.

(115@ Let P be a setf be a function fronX into Y, and givery. If y € f°P, then there exists
such tha € X andx € P andy = f(x).

(116) Forevery functiorf from X intoY and for every such thay € f°P there exists an element
c of X such that € P andy = f(c).

(118F9 For all functionsfy, f, from [:X, Y ] into Z such that for alk, y such thak € X andy € Y
holds f1({x, y}) = f2({x, y}) holds f; = f,.

(119) For every functiorf from [ X, Y ] into Z such tha € X andy € Y andZ # 0 holds f ({X,
y)ez

Now we present two schemes. The schdfoacEx2deals with sets2, B, ¢ and a ternary
predicate?, and states that:
There exists a functio from [ 4, B into C such that for alk, y such that € 4
andy € B holds?[x,y, f ({x, y})]
provided the parameters satisfy the following condition:
e For allx, y such thaik € 4 andy € ‘B there existz such tha € ¢ and?[x,y, Z.
The scheméambda2deals with sets7, B, ¢ and a binary functoff yielding a set, and states
that:
There exists a functiof from [ 4, B into C such that for alk, y such thatx € 4
andy € B holdsf({x, y)) = F(x,y)
provided the following condition is met:
e For allx, y such thak € 4 andy € B holds ¥ (x,y) € C.
The following proposition is true

(120) For all functionsfy, f2 from [:C, D] into E such that for alk, d holds f1({c, d)) = f2({c,
d)) holds f; = f,.

Now we present two schemes. The schétaecEx2Ddeals with non empty setg, B, ¢ and a
ternary predicate?, and states that:
There exists a functiofi from [: 4, B into C such that for every elemerif 4 and
for every elemeny of B holdsP[x,y, f ({X, y})]
provided the parameters meet the following requirement:
e For every element of 4 and for every elementof B there exists an elemenbdf C
such thatP[x,y, 7).
The scheméambda2Ddeals with non empty set&, B, C and a binary functof yielding an
element ofC, and states that:
There exists a functiofi from [ .4, B into C such that for every elemerbf 4 and
for every elemeny of B holdsf({x,y)) = F(x,y)
for all values of the parameters.

2. PARTIAL FUNCTIONS FROM A SET TO A SET(FROM [2])
Next we state the proposition
(121) For every sef such thatf € YX holdsf is a function fromX into Y.

The scheméambdalCdeals with sets2, B, a unary functorf yielding a set, a unary functor
G yielding a set, and a unary predicateand states that:
There exists a functiofi from 4 into B such that for everx such thaix € 4 holds
if P[x], thenf(x) = #(x) and if not?[x], thenf(x) = G(x)

18 The propositions (93)—(112) have been removed.
19 The proposition (114) has been removed.
20 The proposition (117) has been removed.
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provided the following requirement is met:
e For everyx such thatx € 4 holds if P[x], then F(x) € B and if not P[x], then

G(x) € B.

We now state a number of propositions:

(130@ For every partial functiorf from X to Y such that donf = X holdsf is a function from
Xinto.

(131) For every partial functioti from X to Y such thatf is total holdsf is a function fromX
intoY.

(132) Letf be a partial function fronX to Y. Suppose ifY = 0, thenX = 0 andf is a function
from X into Y. Thenf is total.

(133) For every functiorf from X into Y such that ifY = 0, thenX = 0 holds f;x_y is total.
(134) For every functiorf from X into X holds f;x_x is total.

(136F3 Let f be a partial function fronX to Y such that ifY = 0, thenX = 0. Then there exists
a functiong from X into Y such that for everx such thak € domf holdsg(x) = f(x).

(1417 YX Cx=oy.
(142) For all functiond, g from X into Y such that ifY = 0, thenX =0 andf ~ gholdsf =g.
(143) For all functiond, g from X into X such thatf ~ g holdsf = g.

(145@ Let f be a partial function fronX to Y andg be a function fromX into Y such that if
Y =0, thenX = 0. Thenf ~ gif and only if for everyx such thak € domf holdsf (x) = g(x).

(146) Letf be a partial function fronX to X andg be a function fronX into X. Thenf = g if
and only if for everyx such that € domf holds f (x) = g(x).

(1487 For every partial functiorf from X to Y such that ifY = 0, thenX = 0 there exists a
functiong from X into Y such thatf ~ g.

(149) For every partial functiofi from X to X there exists a functiog from X into X such that
f~g

(151@ Let f, g be partial functions fronX to Y andh be a function fromX into Y. If if Y = 0,
thenX =0andf ~handg~ h, thenf ~g.

(152) Letf, g be partial functions fronX to X andh be a function fronX into X. If f ~hand
g~ h, thenf ~g.

(154@ Let f, g be partial functions fronX to Y. Suppose ifY =0, thenX =0 andf ~ g. Then
there exists a functioh from X into Y such thatf ~ handg ~ h.

(155) Letf be a partial function fronX to Y andg be a function fronX into Y. If if Y = 0, then
X =0andf ~ g, theng € TotFuncsf.

(156) For every partial functiofi from X to X and for every functiorg from X into X such that
f ~ g holdsg € TotFuncsf.

(158@ Let f be a partial function fronX to Y andg be a set. Ifg € TotFuncd, thengis a
function fromX into Y.

21 The propositions (122)—(129) have been removed.
22 The proposition (135) has been removed.
23 The propositions (137)—(140) have been removed.
24 The proposition (144) has been removed.
25 The proposition (147) has been removed.
26 The proposition (150) has been removed.
27 The proposition (153) has been removed.
28 The proposition (157) has been removed.
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(159) For every partial functiofi from X to Y holds TotFunc$ C YX.
(160) TotFuncfx-y) = Y*.

(161) For every functiorf from X intoY such thatify = 0, thenX = 0 holds TotFuncéfx—.v) =
{f}.
(162) For every functiorf from X into X holds TotFuncsfx-x) = {f}.

(164@ For every partial functiorf from X to {y} and for every functiomg from X into {y} holds
TotFuncsf = {g}.

(165) For all partial function$, g from X to'Y such thag C f holds TotFunc$ C TotFuncg).

(166) For all partial functiond, g from X to Y such that dorg C domf and TotFunc$ C
TotFuncg holdsg C f.

(167) For all partial functiong, g from X to Y such that TotFunck C TotFuncg and for every
y holdsY ## {y} holdsg C f.

(168) For all partial functionsf, g from X to Y such that for every holdsY # {y} and
TotFuncs = TotFuncg holdsf = g.

Let A, B be non empty sets. Note that every function frArmto B is non empty.
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