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Summary. In this paper we define binary and unary operations on domains. We also
define the following predicates concerning the operations:. . . is commutative,. . . is associa-
tive, . . . is the unity of . . ., and . . . is distributive wrt . . .. A number of schemes useful in
justifying the existence of the operations are proved.
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The articles [4], [3], [5], [6], [1], and [2] provide the notation and terminology for this paper.
Let f be a function and leta, b be sets. The functorf (a, b) yielding a set is defined by:

(Def. 1) f (a, b) = f (〈〈a, b〉〉).

In the sequelA is a set.
Let A, B be non empty sets, letC be a set, letf be a function from[:A, B :] into C, let a be an

element ofA, and letb be an element ofB. Then f (a, b) is an element ofC.
The following proposition is true

(2)1 Let A, B, C be non empty sets andf1, f2 be functions from[:A, B :] intoC. Suppose that for
every elementa of A and for every elementb of B holds f1(a, b) = f2(a, b). Then f1 = f2.

Let A be a set. A unary operation onA is a function fromA into A. A binary operation onA is a
function from[:A, A :] into A.

We adopt the following convention:u is a unary operation onA, o, o′ are binary operations on
A, anda, b, c, e, e1, e2 are elements ofA.

In this article we present several logical schemes. The schemeBinOpEx deals with a non empty
setA and a ternary predicateP , and states that:

There exists a binary operationo on A such that for all elementsa, b of A holds
P [a,b,o(a, b)]

provided the following condition is satisfied:
• For all elementsx, y of A there exists an elementz of A such thatP [x,y,z].

The schemeBinOpLambda deals with a non empty setA and a binary functorF yielding an
element ofA , and states that:

There exists a binary operationo onA such that for all elementsa, b of A holdso(a,

b) = F (a,b)
for all values of the parameters.

Let us considerA, o. We say thato is commutative if and only if:

(Def. 2) For alla, b holdso(a, b) = o(b, a).

1 The proposition (1) has been removed.

1 c© Association of Mizar Users



BINARY OPERATIONS 2

We say thato is associative if and only if:

(Def. 3) For alla, b, c holdso(a, o(b, c)) = o(o(a, b), c).

We say thato is idempotent if and only if:

(Def. 4) For everya holdso(a, a) = a.

Let us mention that every binary operation on/0 is empty, associative, and commutative.
Let us considerA, e, o. We say thate is a left unity w.r.t.o if and only if:

(Def. 5) For everya holdso(e, a) = a.

We say thate is a right unity w.r.t.o if and only if:

(Def. 6) For everya holdso(a, e) = a.

Let us considerA, e, o. We say thate is a unity w.r.t.o if and only if:

(Def. 7) e is a left unity w.r.t.o and a right unity w.r.t.o.

We now state several propositions:

(11)2 e is a unity w.r.t.o iff for every a holdso(e, a) = a ando(a, e) = a.

(12) If o is commutative, thene is a unity w.r.t.o iff for every a holdso(e, a) = a.

(13) If o is commutative, thene is a unity w.r.t.o iff for every a holdso(a, e) = a.

(14) If o is commutative, thene is a unity w.r.t.o iff e is a left unity w.r.t.o.

(15) If o is commutative, thene is a unity w.r.t.o iff e is a right unity w.r.t.o.

(16) If o is commutative, thene is a left unity w.r.t.o iff e is a right unity w.r.t.o.

(17) If e1 is a left unity w.r.t.o ande2 is a right unity w.r.t.o, thene1 = e2.

(18) If e1 is a unity w.r.t.o ande2 is a unity w.r.t.o, thene1 = e2.

Let us considerA, o. Let us assume that there existse which is a unity w.r.t.o. The functor1o

yields an element ofA and is defined by:

(Def. 8) 1o is a unity w.r.t.o.

Let us considerA, o′, o. We say thato′ is left distributive w.r.t.o if and only if:

(Def. 9) For alla, b, c holdso′(a, o(b, c)) = o(o′(a, b), o′(a, c)).

We say thato′ is right distributive w.r.t.o if and only if:

(Def. 10) For alla, b, c holdso′(o(a, b), c) = o(o′(a, c), o′(b, c)).

Let us considerA, o′, o. We say thato′ is distributive w.r.t.o if and only if:

(Def. 11) o′ is left distributive w.r.t.o and right distributive w.r.t.o.

The following propositions are true:

(23)3 o′ is distributive w.r.t. o iff for all a, b, c holdso′(a, o(b, c)) = o(o′(a, b), o′(a, c)) and
o′(o(a, b), c) = o(o′(a, c), o′(b, c)).

(24) LetA be a non empty set ando, o′ be binary operations onA. Supposeo′ is commutative.
Theno′ is distributive w.r.t. o if and only if for all elementsa, b, c of A holdso′(a, o(b,

c)) = o(o′(a, b), o′(a, c)).

2 The propositions (3)–(10) have been removed.
3 The propositions (19)–(22) have been removed.
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(25) LetA be a non empty set ando, o′ be binary operations onA. Supposeo′ is commutative.
Theno′ is distributive w.r.t. o if and only if for all elementsa, b, c of A holdso′(o(a, b),
c) = o(o′(a, c), o′(b, c)).

(26) LetA be a non empty set ando, o′ be binary operations onA. Supposeo′ is commutative.
Theno′ is distributive w.r.t.o if and only if o′ is left distributive w.r.t.o.

(27) LetA be a non empty set ando, o′ be binary operations onA. Supposeo′ is commutative.
Theno′ is distributive w.r.t.o if and only if o′ is right distributive w.r.t.o.

(28) LetA be a non empty set ando, o′ be binary operations onA. Supposeo′ is commutative.
Theno′ is right distributive w.r.t.o if and only if o′ is left distributive w.r.t.o.

Let us considerA, u, o. We say thatu is distributive w.r.t.o if and only if:

(Def. 12) For alla, b holdsu(o(a, b)) = o(u(a), u(b)).

Let A be a non empty set and leto be a binary operation onA. Let us observe thato is commu-
tative if and only if:

(Def. 13) For all elementsa, b of A holdso(a, b) = o(b, a).

Let us observe thato is associative if and only if:

(Def. 14) For all elementsa, b, c of A holdso(a, o(b, c)) = o(o(a, b), c).

Let us observe thato is idempotent if and only if:

(Def. 15) For every elementa of A holdso(a, a) = a.

Let A be a non empty set, lete be an element ofA, and leto be a binary operation onA. Let us
observe thate is a left unity w.r.t.o if and only if:

(Def. 16) For every elementa of A holdso(e, a) = a.

Let us observe thate is a right unity w.r.t.o if and only if:

(Def. 17) For every elementa of A holdso(a, e) = a.

Let A be a non empty set and leto′, o be binary operations onA. Let us observe thato′ is left
distributive w.r.t.o if and only if:

(Def. 18) For all elementsa, b, c of A holdso′(a, o(b, c)) = o(o′(a, b), o′(a, c)).

Let us observe thato′ is right distributive w.r.t.o if and only if:

(Def. 19) For all elementsa, b, c of A holdso′(o(a, b), c) = o(o′(a, c), o′(b, c)).

Let A be a non empty set, letu be a unary operation onA, and leto be a binary operation onA.
Let us observe thatu is distributive w.r.t.o if and only if:

(Def. 20) For all elementsa, b of A holdsu(o(a, b)) = o(u(a), u(b)).
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