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Abstract The paper investigates properties of change diagrams. They are able

to model a subclass of concurrent systems, for example asynchronous
circuits or timing diagrams. The following results are described: Change
diagrams are related to the class of dynamic min-max graphs. Ecient
algorithms for timing analysis are derived. Liveness and boundedness
properties are investigated.

1.

INTRODUCTION

Change diagrams (CD) have been introduced and described in (Varshavsky et al., 1989 Kishinevsky et al., 1991 Kishinevsky et al.,
1993). This model is characterized by the following properties, see also
(Yakovlev et al., 1996):
CDs can equally model two types of causality, i.e. AND causality
and OR causality, see (Yakovlev et al., 1996). For example, if an
event c has two cause events a and b, then event c occurs at most
i times if the minimum of occurrences of a and b equals i (AND
causality) or if the maximum of occurrences of a and b equals i
(joint OR causality).
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CDs cannot directly represent processes with conicts or choice.
Additional properties and a comparison to other models of computation as well as many examples for their application to the analysis and
synthesis of circuits and protocols can be found in (Kishinevsky et al.,
1993 Yakovlev, 1992 Yakovlev et al., 1996) and the references therein.
Initially, CDs have been introduced in a labeled and interpreted form
in order to directly establish the link to signal transitions. In the present
paper, we address the more general unlabeled version of the model.
Denition 1 (Untimed Change Diagram) An untimed change diagram (CD) is a graph G = (V E ) with a marking (or state) function
d : E ! Z where d(e) of edge e 2 E is called the number of tokens on e
or the marking of e. The set of nodes V is partitioned into two sets V +
and V ; (V = V +  V ; ).
In order to avoid notational diculties we assume that each node has
at least one incoming edge and that G is connected. However note that
all results in this paper can be easily generalized.
Denition 2 (State Transition) A node v 2 V is enabled at marking
(or state) d i
d(u v) > 0 for all (u v) 2 E if v 2 V +
there exists (u v) 2 E with d(u v) > 0
if v 2 V ;
An enabled node v may re leading to a state transition with
d0(u v) = d(u v) ; 1 if (u v) 2 E u 6= v
d0(v u) = d(v u) + 1 if (v u) 2 E u 6= v
All others markings remainv unchanged in a state transition. The state
transition is denoted as d ;!
d0 .
At any moment any edge of G may contain either some negative
(d(e) < 0) or some positive (d(e) > 0) tokens. Note that there is an
immediate \recombination" of negative and positive tokens on any edge
such that they cannot coexist on the same edge at any time. More complex transitions with concurrent ring of several vertices can always be
converted into a sequence of simple transitions. We say that a state or
marking d0 can be reached from d if there is a sequence of state transitions  leading from d to d0 , denoted as d ;! d0 .
The well known class of marked graphs is a subclass of change diagrams characterized by V ; =  and d(e)  0 for all edges e.

Properties of Change Diagrams

3

In Figure 1.1a we show an example from (Yakovlev et al., 1996) which
corresponds to a low latency hardware structure with redundancy and
buers of length n. After ring of v1 , v2 , v3 , v5 and v6 3 times each, the
state as shown in Figure 1.1b is obtained.
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Figure 1.1 Change diagram corresponding to a redundant hardware system. The

marking d(e) is either shown as a number attached to e or as lled (d(e) > 0) or
empty (d(e) < 0) circles.

In order to check the correctness of a specication or implementation,
it is obviously desirable to derive properties of a given change diagram.
In particular, because of the similarity to the model of marked graphs, it
can be expected that comparable results can be obtained, see (Desel and
Esparza, 1995 Commoner et al., 1971). Several results in this direction
are already given in (Kishinevsky et al., 1993).
Until now, no general approach to characterize and determine liveness
and boundedness properties of change diagrams is known. A CD is live
for an initial marking d if from each reachable marking d0 there exists
for each node v 2 V a reachable marking d00 that enables v. A CD is
bounded for an initial marking d if there exists an integer K such that
for each reachable marking we have jd(e)j  K for all edges e 2 E .
The paper contains the following new results concerning untimed
change diagrams:
A simple algorithm for deciding the liveness of a change diagram
is given.
The boundedness is characterized and an ecient algorithm is provided.
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Several properties of change diagrams are derived.
In order to evaluate system performance in case of an implementation
or to verify timing properties of a system specication, timed change
diagrams can be dened as follows:
Denition 3 (Timed Change Diagram) In a timed change diagram, a weight function w : E ! Z is associated with the edges. The
time of the kth ring of a node v 2 V is denoted as p(v k) 2 Q. The
ring times are dened by the following recurrence equations:
p(v k) = max fp(u k ; d(u v) + w(u v))g if v 2 V +
(uv)2E

p(v k) = (uv
min fp(u k ; d(u v) + w(u v))g if v 2 V ;
)2E

In other words, a node v 2 V + res at a time t, if on each input edge
(u v) 2 E there is at least one token which has been on that edge for at
least w(u v) time units. A node v 2 V ; res, if on at least one input edge
(u v) 2 E there is a token which has been on that edge for at least w(u v)
time units. This property can best be described with the unfolding of a
change diagram. For each ring of a node v 2 V there is a new node in
the unfolding. As the resulting graph is acyclic, the time of a ring can
simply be calculated solving min- and max-equations for each node in the
unfolding. An example is shown in Figure 1.2 where the ordered ring sequence is ((v1  0) (v4  0) (v2  1) (v3  1) (v4  1) (v3  2) (v1  3) (v2  4) :::).
It can be seen, that the system consists of two bounded subsystems,
i.e. v1  v2 and v3  v4 , which evolve with the dierent ring periods 3 and
1, respectively. The two subsystems are connected via edges with an
unbounded number of token. This behavior is called quasi-periodic in
(Schwiegelshohn and Thiele, 1997a Schwiegelshohn and Thiele, 1997b).
The analysis of timing properties will be carried out by establishing a link between the class of timed change diagrams and dynamic
min-max systems, see (Olsder, 1991 Olsder, 1992 Baccelli et al.,
1992 Gunawardena, 1993 Gunawardena, 1994 Schwiegelshohn and
Thiele, 1997a Schwiegelshohn and Thiele, 1997b).
In particular, the present paper contains the following new results for
the analysis of timed change diagrams:
The rst ecient (pseudo-polynomial) algorithm for the determination of the periods of a timed change diagram is derived.
Results on the uniqueness of the periods are given.
The boundedness of change diagrams is characterized and ecient
(pseudo-polynomial) algorithms are derived.
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Figure 1.2 A change diagram and the corresponding unfolding. The edges of the

change diagram and the unfolding are labeled with w(e). The nodes of the unfolding
are labeled with the associated ring time.

2.
PROPERTIES OF UNTIMED CHANGE
DIAGRAMS
2.1
BASIC PROPERTIES

Marked graphs are closely related to change diagrams. On the other
hand, CD have two classes of nodes with dierent enabling conditions.
As a consequence, the markings can be negative both at the initial state
or during state evolution. Therefore, some of the simple properties of
marked graphs, see e.g. (Desel and Esparza, 1995 Commoner et al.,
1971), are no longer valid. Nevertheless, some properties can easily be
derived.

Proposition 4 (Cycles) Let C be a directed cycle of a change diagram
with initial state d. For any reachable state d0 , the sum of tokens in C
is constant, i.e.
X d(e) = X d0(e)
e2C

e2C

Sketch of Proof: The proof as known for marked graphs only uses

the ring rule and not the enabling conditions. Consequently, the result
holds.
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The next property characterizes ring sequences which reproduce the
state of a change diagram.

Proposition 5 (Reproducibility) Let  be a sequence of state transitions which reproduces a state, i.e. d ;!
d. If the change diagram is
connected, then each node v 2 V occurs in  equally often.

Sketch of Proof: Again, the proof as known for marked graphs uses

the ring rules only and not the enabling conditions, see (Desel and
Esparza, 1995). Consequently, the result holds.
Finally, a simple condition for the liveness of a change diagram can
be obtained. But rst, a Lemma will be shown which stresses the importance of directed cycles in a change diagram.
Lemma 6P(Positiveness) A change diagram with initial state d is
given. If e2C d(e) > 0 for all directed cycles C , then there exists a

ring sequence  with d ;!
d0 such that d0 (e)  0 for all e 2 E .
Sketch of Proof:
The
P proof is constructive. In each step, the sum of negative markings,
i.e. e2E maxf0 ;d(e)g is reduced by one.
Let us choose one edge (u v) 2 E with d(u v)  0. If the source node
u can be red, then the sum of negative markings has been reduced by
one. If not, it has at least one input edge (w u) with d(w u)  0. Again,
if w can be red, then the sum of negative markings has been reduced by
one. Continuing this process, at least one node can be red. Otherwise,
a cycle with a non-positive sum of markings exists.
Consequently, if the sum of tokens is strictly positive in any cycle,
then there is a ring sequence which drives the change diagram into a
\normalized" form where no marking is negative.
Proposition
P 7 (Liveness) A change diagram with initial state d is
given. If e2C d(e) > 0 for all directed cycles C , the change diagram is
live.
Sketch of Proof: We have shown that there exists a ring sequence
which yields d(e)  0 for all edges e 2 E . Now, if we restrict ourselves
to a change diagram which contains nodes v 2 V + only, then the graph
is a marked graph and the same proof as e.g. in (Desel and Esparza,
1995) holds.
If a change digram with V = V + is live, there exists a ring sequence
such that any node can re arbitrarily often. This property still holds if
if some nodes change their type from v 2 V + to v 2 V ; .
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It can be proven that a change diagram is live i there is a ring
sequence such that any node can re arbitrarily often. This proof is
based on the persistence of change diagrams. Therefore, the result of
the Proposition holds.
Unfortunately, the above result gives a sucient condition for the
liveness of a change diagram only. In fact, Figure 1.3 shows the example
of a live CD which violates the condition of the above Proposition. The
next section contains also necessary conditions for liveness.
+

-

+

Figure 1.3 A live change diagram with a negative sum of markings in some directed

cycle.

2.2

LIVENESS

Is a change diagram live for a given initial state d? We address this
problem by presenting a constructive algorithm for its solution. A similar
approach as in (Schwiegelshohn and Thiele, 1997b) is used. In particular,
an algorithm \live" is dened which is particularly easy to analyze and
which constructs a certain ring sequence. Note that we assumed at the
beginning of the paper that each node has at least one incoming edge
and that G is connected.
The algorithm uses the change diagram G and the initial state d and
returns `true' if G with d is live and `false' otherwise. If it returns `false',
the graph Gt is a maximal live subgraph of G, i.e. the live subgraph
with the maximal number of nodes.
Internally, it uses a `potential' p(v)  0 for any node v 2 V which
denotes the number of rings of node v in the ring sequence constructed
so far. Moreover, it uses an upper bound on the number of markings of
any simple path in G:

s=

X ( max fjd(u v)jg)

v2V (uv)2E

This algorithm simulates the change diagram by assuming that a vertex res whenever it is able to do so. More precisely, a vertex v 2 V will
re k-times in a state d with

k = (uv
min d(u v) if v 2 V +
)2E
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Boolean Function live(G d Gt ) f
in G, d out Gt
p(v) = 0 for all v 2 V
loop: do in parallel (for all vj 2 V + ) f
p(vj ) = maxf0 minfp(vi ) + d(vi vj ) j (vi vj ) 2 E gg g
do in parallel (for all vi 2 V ;) f
p(vj ) = maxf0 maxfp(vi ) + d(vi  vj ) j (vi  vj ) 2 E gg g
if (there was no change in any p(v) for all v 2 V ) f
Gt =  return `false' g
if (p(v) > 0 for all v 2 V ) f Gt = G return `true' g
if (there were only changes in p(v), v 2 V with p(v) > 2s) f
Gt = subgraph induced by nodes with p(v) > s
return `false' g
goto loop
g

Table 1.1 Algorithm live

k = (uv
max d(u v) if v 2 V ;
)2E

provided k > 0 holds. The resulting sequence of states starting with
the initial state d is called a greedy sequence. Note that the greedy
sequence is equivalent to the sequence of the corresponding time CD
with w(e)) = 0 for every edge e.
In order to proof the main result of this section, the ring sequences
of change diagrams must be considered more closely.
Lemma 8 A change diagram G with initial state d is live i there exists
a ring sequence which contains each node v 2 V at least once.
Sketch of Proof: Let us suppose that there is no sequence which
contains each node at least once. Then there is a node v which cannot
be enabled and the change diagram is not live.
Let us suppose that a ring sequence  exists which contains each node
at least once, e.g. d ;! d0 . Then one can simply construct sequences
which re each node at least k times for any given k. To this end, a
sequence 0 is determined from  which contains each node exactly once


and reproduces d0 , i.e. d ;!
d0 ;!
d0 . Obviously, 0 can be applied to
0
d innitely often.
As change diagrams are persistent, this proves the liveness. The detailed proof will be contained in the full paper.
0
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Now, the main results of this section can be described.
Proposition 9 (Liveness) Given a change diagram G with initial
state d. The change diagram is live i algorithm live returns `true'.
Sketch of Proof: At rst note that p(v) does not decrease for any
node during the execution of the loop. Therefore, the function denitely
terminates.
Because of the previous Lemma, the change diagram is live if the
algorithm returns `true'.
Moreover, a change diagram is not live if no node can re. In addition,
if only nodes with p(v) > s re in an iteration, no node with p(v)  s
will re in further iterations as a ring of nodes with p(v) > s cannot
lead to an enabling.
Up to jV j max(v v )2E fjd(vi  vj )jg iterations of Algorithm 1.1 may be
necessary before it can be concluded that a min-max Petri net is live.
As vertices may re more than once per iteration, some vertices may be
required to re up to O(jV j max(v v )2E fjd(vi  vj )jg2 times. An example
for such a case is given in Figure 1.4. In our gures any vertex of V + is
denoted by a small + sign inside the vertex circle. A similar convention
is used for the vertices from V ; . If cycle A consists of k vertices, vertex
x will only re at iteration kn + 2 of Algorithm live. At this time vertex
y has already red d kn22+2n e times.
i

j

i

j

-

+
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+
A
-

+
1

+

-n
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-

+
C

y
+
n

1

x

Figure 1.4 Change diagram

Note that several simple improvements of Algorithm `live' are possible.
In addition, the established relationship between the liveness of change
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diagrams and the static min-max problem also allows the use of more
ecient algorithms like those described in (Schwiegelshohn and Thiele,
1997a). Those algorithms determine after k iterations that Cycle A in
Figure 1.4 is independent of any other vertex. Then the potential of all
vertices of Cycle A is set to innity, thus causing vertex x to re far
earlier.

2.3

BOUNDEDNESS

Next assume that we are given a live min-max Petri net. Note that
in general there are no timing constraints which uniquely determine the
re sequence of vertices. Hence, tokens may accumulate on some edges
as the target vertex does not re. This leads to our second key problem.
Is the number of tokens on any edge of a live min-max Petri net
bounded for any ring sequence?
We start to address this question by assuming that the graph of the
change diagram is strongly connected.
Proposition 10 A live change diagram is unbounded if the underlying
graph is not strongly connected.
Sketch of Proof: Let us suppose that the graph is not strongly connected. Then a tree of strongly connected subgraphs can be formed and
an unbounded number of tokens will accumulate on some edge if no vertex of a leaf component is red.
But an unbounded accumulation of tokens on some edge may not
only be due to the refusal to re some vertices. In Figure 1.5 a simple
live change diagram is given where even the greedy sequence results in
an accumulation of positive tokens on edge (x y) and a corresponding
accumulation of negative tokens on edge (y x) if n > 2.
-

+

-

n
+

1
x

+
y

Figure 1.5 Unbounded change diagram

The next lemma gives a necessary and sucient condition for the
existence of sequences with an unbounded number of tokens on some
edges.
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Lemma 11 (Boundedness) Assume a live change diagram with ini-

tial state d based on a graph G = (V E ). There are sequences causing
an accumulation of an unbounded number of tokens on some edge if V
can be partitioned into V1 and V2 such that
1. V1 is a live change diagram when only edges between nodes of V1
are considered.
2. There are no edges (u v) 2 E with u 2 V2 and v 2 V1 \ V + .
Sketch of Proof: Let us suppose that there exists a ring sequence
which leads to an number of markings jd0 (e)j > K with

K=

X jd(u v)j

(uv)2E

in some edges. These edges will be called unbounded edges. If a ring sequence leads to an unbounded edge, G with initial state d is unbounded,
see the proof of correctness for algorithm `live'. By cutting all unbounded
edges the resulting graph is not connected any more. Therefore, we can
partition V according to V = V1  V2 such that V1 contains all sources
of unbounded edges with d(e) > 0, all targets of unbounded edges with
d(e) < 0 and all nodes which are connected to them via bounded edges.
The nodes in V1 can re arbitrarily often and independent of those in
V2 as the connecting edges are unbounded, and the nodes in V1 red
already at most K times more often than those in V2 . Edges (u v) 2 E
with v 2 V1 \ V + cannot exists as otherwise, v 2 V1 would not have red
suciently often. Therefore the partitioning in the Lemma exists.
Let us suppose that the partitioning exists, then the subgraph induced
by nodes V1 (without edges between V1 and V2 ) is live. There exists a
sequence of rings which contains all nodes in V1 arbitrarily often and
nodes in V2 a nite number of times as there are no edges (u v) 2 E with
v 2 V1 \ V +. This sequence leads to unbounded edges which connect V1
and V2 .
Unfortunately, Lemma 11 by itself does not guarantee an ecient algorithm. Although Algorithm live allows the separation of dead vertices
from live ones, there remains the problem of selecting those edges which
must be deleted to perform the partition.
The following algorithm bounded returns `true' if the CD is bounded
and `false' otherwise. It simply tests the liveness of the change diagram
after inhibiting the ring of each of its nodes one after the other.
Proposition 12 A given connected change diagram G with initial state
d is bounded i algorithm bounded returns `true'.
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Boolean Function bounded(G d) f
in G, d
for each v 2 V do
G0 = G

g

remove all edges (u v) from G0
live(G,d,Gt )
if ( Gt 6=  ) return `false'
return `true'
Table 1.2 Algorithm bounded

Sketch of Proof: The algorithm obviously terminates. Let us suppose

that bounded returns a subgraph Gt . Obviously, there exists a ring
sequence which contains all nodes in this subgraph arbitrarily often and
nodes not in Gt a bounded number of times. As the change diagram is
connected, there is at least one edge connecting a node in Gt and one
not in Gt . The marking on this edge would be unbounded.
Now, let us suppose that the change diagram is not bounded. Then
according to Lemma 11 there exists a partition V = V1  V2 where the
subgraph induced by V1 is live. Consequently, if we prevent any of the
nodes v 2 V from ring, the subgraph induced will still be live, the
algorithm `live' returns Gt V1 and Function `bounded' returns `false'.

3.

PROPERTIES OF TIMED CHANGE
DIAGRAMS

The analysis of timed change diagrams, see e.g. Figure 1.2, is closely
related to the area of interface timing verication, see (McMillan and
Dill, 1992 Walkup and Borriello, 1994 Yen et al., 1995). In these problems, the solution to a set of equations involving min and max operators
is required. But caused by the dynamic nature of change diagrams, a
much more general problem must be solved here. On the other hand,
for timed marked graphs corresponding results are known for a long
time, see e.g. (Cunninghame-Green, 1962 Reiter, 1968 Ramamoorthy,
1980 Cohen et al., 1985 Baccelli et al., 1992).
After several attempts to solve the analysis of dynamic min-max
problems, see (Olsder, 1991 Olsder, 1993 Baccelli et al., 1992 Gunawardena, 1993 Gunawardena, 1994), the rst ecient (pseudopolynomial) algorithm for the determination of the periods of dynamic
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min-max systems has been described in (Schwiegelshohn and Thiele,
1997a Schwiegelshohn and Thiele, 1997b). In addition, a more general class of dynamic min-max systems is considered and results on the
uniqueness and existence of their periods are derived.
The results obtained in (Schwiegelshohn and Thiele, 1997a) and
(Schwiegelshohn and Thiele, 1997b) hold for the class of timed change
diagrams as well. Change diagrams are called static graphs and their
unfoldingsPare called dynamic graphs.
P For the rest of this paper we suppose that (uv)2C d(e) > 0 and (uv)2C w(e) > 0 for all cycles C of the
change diagram. As has been shown in the present paper, this property
guarantees the liveness of the change diagram.
The following results from (Schwiegelshohn and Thiele, 1997a
Schwiegelshohn and Thiele, 1997b) can be applied to the timing analysis
of change diagrams.
Periodic Case Suppose that only periodic ring times of the nodes are
considered, i.e.
p(v k + 1) = p(v k) +  for all v 2 V
where  2 Q is called the (common) period of the timed change
diagram.
Then either the change diagram has no periodic ring times or the
period is unique. Moreover, there is an algorithm which computes
the period in pseudo-polynomial time.
The algorithm uses an function similar to `live' and a binary search
to determine the period of the change diagram.
Even if no common period of all nodes exists there are individual
periods of the nodes. This property is called quasi-periodicity.
Quasi-Periodic Case Suppose that an individual period is associated
with each node of the change diagram, i.e.
p(v k + 1) = p(v k) + (v) for all v 2 V
where (v) 2 Q is called the period of node v 2 V . An example
for this situation is shown in Figure 1.2. The periods of the nodes
satisfy (v1 ) = (v2 ) = 3 and (v3 ) = (v4 ) = 1.
It can be derived from the results in (Schwiegelshohn and Thiele,
1997a Schwiegelshohn and Thiele, 1997b) that any timed change
diagram has quasi-periodic ring times as already mentioned
above. Moreover, the periods (v) for all v 2 V are unique. Again,
a pseudo-polynomial algorithm is given to determine these periods.
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These results can be applied to determine the period (or cycle time,
throughput) of asynchronous circuits which can be modeled with change
diagrams. In addition, the throughput of iterative protocols involving
AND and OR causality can be calculated.
The results shown in (Schwiegelshohn and Thiele, 1997a) and
(Schwiegelshohn and Thiele, 1997b) apply to specic initial (rst) ring
times of the nodes, namely those which lead to a periodic or quasiperiodic ring. But very often one is interested in the ring times under
arbitrary initial conditions. Though it is an open problem whether in
this case the ring times become eventually periodic in a steady state,
useful bounds on the ring times are derived in the present paper. As
a consequence, a strong statement on the boundedness of timed change
diagrams can be made.
Proposition 13 (Firing Times) Given a timed change diagram G
with initial state d and weights w.
Then there exist constants k1 and k2 such that the ring times p(v k)
of a node v 2 V can be bounded by
k(v) + k1  p(v k)  k(v) + k2
As a direct consequence of the above Proposition, the periods (v)
are unique and can be computed in pseudo-polynomial time with the
algorithm given in (Schwiegelshohn and Thiele, 1997a Schwiegelshohn
and Thiele, 1997b). Intuitively, the nodes v re with dierent `speeds'
determined by (v).
Finally it is interesting to determine the boundedness of a timed
change diagram. Of course, any bounded change diagram is bounded
also in its timed version. On the other hand, as the timing restricts
the set of possible ring sequences, the converse is not true. For example, a structurally not bounded change diagram may be bounded if it is
executed with an appropriate timing.
Considering the example shown in Figure 1.2, it is obvious that the
edges connecting the nodes v2 and v3 are unbounded. This observation
can be generalized as follows.
Proposition 14 (Boundedness) Given a timed change diagram G
with initial state d, weights w and periods (v) for all v 2 V . The
change diagram is bounded i all periods are equal.
Sketch of Proof: The dierence of ring times between two nodes u
and v satises
jp(v k) ; p(u k)j  kj(v) ; (u)j + 2s
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If all periods are equal, the ring times of all nodes dier by a constant
only. Therefore, all connecting edges have a bounded number of token.
After some calculations it can also be shown that at some time t the
dierence between the number of rings of u and v is larger than

k1 j(v) ; (u)jt + k2

for some constants k1 > 0 and k2 . If there are nodes with dierent
periods in G, then there exists at least one edge connecting two nodes
with dierent periods. Remember that we consider connected change
diagrams only. The dierence in the number of rings grows with t
which leads to an unbounded number of tokens on this edge.

4.

CONCLUDING REMARKS

The paper presents new results on the dynamic behavior of timed
and untimed change diagrams. Major results concern the liveness and
boundedness of timed and untimed CDs as well as a characterization of
the ring times. These results can be applied to analyze properties of a
certain class of concurrent systems.
It is an open problem whether timed change diagrams eventually show
a periodic behavior independent of the initial ring times.
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