Bayesian Dynamic Factor Models and Portfolio
Allocation
Omar AGUILAR and Mike WEST
We discuss the development of dynamic factor models for multivariate financial time series,
and the incorporation of stochastic volatility components for latent factor processes. Bayesian
inference and computation is developed and explored in a study of the dynamic factor structure
of daily spot exchange rates for a selection of international currencies. The models are direct
generalisations of univariate stochastic volatility models, and represent specific varieties of models
recently discussed in the growing multivariate stochastic volatility literature. We discuss model
fitting based on retrospective data and sequential analysis for forward filtering and short-term
forecasting. Analyses are compared with results from the much simpler method of dynamic
variance matrix discounting that, for over a decade, has been a standard approach in applied
financial econometrics. We study these models in analysis, forecasting and sequential portfolio
allocation for a selected set of international exchange rate return time series. Our goals are to
understand a range of modelling questions arising in using these factor models, and to explore
empirical performance in portfolio construction relative to discount approaches. We report on our
experiences and conclude with comments about the practical utility of structured factor models,
and on future potential model extensions.
KEY WORDS: Dynamic Factor Analysis; Dynamic Linear Models; Exchange Rates Forecasting; Markov Chain Monte Carlo; Multivariate Stochastic Volatility; Portfolio
Selection; Sequential Forecasting; Variance Matrix Discounting

1. INTRODUCTION
Since the mid-1980s, multivariate stochastic volatility
models based on variance/covariance discounting (Quintana and West 1987, 88) have been used as components of
applied Bayesian forecasting models in financial econometric settings (Quintana 1992; Putnam and Quintana 1994,
1995; Quintana and Putnam 1996; Quintana, Chopra and
Putnam 1995). The success of such methods in portfolio construction is evidenced partly by the fact that they
have been adopted and are in vigorous day-to-day use as
components of global portfolio approaches in several major international banks. In more recent years, major developments in structured stochastic volatility (SV) modelling have led to the introduction of various approaches
to modelling dependencies in volatility processes that, in
principle, may lead to improvements in short-term forecasting of multiple financial and econometric time series.
There is no doubt that these more complex SV models
theoretically improve the description of several kinds of
financial time series data, including exchange rate return
series, and hold potential for improvements in practical
short-term forecasting relative to discount models. Part
of our interest here is to empirically explore this potential. We develop dynamic factor, multivariate stochastic
volatility models to address:
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questions about their potential to provide practical
improvements in short-term forecasting, and resulting dynamic portfolio allocations, of international exchange rates and other financial time series;
issues of model structuring, implementation, Bayesian
analysis and computation; and
questions of comparison with the much simpler methods based on variance/covariance discounting.

We study these issues in connection with data analysis and
portfolio construction using multiple series of returns on
international exchange rates.
Variants of the basic method of variance matrix discounting (see above references to Quintana and coauthors)
have formal theoretical bases in matrix-variate “random
walks” (Uhlig 1994, 97). Further discussion is given below,
and more background can be found in West and Harrison (1997, section 16.4.5). The basic discounting methods
follow foundational developments for univariate series in
Ameen and Harrison (1985) and Harrison and West (1987),
and the formal multivariate models are direct generalisations of univariate models of Shephard (1994a). Related
discussion appears in West and Harrison (1997, section
10.8.2). In the general multivariate context, the approach
leads to the embedding of smoothed estimates of “local”
variance/covariance structure within a Bayesian modelling
framework, and so provides for adaptation to stochastic
changes as time series data are processed. Modifications
to allow for changes in discount rates in order to adapt
to varying degrees of change, including marked/abrupt
changes in volatility patterns, extend the basic approach.
The resulting update equations for sequences of estimated
volatility matrices have univariate components that relate
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closely to variants of ARCH and SV models, and so it is
not surprising that they have proven useful in many applications. However, unlike these more formal models, discounting methods do not have real predictive capabilities,
simply allowing for and estimating changes rather than
anticipating them. Hence the interest in factor models
that set out to explicitly describe changes through patterns
of time-variation in parameters driving underlying latent
processes. This is the key motivating concept underlying
interest in SV models generally, and led has to various
authors mentioning or developing multivariate SV models
with dynamic factor structure. Key references include the
initiating work of Harvey, Ruiz and Shephard (1994), and
the later developments in the papers of Jacquier, Polson
and Rossi (1994, 95), and Kim, Shephard and Chib (1998).
Several authors have begun to develop and explore related
factor models with ARCH/GARCH structure, as opposed
to SV structure (e.g., Demos and Sentana 1998). Though
we do not discuss this further here, some of the connections and comparisons with SV approaches are of general
interest, as discussed particularly in the above referenced
paper by Kim et al, and further work on comparative studies might be very worthwhile.
In the following section we detail the basic framework
and notation for stochastic, time-varying variance matrices, followed by discussion of factor structure. We build
on prior work in non-dynamic Bayesian factor analysis and
develop MCMC methods of model fitting and computation in the chosen class of dynamic factor models. These
models are essentially similar to those introduced in Harvey, Ruiz and Shephard (1994) and adopted by Jacquier,
Polson and Rossi (1994, 95). Our empirical study also
implements approximations to sequential analysis and updating using the particle filtering methods of Pitt and
Shephard (1999a). We note that the work reported here
was developed independently of, and in parallel to, that
reported in Pitt and Shephard (1999b), and bears heavily on the technical and modelling contributions of those
authors. Our computational approaches in model fitting
differ somewhat from these authors, however. Furthermore, our perspective and objectives are fundamentally
on questions of forecasting and portfolio decisions rather
than exclusively methodological. This is reflected in our
detailed analyses of international exchange rate time series that discuss model selection and specification, reports
on our practical experiences with these models, and makes
comparisons with variance discount approaches in analysis, forecasting and portfolio construction. We conclude
with summary comments and pointers to future work.
2. TIME-VARYING VARIANCE MATRICES AND
FACTOR STRUCTURE
2.1

Introduction and Notation

To introduce notation, consider a q−variate time series
yt , (t = 1, 2, . . . , ) as conditionally independent, Gaussian
random vectors with means θt and variance matrices Σt ,
denoted by N (yt |θt , Σt ) for each t. Throughout, our nota-

tion implicitly identifies the conditioning information: for
any information set H, p(yt |H) is the conditional density
of yt when H is known. Hence p(yt |θt , Σt ) is the conditional density of yt when the time t parameters (θt , Σt ) are
known, and, implicitly, yt is conditionally independent of
all other relevant quantities when (θt , Σt ) are given. Similarly, if Dt represents all historical data and information
available at any time t, then p(yt |Dt−1 ) is the conditional
density of the one-step ahead predictive distribution at
time t − 1, when all uncertain quantities, usually including
the parameters (θt , Σt ), have been integrated out with respect to the relevant posterior distribution conditional on
Dt−1 . This is standard notation in the Bayesian statistics
literature (e.g., West and Harrison 1997).
Though much applied interest resides in models with
small time-variations in levels θt predicted via dynamic regressions, we adopt a constant level model, θt = θ for all t,
for our studies here. A primary interest here is in comparisons with discount methods in short-term forecasting, so
that the same assumption will be made in discount model
approaches. Our more recent research and studies in application have extended the framework to involve dynamic
regression components in θt , and through these studies we
have verified that, for the primary goal here of comparisons with discount methods, the restriction to a constant
level here is immaterial.
Variance matrix discounting models produce sequences
of posterior distributions for the matrices Σt . Some details are provided in Appendix A, below. The analyses are
naturally sequential, so that posterior distributions are revised, or updated, as more data is processed. By way of
notation, we denote by St the resulting posterior estimate
of Σt based on data up to time t, and by St,n the resulting posterior estimate of Σt based on the larger set
of data up to a time n > t. Live analysis is generally sequential, with the “current” posterior for Σt at time t of
key relevance in short-term forecasting; hence the interest in point estimates St as they are sequentially updated.
Model exploration and development, on the other hand,
involves retrospective data analysis; hence the interest in
retrospectively revised point estimates St,n .
2.2

Component and Factor Structure

From very early examples and applications of variance
matrix discounting, principal component analyses of estimated sequences of Σt matrices have been used to explore
the nature of changes over time in covariance patterns,
and to provide insight into the latent mechanisms driving
such changes. See, for example, the studies of monthly
exchange rate time series in Quintana and West (1987),
also reported in West and Harrison (1997, section 16.4.6),
where the patterns of change over time in the principal
component structure of the estimates St,n are explored. A
standard principal component decomposition of St,n provides insight into the related decomposition of Σt . Often,
as in the above examples, this will yield a small number
of dominant components representing latent factors contributing measurably to both total variability in the series and the covariance structure, together with additional
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residual components. This partly underlies the interest in
dynamic factor models to more explicitly represent the latent structure and put the spot-light on inference on factor processes and their parameters. In line with Press
and Shigemasu (1989), Jacquier, Polson and Rossi (1994),
Kim, Shephard and Chib (1998), and (extrapolating to
the stochastic volatility context here) Geweke and Zhou
(1996), a basic k−factor dynamic model (with k < q,) for
Σt is
Σt = Xt Ht X0t + Ψt =

k
X

xtj x0tj htj + Ψt

(1)

j=1

where
•

•

•

Xt is the q × k factor loadings matrix at time t, with
columns xtj ,
Ht = diag(ht1 , . . . , htk ) is the diagonal matrix of instantaneous factor variances, and
Ψt = diag(ψt1 , . . . , ψtq ) is the diagonal matrix of
instantaneous, series-specific or “idiosyncratic” variances.

In terms of the time series yt this is equivalent to the
representation
yt = θ t + X t ft +  t

(2)

where
•

•

•

ft ∼ N (ft |0, Ht ) are conditionally independent realisations of the k−vector latent factor process,
t ∼ N (t |0, Ψt ) are conditionally independent and
series-specific quantities, and
t and fs are mutually independent for all t, s.

This is the basic structure we adopt for the rest of the
paper. Our analyses are based on choosing a specific number of factors k throughout. Discussion of choice of k values, and broader related issues of model uncertainty and
specification, follow in section 2.5 and 6. First, we discuss
further structure on the basic factor model with k fixed,
and the stochastic volatility components for the factor and
idiosyncratic variances.
2.3

Factor Model Constraints

The models analysed and applied in the studies of
this paper are based on constant factor loadings, so that
Xt = X for all t. This provides a framework very similar to
those mooted by the earlier authors, as referenced above,
in which we aim to investigate the issues and difficulties
in model implementation.
The k−factor model must be further constrained to
define a unique model free from identification problems.
A first constraint is that X be of full rank k to avoid
identification problems arising through invariance of the
model under location shifts of the factor loading matrix
(e.g., Geweke and Singleton, 1980). Second, we must further constrain the factor loading matrix to avoid overparametrisation – simply ensuring that the number of free

parameters at time t in the factor representation does not
exceed the q(q +1)/2 parameters in an unrestricted Σt . Finally, we need to ensure invariance under invertible linear
transformations of the factor vectors (Press 1985, chapter
10). On this latter issue, our work follows Geweke and
Zhou (1996), among others, in adopting the “hierarchical”
structural constraint in which the loadings matrix has the
form
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This form immediately ensures that X is of full rank k.
Further, if each of the idiosyncratic variances ψtj are nonzero, then, simply by counting the number of free parameters in the implied variance matrix Σt , we deduce that the
number of factors k is subject to an upper bound implied
by the quadratic inequality k 2 − (2q + 1)k + q(q − 1) ≥ 0;
the practical implication
√ is that k does not exceed the integer part of q + 1/2 − 1 + 8q/2. For example, with q = 6
or 7 we have k ≤ 3, with q = 15 or 16 we have k ≤ 10,
while with q = 30 we have k ≤ 22. For realistic values
of q this bound is unlikely to be problematic, as practical
interest will be in models with smaller numbers of factors.
Hence we have full model identification in such cases. We
note that, if one or more of the idiosyncratic variances are
set to zero, the number of factors could be increased up
to the absolute limit of q, though this is of little practical
interest in problems with several or moderate numbers of
series. Further, note that the identification issues are not
complicated or extended at all in moving from a standard
factor model to the dynamic factor model here, with timevarying factor and idiosyncratic variances, and even with
time-varying factor loadings. Identifying constraints that
are used in static model simply transfer to apply at each
time t.
An important implication of the particular structure of
X above is that it induces substantive identification of the
factors as well as the purely technical model identification.
That is, the chosen order of the univariate time series in
the yt vector serves to define the factors: the first series
is the first factor plus a “noise” term, and so forth. This
focuses attention on the choice of ordering in model specification, and provides interpretation. More discussion of
this appears in the applied studies below, where, in particular, we report on experiences in repeat analyses that vary
the series order. A critical comment to be borne in mind is
that the order influences interpretation of the factors and
may impact on model fit and the choice of k in particular,
but has no impact whatsoever on forecasts: the variances
and covariances between the series are quite independent
of this modelling decision. Finally, note that the primary
alternative to the hierarchical structure of X is to fix on
an orthonormal loadings matrix (Press 1985, chapter 10).
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We very much prefer the hierarchical structure primarily
for the reasons of substantive interpretation of the factors,
just discussed, and also as the resulting Bayesian analysis
is much less technically complicated.
2.4

Stochastic Volatility Model Components

Multivariate generalisations of univariate SV models
through dynamic factor models are mentioned by various authors, including Harvey, Ruiz and Shephard (1994),
Shephard (1996), Kim, Shephard and Chib (1998), and
have been investigated by Jacquier, Polson and Rossi
(1995). The basic model of the latter authors assumes
that the univariate factor series fti follow standard univariate SV models, but discuss possible extensions also
mentioned in Kim, Shephard and Chib (1998). We adopt
such an extension here, one in which the log volatilities of
the factors follows a vector autoregression with correlated
innovations, an extension that turns out to be of relevance
in studies of exchange rate returns. We additionally adopt
unrelated, univariate stochastic volatility models for the
idiosyncratic variances.
For the factor variances, define λti = log(hti ) for
each i = 1, . . . , k and write λt = (λt1 , . . . , λtk )0 . We
assume a stationary vector autoregression of order one,
0
VAR(1), centered around a mean µ = (µ1 , . . . , µk ) and
with individual AR parameters φi in the matrix Φ =
diag(φ1 , . . . , φk ). That is, for t = 1, 2 . . . , we have
λt = µ + Φ(λt−1 − µ) + ωt

(4)

with independent innovations
ωt ∼ N (ωt |0, U)

(5)

for some innovations variance matrix U. The implied
marginal distribution for each λt is then
λt ∼ N (λt |µ, W)

(6)

where W satisfies W = ΦWΦ + U and has elements
Wij = Uij /((1 − φi )(1 − φj )). The model allows dependencies across volatility series through non-zero off-diagonal
entries in U and W. Also, this marginal distribution defines the initial distribution for λ0 .
For the idiosyncratic variances, define ηtj = log(ψtj )
for each j = 1, . . . , q. For these series of log variances we
assume standard univariate autoregressions of order one,
namely
ηtj = αj + ρj (ηt−1,j − αj ) + ξtj
with independent innovations ξtj ∼ N (ξtj |0, sj ). Unlike
the factor volatilities, the ηtj processes are mutually independent series. Write α = (α1 , . . . , αq ), ρ = (ρ1 , . . . , ρq )
and s = (s1 , . . . , sq ) for the vectors of parameters here.
Our models assume stationarity and positive dependence
within each series, so that 0 < ρj < 1 for each j and
the implied stationary marginal distributions are given by
N (ηtj |αj , sj /(1 − ρ2j )), including the case t = 0 that provides the initial priors for the volatility series.

2.5

Model Specification and Practical Perspectives

Our discussion of model fitting and analyses, and applications below, are based on specific k−factor models. We
do discuss some empirical experiences with varying the
value of k in our exchange rate studies, though do not formally address inference on k here. In this connection, some
general points to note are as follows. First, in analysing
data consistent with a factor structure but with a model in
which k is too large, we should expect to see multimodalities appearing in posterior densities for the elements of the
factor loading matrix (Geweke and Singleton 1980; Lopes
and West 1998). As illustrated in the latter reference, we
have experienced this in standard (non-dynamic) factor
models and the idea translates directly. Experiencing this
would suggest that k be decreased. Second, and related
to this, approaches to analysis using MCMC will tend to
experience convergence difficulties in models with k too
large; this has also been verified in ranges of studies of
our exchange rate series with these dynamic factor models, as we discuss in the application sections below. By
contrast, in a model in which k appears to be appropriate for the data under study, our experiences are that the
MCMC algorithms converge rapidly and cleanly, again as
in standard, non-dynamic factor models.
The broader question of inference on k is interesting
and challenging. In Lopes and West (1998) we have explored a range of approaches to inference on k, Bayesian
and likelihood-based. Translating this to the dynamic factor context is as yet unexplored.
From a serious practical viewpoint, we here outline what
has been a useful exploratory perspective on choosing k –
or a range of possible values of k to explore in parallel –
in our applied work. In our studies of the exchange rate
series we are interested in sequential forecasting and portfolio, and have a wealth of historical data at hand to use in
model construction and the exploratory phases of analysis.
Our examples below are founded on such an exploration
of an initial stretch of historical data, followed by formal
model fitting to the remaining data. In line with this, we
choose both the value, or values, of k and hyperparameters of informative prior distributions for model parameters based on a rather informal look at some such initial
data. A referee has referred to this as “ad hoc”, and to
some extent it is. It is also a scientifically sensible, permissible and practicable approach to initial model and prior
specification, and perfectly formal and coherent from the
viewpoints of statistical inference. In the exchange rate
studies, we have a series of over 1,827 daily observations
at hand. From an exploratory analysis of just the first
200 days, we settle on choices of k and prior distributions
for the model to be used from that time point onward,
fitting the so-specified model to the remaining data. In
this initial analysis phase, we explore the early stretch of
data using the variance matrix discounting method. This
is simple, robust and trivially implemented to produce estimated sequences of Σt matrices over this first short section of historical data. As exemplified in various previous
studies (e.g., Quintana and West 1987; West and Harrison
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1997, chapter 16) using principal component decompositions of these sequences, such analysis provides insight into
the underlying factor structure. In our current work, we
use Cholesky decompositions of the estimated Σt matrices
rather than principal components. The Cholesky decompositions map directly onto the factor model form of this
paper, and so provides direct insight into plausible ranges
of values for factor model parameters, including k, that
can be used to develop informed (though still very diffuse)
priors to feed into the formal analysis of the remaining
data. This strategy is used below, where more details are
given of the specific experiences with our chosen exchange
rate series.
To be explicit technically, note that the Cholesky decomposition is Σt = Lt L0t where Lt is a q × q lower triangular
matrix with non-negative diagonal elements (all positive if
Σt is of full rank). This can be expressed as Σt = Xt Ht X0t
with Lt = Xt Ht 1/2 where the q × q matrix Xt is lower triangular with diagonal elements of unity, and Ht is a q × q
diagonal matrix whose diagonal elements are the squares
of those of Lt . Thus we have a full factor representation
with k = q and zero idiosyncratic variances. Assuming a
restricted factor model with k < q is appropriate, we simply identify the k largest values of Ht as the conditional
variances of the k factors, and the first k columns of Xt
as the corresponding factor loading matrix; then adding
non-zero idiosyncratic variances provides a k−factor approximation.
3. BAYESIAN INFERENCE AND COMPUTATION
3.1

MCMC analysis

The model as specified so far comprises the basic factor structure (2) with supporting assumptions, specialised
to fixed parameters θt = θ and Xt = X, and incorporating the SV models of Section 2.4. Model completion for
Bayesian analysis requires prior distributions for the full
set of parameters {θ, X; µ, Φ, U; α, ρ, s}. Bayesian inference for any specified prior requires the computation and
summarisation of the implied posteriors for these model
parameters, together with inferences on the factor processes ft and the log-volatility sequences λt and ηtj (for
each j = 1, . . . , q), over the time window of t = 1, 2, . . . , n
consecutive observations comprising the information set
Dn . Computation via MCMC simulation builds on both
the work of previous authors in the SV and factor modelling literature, and previous work by the current authors
in quite different models with related technical structure
(Aguilar and West 1998; West and Aguilar 1997).
To complete the model specification, we assume a prior
specified in terms of conditionally independent components
p(θ)p(X)p(µ)p(Φ)p(U)p(α)p(ρ)p(s)

(7)

where the chosen marginal priors are either standard reference priors or proper priors that are chosen to be conditionally conjugate, as discussed below. The outlook here
is to explore the use of reference priors to the extent pos-

sible to provide an initial analysis framework. Our prior
specifications reflect this view, though, as discussed above,
we do use relatively diffuse though proper priors for some
model components. Further, specific applications may use
alternative prior specifications, both in terms of informative priors on model components and in terms of prior dependencies between parameters, though we do not discuss
other prior specifications here.
First, we assume standard reference priors for the univariate entries in the conditional mean θ and the factor
loading matrix X, so that p(θ)p(X) ∝ constant. Note that
the prior for X is, of course, subject to the specified 0/1
constraints on values in the the upper triangle and diagonal in (3), so the constant prior density applies only to the
remaining, uncertain elements. Second, we use independent normal priors for the univariate elements of µ, α, the
diagonal elements of Φ and the elements of ρ. This allows
for both reference priors, by setting the prior precisions
to zero, and restriction of the values of each φj and ρj by
adapting the prior to be truncated to (0, 1). Third, we use
an informative inverse Wishart prior for the VAR(1) innovations variance matrix U in the SV model for the factor
volatilities. This is specified with hyperparameters based
on prior discounting analysis of an initial, reserved section
of data as discussed above. Notice that an improper reference prior on U, could lead to problems as U and Ψt
determine two separate sources of variability in the data
that are confounded in the model. This point, rather critical to model implementation and resulting data analysis,
is almost implicit in the prior work of Kim, Shephard and
Chib (1998). These authors use informative proper priors
for innovations variances that parallel our assumptions in
their univariate SV models; though they present these priors without further discussion, the propriety is critical in
overcoming otherwise potentially problematic confounding issues. Hence initial analysis of previous data, or some
other prior elicitation activity, is needed. As mentioned
above, our applied development uses variance discounting analyses in providing easy preliminary analysis of a
reserved initial section of data as input to this. Though
somewhat secondary, the fact that we choose to summarise
this prior information in terms of a prior for U of conditionally conjugate inverse Wishart form does help in the
following MCMC analysis of the factor model. Finally, we
use a similar idea and strategy in specifying diffuse though
proper inverse gamma priors for the elements of s, assuming conditional independence across series.
Iterative posterior simulation uses an MCMC strategy
that extends those in existing SV models (Jacquier, Polson and Rossi 1995; Kim, Shephard and Chib 1998) to
the multivariate case, introduces elements of MCMC algorithms for Bayesian factor analysis as in Geweke and Zhou
(1996), and adds novel components derived from models
with latent VAR components developed by the current authors in a quite different context (Aguilar and West 1998;
West and Aguilar 1997). We iteratively simulate values
of all model parameters together with the full set of values of the latent processes ft , λt and the ηtj by sequencing through the set of conditional distributions detailed in
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Appendix B. At some stages we have direct conditional
simulations, at others we require the introduction of novel
Metropolis-Hastings accept/reject steps. We note in passing that, from an algorithmic viewpoint, there are various
possible extensions and alternative methods for components of the MCMC analysis, such as in utilising some
of the ideas from Shephard and Pitt (1997) for example, though we have not explored such variants yet. We
note that Pitt and Shephard (1999b) explore similar factor
models and alternative computational schemes for model
fitting and sequential analysis; our work was developed independently of, and in parallel to, that study, and some
future comparisons of numerical methods will be of interest. Beyond the appendix material here, further technical
details are available on request from the authors.

3.2

Sequential Filtering

Recent work in sequential methods of Bayesian analysis using simulation-based approaches has contributed
significant methodology of use in broad classes of models, especially for problems of sequential learning on timevarying state parameters such as the stochastic volatility
matrix Ht in our factor models. There is much current
research concerned with developing such methods, which
go back at least to West (1993) in the statistics literature, though they are not yet general enough to adequately
handle larger scale problems that, in addition to evolving
states, have several or many fixed model parameters. Simultaneous sequential inference on the factor model parameters {θ, X; µ, Φ, U; α, ρ, s} as well as all the timeevolving volatility processes {Ht , Ψt } is an open research
problem. For this reason, our current study explores sequential forecasting and portfolio allocations for a long
section of the time series, based on chosen estimates of
all fixed model parameters. The parameter estimates are
taken from the MCMC analysis of a prior stretch of historical data. The strategy, which is “honest” from the
viewpoint of sequential forecasting, is illustrated in the
application to exchange rates below.
The sequential filtering methods adopted for updating
posteriors on the time-evolving volatility processes are
based on the auxiliary particle filtering (APF) method of
Pitt and Shephard (1999a). The APF method is a proven
technique for sequential updating of simulation-based summaries of posterior distributions for time-evolving states,
and at each time t delivers a current sample of points from
the prior p(Ht , Ψt |Dt−1 ) and then the resulting posterior p(Ht , Ψt |Dt ). These samples are trivially mapped into
similar samples from the corresponding prior p(Σt |Dt−1 )
and posterior p(Σt |Dt ) by direct computation using Σt =
XHt X0 + Ψt where X is estimated as just discussed. For
portfolio allocations in this framework we require the onestep ahead forecast means and variance matrices of the
returns, namely gt = E(yt |Dt−1 ) and Gt = V (yt |Dt−1 )
at time t − 1. These are easily evaluated. The mean gt
is constant, gt = g, simply the estimate of θ previously
computed from the analysis of the initial data segment.

The forecast variance Gt is computed as the sample mean
of the Monte Carlo sample of variance matrices Σt representing p(Σt |Dt−1 ).
We note and stress that, although this analysis ignores
the fact that the model parameters are fixed over the
course of the sequential portfolio allocation part of the
study, the analysis nevertheless provides a coherent basis for model comparisons with a utility function directly
measuring real-world performance in terms of cumulative
financial returns. Any advances in statistical methods to
adequately incorporate learning about the fixed model parameters together with the volatilities in the sequential
context will only improve matters. Further discussion of
this, and other practical issues and experiences, appear in
the exchange rate studies below. Additional support for
the efficacy of the APF method in factor models is given in
Pitt and Shephard (1999b). More recent developments of
this method, that extend the particle filtering techniques
to incorporate fixed model parameters, are discussed in
Liu and West (2000), with studies of their efficacy in this
class of dynamic factor models.
4. STUDIES OF INTERNATIONAL EXCHANGE RATES
4.1

Data and Initial Discounting Analyses

Figure 1 displays time series graphs of the returns on
weekday closing spot rates for several currencies relative
to the US dollar during the period from January 1st, 1992
to December 31st 1998, with a total of 1827 data points
in each series. The currencies are, in order, the German Mark (DEM), British Pound (GBP), Japanese Yen
(JPY), French Franc (FRF), Canadian Dollar (CAD) and
Spanish Peseta (ESP). The series were obtained from data
vendor DataStream. We analyse the one-day-ahead returns as graphed, namely yti = sti /st−1,i − 1 for currency
i = 1, . . . , q = 6. In some of the graphs we have marked
the point t = 1000, corresponding to October 31st, 1995,
as a reference. We now discuss and summarise retrospective model analyses of the data prior to this time point,
followed by studies of sequential updating analyses and
out-of-sample forecasting beyond this time point. The series are ordered in the yt vectors as listed above.
Initial exploratory analysis using variance matrix discounting with the controlling discount factor set at δ =
0.942 is summarised in Figures 2. This analysis was chosen
following a set of parallel analyses differing only through
the value of δ, with δ values spanning a grid over 0.9 − 1.
At each δ value the marginal likelihood function is trivially computed from the discount analysis, resulting in a
full marginal likelihood function for δ. This chosen value
(δ = 0.942) is the resulting MLE from such analyses of
the first 1000 time points only. In Figures 2 we present
some point estimates of aspects of the sequence of Σt matrices extracted from (a) the smoothed estimates St,1000
over the period up to 10/31/95, i.e., t = 1000, and (b) the
sequentially updated estimates St over the period from
then until the end of the data at 12/31/98. The initial
period presents smoother estimates than the latter, as a
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Figure 1. Exchange rate returns time series.

result; restricting to the “one-side” sequential approach
from t = 1001 onwards leads into our predictive comparisons and is “honest” from the viewpoint of sequential forecasting. Figure 2(a) displays the estimated conditional
standard deviations of the series, so computed. Figure
2(b) presents the corresponding estimates of “factor standard deviations” from a full Cholesky decomposition of the
estimated matrices at each time point. Naturally, the trajectories of volatilities are smoother prior to t = 1000 than
after: for t ≤ 1000, the point estimate of a volatility at a
time t is based on all the data up to time 1000, whereas
the estimate at a point t > 1000 is based only on the data
up to that point.
Marked and disparate patterns of volatility are evident
in these figures. First, common patterns of volatility in
the European currencies are evident in the trajectories in
Figure 2(a). By comparing with the trajectories in Figure
2(b) it appears that much of this dependence structure
is contributed by the first two “factor” processes – the
DEM and GBP factors. Second, the JPY volatility series
has features in common with those of the European currencies, but much of the structure in JPY appears to be
specific to JPY. This is particularly evident in the highly
volatile later period, 1997–1998. Third, the volatility of
CAD is at much lower levels than the others, and appears
to be almost wholly specific to Canada. This latter point
is evidenced by the fact that the “factor” series for CAD
is closely similar to the actual volatility series. Fourth,
the “factor” trajectories for FRF and ESP are at very low
levels compared to their conditional variances, the latter

being apparently strongly determined by the DEM and
GBP processes.
The suggestion is therefore for 3 factors with the series
in the given order, and that we should expect the idiosyncratic components both JPY and CAD, in particular, to be
of major importance in determining overall volatilities of
those currencies. The specification of 3 factors with this
order of currencies might have been anticipated on economic grounds, of course. Below we discuss fitting such
a model. Additional commentary on models with different numbers of factors, and with currency series in various
orders, is given in the concluding section.
4.2

Dynamic Factor Analysis

Taking q = 6 and k = 3 in the dynamic factor model
(2) provides a maximal specification: under the assumed
structure of the factor loadings matrix (3), and assuming
each of the ψtj to be strictly positive for all t, the number of
factors must necessarily be no greater than three. Hence,
in addition to being suggested by the discounting analyses,
this serves here as an encompassing model; if fewer than
three factors are supported by the data, that fact will be
reflected in posterior inferences about factor loadings and
variances.
As discussed above, we specify proper though diffuse
priors on some of the key model parameters, and develop
these priors from a discounting analysis of a short section of 200 observations immediately prior to the first
time point in January 1992 of the displayed data. Denote this time period by t = −199, . . . , −1, 0. Using a discount model with δ = 0.942 over this preliminary data,
we compute Cholesky decompositions of estimated variance matrices, and extract corresponding estimates of the
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(a) Conditional standard deviations of returns
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Figure 2. (a) Time trajectories of estimated conditional standard deviations of the returns time series from the discount analysis (square
roots of the diagonal element of the estimated Σt sequence.). (b) Corresponding trajectories of the conditional standard deviations of the
“factors” underlying the returns time series from the discount analysis (diagonal elements of the Cholesky decomposition of the estimated
Σt sequence).
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three largest variances – these are estimates over time of
the λtj in our factor model over t = −199, . . . , −1, 0. To
assess priors for the parameters of VAR model for the factor volatilities, three separate AR(1) models were fitted
to the log-volatilities so computed, using standard reference Bayesian analyses. This provides posteriors for the
AR parameters and innovations variances, in each volatility series marginally, that we take as ball-park initial estimates to be used to specify an informative prior for U
prior to analysis of the remaining data. This preliminary
analysis gave approximate prior means of the three innovations variances around 0.001–0.002. With this in mind,
we chose the prior for U in the factor model analysis to
be inverse Wishart Wr−1
(U|R0 ) with r0 = 5 degrees of
0
freedom (a very low value that ensures a proper though
diffuse prior) and R0 = 0.0015I, appropriately centering
the prior for U. Note that the prior does not anticipate
correlations across volatility processes, though this could
easily be done. For the AR models for the idiosyncratic
variances, the only proper prior components used are those
for the innovations variances sj . From the above Cholesky
decomposition analyses we extract residual components by
subtracting the estimates of the 3 factors, and simply assess the average level to provide ball-park estimates of levels of residual variability. This leads to inverse gamma priors centred at 0.003 in each case and also with 5 degrees
of freedom. We note that reanalyses with more informed
priors (e.g., with up to 100 degrees of freedom) have been
explored, and these lead to closely similar summary inferences and portfolio results.
The MCMC analysis of this factor model involved a
range of experiments with Monte Carlo sample sizes and
starting values, and MCMC diagnostics. Our summary
numerical and graphical inferences are based on over
20,000 simulations of posteriors, generated following a
5,000 burn-in period. We subsample a set of 1,000 spaced
20 apart so as to break correlations and record resulting
samples for graphical display purposes. Many repeat studies confirm the convergence of the MCMC analysis and the
adequacy of the posterior summaries – mainly point estimates – of factor model parameters. Standard MCMC
diagnostics confirm our conclusions.
Summary graphs appear in Figures 3 and 4, and related
numerical posterior summaries in Tables 1 and 2. We discuss major aspects of the analysis in connection with these
figures and tables. First, we need to be clear that this
MCMC analysis is applied only over times t = 1, . . . , 1000,
up to the end of October 1995. We discuss the later time
period in the following section.
First consider the numerical summaries as tabulated. In
each table we present posterior means for various parameters, with approximate posterior standard deviations in
parentheses. Table 1 displays summaries for the factor
loading matrix X, the returns level θ, and the parameters of the idiosyncratic volatility models. For X, note
that the first column positively weights the first, DEM
factor for all currencies but CAD. As is to be expected on
economic grounds, the weights are very high for FRF and
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ESP, positive but lower in value for GBP, then lower again
for JPY. The second column of X shows only minor negative weights for JPY and CAD on the GBP factor, and
the third column gives similarly small negative weights to
the JPY factor for FRF, CAD and ESP, other weights being essentially zero. Turning to the idiosyncratic volatility
model parameters, it is clear that the idiosyncratic processes are very highly persistent, with autoregressive parameters in the 0.93 − 0.99 range. The table also indicates
the higher levels of variability evidenced in the JPY series,
and the relatively low levels in CAD.
Table 2 presents summaries for the VAR factor volatility
model parameters. All three factor volatilities are highly
persistent processes, with φj parameters at or above 0.95.
Base levels of volatility are similar in all three cases, as
measured by the factors exp(µj /2) on the volatility scales.
Of the three, the GBP factor has somewhat lower levels
of marginal volatility. The estimated correlations in W
indicate high levels of positive dependencies among the innovations of the three factor SV processes. Upswings and
peaks in volatilities related to, or driven by, international
financial events tend to occur together, and hence the need
for a model that allows for such dependencies. As perhaps
might be expected, the correlation between the SV processes of the DEM and GBP factor has a higher posterior
estimate than those between JPY and either of the EU
factors.
Figure 3(a) displays posterior means of the conditional
standard deviations of the returns series based on MCMC
analysis of the data up to t = 1000. There are general
similarities between these trajectories and the related trajectories from the discount analyses in Figure 2, as is to
be expected. The major difference is that the trajectories
are more appropriately peaked and variable in the factor model analysis. The discount method produces more
heavily smoothed trajectories, pointing to one of the major
known drawbacks of that method, and so obscures some of
the evident peaks in volatility related to major economic
changes and events. A key such event was Britain’s withdrawal from the EU exchange rate agreement (the ERM),
in late 1992, and this led to marked increases in volatilities across currencies, as reflected in the trajectory plots
in Figure 3(a) around the end of 1992 and into 1993. A
second period of increased volatility – again materially impacting several of the currencies – occurred in early 1995
with major changes in Japanese interest rate policies as a
response to a weakening Yen and a move toward financial
restructuring in Japan.
Figure 3(b) displays posterior means of the three factors
in the dynamic factor model, together with their standard deviations based on MCMC analysis of data up to
t = 1000. There are some general similarities between the
volatility plots here and the related trajectories from the
discount analyses in Figure 2, as is to be expected. Again,
the major difference between the factor model and the discount model over this period is that the discount method
produces more heavily smoothed trajectories. Notice that
the three volatility processes in Figure 3(b) display commonalities – major peaks at similar times – consistent with
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(a) Conditional standard deviations of returns
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(b) Estimated factors and their standard deviations
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Figure 3. (a) Posterior means of the conditional standard deviations of the returns series based on MCMC analysis of the data up to
t = 1000, and then based on particle filtering from that point to the end of the time period. (b) Posterior means of the three factors and their
standard deviations up to t = 1000 based on MCMC analysis of data to that time point. The volatility graphs also include the sequentially
updated estimates from t = 1001 based on particle filtering from that point to the end of the time period.
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(a) Estimated idiosyncratic standard deviations
GBP

0.010
0.0

0.0

0.010

0.020

0.020

DEM

1/92

12/93

11/95

10/97

1/92

12/93

11/95

10/97

0.010
0.0

0.0

0.010

0.020

FRF

0.020

JPY

1/92

12/93

11/95

10/97

1/92

12/93

11/95

10/97

0.010
0.0

0.0

0.010

0.020

ESP

0.020

CAD

1/92

12/93

11/95

10/97

1/92

12/93

11/95

10/97

(b) Percent variation explained by idiosyncratics
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Figure 4. (a) Posterior means of the idiosyncratic standard deviations of the returns series based on MCMC analysis of the data up to
t = 1000, and then based on particle filtering from that point to the end of the time period. (b) Percentage variation in the return series
explained by the idiosyncratic variances, computed based on posterior means of all variances at each time point. As above, the estimates
are based on MCMC analysis of the data up to t = 1000, and then based on particle filtering from that point to the end of the time period.
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Table 1.Posterior means (SDs) for the factor loadings matrix, mean vector and parameters of the idiosyncratic SV models based on MCMC
analysis of data up to 10/31/1995. (All truncated to 2 decimal places, so the zero SD entries indicate values smaller than 0.01.)

θ

Factor loadings matrix X
DEM
GBP
JPY
FRF
CAD
ESP

1
0.67
0.53
0.97
−0.03
0.95

(0.03)
(0.02)
(0.01)
(0.01)
(0.01)

0
1
−0.05
−0.00
0.04
−0.00

(0.03)
(0.01)
(0.02)
(0.01)

0
0
1.00
−0.02
−0.06
−0.02

(0.00)
(0.01)
(0.01)
(0.01)

(×10−4 )

−1.50
0.17
−2.33
−1.24
−1.23
−1.59

ρj

(1.28)
(0.98)
(1.18)
(1.25)
(0.59)
(1.26)

0.99
0.99
0.99
0.98
0.94
0.93

(0.00)
(0.00)
(0.00)
(0.03)
(0.01)
(0.01)

eαj /2 (×10−3 )
0.52
0.57
0.74
0.30
0.26
0.20

(0.23)
(0.21)
(0.28)
(0.24)
(0.01)
(0.02)

p

sj /(1 − ρ2j )
1.45
1.54
1.59
1.33
0.68
1.63

(0.20)
(0.25)
(0.38)
(0.21)
(0.06)
(0.12)

Table 2. Posterior means (SDs) for parameters of the factor SV model based on MCMC analysis of data up to 10/31/1995.
φj
j=1
j=2
j=3

0.95 (0.01)
0.96 (0.01)
0.96 (0.01)

eµj /2 (×10−3 )
5.73 (0.32)
3.68 (0.28)
4.91 (0.37)

SDs and correlations in W
0.68 (0.07)
0.52 (0.08)
0.43 (0.08)

0.81 (0.08)
0.45 (0.09)

the positive dependencies across processes evident in the
estimated correlations in the factor SV model.
Figure 4(a) displays posterior means of the idiosyncratic
standard deviations of the returns series based on MCMC
analysis of the data up to t = 1000. One of the key features
evident here is the fact that the idiosyncratic variance process for JPY was almost negligible over this period up to
1995. Additional features of note are the very low levels
of idiosyncratic variability for DEM and GBP, and, as expected, for CAD. Further, there is significant idiosyncratic
variability in ESP as compared to FRF, reflecting the fact
that FRF is more closely tied to the dominant European
currencies, and DEM in particular through the ERM, than
is ESP.
Figure 4(b) displays levels of variation in each of the
currency return series contributed by their idiosyncratic
variances, computed as percentages of the overall conditional variances. The estimates are computed by estimating all variances by their posterior means based on MCMC
analysis of the data up to t = 1000. Of major note here is
CAD; the trajectory indicates that volatility fluctuations
in CAD are almost wholly idiosyncratic and unrelated to
the European and Japanese factors.
5. SEQUENTIAL FORECASTING AND PORTFOLIO
ALLOCATIONS

5.1

Perspective

Model comparisons are made with explicit focus on onestep forecast accuracy in the context of dynamic portfolio
allocations, essentially following the perspective of Quintana (1992), Putnam and Quintana (1994), and Quintana
and Putnam (1996). A similar perspective is adopted in
Polson and Tew (1997) though with very different models.
Our comparisons in this section are based on sequential
updating and one-step ahead forecasting, with resulting
portfolio allocation decisions implemented one-step ahead.
At each time point t − 1, we suppose that an existing investment in the various currencies under study may be
reallocated according to a portfolio at for the next time

0.78 (0.09)

point. The elements of at are the amounts invested in the
corresponding currency. For this comparative analysis, we
assume no transaction costs and that we may freely reallocate dollars instantaneously to long or short positions
across the currencies. These allocation decisions are made
sequentially; the choice of at is made at time t − 1 based
on the current, one-step ahead predictive distribution for
yt conditional on current and past data and information
Dt−1 . The realised portfolio return at time t is rt = a0t yt ,
and models may be compared on the basis of cumulative
returns over chosen time intervals.
Our study involves the general Markowitz meanvariance optimisation, applied at each time point one-step
ahead. Thus the utility structures used for portfolio allocations require evaluation and sequential revision of the onestep ahead forecast means and variance matrices of the returns, denoted by gt = E(yt |Dt−1 ) and Gt = V (yt |Dt−1 )
at time t − 1. Computations in the variance matrix discounting analysis are simple and standard: these one-step
ahead forecast distributions are multivariate T with easily updated parameters gt and Gt . Sequential computations and updating in dynamic factor models are quite
non-standard, and challenging, and are here based on sequential methods of updating and generating Monte Carlo
approximations to prior and posterior distributions. These
deliver sets of samples representing the key distributions
p(Σt |Dt−1 ), and updates to these samples as t changes
and new data are processed. These samples deliver Monte
Carlo approximations to the required one-step ahead forecast means and variance matrices, and these are used in
the portfolio allocation computations.
5.2

Sequential Analysis and Approximations

As discussed above, we explore sequential forecasting
and portfolio allocations from t = 1001 onwards, using
particle filtering methods to sequential update posteriors
for volatility processes and so feed into the one-step-ahead
portfolio decisions. We have earlier partitioned the data
at time t = 1000, and applied the MCMC analysis to that
initial time period. From this analysis, we compute the
posterior means of all model parameters in the above set,
and from that point t = 1000 onwards behave as if these
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parameters are all fixed at these estimates. Over the remaining time interval, a total of 827 days, we then apply
the auxiliary particle filtering (APF) method of Pitt and
Shephard (1999a) to sequentially revise posterior distributions for the volatility processes {Ht , Ψt }. As discussed
in subsection 3.2, this easily delivers sequentially updated
Monte Carlo estimates of one-step ahead forecast means
and variance matrices of the returns, gt = E(yt |Dt−1 ) and
Gt = V (yt |Dt−1 ), as required. Recall that we assume a
constant mean for our studies here, so that gt = g, the
estimate of θ based on the first 1000 observations.
This use of model parameters at their posterior means
computed only on data prior to time t = 1000 leads to
extremely interesting results. One such is the fact that
the resulting estimates of model parameters based on this
initial data segment alone differ negligibly from the corresponding estimates from the MCMC analysis based on
the entire time series. This suggests that the sequential
analysis and portfolio results will be strongly indicative of
the kinds of results we would achieve in extended analysis
that includes learning on the parameters in the sequential
updating phase, were future developments in methodology
to lead to appropriate methods to include parameters (see
Liu and West 2000 for some such developments).
Some of the results of this analysis are given in the
four sets of graphs already discussed, now focusing on the
time period after t = 1000. Figure 3(a) displays sequentially updated, particle filtering-based posterior means of
the conditional standard deviations of the returns series
from t = 1000 to the end of the time frame. Figure 3(b)
displays sequentially updated, particle filtering-based posterior means of standard deviations of the three factors
from t = 1000 to the end of the time frame. Figure 4(a)
displays sequentially updated, particle filtering-based posterior means of the idiosyncratic standard deviations of the
returns series from t = 1000 to the end of the time frame.
Figure 4(b) displays levels of variation in each of the currency return series contributed by their idiosyncratic variances, computed as percentages of the overall conditional
variances. The estimates are computed by estimating all
variances by their sequentially updated, particle filteringbased posterior means from t = 1000 to the end of the
time frame.
Many of the earlier comments about the patterns of
volatility in the returns and the three factors over t =
1, . . . , 1000 might be echoed here in connection with the
following years. Perhaps the main additional point to highlight is the fact that, from 1995 onwards the fluctuations
in the idiosyncratic component of JPY became quite substantial, with highly volatile fluctuations in the few years
following financial restructuring in Japan.
5.3

Portfolio Allocation Rules

The decision context focuses on choosing the portfolio
at with a specified utility function that balances the competing goals of high return and low risk, risk being here
measured by variances. The portfolio at is so optimised at
each time t−1 for implementation, and the resulting actual
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returns are then available at time t. The standard approach
here adopts a specified target return m and considers only
portfolios with that target as one-step ahead expectation;
i.e., restrict to portfolios satisfying a0t gt = m. Among such
portfolios, that chosen is the one that minimises the onestep ahead variance of returns, namely a0t Gt at . The optimal portfolio has an important dual property: it also maximises the one-step ahead expected return a0t gt among all
portfolios with common risk a0t Gt at = σ 2 , where σ 2 and
m are suitably related.
Two variants of this strategy are considered and compared. First, the traditional constrained portfolio fixes the
total sum invested at each time point. Thus allocation vectors are additionally constrained at all times via a0t 1 = 1.
The solution is
(m)

at

= G−1
t (at gt − bt 1)

where at = 10 et and bt = g0t et with
et = G−1
t (1m − gt )/dt
and
0 −1
0 −1
2
dt = (10 G−1
t 1)(gt Gt gt ) − (1 Gt gt ) .

By contrast, unconstrained portfolio allocation strategies allow values of at to vary more freely, subject only to
the mean-variance constraints above. This means that we
may choose each allocation without regard to resources,
permitting arbitrary long or short positions across the
currencies. This typifies the practical working context in
global investments in large financial institutions, and is in
line with recent work with discount models (Quintana and
Putnam 1996). As in the constrained case, the optimal
portfolio allocation at is the variance minimising portfolio among all portfolios with expected return equal to the
target m. Also, again as in the constrained case, the optimal portfolio has the dual property that it maximises the
one-step ahead expected return among all portfolios with
common risk a0t Gt at = σ 2 , where σ 2 and m are suitably
related.
Under an unconstrained strategy, the optimum allocation at time t is given by
(∗m)

at

= ct G−1
t gt

where
ct = m/g0t G−1
t gt .
5.4

Comparison of Models and Portfolios

The sequential analysis and portfolio allocations were
implemented from the baseline t = 1000 at which model
parameters were estimated. The portfolio allocations are
based on implementing the above strategy with a fixed
target return m = 0.00016 at each time step t = 1001, . . . ,
to the end of the time period. This study compares the
portfolio returns under this strategy from the dynamic factor model and the optimal discount approach. A baseline comparison is also provided by the naive and trivial
equally-weighted portfolio allocation at = 1/q for all t.
Some summaries of the analysis appear in the figures as
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(a) Unit-sum constrained portfolio weights
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Figure 5. Sequential factor analysis results: portfolio weights in (a) the unit-sum, constrained portfolios, and (b) the unconstrained
portfolios.
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pens, both constrained and unconstrained portfolios adopt
corresponding long positions on FRF, and the portfolio
weights on DEM and FRF essentially offset each other.
Comparison of Figures 5(a) and 5(b) indicate very similar patterns in the trajectories of portfolio weights. What
is more interesting is that the unconstrained portfolios
adopt overall short positions across the period, as evidenced by the trajectory of a0t g in Figure 6. This is
strongly influenced by the negative mean, and resulting
short positions, for DEM, and reflects the response of the
portfolio to the levels of volatility that, across the period,
are generally high relative to the target mean return.
Comparison of these two factor model portfolios are
sharpened in examination of the cumulative returns arising
under each across this time period, in frames (a) and (b) of
Figure 7. The full line in Figure 7(a) represents the cumulative return over the entire period using the constrained
portfolio in the factor model; that in Figure 7(b) is the
return using the unconstrained portfolio. The main point
is clear: the lack of a resource constraint – in this case,
implying access to unlimited short positions – leads to the
unconstrained portfolio outperforming the constrained by
a factor of nearly 4 over this period of 827 days.
Also graphed in Figure 7(a) are the cumulative returns
resulting from the constrained portfolio used in the optimal discount model (as a dotted line), and from the
naive, equal-weight portfolio (dashed line). It is evident
that, when compared using the same constrained portfolio strategy, the use of sequential updating in the factor
model clearly dominates the optimal discount approach.
The corresponding trajectories in Figure 7(b) confirm this
conclusion in the case of unconstrained portfolios.
Finally, frames (c) and (d) of Figure 7 display trajectories of cumulative returns over shorter investment horizons
– 30 days and 90 days, respectively. In each, the full line
represents the factor model with unconstrained portfolios,
the dotted line represents the optimal discount model with
unconstrained portfolios, and the dashed line represents

-2.0

-1.5

$
-1.0

-0.5

0.0

now detailed. Figure 5 graphs trajectories of the optimal portfolio weights in both the unit-sum, constrained
portfolios (frames (a)) and the unconstrained portfolios
(frames (b)). Figure 7 graphs trajectories of cumulative
returns from both the constrained and unconstrained portfolio studies, compared with those from the optimal discount model. As a benchmark of poor performance, the
returns from the equally weighted portfolio at = 1/6 for
each t are also graphed. The figure displays returns cumulated over moving 30- and 90-day periods, and also across
the entire period from t = 1001 to the end of the data
frame. In viewing the four frames in this figure, note the
differing scales of the returns axis, chosen for clarity of
presentations.
In viewing these graphs it is important to bear in mind
that our study is focussed wholly on the impact on portfolios of changing patterns of volatility, and on comparisons
of different models of volatility. We are not modelling dynamic structure in the means of returns, so the constant
estimate of expected returns used across the time period
is simply the posterior mean g of θ based on the MCMC
analysis up to t = 1000. In particular, the first element
of g is negative, implying a negative expected return on
DEM around the end of 1995. This is reflected in the portfolios across the time period up to the end of 1998 through
negative portfolio weights on DEM, i.e., the portfolios are
short on the German mark. More discussion on this appears below.
Among the notable features of the trajectories of constrained portfolio weights in Figure 5(a) are the fact that
both JPY and CAD have generally very low weights across
the period. The elements of g indicate a mean for CAD
very close to zero, as is expected on economic grounds.
Also, note that the weights on JPY move towards zero
in the later periods of very high idiosyncratic volatility,
reflecting increased risk aversion with respect to that currency. In connection with the short positions on DEM
driven by the negative element of θ, note that, as it hap-
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Figure 6. Sequential factor analysis results: Total implied investments in the unconstrained portfolios.
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Figure 7. Sequential factor analysis results: Cumulative returns from factor (“F”) and discount (“D”) model-based portfolios, together
with those from a basic equally weighted (“E”) portfolio. (a) constrained portfolio, overall returns; (b) unconstrained portfolio, overall
returns; (c) 30 day returns from unconstrained portfolios; (d) 90 day returns from unconstrained portfolios.

the naive, equal-weight portfolio. Here the similarities in
portfolio performance between the discount methods and
dynamic factor models are really very clear. The major differences arise in the periods of radically increased volatility, where the factor model is able to capitalise markedly in
terms of short-term gains relative to the discount method.
This shorter term responsiveness in the factor models leads
to marked swings in portfolio structure that the unconstrained allocations significantly capitalise upon, and this
has a persistent effect on overall cumulative returns thereafter.

6. ADDITIONAL DISCUSSION AND CONCLUDING
COMMENTS
Our investigations indicate the feasibility of formal
Bayesian analysis of structured dynamic factor models.
The analysis is accessible computationally with nowadays moderate computational resources, and our empirical studies suggest that the analysis will be manageable
with 20-30 dimensional time series and several factors.
We are currently investigating more extensive applications
in short-term forecasting and on-line portfolio allocations
with higher dimensional models for longer-term exchange
rate futures. The example here is suggestive of potential benefits, and supportive of the view that exploiting

systematic volatility patterns via factor structuring may
yield substantial improvements in short-term forecasting
and decision making in dynamic portfolio allocation, especially in the unconstrained optimisation. The discount
method does reasonably well at times, though is clearly
eventually dominated in terms of cumulative return trajectories by the factor model. To partly offset this, however,
we note that the shorter term focuses in Figure 7(c) and
(d) indicate that the overall dominance of the factor model
approach is partly based on its ability to adapt quickly to a
small number of major changes in volatility patterns. For
this reason, financial analysts might prefer the more easily implemented discount methods coupled with informed
prospective interventions.
The dynamic factor models illustrated are amenable
to direct implementation using our customised MCMC
methods with the minimal/reference prior specifications
we have used here. Our use of the variance discounting
method on a reserved initial section of the data to provide input to informative priors is important in identifying “ball-park” scales for the U matrix of the VAR(1) SV
model. Though not pursued here, other aspects of such
preliminary analyses may be used to determine informative priors for other elements of the factor model. The
established discounting methods are, relative to dynamic
factor models, trivial to implement in the current context,
a fact that is important in using discount methods to spec-
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ify partial prior structure in the dynamic models. Our
empirical findings indicate that, not surprisingly with this
kind of data, moderately adaptive discount methods fare
well in time of slow change in volatility levels and patterns,
but are relatively uncompetitive in cases of more marked
structural change. This is to be expected. Looking ahead,
models and approaches that attempt to simplify the process of factor modelling, perhaps somehow integrating elements and concepts of variance matrix discounting into a
specified factor structure, may be attractive from a computational/implementation viewpoint. We are currently
investigating such a synthesis of approaches.
In the factor model context per se, one of the important
features in our model is the use of correlated innovations in
the multivariate AR model for the factor volatilities. The
applied relevance of this is quite apparent from the exploratory analyses using discount models, and confirmed
in the factor model analysis through the posterior distributions for both factor volatilities and the correlation parameters. Some important practical issues relate to the
questions of the ordering of individual time series under
the specific structure we adopt for factor loadings, and to
the choice and assessment of the number of factors. On
the first issue, it needs to be restressed that, from the
viewpoint of forecasting and portfolio allocations, the ordering is irrelevant. The ordering is, of course, relevant
in connection with model fitting and assessment, the interpretation of factors if such is desired, and the choice
of the number of factors. It is often desirable to use a
specific ordering to define and interpret the factors. In
such cases, the ordering becomes a modelling decision to
be made on substantive grounds, rather than an empirical
matter to be addressed on the basis of model fit. This is
of particular relevance in connection with the potential for
factor models to improve sequential decisions by allowing
informed interventions on specific factors. For example,
having identified the “Japan” factor in our financial time
series model, we now have opportunities for selective interventions. Anticipating a specific change in Japanese financial policy, for example, we may intervene to “current”
prior distributions for parameters related only to that factor in the model. Such potential for selective interventions
was, in fact, one of our key initial motivations for exploring
factor models, and provides, we believe, a major incentive
for practitioners to take interest.
In connection with the ordering and the number of factors, we report some initial results and experiences in static
factor models – with constant volatilities – in Lopes and
West (1998). That work extends MCMC analysis of factor models to include inference on the number of factors.
Potential exists to develop such approaches to dynamic
factor models, although that is currently unexplored. Of
more direct interest here, perhaps, are empirical findings
in a range of practical studies with the exchange rate series. First, running MCMC analyses in models with too
many factors generally leads to problems in convergence
of the simulations. For example, in a model with three
factors when the data are really consistent with just two,
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the simulated values of the third factor will naturally be
close to zero, although the MCMC will behave poorly and
show evidence of non-convergence. We have experienced
this in studies of the exchange rates prior to 1992 in an
extended data set going to back to 1986. Before the withdrawal of the UK from the ERM in fall 1992, the GBP
series generally tended to follow the European pattern,
dominated by the DEM factor. The series prior to that
point are much better explained with a two factor model
– one EU factor and one Japan factor – than with three,
and the above problem of non-convergence of the MCMC
arose. After fall 1992, a three factor model is much more
appropriate, with the third GBP factor explaining meaningful levels variation in the FRF and ESP series as well
as those of the GBP series. Methodologically, we conclude
that poor convergence characteristics can point to a model
mis-specified with too many factors. The reverse of this,
a model with too few factors, is rather more readily identified through patterns of co-movements in the estimated
trajectories of the idiosyncratic variances, consistent with
one or more additional factors. Again, we have experienced this in analysing the post-1992 series with a two
factor model. This kind of exploratory analysis is critical
and necessary to a full understanding of the use of these
models, and will remain so even when more formal methods of learning the number of factors are available. Finally,
these empirical studies point to a challenging and potentially most important issue – that the number of factors
itself is truly dynamic, with different numbers of factors
being relevant at different times.
Model extensions that are currently under investigation
relax the assumptions of constancy of the factor loadings,
and possible non-normal conditional distributions for factors. In this connection, we note very closely related developments by Pitt and Shephard (1999b), who explore
similar factor models and related computational schemes
for model fitting and sequential analysis (as mentioned
earlier, the current work was developed independently of,
and in parallel to, the work of Pitt and Shephard). Some
of our recent work has extented the current framework
to bring in dynamic regressions for the mean θt in line
with discount models in current implementations in major
banks (Putnam and Quintana 1994; Quintana and Putnam 1996). Obviously, serious practical implementation
of factor models demand such extensions. Particularly
for forecasting and portfolio allocation with longer term
horizons, such as 30-day exchange rate futures, we need
extended models that incorporate dynamic regressions on
relative interest rates and other possibly econometric indicators. Additional studies and empirical assessments of
the methods on time series with larger numbers of univariate components and larger numbers of factors are also
under investigation. Our experience to date leads us to believe that such investigations will be fruitful and support
the preliminary conclusions reached in this report about
the potential utility of factor models.
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APPENDIX A: VARIANCE MATRIX DISCOUNTING

APPENDIX B: MCMC DEVELOPMENT

A brief summary of the basic method of variance matrix discounting are given here. As made clear by Uhlig (1994) these methods have formal theoretical bases in
matrix-variate “random walks,” though they had been in
use by Quintana and coauthors (see references in the Introduction) and others for several years prior to that work.
As summarised in West and Harrison (1997, chapter 16),
the models involve sequential updating of posterior distributions for the sequences of variance matrices Σt , with the
following ingredients.
At a specific time t, the current posterior for Σt is an
inverse Wishart form. Using the notation of West and Harrison (1997, chapter 16), the time t posterior is of the form
p(Σt |Dt ) = Wn−1
(Σt |St ) where Dt = {D0 , y1 , . . . , yt } =
t
{Dt−1 , yt } is the sequentially updated information set at
time t. Here nt is the degrees of freedom and St a posterior
estimate of Σt , the posterior harmonic mean. The notation Wr−1 (·|S) indicates the inverse Wishart distribution
with r degrees of freedom and scale matrix S (see West and
Harrison, as referenced). In the special case of zero-mean
observations yt , the sequence of estimates St is trivially
updated sequentially in time by the forward exponential
moving average formula

In each of the following subsections we detail the conditional posteriors for various parameters and latent variables in turn. At each step it is implicit that we are conditioning on fixed values (previously simulated values) of
all other variables. As noted in the text, further technical
details are available on request from the authors. Our current implementation is in Fortran77 using standard random variate generation methods from RANDLIB.

St = (1 − at )St−1 +

at yt y0t

(8)

where the weight at is given by at = 1/(1 + δnt−1 ) based
on a discount factor δ. This discount factor lies in (0, 1),
is typically between 0.9 and 1 and will be very close to
unity for data at high sampling rates. Having analysed a
fixed stretch of data t = 1, . . . , n, the sequence of estimates
St is revised by the related backward smoothing formula
to incorporate the data at times t + 1, . . . , n in inference
on Σt . Denoting the revised estimate of Σt by St,n , the
formula is given in terms of inverse variance matrices by
the backward recursion
S−1
t,n

= (1 −

δ)S−1
t

+

δS−1
t+1,n

Sampling the conditional mean
The basic model for yt and the uniform prior for θ immediately imply a multivariate normal conditional posterior
for θ given the values of Σt . This is easily sampled.
Sampling the latent factors
The full conditional distribution of ft is given by
N (ft |At (yt − θ), Ht − At Qt A0t )
where Qt = XHt X0 + Ψt and At = Ht X0 Q−1
t . The ft
are conditionally independent and so sample values are
drawn independently from this set of normal distributions
for t = 1, 2 . . . , n.
Sampling the factor loadings
From the model, the conditional
Qnlikelihood function for
the factor loading matrix X is t=1 N (yt − θ|Xft , Ψt ).
This is a standard form, log-quadratic in the uncertain
elements of X, and so combines with a normal or uniform
reference prior to imply a multivariate normal conditional
posterior, which is easily sampled.
Sampling the mean of the factor SV VAR(1) model
Under a normal prior N (µ|m0 , M0 ), the conditional
posterior is normal N (µ|m, M) with
−1
+ (n − 1)(I − Φ)U−1 (I − Φ)
M−1 = M−1
0 +W

and

(9)

for each t = n − 1, n − 2, . . . , 1, and starting with Sn,n =
Sn . See West and Harrison (1997, pp608-609) for further
details, and the references by Quintana and coauthors for
development and applications in finance.
Extensions to models in which the time series has an
unknown level θ or, more generally, a dynamic regression
component θt , are straightforward. Then the observation
yt is replaced by an appropriately scaled one-step ahead
forecast error in the updating equation for St . The details
are standard and a side issue here, though the modification is critical in developing portfolio allocations. The
resulting filtering and smoothing equations from Bayesian
discounting analyses are modified following West and Harrison (1997, pp608-609).

−1
λ1 + (I − Φ)U−1
Mm = M−1
0 m0 + W

n
X
t=2

(λt − Φλt−1 ).

The case of a uniform reference prior is recovered by setting M−1
0 = 0.
Sampling the VAR coefficients in the factor SV model
The structure of the conditional posterior for Φ, and
the resulting Metropolis-Hastings strategy for simulation,
is precisely as developed for component VAR models in
a quite different context in West and Aguilar (1998) and
Aguilar and West (1997). Writing γt = λt − µ, note that
the full conditional posterior density for Φ is proportional
to
n
Y
p(Φ)N (γ1 |0, W)
N (γt |Φγt−1 , U)
t=2

where W = ΦWΦ + U is easily evaluated as a function of
Φ and U. Write φ = (φ1 , . . . , φk )0 for the diagonal of Φ,
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and E = diag(γt−1 ). Then the conditional posterior may
be written as proportional to
p(Φ)c(Φ)N (φ|b, B)
where
B−1 =

n
X

E0 U−1 E and Bb =

t=2

n
X

E0 U−1 γt

Sampling the factor volatility processes
Given currently imputed values for the full factor process ft over time t, we follow Kim, Shephard and Chib
(1998) in transforming each of the univariate time series
of factor elements into a non-Gaussian linear model form.
Specifically, for each factor i and time t define zti = log(fti2 )
and note that

t=2

zti = λti + νti

and
c(Φ) = |W|−I/2 exp(−trace(W−1 γ1 γ01 )/2).
Under independent normal or uniform priors for the φj ,
the full conditional posterior distribution for Φ is the multivariate normal N (φ|b, B) truncated to the (0, 1) regions
in each dimension, and then multiplied by the factor c(Φ).
This may be sampled by several methods. We use a
Metropolis Hastings algorithm that takes the truncated
multivariate normal component as proposal distribution.
That is, given a “current” value of φ, with corresponding matrices Φ and W, we sample a “candidate” vector
φ∗ from this truncated normal, compute the corresponding diagonal matrix Φ∗ and variance matrix W∗ such that
W∗ = Φ∗ W∗ Φ∗ + U, then accept this new φ vector with
probability
min{1, c(Φ∗ )/c(Φ)}.
Sampling the U matrix in the factor SV model
Again, the structure of the conditional posterior for the
innovations variance matrix U of the VAR(1) volatility
model is closely related to developments in a quite different context in West and Aguilar (1998) and Aguilar and
West (1997). Again using centred volatilities γt = λt − µ
for each t, we have a full conditional posterior for U proportional to

where the νti terms are independent and distributed as
log−χ21 . In vector form for all k factor series, we then have
zt = λ t + νt
where νt = (νt1 , . . . , νtk )0 . Based on the current values of
the zt , for each t, this provides the set observation equations for the dynamic linear model with state equations
λt = µ + Φ(λt−1 − µ) + ωt
for each t. This is a direct multivariate extension of the
univariate approach in Kim, Shephard and Chib (1998),
whose ensuing analysis uses the now established approximation to the distribution of the error terms νit as a specified finite mixture of normals (Shephard 1994b). The multivariate extension is immediate:
•

•

p(U)a(U)|U|−(n−1)/2 exp(−trace(U−1 G))
where
G=

n
X
t=2

(γt − Φγt−1 )(γt − Φγt−1 )0

and
a(U) = |W|−1/2 exp(−trace(W−1 γ1 γ01 )/2)
with W = ΦWΦ + U. Under a specified inverse Wishart
prior Wr−1
(U|R0 ), this posterior density is proportional to
0

•

Introduce a set of indicator variables lti such that lti
identifies the normal mixture component for νti .
Conditional on these indicators, we have a multivariate dynamic linear model for the sequence of logvolatility vectors. The forward-filtering, backwardsampling algorithm for state space models (Carter
and Kohn 1994; Frühwirth-Schnatter 1994; West and
Harrison 1997, chapter 15) now applies to directly
simulate the full set of vectors {λt , t = 1, . . . , n}
from the implied conditional posterior. (Note that,
in more elaborate models for the volatility processes,
the alternative sampling method using the simulation smoother of de Jong and Shephard (1995) may
have computational advantages not realised in this,
the simplest VAR model.)
Given these sampled values of the λt , the complete
conditional multinomial posterior probabilities over
values of the indicators lit are easily computed, the
indicators being conditionally independent and so
easily sampled.

a(U)Wr−1 (U|R)
where r = r0 + n − 1 and rR = r0 R0 + (n − 1)G. We use
this inverse Wishart distribution as a proposal distribution
in the Metropolis-Hastings algorithm. That is, given a
“current” value of U and corresponding W, we sample a
“candidate” value U∗ from Wr−1 (U|R), and accept it with
probability

Sampling idiosyncratic volatilities
Conditional on currently imputed values of θ, X and the
ft , we have imputed values of each of the error vectors
t = (t1 , . . . , tq )0 in equation (2). This defines a set of
q independent and standard univariate SV models, as follows: with vtj = log(2tj ) for each j, t,

min{1, a(U∗ )/a(U)}
where W∗ = ΦW∗ Φ + U∗ .

vtj = ηtj + τtj
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where the τtj terms are independent and distributed as
log−χ21 , and ηtj = log(ψtj ) follow the AR(1) models of
section 2.4, namely
ηtj = αj + ρj (ηt−1,j − αj ) + ξtj
with independent innovations ξtj ∼ N (ξtj |0, sj ). The standard sampling schemes of Kim, Shephard and Chib (1998),
and with minor modifications from West and Aguilar
(1997), now apply to each of these j = 1, . . . , q univariate
SV models. This produces imputed values for ηtj , hence
the volatilities ψtj , for each j = 1, . . . , q and for all t.
Sampling the means in the idiosyncratic SV models
Conditional on currently imputed values of each of the
ηtj , the univariate SV models imply standard likelihood
functions for each of the means αj , independently across
series j. Under independent normal priors, or standard reference uniform priors, these lead to independent normal
posteriors that are trivially sampled.
Sampling the ρtj in the idiosyncratic SV models
Conditional on currently imputed values of each of the
ηtj , the univariate SV models imply likelihood functions
for each of the ρj , independently across series j. These
are precise univariate analogues of the likelihood functions
for the VAR parameter matrix Φ discussed above, and
the simulation strategy there is applied, in its univariate
analogue, to each of these q models to impute new values
for each of the ρj .
Sampling the sj in the idiosyncratic SV models
Conditional on currently imputed values of each of the
ηtj , the univariate SV models imply likelihood functions
for each of the sj , independently across series j. These are
again precise univariate analogues of the likelihood functions for the VAR parameter matrix U discussed above.
The structure simplifies in that the inverse Wisharts in the
multivariate case are replaced by inverse gamma distributions for the sj , but otherwise the general strategy is the
same. This is applied, in each of the q models in parallel,
to impute new values for each of the sj .
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