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Formal proofs and global optimisation are two research areas that have been heavily inuenced by the arrival of computers. This
article aims to bring both further together by formalising a global optimisation method based on Taylor models: a set of functions is represented
by a polynomial together with an error bound. The algorithms are implemented in the proof assistant Coq's term language, with the ultimate goal
to obtain formally proven bounds for any multi-variate smooth function
in an ecient way. To this end we make use of constructive real numbers,
interval arithmetic, and polynomial bounding techniques.
Abstract.

1

Introduction

Global optimisation, as it shall be understood in this article, is concerned with
nding the minimum and maximum value of a given objective function

R

on a certain domain

[a1 ; b1 ] × . . . × [an ; bn ].

f : Rn →

Since this is generally dicult,

we will in practice content ourselves with a bounding interval [c;d] such that

∀x ∈ [a1 ; b1 ] × . . . × [an ; bn ]. f x ∈ [c; d],

of course desiring

[c; d]

as narrow as

possible.
Problems of this kind arise in a wide spectrum of science, ranging from engineering (aeronautics [4], robotics [16]), over experimental physics (particle motion in accelerators [12]) to geometry. A prominent instance of the last class is
the proof of the Kepler conjecture given by Thomas Hales [10], in which some
thousand lemmata asserting bounds on geometric functions occur.

From Extremum Criteria to Global Optimisation Algorithms
In 1755 Euler gave (based on previous work by Fermat) the well-known necessary
condition

∇f x = 0

for

f

to assume an extremum at

x

[5]. However, in most

interesting cases eectively solving this equation is an equally dicult problem.
During the following centuries a lot of more sophisticated criteria have been
developed, but like Euler's most of them reduced the original problem to another
dicult one.
The arrival of computers changed this situation: Previously intractable optimisation problems entered the scope of what could be solved. Moreover, this
led mathematicians to develop new methods to treat this kind of problems. In
1962 Ramon E. Moore described the use of interval arithmetic on a computer,
rened by a branch-and-bound algorithm to optimise a function over an interval
[18]. This work has been the basis for many sophisticated renements, making
up the core of numerous current global optimisation algorithms [11].

From Formal Proof in Principle to Formal Proof in Fact
In 1879 Frege was rst to introduce the notion of formal proof. With his

schrift

Begris-

he gave a language to express propositions and rules to reason on them

in a purely syntactical manner. While this work showed how formal proofs can

in principle

be constructed, its usefulness remained limited by practical con-

straints: The amount of detail required to formally prove even relatively simple
statements was unacceptably large for a human equipped only with pencil and
paper.
Again, the arrival of computers changed this situation: In 1967, after mathematical logic had become a more thoroughly studied topic, Nicolaas G. de Bruijn
developed the Automath system [3], which could syntactically verify that a given
proof indeed demonstrates a given theorem. The fact that formal proofs could
now be constructed and checked on a machine made their development more
practical, and a certain amount of mathematics has been formalised in dierent
systems since.

1.1

Formal Global Optimisation

The aim of the work described in this article is to apply formal proof techniques
to global optimisation. More precisely, we are going to formalise an algorithm
based on Taylor models [12] in the Coq system. Taylor models are the basis of
one of the more recent global optimisation methods in the tradition of interval
arithmetic, while Coq is a state-of-the-art proof assistant in the tradition of de
Bruijn's system.
Solutions to other computationally dicult problems have already been formalised: a formal proof of the Four Colour Theorem has been given by Georges
Gonthier and Benjamin Werner [6]. Also, a verication algorithm for Pocklington
certicates of prime numbers has been proven correct [7]. In a slightly dierent
setting, other computational parts of the Kepler conjecture proof have been formalised, namely a large graph enumeration problem [20] and linear programs
[22].
Computational proofs are supported by an important characteristic of type
theory: The so-called

conversion rule identies terms modulo β -conversion (com-

putation). In fact, functional programs written in type theory can be referred
to in proofs. For example assume that

test : term → intvl → bool

implements

a global optimisation method which attempts to prove that a certain function
(described by its

term)

is positive on a given interval. Its correctness lemma

states:

∀f : term, X : intvl. test f X = true → ∀x : R. x ∈ X → Jf K x > 0

test ( 12 + X + X2 ) [−1; 1] will evaluate
∀x : R. x ∈ [−1; 1] → 21 + x + x2 > 0 simply by

If the method used is reasonably good

to

true.

Then we can prove

applying the correctness lemma. The attractive feature of this technique, called

proof by reection, is that the computation steps do not have to be made explicit.

It suces in fact to refer to the decision procedure

test,

whose computational

trace can be reproduced if the proof needs to be re-checked. Therefore the trace
does not need to be stored, which can dramatically reduce the size of certain
proofs.
The rest of this article presents an implementation of Taylor models in Coq.
Its description has to remain on a rather abstract level, due to the number of
dierent concepts involved. However, the implementation follows quite closely
the theoretical presentation given here. Our ultimate goal is to entirely prove
correct the Taylor model algorithm and to rene our implementation suciently,
so that it can treat all of the above-mentioned lemmata appearing in the proof
of the Kepler conjecture.

Outline
Section 2 presents interval arithmetic and its traditional use for global optimisation. The dependency problem and the loss of sharpness of the united extension
are discussed. A solution to the latter is suggested in section 3 where we explain
how constructive reals can be used as interval bounds. In particular, a generalisation of Moore's sign-based interval multiplication is given. In section 4 Taylor
models are presented according to [12]. We simplify it by giving a new technique
for composing smooth functions with Taylor models, not requiring the manual
insertion of an addition theorem (4.2). Besides, it is shown that the choice of
reference points for the development of smooth functions can be improved (4.3).
Finally, we give some examples of our implementation's performance (section 5)
before reaching the conclusions (section 6).

2

Interval Arithmetic

As mentioned, interval arithmetic on computers has been developed by Moore in
the early 1960s. We will briey describe its traditional use for global optimisation,
thereby summarising its elementary notions. While we are not going to follow this
approach here, Taylor models themselves make careful use of interval arithmetic.

Denition 1. Given a set of bounds B ⊆ R the set of associated

intervals is
dened as IB := {[a; b] | a, b ∈ B} where [a; b] := {x ∈ R | a ≤ x ≤ b}. We also
note the set of n-dimensional boxes as InR := {X1 × . . . × Xn | X1 , . . . , Xn ∈ I},
and [x1 , . . . , xk ] the smallest interval containing all of x1 , . . . , xk , each one of
which is either a bound or an interval.

Denition 2. For any B ⊆ R the function fˆ : InB → IB is a B -interval
sion

of f : Rn → R i:

∀X ∈ InB . fˆ X ⊇ {f x | x ∈ X}

If ⊇ can be replaced by = in the preceding line, fˆ is called B -sharp.

exten-

We will rst develop interval arithmetic on

IR .

The problems to which other

choices for the bounds lead will be discussed in section 2.3. However, in section 3
we will show that, in spite of tradition, a choice dierent from

R is not mandatory

for an implementation.

2.1

Operations

Interval extensions of some basic real functions are given in table 1. They are all
sharp, as can be easily veried. Extensions of more complicated functions can
be obtained by structural recursion on the term describing them. The result is
referred to as the

natural interval extension. Note that it is in general not sharp.

[a; b] +̂ [c; d] := [a + c; b + d]
−̂ [a; b] := [−b; −a]
[a; b]ˆ· [c; d] := [min{ac, ad, bc, cd}; max{ac, ad, bc, cd}]
1/̂ [a; b] := [1/b; 1/a] if 0 6∈ [a; b]
ˆ
arctan[a; b] = [arctan a; arctan b]
pˆ
√ √
[a; b] = [ a; b] if 0 ≤ a

Table 1. Interval extensions of some real functions
The extension of multiplication is inecient if implemented as suggested by
the formula given in table 1, because all of

ac, ad, bc, and bd are computed before

determining their minimum and maximum. In fact this can be accelerated [17]
by looking at the signs of

a, b, c,

and

Denition 3. An interval [a; b] has
±

if a ≤ 0 ≤ b.

d,

using the fact that

sign

Given the signs of the two intervals

+

if a > 0,

[a; b]

and

sign

[c; d]

a≤b
−

and

c ≤ d.

if b < 0 and

sign

we can compute the

extension of multiplication as described in the following table:

[a; b] [c; d] min{ac, ad, bc, bd} max{ac, ad, bc, bd}
+ +
ac
bd
bc
bd
+ ±
± ±
min{ad, bc}
max{ac, bd}
The other six cases can be reduced to these by the two equations:

[a; b] ˆ· [c; d] = [c; d] ˆ· [a; b] = −([−b; −a] ˆ· [c; d])

2.2

Global Optimisation with Interval Arithmetic

In order to obtain bounds for a given function
sucient to construct an interval extension

fˆ of f

f

on a domain

X,

it is now

(e.g. the natural one). Then,

by the extension property, computing the interval

fˆ X

provides bounds for

f

on

X.
However, and this is why the story does not end here, these bounds are

x 7→ x − x on [a; b] by this method yields
[0; 0] is a bound here. One might
recognised and rewritten to 0. This is correct
2
2
(and even helpful), but there are many other similar cases, e.g. (sin x) +(cos x) .

in general quite crude. Optimising

[a − b; b − a], although it is easy
object that x − x could easily be

to see that

No general procedure is known to cover all of them.
It might seem surprising that the interval extension of the subtraction given
in table 1 is sharp, while the result that it yields on the above example is not
optimal. This point merits some study. To begin with, the extension property
for

−̂

states that for any

X, Y ∈ I:
∀x ∈ X, y ∈ Y. x − y ∈ X −̂ Y

Furthermore, sharpness asserts that for any

X, Y
Y

narrowest one satisfying this statement. By setting

the interval
to

X

X −̂Y

is the

we obtain:

∀x, y ∈ X. x − y ∈ X −̂ X
This shows the problem clearly: An argument to an interval extension does

X −̂ X repx − y , but of course also the less general x − x. It cannot be
evaluated to [0; 0] because the information that both its arguments are the same

not contain any reference to the variable it represents. The term
resents not only

has been lost. This phenomenon is often referred to as the

dependency problem.

A simple strategy to improve the quality of the bounds is based on intervalsplitting. In one dimension the

fˆn [a; b] =

united extension fˆn

f.

f

is given by:

n
[



b−a
b−a
ˆ
f a + (i − 1)
;a + i
n
n
i=1

Moore showed in his thesis [18] that
tension of

of

[a; b] 7→ limn→∞ fˆn [a; b]

is a sharp ex-

This can  with exponential complexity  easily be generalised to

the multi-dimensional case. Although important, this technique is not yet sufcient for most applications, which is why numerous other renements [11,19]
have been developed. In section 4 we are going to see how Taylor models address
the dependency problem more directly and are able to overcome it in part.

2.3

The Set of Interval Bounds

Traditionally some set of machine-representable numbers

B ⊂ R

has been

used to implement interval bounds. However, note that even when we are able
to obtain a basic set of

B -sharp

functions (such as in table 1), the

B -sharpness

of the united extension can be lost, as shows the following example:

Example 1.

k
B = { 1000
| k ∈ N}. Denote bxc = max{b ∈ B | b ≤ x}
dxe = min{b ∈ B | x ≤ b}. We then have the B -sharp extensions:
Let

and

[a; b] −̂B [c; d] = [a − d; b − c]
h√  l√ mi
p
[a; b]B =
a ;
b
√ √
x− i x. Its natural B -interval extension
h √
l√ mf l=√xm7→ √
ˆ
f = [a; b] 7→ b ac −
b ;
b − b ac . For its united extension we have
Now consider the function

is

n
[

fˆn [0; 1] =

[−δi,n ; δi,n ] = [−δ1,n ; δ1,n ]

where

δi,n

i=1
Note that

[0; 0],

δ1,n =

lq m

which means that

1
1000 for any

1
n

≥

fˆn

is not

%
&r ' $r
i
i−1
−
=
n
n

1
n. Thus limn→∞ fˆn [0; 1] = [0; 1000
] 6=

t
u

B -sharp.

The same phenomenon occurs with oating-point numbers. As an alternative,
taking rational numbers allows us to have sharp interval extensions of basic
arithmetic to

IQ .

However, for the irrational functions (e.g. square root) there

are no sharp extensions. In order to rene bounds for

fˆn




for some

n

f

obtained by computing

we thus have two options:

Recompute

fˆn

for a larger

n.

Use a more precise set of bounds

B ⊂ R. In practice this can mean to increase

some precision parameter.
The rst option would be a good choice for
for

fx =

√

x

on

[0; 2].

f x = x − x,

the second one

However, it is not easy to say which choice is better in

general. Making the wrong one will lead to unnecessary computations.

3

Constructive Real Numbers

No solution has been given to the loss of sharpness for the united extension occurring when using numbers that are machine-representable in the traditional
sense. We will explain how constructive analysis can be used to represent the
whole of (constructively dened)

R

on a machine. This approach allows us to

regain sharpness of the united extension.
Real numbers can be seen as equivalence classes of Cauchy sequences.

N→Q

x :

is a Cauchy sequence if:

∀ε > 0. ∃n. ∀k1 , k2 ≥ n. x k1 − x k2 < ε
By the Curry-Howard-isomorphism constructively proving this property for a
given

x amounts to providing a function m : Q → N (referred to as the modulus )

such that

∀ε > 0. ∀k1 , k2 ≥ m ε. x k1 − x k2 < ε

A real number can thus be dened as a pair

(x, m) ∈ (N → Q) × (Q →
ε-indexed

verifying this property. They are equipped with two families of

N)

relations:

(x1 , m1 ) =ε (x2 , m2 ) :⇔ (x1 ◦ m1 ) ε − (x2 ◦ m2 ) ε ≤ 2ε
(x1 , m1 ) <ε (x2 , m2 ) :⇔ (x1 ◦ m1 ) ε + 2ε ≤ (x2 ◦ m2 ) ε
We also note:

a < b :⇔ ∃ε. a <ε b
Note that

=ε

and

<ε

and

a = b :⇔ ∀ε. a =ε b

are decidable for a given

ε,

whereas

=

and

<

are not.

We give here only a few examples of functions on constructive reals:

 ε o

n ε
, m2
(x1 , m1 ) + (x2 , m2 ) := k 7→ x1 k + x2 k, ε 7→ max m1
2
2
min (x1 , m1 ) (x2 , m2 ) := (k 7→ min (x1 k) (x2 k), ε 7→ max (m1 ε) (m2 ε))

if x ε < −ε
1
sgnε (x, m) := −1 if ε < x ε

0
otherwise
More details on constructive real numbers and their implementations can be
found in [25,21,23,2,15]. Irrational functions (square root, trigonometry etc.) can
be computed without rounding. This means that in order to obtain an approximation for a larger formula we have to provide only one precision argument.
Real numbers dened in this way are termed constructive because they
serve as the basis of constructive analysis, in which every proof induces an algorithm. However, when one does not care for algorithms, it is of course acceptable
to use the excluded middle to reason about them.

3.1

Interval Multiplication

When using constructive real numbers as interval bounds, the undecidability of
their sign is not entirely harmless. For the multiplication of two intervals Moore's
procedure (section 2.1) cannot be applied since it requires sign information for
all four bounds involved. If

sgn ε

yields

0

for one of the two intervals, we would

have to fall back to the more inecient version of table 1.
In order to avoid this, we propose a generalisation of Moore's ecient interval
multiplication to intervals with constructive real numbers as bounds. It performs
a ner case analysis, able to eliminate candidates among

{ac, ad, bc, cd}

based

on only partial sign information.

(x−1 , x1 , y−1 , y1 ) := (a, b, c, d). Under the
y−1 < y1 (which happens to be an invariant of all
have for any ε:
We note

and

assumptions

x−1 < x1

interval operations) we

min {xi yj | i, j ∈ {−1, 1}} = min {xi yj | i, j ∈ {−1, 1} ∧ ¬(0 <ε jxi ∨ 0 <ε iyj )}

Proof. We have to show that for the smallest element xi yj the property ¬(0 <ε
jxi ∨ 0 <ε iyj ) holds. If 0 <ε jxi then xi y−j < xi yj . Symmetrically, if 0 <ε iyi
then x−i yj < xi yj . Both conclusions contradict the assumption that xi yj is
minimal.
t
u
What

ε

should be chosen? Note that this choice does not aect the result of

the given procedure but only its performance. If
of determining
which the

min

0 <ε jxi

and

0 <ε iyj

ε

is chosen too small, the cost

becomes high, if chosen too large the set

function is applied to is more likely to contain more than one

element. Experiments show that this choice is in most cases not critical.

3.2

Partial Functions

Looking at table 1 we notice that the extension of the multiplicative inverse has

0 6∈ [a; b] as

a side condition. If it is not satised then the inverse function in our

implementation returns the special interval

[−∞; ∞], conveying the information

that nothing can be pe proved about the result.
Because the condition is undecidable on constructive reals we can only give
an

ε-indexed

family of interval extensions:


1/̂ε [a; b] :=

[1/b; 1/a]
[−∞; ∞]

if

0 <ε a ∨ b <ε 0

otherwise

[−∞; ∞] this result is propagated
[−∞; ∞] + [a; b] = [−∞; ∞]) and the computation thus aborted. Except for

Once a function has returned the interval
(e.g.

this error case the sharpness of the united extension remains ensured.

4

Taylor Models

The dependency problem described in section 2.2 gave rise to many renements
of interval arithmetic, such as variable centring, domain-splitting, domain projections, or gradient checks [11,19]. All of these provide a certain remedy, but
they do not actually solve the problem. It has often been observed that Taylor expansions of the function to optimise can be used to obtain better results
with interval arithmetic. Taylor

models

[12] exploit this fact systematically and

combine it with methods for the ecient computation of derivatives.
As we have seen, the dependency problem stems from the fact that the information that

x−x

is dierent from

is because interval arithmetic is a

x−y

is lost on the interval level. This

calculus of number sets,

unable to represent

this kind of information. In contrast to this, Taylor models provide a

function sets.
We note

calculus of

R[X1 , . . . , Xk ] the set of k -variate polynomials with real coecients
X1 , . . . , Xk . Their addition and multiplication are assumed.

in the variables

Denition 4. The set of k-variate

is dened as T := Ik ×
R[X1 , . . . , Xk ] × I. For a Taylor model (X, P, ∆) ∈ T the box X is called its
domain, P its polynomial, and ∆ its error bound. The set of all Taylor models
over some given domain X is denoted by TX .
Taylor models

A Taylor model represents a set of functions:

J(X, P, ∆)K = {f : X → R | ∀x. f x − P x ∈ ∆}

4.1

Arithmetic on Taylor Models

B : R[X1 , . . . , Xk ] → Ik → I is assumed to be available,
e.g. by a Horner evaluation in interval arithmetic. (P )≤n denotes the polynomial
P up to the nth coecient, and (P )>n the remaining part.
A polynomial bounder

A binary operation on Taylor models

JT1

T

T2 K ⊇ {x 7→ f x

R

T correctly reects

R on reals i:

g x | f ∈ JT1 K, g ∈ JT2 K}

This condition is satised by the following denitions, valid for two Taylor
models with identical domain [12]:

(X, P1 , ∆1 ) +̃ (X, P2 , ∆2 ) = (X, P1 + P2 , ∆1 +̂∆2 )
(X, P1 , ∆1 )˜· (X, P2 , ∆2 ) = (X, (P1 · P2 )≤n , B (P1 · P2 )>n X +̂
B P1 X ˆ· ∆2 +̂ ∆1 ˆ· B P2 X +̂ ∆1 ˆ· ∆2 )
For multiplication the degree

n

can be arbitrarily chosen. Higher values will

lead to better accuracy, but also to a higher computational cost.

4.2

Composing Smooth Functions with Taylor Models

After having dened addition and multiplication in the previous section we are
able to evaluate any polynomial in

TX .

The natural next step is to construct

Taylor model versions for the square root or trigonometric functions (the multiplicative inverse will be treated along with them).
We show how, given any smooth function

F ∈ TX

a Taylor model

H ∈ TX

(where

X ∈ Ik )

g :Y →R

(where

Y ⊆ R)

and

we can construct a new Taylor model

such that:

{g ◦ f | f ∈ JF K} =: g ◦ JF K ⊆ H
The proposed solution of this problem is not going to use the fact that

F

is

represented by a Taylor model. It would work as well for any other representation
of function sets.
The idea is to apply Taylor's theorem to develop
reference point

y0 ∈ Y .

∀x ∈ X. g (f x) ∈

We thus have for any

n
X
g (k) y0

k!

k=0

(f x − y0 )k +

g

around a freely chosen

f ∈ F:

g (n+1) [y0 , f x]
(f x − y0 )(n+1)
(n + 1)!

(1)

The left summand can be written in notation of functions arithmetic, while
we make the right summand an interval independent of
of all possibles values of

g◦f ∈

f

on

n
X
g (k) y0
k=0

k!

X ).

x

(by taking the union

(1) thus implies:

(f − y0 )k +

g (n+1) [y0 , f X]
(f X − y0 )(n+1)
(n + 1)!

The last step is to include all possible choices within

F

and to bound it on

X:
g◦F ⊆

n
X
g (k) y0

k!

k=0

(F − y0 )k +

g (n+1) [y0 , B F X]
(B F X − y0 )(n+1) =: H
(n + 1)!

We're now done with the construction of

(2)

H . It can actually be implemented:

The left summand is a polynomial of Taylor models (or any other structure
representing function sets), for which we have already dened the arithmetic operations. The right summand relies on the bounding of

F

and interval arithmetic.

It contributes to the resulting Taylor model's error interval.
This construction is inspired by the strategy for composing smooth functions

c the constant part of F (i.e. the rst
F̄ := F − c. Use an addition theorem for g

with Taylor models given in [12]: Note
coecient of its polynomial) and
to split

g ◦ F = g ◦ (c +̃ F̄ ) into two parts. Then
0 to the part including F̄ . For the

reference point

apply Taylor's theorem with
logarithm this strategy gives

us:





F̄
log ◦F = log ◦(c + F̄ ) = log ◦ c · 1 +
c
∈ log c +

n
X
(−1)k−1
k=1

k





F̄
= log c + log ◦ 1 +
c

n+1
 k
(−1)n B F̄c X
F̄
+

h
in+1
c
(n + 1) 1 + 0, B F̄c X


(3)

(4)

This kind of reasoning does of course not represent any diculty for the
working mathematician. However, nding an appropriate addition theorem for
a given

g

requires a certain amount of creativity, which can only be provided by

a human. This is why in [14] this strategy has been applied to many dierent

1
x , sin, cos, arctan, log etc., so that they could be
implemented. In contrast, our construction (2) can entirely be carried out by a
functions manually:

x 7→

machine and is still general enough to cover all these functions. The idea was
to apply Taylor's theorem immediately (i.e. without invocation of an addition
theorem) with some carefully chosen

y0

(instead of

0) as reference point. For the

logarithm (2) yields:

log ◦F ⊆ log y0 +

n
X
(−1)k−1
k=1

Choosing

y0 = c

ky0k

n+1

k

(F − y0 ) +

(−1)n (B F X − y0 )
(n + 1)[y0 , B F X]n+1

makes this equivalent to (4). The creative part of apply-

ing a function-dependent addition theorem, done in step (3), has been made
superuous, so a machine can entirely perform the task. Our Coq implementation actually contains a generic function that provides a Taylor model extension
given only a function's Taylor coecients as arguments.

4.3

What Reference Point to Choose?

With this procedure established, a point that merits some more study is the
choice to be made for the reference point

y0 . As mentioned, the strategy described

in [13] is equivalent to setting
with any

y0 ∈ Y

y0 = c.

However Taylor's theorem can be applied

as reference point. A good choice is one that minimises the width

of the resulting Taylor model's error interval. In fact, there are cases where a
better choices for

y0

than the Taylor model's constant part can be made. We

illustrate this by the following example:

Example 2.
n

X (−1)k
1
(−1)n+1
2
k
⊆
(1
+
X
,
[0;
0])
+
(1 + X 2 − y0 )n+1
(1 + X2 , [0; 0])
[y0 , 1 + X 2 ]n+2
y0k+1
k=0

At order

n = 2 we obtain (assuming y0 ∈ 1 + X 2 ):


1 − 3y0 + 3y02
2 − 3y0 2 X 4
(1 + X 2 − y0 )3
+
X , 3 −
y03
y03
y0
(1 + X 2 )4

X := [− 21 ; 12 ]. For this example the optimal (i.e. minimising
the width of the error interval) choice for the reference point is not y0 = c = 1.
5
For y0 = 1 the error interval has the width 0.078125, and for y0 =
4 the width
is 0.047625. Careful study shows that the latter is optimal.
t
u
Let us further x

This example is limited to the multiplicative inverse and also to the case
where the error part of the Taylor model given as an argument is zero. It is not
obvious how to obtain an optimal value for
cases where better choices than

c

y0

in general. However, there are

can be made. It would be interesting to see if

a general procedure can be derived.

4.4

Implementation of Taylor Models

In Coq we represent a Taylor model as a record of two elds:

Record TaylorModel (degree : nat) (X : list intvl) : Type := TM {
approx : Poly R (length X);
error : intvl
}
This type is parameterised by the

degree

be carried out (section 4.1) and the domain
polynomial with real coecients in
variables. The eld

error

length X

at which Taylor operations will

X.

The eld

contains a

is the Taylor model's error interval.

Polynomials
mial with

approx

(the dimension of the domain)

An (n+1)-variate polynomial can be represented as a polynon-variate polynomials as coecients. This is justied by the canonical

polynomial isomorphism:

R[X1 , . . . , Xn+1 ] ' R[X1 , . . . , Xn ][Xn+1 ]
This can be translated to Coq as follows [9]:

Fixpoint PolyN (n:nat) struct n : Type :=
match n with
| O => C
| S m => list (PolyN m)
end.
The coecients of the Taylor models' polynomials are represented by constructive real numbers because they can become irrational. Other choices have
dierent consequences:



Floating-point numbers: Their usage as coecients will only yield approximations without error bounds, which is unacceptable for formal proof. An
explicit treatment of rounding errors is possible, as has been shown for addition and multiplication [24]. However this approach can be expected to be



much more dicult for the Taylor development of general smooth functions.
Intervals: Using intervals with rational or oating-point number bounds as
coecients is feasible, but they add to the complexity of proofs. Furthermore,
they force the user to give a precision for the enclosure of irrational values,
thereby aecting sharpness in a way dicult to control.

Bounding

Taylor models make use of polynomial bounding for multiplication

(section 4.1) and composition with smooth functions (section 4.2 ). A simple way
to bound polynomials is to evaluate their interval extension. However there are
much better strategies yielding narrower bounds. For example it is well-known
that a univariate quadratic function can be rewritten by:



2

c2 x + c1 x + c0 = c2

c1
x+
2c2

2
−

c21
+ c0
4c2

The natural interval extension of the right hand side will then yield sharp
bounds. There are much more sophisticated techniques for multi-variate polynomials of several degrees, as described in section 5.4.3 of [12]. Our implementation
does not include them yet.

Computing Taylor Coecients

As we have seen, in order to apply a smooth

function to a Taylor model it is necessary to compute the coecients of its Taylor
series. Doing this by symbolic derivation is prohibitively expensive, so we use
combinatoric formulas to obtain the derivatives. For example:

inv(k) y = (−1)k

k!
y k+1

log(k) y = inv(k−1) y = (−1)(k−1)

(k − 1)!
yk

A perhaps less well-known formula is [1]:

arctan(k) y =

n!
(1 + y 2 )n

n
X

(−1)

k=0, n+k odd

n+k+1
2

 
n k
y
k

These formulas are evaluated both in real numbers and in the interval arithmetic, as required by equation 2.

5

Examples

Example 3.

1
x + x on the
domain [1.9; 2.1]. Our implementation yields the following results (the last line
As a rst example [13] we study the function

fx =

of the table shows the actual bound):
order of

∆

0
1
2
3
4

∞

∆
5.0125313 · 10−2
5.5401662 · 10−2
1.4579385 · 10−3
1.5346721 · 10−4
4.0386107 · 10−6
0
width of

bound interval

[2.3761905; 2.6263158]
[2.3722992; 2.6277008]
[2.4250000; 2.5764579]
[2.4236733; 2.5763267]
[2.4236875; 2.5763165]
[2.4263158; 2.5761905]

All these results have been obtained in less than a second using Coq's compiler

t
u

[8].

Example 4.

Lemma I_751442360 in Thomas Hales' proof of the Kepler conjec-

ture [10] states that

−x1 x3 − x2 x4 + x1 x5 + x3 x6 − x5 x6 +

π
x2 (−x2 + x1 + x3 − x4 + x5 + x6 )
v
−
0.74
≈ 1.09518
<
tan


u
2
x2 x4 (−x2 + x1 + x3 − x4 + x5 + x6 ) +
u
u
 x1 x5 (x2 − x1 + x3 + x4 − x5 + x6 ) + 
u

u4x2 
 x3 x6 (x2 + x1 − x3 + x4 + x5 − x6 ) 
t
− x1 x3 x4 − x2 x3 x5 − x2 x1 x6 − x4 x5 x6
for all

x ∈ X751442360 , which is a 6-dimensional box given in the proof. We bound
1
X751442360 which is smaller (of width ≈ 10

the left-hand side on a sub-domain of

in every dimension), but still contains the global maximum. The results are:
order of
0
1
2

∞

∆

∆
bound interval
∞
[−∞; ∞]
1.3025929
[0.36246433; 1.6650572]
1.6105738 · 10−2 [0.94291234; 1.0905563]
0
[0.95253193; 1.0849205]
width of

The result for order 3 has been obtained in about ten minutes

1 . Further

work needs to be done in order to improve this performance. However, it is
already suciently tight for proving the required statement on the given small
sub-domain.

6

t
u

Conclusion

The global optimisation problems included in Thomas Hales' proof of the Kepler are the most complex to have been included in a mathematical proof so

1

on an Intel Pentium 4 running at 2.80GHz

far. Having shown that they are not entirely out of reach for current proof assistants encourages us to further pursue our direction of work. Many paths can be
followed to improve our implementation, two of which we nd worth mentioning:



In order to bound the multi-variate polynomials appearing in the Taylor
models our current implementation evaluates them in interval arithmetic
using the Horner-scheme induced by the canonical polynomial isomorphism.
However, many better methods are available, which should considerably



tighten the resulting bounds.
Implementations of constructive real numbers in a style of pure functional
programming suer from an important performance problem: the cost of

ε
2.
The same computation is actually carried out twice. This problem could be

evaluating

x+x

to precision



is twice that of evaluating

x

to precision

avoided by stocking previously computed results in a global cache.
It should be kept in mind that we have to pay a certain performance penalty
for the maximal security achieved by implementing algorithms inside a proof
assistant. However, the speed of machines has been increasing at an exponential
rate for a long time. Besides, algorithms become more and more ecient. As a
consequence, today we are able to treat problems in a formal setting that twenty
years ago were only in reach for implementations on machine level.
In order to diminish this gap, work on proof assistants itself is necessary:
a more ecient mechanism for computation has recently been added to Coq
[8]. A second step in this direction would be the usage of machine numbers for
computations inside proofs. With such tools at hand, our implementation could
become a powerful system performing veried optimisation for a large class of
functions.
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