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Abstract—We propose an adaptive technique to design the spectrum
of an orthogonal frequency division multiplexing (OFDM) waveform to
improve the radar’s wideband ambiguity function (WAF). The adaptive
OFDM signal yields a better auto-correlation function (ACF) that results
into an improved delay (range) resolution for the radar system. First,
we develop a mutlicarrier OFDM signal model and the corresponding
WAF at the output of the matched filter, emphasizing that the received
signal depends on the scattering parameters of the target. Then, we devise
an optimization procedure to select the OFDM waveform such that the
volume of the corresponding WAF best approximates the volume of a
desired ambiguity function. We demonstrate the improvement in the
resulting ambiguity function, along with the associated ACF, through
numerical examples. We find that the optimization algorithm puts more
signal energy at subcarriers in which the target response is weaker.
Index Terms—Adaptive waveform design, multifrequency scattering,
OFDM radar, wideband ambiguity function.

function because of his popular work [16], [17]. According to Woodward, an ambiguity function is defined as a two-dimensional correlation between the transmitted narrowband signal and its time-delayed
(related to target range) and frequency-shifted (related to target velocity) received version. Several literature interpret the ambiguity function as a matched filter response [18, Ch. 4], [19, Ch. 11], [20, Ch. 5],
whereas a few others as a two-dimensional point-spread function [21],
[22]. But in general, these formulations of the ambiguity function either do not include a scattering coefficient of the target in the received
signal model, or they assume identical values for the scattering coefficients corresponding to different directions and/or frequencies. In our
work, we follow a similar formulation of the ambiguity function but
only after including the effect of different target responses at different
frequencies.
Additionally, Woodward’s version of the ambiguity function does
not hold for large-bandwidth signals, such as OFDM signals. Target
movements result in either expansion or compression in time for the
wideband transmitted signal, and this effect can no longer be approximated by a simple “shift” in frequency. Therefore, in this work we
follow the wideband ambiguity function (WAF) introduced by KelleyWishner [2] and Speiser [3]. Different properties of the WAF, similar
to those of its narrowband counterpart, can be found in [23]–[26].

I. INTRODUCTION
B. Outline
In this correspondence, we consider a mutlifrequency radar that
employs an orthogonal frequency division multiplexing (OFDM)
signal [1], and we compute its wideband ambiguity function (WAF)
[2], [3] including the effects of the target response on the received
signal. The motivation for employing multiple frequencies is that the
different scattering centers of a target resonate differently at each
frequency, and this also allows us to demonstrate the effects of target
response on the WAF. Moreover, the use of a mutlicarrier OFDM
signal improves the delay-resolution by a factor equal to the number
of subcarriers [4], [5, Ch. 11]. In addition, we propose an algorithm
to design the spectrum of the transmitting OFDM signal adaptively in
order to improve its ambiguity profile.

In Section II we describe the parametric models of the transmitted
and received signals; then we compute their WAF. We emphasize that
the received signal and hence the corresponding WAF at the output of
the matched filter depend on the scattering parameters of the target. In
Section III we propose an optimization algorithm to compute an adaptive OFDM waveform such that the volume of the corresponding WAF
best approximates that of the desired ambiguity function. Our numerical examples, presented in Section IV, demonstrate the advantage of
such an adaptive waveform design. Section V contains the conclusions
and highlights of possible future work.
II. SIGNAL MODEL AND WIDEBAND AMBIGUITY FUNCTION

A. Background
The advantage of multicarrier radar signaling has been well established in various applications, such as remote sensing of clouds and
precipitation [6], detection of landmines [7], interpretation of an urban
scene [8], etc. One of the ways to accomplish simultaneous use of several subcarriers is the OFDM signaling scheme, which employs multiple orthogonal signals in the time domain [9]. Although OFDM has
been elaborately studied and commercialized in the digital communication field [10], it has not so widely been studied by the radar community apart from a few recent efforts [11]–[14].
The ambiguity function for radar was originally introduced by Ville
[15]; however, it is generally referred to as Woodward’s ambiguity
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In this section, we first introduce the transmitted and received
signal models of an OFDM signaling system. Along with the delay
and Doppler effects, the received signal model also incorporates the
scattering coefficients of the target at multiple frequencies. Then, we
compute the expressions of WAF for a single pulse and a coherent
pulse train.
A. Signal Model
We consider a monostatic radar employing an OFDM signaling
system [9] with L active subcarriers, a bandwidth of B Hz, and pulse
duration of T seconds. Let a = [a0 ; a1 ; . . . ; aL01 ]T contain the
complex weights transmitted over different subcarriers, satisfying
L01 ja j2 = 1. Then the complex envelope of a single pulse can be
l=0 l
represented as

s(t) =

L01
l=0

al l (t) where l (t) = ej2l1ft

(1)

and 1f = B=L = 1=T denotes the subcarrier spacing. Let fc be the
carrier frequency of operation, the transmitted signal is given by

s(t) = 2Re
where fl

L01
l=0

al ej2f t

= fc + l1f represents the lth subcarrier frequency.
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Considering a far-field point target at distance r and relative velocity
~
v with respect to the radar, the received signal in a noise-free scenario
can be written as
y1 (t) =

p

s ( (t

0  ))

(3)

where = 1 + accounts for the stretching or compressing in time of
the reflected signal, = (2=c) u; ~v represents the Doppler spreading
factor, u is the unit direction-of-arrival (DOA) vector,  = 2r=c is the
roundtrip delay between the radar and the target, and c is the speed of
propagation. Here ; denotes the inner-product operator over the real
vector space. Substituting (2) into (3), we get

h i
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the term within the square bracket in (8) labeled as the WAF [28]. Alternatively, in some other literatures the WAF is defined as the magnitude
or magnitude-squared of the term within the square bracket in (8) [29].
Now, incorporating the effects of the target response in the received
signal, we redefine the WAF at the output of the matched filter as
follows:
MF (; ; a; x)
=e

hi

L01

p

y1 (t) = 2

Re

p
=2

Re

p

Re

=2

l=0
L01
l=0
L01
l=0

=

j 2l1f (t0 ) e0j 2f  ej 2f t

al e

al l ( (t

0  )) e0j2f

L01

p

l=0

al l ( (t

 ej 2t ej 2f t

0  )) e0j2f

 

 ej 2t :

(4)

However, note that neither (3) nor (4) includes any parameter
related to the target scattering coefficient. Therefore, denoting
T
x = [x0 ; x1 ; . . . ; xL01 ] as a complex vector containing the scattering coefficients of the target at different subcarriers, we modify the
expressions of the received signal as

p

y2 (t) = 2

Re

L01
l=0

j 2f

xl al e

L01
l=0

(5)

(6)

1
3
s (t)s ( (t 0  )) dt
01 anl anl

(7)

3

p

1
3
0j2tdt
s(t)s ( (t 0  )) e
01

3 3 3

xl al l ( (t

3 3

al al xl  

0  )) e0j2t dt

;

(;  )

1 p

T

(9)

T

3

0  ))e0j2tdt

l (t)l ( (t

1

1

(ml)

(sl)

MF (; ; a; x) = MF (; ; a; x) + MF (; ; a; x)
(ml)

MF (; ; a; x)

(10)

:

(8)

Sometimes this expression is referred to as the output of an optimum
detector filter matched to zero delay and zero Doppler [22], with only

Tdi

L01
l=0

3 j j2

j 2[f  0 f T

xl al sinc [fl Tdi ] e

]

MF (; ; a; x)

p

1

where sanl (t) represents the analytic signal corresponding to s(t) and
‘ ’ is the complex conjugate operator. On the assumption that the complex envelope s(t) is perfectly bandlimited in comparison with the carrier frequency fc , which is true for most radar signals [27], we can
consider sanl (t) = s(t)ej 2f t . Therefore, (7) can be simplified to

j 2f 

al l (t)

denotes the cross-ambiguity function between l (t) and l (t),
having a similar form as (8). Note that in (9) we explicitly parametrize
MF ( ) in terms of x to emphasize that it depends on the scattering
coefficients of the target. In addition, MF ( ) also depends on a . This
parametrization is realistic and also enables us to adaptively design
the spectrum of the transmitted OFDM signal to improve the corresponding ambiguity profile, which will be discussed in Section III. We
can further simplify (9) to the following (see Appendix A):

(sl)

According to Kelley–Wishner [2], the wideband ambiguity function
is defined as

(;  ) = e

=0

=0

j 2f 

p

B. WAF of a Single Pulse

(;  )

=0 l =0

l

l

where

(t0 )

0j 2f  ej 2t :
xl al l ( (t 0  )) e

p

l

T min

L01

(;  ) = e

and the complex envelope as

p
y2 (t) =

L01 L01

L01

T

where Tmin = max (0;  ), Tmax = min (T; T = +  ), and

where  = fc represents the Doppler frequency. Hence, after demodulation the complex envelope of the received signal is
y1 (t) =

p

1

(t0 )

j 2f

al e

j 2f 

Tdi

L01 L01

l

3

l =0
l 6=l
1 ej2[f  0f f
=0

3

f

xl al al sinc [ fl

0

+(l

0l )1f gT

+ (l2

0 l1 )1f gTdi

]

]

and Tdi = Tmax
Tmin , Tavg = (Tmax + Tmin ) =2. If we plot
(ml)
separately we can see that MF ( ) produces the mainlobe of the WAF
(sl)
while MF ( ) produces the sidelobes.
Special Case: For a conventional radar employing a single carrier
frequency fc , (10) can be simplified to

1

MF (; ; a; x) =

p

1

3 j j2

j 2f

Tdi x a sinc [fc Tdi ] e

(

0 T

)

and therefore, the expression of the normalized WAF,

0

MF (; ; a; x)
Tdi
j 2T
= (0) sinc (Tdi ) e
MF (0; 0; a; x)
Tdi

;

(11)
(0)

does not depend on the scattering coefficients of the target. Here Tdi
is Tdi evaluated at  = 0.
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III. ADAPTIVE WAVEFORM DESIGN

C. WAF of a Pulse Train
The Doppler-resolution of the ambiguity function is improved when
we transmit a coherent pulse train. The complex envelope of a train of
identical pulses can be described as

N

sN (t) =

N01
n=0

s (t 0 nTPRI )

(12)

T

where PRI is the pulse repetition interval (PRI). Then, the transmitted
signal is given by

sN (t) = 2Re
= 2Re

sN (t)ej2f t
N01
n=0

s (t 0 nTPRI ) ej2f t :

(13)

s t

Using the expression of the analytic signal corresponding to N ( )
in (7), we can formulate the WAF of a coherent pulse train as follows:

N (;  )
p 1 N 01 s (t 0 n1 TPRI ) ej2f t
=
01 n =0
N 01
1
s3 ( (t 0  ) 0 n2TPRI ) ej2f (t0 ) dt
n =0
N 01 N 01
  + n2 0 n1 TPRI;  e0j2(n 0n )T
=
n

In this section, we describe an optimization approach to adaptively
design the spectrum of an OFDM signal such that the volume of the
corresponding WAF best approximates the volume of a desired ambiguity profile.
The problem of synthesizing a waveform to satisfy a desired ambiguity function has been addressed extensively over the years [14],
[30]–[37]. Wilcox [30] and Sussman [31] approached this problem to
approximate the desired ambiguity profile in the least-squared (LS)
sense. Their optimization procedure stretches over the entire (
)
plane, and hence the resultant waveform can produce an “all-purpose”
ambiguity function that would be more or less suitable for any radar applications [31]. However, in many situations, it is not necessary to have
a certain ambiguity shape for all values of and . Recently, Gladkova
et al. [36], [37] extended Wilcox’s LS approach, restricting the optimization procedure over some limited subregions in the (
) plane,
particularly surrounding the mainlobe.
In this work, we seek to find an OFDM waveform satisfying
L 1 j l j2 = 1, such that the error between the volumes of the
l=0
resulting WAF and desired ambiguity function is the minimum.
Instead of covering the entire (
) plane, we also limit the volume
computations over a subregion, R, containing the origin. Denoting the
), we can state the optimization
desired ambiguity function as opt (
problem as follows:

; 



; 

0 a

; 
 ; 

aopt (x)
= argmin

=0 n =0

a

(14)



where (1) is the WAF of a single pulse as defined in (8). See
Appendix B for the derivation of (14).
Following a similar type of derivation, including the effects of the
target response in the received signal, we can modify the expression of
WAF for a coherent pulse train as follows:

MF (; ;aa;xx)
N 01 N 01
=
MF  + n2 0 n1 TPRI ; ; a;xx
n =0 n =0
1 e0j2f (n 0n )T ;
N 01 N 01 L01 L01
=
al a3l x3l
n

=0 n =0

l

=0 l =0

l

(15)

where




=

;  )

(

N 01 N 01

   + n2 0 n1 TPRI ; 
n =0 n =0
1 e0j2f (n 0n )T

(16)

denotes the cross-ambiguity function between two coherent pulse trains
of l ( ) and l ( ). In the rest of the correspondence we will consider
the magnitude squared of (15), j MF (1)j2 , as the expression of WAF.

 t

 t



subject to



R
L01
l=0

jopt (;  )j2 0 jMF (; ;aa;xx)j2 dd;
jal j2 = 1 and jal j2 >  8 l

(17)

where is a small positive quantity (close to zero) ensuring transmission over all frequency channels. We use numerical methods to solve
for the optimized variables, opt , that depend on the scattering coefficients of the target and hence comply with the philosophy of “adaptive”
design.
In some particular cases, when j opt (1)j2 j MF (1)j2 holds true
over the entire subregion R (e.g., opt (
)= (
)), we can further
simplify (17) to the following:

L

a



=0 l =0

1   + n2 0 n1 TPRI; 
1 e0j2f (n 0n )T ;
L01 L01
=
al a3l x3l   (;  )





; 

<
 ; 

2
aopt (x) = argmin
a R jMF (; ;aa;xx)j dd;
L01
jal j2 = 1 and jal j2 >  8 l;
subject to
l=0
L01 L01 L01 L01
3 3 3
aopt (x) = argmin
a l =0 l =0 l =0 l =0 al al al al xl xl
1   (;  )3  (;  )dd:
R

(18)

Hence, this leads to a minimization procedure having fourth order form,
similar to that presented in [37], with the incorporation of the target
scattering coefficients. However, from mathematical perspective our
method can be categorized as an L1 minimization, while that of [37]
as an L2 minimization.
The convergence time of (17) strongly depends on the area of sub).
region R and the shape of the desired ambiguity function opt (
If the knowledge of the target response is known a priori, we can use
an offline computation of (17) extending over a larger area of R and
considering an impulse-shaped opt (1). In real-time processing, when
we need to compute opt based on the estimated value of from the



a
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Fig. 1. Plots of wideband ambiguity functions for (a) fixed and (b) adaptive
waveforms over a region

T; 
= T
.

R = fj j  j j  1 (2

)g

Fig. 2. (a) Zero-Doppler cuts (auto-correlation functions) and (b) zero-delay
cuts of the wideband ambiguity functions corresponding to the adaptive and
fixed waveforms.

R

previous radar dwell, it would be practical to restrict to a smaller reT; 
1=(2TPRI )) and not to choose an “idealistic”
gion (e.g., 
shape of opt ( ).

j j j j
1

IV. NUMERICAL RESULTS
We present simulation results to demonstrate the advantage of
adaptive waveform design, in the form of an improved ambiguity
profile. We consider an OFDM radar operating with the following
specifications: carrier frequency fc = 1 GHz; available bandwidth
B = 125 MHz; number of subcarriers L = 4; subcarrier spacing
1f = B=(L + 1) = 25 MHz; pulsewidth T = 1=1f = 40 ns; pulse
repetition interval TPRI = 20 s; number of coherent pulses N = 10.
:= 
T; 
1=(2TPRI ) and
To evaluate aopt we used
an impulse-like opt (;  ) that has value 1 at the origin but zero
everywhere else. We realized the entries of x from a (0; 1) distribution. The results presented in Figs. 1 and 2 were obtained using the
numerical optimization solver of MATLAB and after averaging over
50 such independent realizations of x . We compared this adaptively
designed WAF with that obtained from a fixed waveform that employs
al = 1= L l .

R

fj j  j j 

g

N

p 8
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Fig. 1(b) depicts the WAF obtained from the optimized waveform
following (17). This ambiguity function shows a considerable improvement in comparison with the one shown in Fig. 1(a), which
was obtained from a fixed waveform. Numerically, the normalized
volume under the ambiguity profile reduces from unity to 0.806. The
zero-delay and zero-Doppler cut plots of these ambiguity profiles are
shown in Fig. 2. From Fig. 2(a) it is quite evident that the adaptive
waveform results in a much better auto-correlation function. The first
sidelobe level of the ambiguity function corresponding to the adaptive waveform is 5.5 dB down with respect to those of its counterpart
for fixed waveform. The zero-delay cut plots in Fig. 2(b) suggest that
there is no change in the Doppler resolution, as we expect, due to
adaptive waveform design.
For further insight into the optimization procedure, we looked into
the energy distributions of the adaptive waveform and target response
over different subcarriers. For example, in a particular sample run we
had xl = 6:42; 1:03; 4:23; 5:66 , and the optimization algorithm
(17) resulted in al = 0:24; 0:80; 0:42; 0:29 when initialized with
al = 1= L = 0:50 l. From this we can make two observations:
i) the sample variance of al xl reduces from 1.06 to 0.13 and ii) the

j j f
p j j 8f

g

j

j
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redistribution energy occurs with more signal energy to that particular
subcarrier in which the target response is weaker and less signal
energy to the subcarrier over which the target response is already
stronger.
V. CONCLUSION
We proposed an optimization algorithm to compute an adaptive
radar waveform such that the volume of the corresponding wideband
ambiguity function best approximates the volume of a desired ambiguity function over a region in the delay-Doppler plane. For this
purpose, we considered an OFDM radar and developed the received
signal model while incorporating the scattering coefficients of the
target at multiple frequencies. We emphasize that the expression of
the wideband ambiguity function at the output of a matched filter must
include the target response along with delay and Doppler. We numerically demonstrated the advantage of adaptive waveform design. We
concluded that the optimization algorithm puts more signal energy at
that particular subcarrier in which the target response is weaker, thus
increasing the possibility of a better target return. In future work, we
will include several other characteristics of the wideband ambiguity
function, such as mainlobe width and sidelobe level, in the waveform
designing criterion.
APPENDIX A
The term within the square bracket in (9) can be written as

p

1 L01 j2l 1ft L01 3 3 0j2l 1f (t0 )
a e
x l al e
01 l =0 l
l =0
1 e0j2t dt
L01
T
=p
x3 jal j2 ej 2l1f 
e0j 2(l1f +f ) t dt
+p

1

l
l=0
L01 L01
l

T
T

T

x3l al a3l ej 2l

l =0
l 6=l
e0j 2[(l 1f +f

=0

) +(l

1f



0l )1f ]t dt:

(A1)

Using the definitions of fl , Tmin , Tmax , Tdi , Tavg , and the following
integration result:

T
T

e0j 2ft dt = Tdi

sinc (fTdi ) e0j2fT

;

(A2)

we get the expressions of MF (; ; a; x) and MF (; ; a; x).
(ml)

(sl)

APPENDIX B
The derivation of (14) involves the following steps:

1 N 01
s (t 0 n1 TPRI ) ej 2f t
01 n =0
N 01
1
s3 ( (t 0  ) 0 n2 TPRI ) ej 2f (t0 )
n =0
N 01 N 01 1
s (t 0 n1 TPRI )
= p ej2f 
n =0 n =0 01
1 s3 ( (t 0  ) 0 n2 TPRI) ej2t dt:

N (;  ) =

p

dt

Using a change of variable with p

= t 0 n1 TPRI we get

N (;  )

N 01 N 01
1
s (p)
ej 2n T
= p ej2f 
01
n =0 n =0
1 s3 ( (p + n1TPRI 0  ) 0 n2 TPRI) ej2p dp
N 01 N 01
ej 2n T ej 2f (n = 0n )T
=
n =0 n =0
1
1 p ej2f ( +(n = 0n )T ) s (p)
01
n2
3
j 2p
p0  +
1s
+ n1 TPRI e dp

:
(B1)

The term in the square bracket has a similar form as (8) when  is
n1 )TPRI ), and n1 TPRI + fc (n2 =
replaced with ( + (n2 =
n1 )TPRI = fc (n2 n1 ) TPRI . Hence, (B1) reduces to (14).

0

0

0
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Track-Before-Detect Strategies for STAP Radars
Danilo Orlando, Luca Venturino, Marco Lops, and Giuseppe Ricci

Abstract—In this correspondence we propose track-before-detect (TBD)
strategies for space-time adaptive processing (STAP) radars. As a preliminary step we introduce the target and noise models in discrete-time form.
Then, resorting to generalized likelihood ratio test (GLRT)-based and ad
hoc procedures we derive detectors for two different scenarios (a point
better clarified in the body of the correspondence). The preliminary performance assessment, conducted resorting to Monte Carlo simulation, shows
that the proposed procedures might be viable means to implement early
detection and track initiation of weak moving targets.
Index Terms—Constant false alarm rate (CFAR), generalized likelihood
ratio test (GLRT), space-time adaptive radar detection, track-before-detect
(TBD), Viterbi algorithm.

I. INTRODUCTION
Traditional tracking algorithms are designed assuming that the
sensor provides a set of point measurements at each scan. In a radar
system such measurements are obtained by thresholding the output
of a matched filter fed by a baseband version of collected data [1].
An alternative approach, referred to as track-before-detect (TBD),
consists of feeding the processor with unthresholded data. TBD-based
procedures jointly process several consecutive scans (or frames) and,
relying on a target kinematics or, simply, exploiting the physically
admissible target transitions, jointly declare the presence of a target
and, eventually, its track. A TBD algorithm can improve track accuracy
and follow low signal-to-noise ratio (SNR) targets at the price of an
increase of the computational complexity. Moreover, a TBD scheme
ensuring the constant false alarm rate (CFAR) property with respect
to the unknown statistics of the disturbance controls the overall false
track acceptance probability (CFAR property at the track level).
Most of TBD algorithms have been proposed to detect and track
small moving objects in optical images corrupted by high cluttered
noise. Their use in connection with radar systems has received less attention: for a description of the existing results, see [2]–[5]. A family
of low-complexity power-efficient TBD procedures has been presented
in [4]. Therein, the continuous-time continuous-amplitude signal collected by a pulse Doppler radar is discretized to reflect the sectorization
of the coverage area and the range gating operation, and the generalized likelihood ratio test (GLRT) is solved resorting to a Viterbi-like
tracking algorithm. The proposed algorithm has a complexity linear in
the number of integrated scans and in the time on target. The emphasis
is on detection performance more than tracking: in fact, the GLRT does
not rely on the target kinematics; it simply takes into account a maximum target velocity in order to define the admissible target transitions
in range and azimuth (the Doppler is dealt with as a nuisance quantity
due to the considered system and target parameters). However, a rough
estimate of the target parameters is obtained as a by-product of the construction of the target statistic.
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