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Abstract.

This pap er presen ts a no v el v ariational framew ork to deal with frame partition problems in

Computer Vision. This framew ork exploits b oundary and region-based segmen tation mo dules under a

curv e-based optimization ob jectiv e function. The task of sup ervised texture segmen tation is considered

to demonstrate the p oten tials of the prop osed framew ork. The textured feature space is generated b y

�ltering the giv en textured images using isotropic and anisotropic �lters, and analyzing their resp onses

as m ulti-comp onen t conditional probabilit y densit y functions. The texture segmen tation is obtained b y

unifying region and b oundary-based information as an impro v ed Geo desic Activ e Con tour Mo del. The

de�ned ob jectiv e function is minimized using a gradien t-descen t metho d where a lev el set approac h

is used to implemen t the obtained PDE. According to this PDE, the curv e propagation to w ards the

�nal solution is guided b y b oundary and region-based segmen tation forces, and is constrained b y a

regularit y force. The lev el set implemen tation is p erformed using a fast fron t propagation algorithm

where top ological c hanges are naturally handled. The p erformance of our metho d is demonstrated on

a v ariet y of syn thetic and real textured frames.

Keyw ords: Sup ervised T exture Segmen tation, Gab or Filters, Mixture Analysis, Geo desic Activ e

Con tours, Propagation of Curv es, Lev el Set Metho ds.

1. In tro duction

F rame partition problems are among the most imp ortan t problems in man y image anal-

ysis and computer vision applications. This article pro vides a general frame partition

v ariational and lev el-set based framew ork that in tegrates b oundary and region-based

segmen tation informations and apply it to the problem of texture segmen tation. In

this application, the task is to partition the image in to a n um b er of regions suc h that

eac h region has the same textural prop erties (Jain and F arrokhnia, 1991; Manjunath

and Chellapa, 1991b; Jain and Bhattac harjee, 1992; Zeng et al., 1998). Alternativ ely ,

this task can b e view ed as the problem of accurately extracting the b orders b et w een

di�eren t texture regions in an image (Khotanzand and Chen, 1989; Manjunath and

Chellapa, 1991a). If a priori kno wledge regarding the textural prop erties in a giv en

image is a v ailable, the problem is called sup ervised texture segmen tation; otherwise it

is called un-sup ervised.

�

This w ork has b een carried out during the app oin tmen t (do ctoral researc h) of the �rst author with

the Computer Vision and Rob otics Group (Rob otVis) of I.N.R.I.A. Sophia An tip olis from Octob er 1,

1996 to No v em b er 1, 1999 and w as funded in part under the VIR GO researc h net w ork (EC Con tract

No ERBFMRX-CT96-0049) of the TMR Program.
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In this w ork, w e apply our v ariational and lev el-set based framew ork to the problem

of sup ervised texture segmen tation where the �rst step is texture analysis and mo del-

ing, usually referred as le arning phase . The texture analysis requires the iden ti�cation

of prop er attributes, features or textural prop erties that di�eren tiate the textures

in the image for segmen tation. Alternativ ely , texture mo deling requires the adoption

of a general framew ork capable of describing a wide v ariet y of texture protot yp es.

Approac hes to texture analysis and mo deling can b e mainly classi�ed in to t w o groups:

� T raditional statistical mo deling mak es the assumption that statistics of eac h

texture are stationary , and is based to the analysis of lo cal spatial in teractions(co-

o ccurrence matrices (Elfadel and Picard, 1994), second order statistics (Chen and

P a vlidis, 1983), Gauss Mark o v Random Fields (Cross and Jain, 1983; Mao and

Jain, 1992), and lo cal linear transforms (Unser, 1986)).

� Filtering theory decomp oses the retinal in to a set of di�eren t sub-bands that

are con v olv ed images of the input image with a bank of �lters. A quite common

�lter bank selection is Gab or �lters (Gab or, 1946; Bo vik et al., 1990; Dunn and

Higgins, 1995), or the w a v elet transform (Mallat, 1989; Simoncelli et al., 1992)

whic h is usually applied in a p yramid-structure form (Chang and Kuo, 1993; Laine

and F an, 1993; Unser, 1995).

F eature-based image segmen tation is p erformed using t w o basic image pro cessing

tec hniques: the b oundary-based segmen tation (whic h is often referred as edge-

based) relies on the generation of a strength image and the extraction of prominen t

edges, while the region-based segmen tation relies on the homogeneit y of spatially

lo calized features and prop erties.

� Early approac hes for b oundary-based image segmen tation ha v e utilized lo cal

�ltering tec hniques suc h as edge detection op erators (Cann y , 1986; Deric he, 1987).

These approac hes are a compromise b et w een simplicit y , with accompan ying ligh t

computational cost and stabilit y under noise, but ha v e di�cult y in establishing the

connectivit y of edge segmen ts. This problem has b een confron ted b y emplo ying

Snak es/Ballo ons/Deformable T emplates (Kass et al., 1988; Cohen, 1991; Blak e

and Isard, 1997) whic h can pro vide a closed curv e as a compromise b et w een

regularit y of the curv e and high gradien t v alues among the curv e p oin ts. The

main handicap of these approac hes is that they require a go o d initialization

step. Recen tly , a new activ e con tour mo del has b een in tro duced (Caselles et al.,

1995; Kic henassam y et al., 1995; Malladi et al., 1995; Sapiro, 1996) that presen ts

some quite nice prop erties. The initialization step do esn't imp ose an y signi�-

can t constrain t, while new tec hniques are prop osed for the curv e propagation

(lev el-set metho ds (Osher and Sethian, 1988)), whic h can deal successfully with

top ological c hanges (merging and splitting). Although for man y real cases the

use of b oundary-based segmen tation metho ds are inappropriate, they presen t

some imp ortan t adv an tages. Shap e v ariations are naturally handled and they

are not sensitiv e to global illumination c hanges due to the fact that they rely on

relativ e illumination c hanges, rather than the absolute illumination in tensities.

Additionally , these metho ds require lo w computational cost and lo calize b etter

the region/ob ject b oundaries. There is a limited set of b oundary-based approac hes
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for texture segmen tation (Manjunath and Chellapa, 1991a; Jones, 1994; Yhann

and Y oung, 1995; Ma and Manjunath, 1997; Sollo w a y et al., 1997; Kapur et al.,

1998; Lorigo et al., 1998; Zeng et al., 1998), since the detection of edges in textured

images is a tougher task, due to the fact that the textural b oundaries are di�cult

to lo cate.

� The region-based segmen tation tec hniques are more suitable for segmen ting the

textured images and can b e roughly classi�ed in to t w o categories: The region-

gro wing tec hniques has b een widely used (Chen and P a vlidis, 1979; Raafat and

W ong, 1988; Reed et al., 1990; Adams and Bisc hof, 1994; Leonardis et al., 1995).

They are usually based on split-and-merge pro cedures using statistical homo-

geneit y tests, where the statistics are generated and up dated dynamically , while

the manner with whic h initial regions are formed and the criteria for splitting

and merging them are set a priori . The resulting segmen tation will inevitably

dep end on the c hoice of initial regions, while irregularities on the b oundaries will

app ear since the region shap es dep end on the particular gro wing algorithm. An-

other p o w erful region-based to ol, whic h has b een widely in v estigated for texture

segmen tation, is the Mark o v Random Fields (Geman and Geman, 1984). In that

case the segmen tation problem is view ed as a statistical estimation problem where

eac h pixel is statistically dep enden t only on its neigh b ors so that the complexit y

of the mo del is restricted. The segmen tation is obtained b y �nding the maxim um

a p osteriori map giv en the observ ed data (Cross and Jain, 1983; Derin and Eliot,

1987; Bouman and Liu, 1991; Manjunath and Chellapa, 1991b; Jain and F ar-

rokhnia, 1991; Elfadel and Picard, 1994; Chen and Kundu, 1995; P anjw ani and

Healey , 1995; Ragh u and Y egnanara jana, 1996). The main adv an tage of this t yp e

of approac hes is that they are less a�ected from the presence of noise, and pro vide

a global segmen tation criterion. Ho w ev er, the resulting ob jectiv e function of the

MAP estimate is quite di�cult to b e globally maximized, whic h is considered as

a signi�can t dra wbac k.

Besides, there is a signi�can t e�ort to inte gr ate b oundary-b ase d with r e gion-b ase d

se gmentation appr o aches (Haddon and Bo yce, 1990; P en tland, 1990; Leonardis et al.,

1995; Chakrab ort y et al., 1996; Zh u and Y uille, 1996; Siddiqi et al., 1997). The di�cult y

lies on the fact that ev en though the t w o mo dules yield complemen tary information,

they in v olv e con
icting and incommensurate ob jectiv es. The region-based metho ds

attempt to capitalize on homogeneit y prop erties, whereas b oundary-based ones use

the non-homogeneit y of the same data as a guide.

This article is fo cusing on t w o ob jectiv es. The �rst and main ob jectiv e is to pro vide

a general frame-partition v ariational framew ork

1

( Geo desic Activ e Regions ) that

in tegrates b oundary and region-based segmen tation mo dules, is free from the initial

1

These metho ds com bined with lev el set represen tations (Osher and Sethian, 1988; Sethian, 1996;

Osher and F edkiw, 2000) ha v e b een increasingly considered b y the Computer Vision comm unit y

to deal with a v ariet y of problems and applications lik e segmen tation, registration, restoration, 3D

reconstruction, shap e from shading, motion estimation, trac king, image impain ting, etc. (Caselles

et al., 1995; Kimmel and Bruc kstein, 1995; T ek and Kimia, 1995; Deric he and F augeras, 1996; Zhao

et al., 1996; Bertalmio et al., 1998; F augeras and Keriv en, 1998; Kornprobst et al., 1998; Malladi and

Sethian, 1998; Lorigo et al., 2000; Jehan-Besson et al., 2001; Sapiro, 2001; Sifakis et al., 2001; VLSM,

2001).
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Figur e 1. Geo desic Activ e Regions for Sup ervised T exture Segmen tation: A curv e is initialized in a tex-

tured image (top-left). The prop osed framew ork propagates this curv e to w ards the �nal segmen tation

map that separates the bac kground textured region from the other textured regions (b ottom-righ t).

conditions, can deal automatically with top ological c hanges and can b e used to deal

with v arious frame partition problems.

The second is to v alidate this framew ork using a w ell kno wn application in Com-

puter Vision, the task of sup ervised texture segmen tation. The observ ation set of the

prop osed approac h is comp osed of

1. A giv en set of texture pattern images,

2. A giv en input frame comp osed from these patterns.

Based on this feature space, a simple metho d is prop osed for texture analysis and

mo deling that com bines e�cien tly �ltering theory with the statistical mo deling. Then,

the b oundary and the region-based texture segmen tation mo dules are in tegrated under

a generic form within the Geo desic Activ e Regions mo del to deal with the follo wing

problems (P aragios and Deric he, 1999a; P aragios and Deric he, 1999b):

1. The segmen tation of the input frame , giv en the bac kground pattern [ �g.

(1,11,14)],

2. The extraction of regions of in terest from the input frame, giv en the corresp ond-

ing patterns [ �g. (12,13)].

The essence of our approac h is demonstrated in [ �g. 1] where an initial con tour is

propagated to w ards the region b oundaries to pro vide the �nal segmen tation map that

separates the bac kground from the other textured regions.

The prop osed algorithm is depicted in [ �g. 2]. Initially , an o�-line step is p erformed

that creates m ulti-comp onen t probabilistic texture descriptors for the giv en set of

texture patterns, where the m ultidimensional feature data is deriv ed using a set of �lter

op erators [ �g. 2: L e arning Phase ]. This phase is decomp osed in to three steps. First,

the texture features are captured using a prede�ned set of �lter op erators (Isotropic,
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Anisotropic and Gab or). Second, these features are mo deled for eac h texture pattern

using con tin uous probabilit y densit y functions. The last step consists of v alidating

these features, whic h refers to the estimation of some reliabilit y measuremen ts for the

di�eren t �lters op erators that ha v e b een used to obtain these features.
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Figur e 2. Geo desic Activ e Regions for sup ervised texture segmen tation: The Ov erview of the prop osed

framew ork.

Then, giv en the input frame, w e apply the same op erators and deriv e an obser-

v ation set that refers to the same m ultidimensional feature space that has b een to

construct the texture descriptors. Then, for eac h pixel w e estimate the probabilit y

of b eing on the b oundaries b et w een t w o di�eren t texture regions. Since w e deal with

m ultidimensional feature data, a probabilit y v ector is obtained. The comp onen ts of

this v ector ( e.g. b oundary probabilities) are qualitativ e com bined to a single frame to

pro vide the b oundary-based texture information [ �g. 2: Boundary Mo dule ]. Besides,

using the texture descriptors and the observ ation set w e determine the region-based

information that is deriv ed from the most probable temp oral texture assignmen t [ �g.

2: R e gion Mo dule ].

Then, the segmen tation step is p erformed using a uni�ed mo del that in tegrates

a b oundary and a region-based mo dule and refers to the optimization of a curv e-

based ob jectiv e function. The problem is stated under an impro v ed Geo desic Activ e

Con tour mo del that aims at �nding the b est minimal length geo desic curv e that

consists of image pixels with high b oundary probabilities, and creates regions that refer

to an "optimal" grouping according to the image c haracteristics. W e call this mo del

Geo desic Activ e Region , since b oundary and region information are co op erating

in a coupled activ e con tour mo del. The de�ned ob jectiv e function is minimized using

a gradien t-descen t metho d where a lev el set approac h (Osher and Sethian, 1988) is

used to implemen t the obtained PDE. T o summarize, the resulting PDE propagates

an initial con tour (single or m ultiple seeds) to w ards the �nal segmen tation map under

the in
uence of b oundary and regional/statistical forces while b eing constrained b y

in ternal forces (regularit y).
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The remainder of this pap er is organized as follo ws. Section 2 deals with the texture

analysis and mo deling problem while in Section 3, w e in tro duce the main con tribution

of this pap er, the Geo desic Activ e Regions mo del whic h is applied to the sup ervised

texture segmen tation problem in Section 4. Finally , exp erimen tal results and discussion

app ear in Section 5.

2. T exture Analysis and Mo deling

The �rst step of sup ervised texture segmen tation refers to a texture analysis and

mo deling phase where the goal is to create texture mo dels/descriptors for a giv en

set of texture patterns. During the last three decades a large n um b er of di�eren t

approac hes ha v e b een prop osed.

Early approac hes to texture mo deling ha v e made use of k � th order statistics,

where tuples of k pixels are used to determine the b eha vior of the texture patterns.

Although these metho ds ha v e b een widely used, they su�er from b eing computationally

exp ensiv e (in terms of memory).

A more 
exible mo del relies on the m ulti-c hannel �ltering theory , where the retinal

image is decomp osed in to a set of sub-bands, whic h are the con v olution output with

a giv en set of �lters. These mo dels ha v e b een widely considered to describ e textures

due to their impressiv e p erformance to texture segmen tation and classi�cation.

The last area of approac hes rely on statistical mo deling, where the observ ed tex-

ture pattern is assumed to b e a probabilit y distribution on a Random Field. These

approac hes are v ery p o w erful, they in v olv e a small n um b er of parameters but they

are computationally exp ensiv e. The problem of creating p o w erful probabilistic texture

mo dels w as analyzed extensiv ely with a v ery elegan t w a y in (Greenspan et al., 1994; W u

et al., 1999; Zh u, 1996; Zh u et al., 1998).

2.1. Extra cting Fea tures

One of the crucial asp ects of texture analysis/mo deling is the extraction of prop er and

represen tativ e textural features and prop erties that are going to b e used as input to

the mo deling phase. The imp ortance of this step is quite eviden t, due to the fact that

the abilit y of selecting the most represen tativ e features is strongly related with the

p erformance and the discrimination p o w er of the texture description mo del.

The use of �lter and morphological op erators has b een applied successfully to a

v ariet y of computer vision applications, lik e edge-detection, image restoration, image

segmen tation, texture segmen tation, etc. In suc h a case, a set of linear and non-linear

op erators is applied to the input image, that creates a m ultidimensional feature v ector

(�lter resp onses). These op erators are optimally selected if eac h �lter resp onse refers

to di�eren t textural prop erties, while the en tire set of resp onses is a represen tativ e

m ultidimensional feature space that can b e easily di�eren tiated from analogous spaces

of other texture patterns. Although there is a lot of related w ork on the optimal

�lter selection for texture segmen tation (Bo vik et al., 1990; Dunn and Higgins, 1995),

w e adopt a rather large and general �lter bank that is comp osed of isotropic and

anisotropic �lters:
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� The Gaussian op erator f g ( j � ) g

�

g ( x; y j � ) =

1

p

2 � �

e

�

x

2

+ y

2

2 �

2

�

� The isotropic cen ter-surround op erator (Laplacian of Gaussian) f l ( j � ) g ,

�

l ( x; y j � ) = S

�

1 �

x

2

+ y

2

2 �

2

�

e

�

x

2

+ y

2

2 �

2

�

where S is a constan t scale factor. Besides, the ( x; y ) anisotropic directional

deriv ativ es op erators are also considered.

� The 2D Gab or op erators analyze the image sim ultaneously in b oth space [ � ], and

frequency domains [ � ; � ].

�

g

G

( x; y j � ; � ; � ) =

1

2 � �

2

e

�

x

2

+ y

2

2 �

2

e

� j 2 � ( � x + �y )

�

These Gab or functions can b e decomp osed in to t w o comp onen ts; the real part

[ g

R

( x; y j � ; � ; � )] and the imaginary part [ g

I

( x; y j � ; � ; � )]. The texture features are

captured b y the sp ectrum analyzer f s ( j � ; � ; � ) g of the Gab or comp onen ts,

s ( x; y j � ; � ; � ) =

p

( g

R

� I )( x; y )

2

+ ( g

I

� I )( x; y )

2

smo othed b y a Gaussian function, where ( G

R

� I ) denotes the con v olution op er-

ation b et w een the image I and the �lter G

R

.

2.2. Modeling Fea tures

The mo deling phase aims at �nding an appropriate mo del that can b e determined

b y a limited set of parameters and preserv es strong discrimination p o w er. The most

common mo del related with �ltering theory is the use of histograms. Although this

mo del can b e implemen ted quite easily , it encoun ters some imp ortan t limitations. The

selection of the size, as w ell as the n um b er of the histogram cells a�ects signi�can tly

the extracted mo del. These problems are more visible when the output data is not dis-

tributed uniformly . Additionally , a large n um b er of parameters is required (histogram

size) to obtain an accurate represen tation mo del. In order to deal with these problems,

w e adopt a statistical framew ork where the di�eren t �lter resp onses are mo deled using

probabilities densit y functions that are mixture distributions of Gaussian comp onen ts.

In order to facilitate the notation, let us no w mak e some de�nitions:

� Let T = f t

i

: i 2 [1 ; N ] g b e the set of texture patterns

� Let F = f f

i

: i 2 [1 ; M ] g b e the preselected set of �lter op erators

� Let P = f P

i

: i 2 [1 ; N ] g b e the the set of texture pattern images and let

D = f D

f i;j g

: i 2 [1 ; N ] ; j 2 [1 ; M ] g b e the m ultidimensional feature training data

space, where D

f i;j g

is the resp onse of the op erator f

j

to the input pattern P

i

.
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(a) (b) (c) (d)

Figur e 3. Mixture Analysis for the zebra pattern con v olution output with s ( :: j 1 ; � = 3 ; 2 � ) Solid

Line: Samples , Dashed Line: Probabilit y Densit y F unctions . (a) One Comp onen t, Me an

Appr oximation Err or: 9.76932e-05 , Maximal: 0.006372 , (b) Tw o Comp onen ts, Me an Appr oxima-

tion Err or: 3.8765e-05 , Maximal: 0.003869 , (c) Three Comp onen ts, Me an Appr oximation Err or:

3.4061e-05 , Maximal: 0.003180 , (d) F our Comp onen ts, Me an Appr oximation Err or: 3.3245e-05 ,

Maximal: 0.002932 .

W e assume that eac h comp onen t [�lter resp onse] of the m ultidimensional feature

space can b e mo deled using lo w-lev el statistics. Under this assumption, the statistical

b eha vior of the data comp onen ts is expressed with conditional probabilit y densit y

functions. Let p

f i;j g

( : ) b e the conditional probabilit y densit y of the data comp onen t

D

f i;j g

(normalized histogram). W e assume that this probabilit y densit y function is

homogeneous ( i.e. indep enden t of the pixel lo cation) and that it can b e decomp osed

in to man y di�eren t comp onen ts, where eac h comp onen t is Gaussian.

Let P

k

f i;j g

b e the a priori probabilit y of the comp onen t k . The observ ed data v alues

D

f i;j g

are assumed to b e obtained b y selecting a comp onen t k with probabilit y P

k

f i;j g

,

and then selecting a v alue x according to the probabilit y la w p

k

f i;j g

( x j �

k

f i;j g

; �

k

f i;j g

).

Th us, the probabilit y densit y function is giv en b y

p

f i;j g

( x j �

f i;j g

) =

C

N

X

k =1

P

k

f i;j g

p

k

f i;j g

( x j �

k

f i;j g

; �

k

f i;j g

) ; (1)

where C

N

is the n um b er of mixture comp onen ts, and �

f i;j g

is the v ector of the

unkno wn mixture parameters: �

f i;j g

= f ( P

k

f i;j g

; �

k

f i;j g

; �

k

f i;j g

) : k 2 [1 ; :::; C

N

] g . Under

this h yp othesis, there are t w o k ey problems: the n um b er of di�eren t comp onen ts C

N

,

and the estimation of the unkno wn parameters �

ij

of these comp onen ts. In most of the

cases, it has b een exp erimen tally found that t w o comp onen ts are enough, but there are

some cases where at least three/four comp onen ts m ust b e assumed. This case app ears

v ery often for texture patterns that are not homogeneous. The determination of the

comp onen t n um b er is based on the mean appro ximation error b et w een the samples

and the estimated mixture mo del. W e incremen t the n um b er of comp onen ts un til the

mean appro ximation error drops b elo w a giv en threshold. T o deal with cases where

this threshold cannot b e satis�ed, w e also consider the relativ e impro v emen t of the

appro ximation when a new comp onen t is added. Concerning the example of [ �g. (3)],

the impro v emen t of the appro ximation b et w een the use of t w o and three comp onen ts

is not signi�can t, th us w e appro ximate this �lter resp onse with t w o comp onen ts. The

estimation of the unkno wn parameters �

ij

can b e done using the maxim um lik eliho o d

principle (Duda and Hart, 1973).
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(1)

(2)

(a) (b) (c) (d) (e)

Figur e 4. (1) T exture P atterns, (2) Statistical Mo deling for the op erator resp onses. (2.a) g ( ::: j 1), (2.b)

l ( :: j 1), (2.c) g

R

( :: j 1 ; � = 3 ; � = 2), (2.d) s ( :: j 1 ; � = 3 ; � = 2), (2.e) ( :: j 1 ; 2 � ; 2 � ). Eac h graph corresp onds to

a �lter op erator and con tains the statistical mo deling result for all texture patterns. Eac h

color among the di�eren t graphs refers to the same texture pattern.

The output of this op eration is a p o w erful texture description mo del that can b e

expressed using a limited set of parameters under a statistical framew ork. Eac h texture

pattern is asso ciated with a tuple of conditional probabilit y densit y functions

p

i

=

�

p

f i; 1 g

; :::; p

f i;M g

�

: i 2 [1 ; N ]

that c haracterizes the b eha vior of this pattern with resp ect to the di�eren t �lter

op erators [ �g. (4)].

2.3. V alid a ting Fea tures

One of the pre-o ccupations of statistical analysis is to decrease the n um b er of required

parameters that are in v olv ed to a statistical decision problem or to v alidate them b y

assigning some reliabilit y measuremen ts. Using a small n um b er of in v olv ed parameters,

w e can predict and analyze easier the b eha vior of the mo del. F urthermore, the v ali-

dation of these parameters, results to a b etter solution since they ma y b e considered

according to their \qualit y".

In our case, these parameters refer to the n um b er of �lters. The �lters ha v e di�eren t

orien tation and scale, re
ecting in di�eren t \qualit y" with resp ect to their abilit y of

capturing the texture features. Moreo v er, giv en a set of texture patterns, some of

the �lter op erators are more quali�ed to b e used, due to the fact that they b etter

capture the observ ed texture prop erties, resulting on an observ ation set where the

discrimination b et w een the di�eren t textures can b e easily p erformed. Th us, in this

sub-section the v alidation of the di�eren t �lter op erators will b e considered.

After the completion of this extraction and mo deling phase, a tuple of probabilit y

densit y functions is asso ciated with eac h texture pattern (the comp onen ts of this

tuple refer to the di�eren t �lter op erators). These tuples are comp osed of con tin uous

densit y functions that measure the probabilit y that a giv en v alue comes from the

texture pattern, giv en the origin of the considered tuple.
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Th us, giv en a �lter op erator [ f

o

], a texture pattern [ t

p

] and the corresp onding

texture descriptor [ p

t

p

], w e can estimate the misclassi�cation error for this op erator

during the mo deling phase. By considering the con v olv ed pattern image [ D

f t

p

;f

o

g

] (the

con v olution result b et w een the pattern image and the op erator) w e can estimate the

n um b er of pixels that are misclassi�ed. A pixel s is misclassi�ed, if and only if there is

another texture pattern [ t

x

], for whic h the conditional probabilit y giv en the observ ed

v alue at s [ p

f t

x

;f

o

g

�

D

f t

p

;f

o

g

( s )

�

] is sup erior to the one that refers to the true case

[ p

f t

x

;f

o

g

�

D

f t

p

;f

o

g

( s )

�

]. Hence, for a giv en �lter [ f

o

] op erator and for a giv en texture

pattern [ t

p

] w e can estimate the n um b er of the prop erly classi�ed pixels as follo ws

P

f

o

( t

p

) =

1

j D j

Z

D

Z

f t

p

;f

o

g

H

f t

p

;f

o

g

( D

f t

p

;f

o

g

( x; y ))

| {z }

C or r ectness f unction

dxdy (2)

where j D j is the n um b er of grid pixels, and the function H

f t

p

;f

o

g

() is giv en b y

H

f t

p

;f

o

g

( a ) =

N

Y

i =1 ;i 6= t

p

�

p

f t

p

;f

o

g

( a ) � p

f i;f

o

g

( a )

�

| {z }

a comes from image D

f t

p

;f

o

g

(3)

This is a binary function, whic h:

� is equal to one if the giv en pixel is classi�ed correctly (the probabilit y with resp ect

to the true nature is sup erior to the other probabilities),

h

[

N

i =1 ;i 6= t

p

�

p

f t

p

;f

o

g

( a ) � p

f i;f

o

g

( a )

�

i

= 1

� equal to zer o if there is an alternativ e texture h yp othesis that is more probable

giv en the observ ed v alue ( the pixel is misclassi�ed ).

�

9 i 2 [1 ; N ] : i 6= t

p

; p

f t

p

;f

o

g

( a ) < p

f i;f

o

g

( a )

�

In other w ords, the function P

f

o

( t

p

) measures the prop erly classi�ed pixels on the

image D

f t

p

;f

o

g

, and can b e used as reliabilit y measuremen t for the corresp onding �lter

op erator. Ho w ev er, during the learning phase this measuremen t is a v ailable N times

(the n um b er of texture patterns). This is due to the fact that a giv en op erator is

applied to the whole set of texture patterns. Hence w e ha v e to com bine these reli-

abilit y measuremen ts that refer to the same �lter op erator in to one v alue. This can

b e done v ery easily b y a v eraging them (a �lter op erator is go o d if it preserv es strong

discrimination p o w er for all texture patterns), hence the reliabilit y of a giv en �lter

op erator f

o

is giv en b y

w

f

o

=

1

N

N

X

i =1

P

f

o

( t

i

) (4)

Moreo v er, these reliabilit y measuremen ts migh t b e normalized as

�

^w

f

o

=

w

f

o

P

M

i =1

w

f

i

�

for

all �lter op erators.
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A

A

R

A

(a) (b) (c) (d)

Figur e 5. Geo desic Activ e Regions Mo del: (a) the input, (b) the b oundary-based information, (c)

the region-based information corresp onding to h yp othesis h

A

, [the information is prop ortional to the

frame in tensities] (d) the region-based information corresp onding to h yp othesis h

B

[the information

is prop ortional to the frame in tensities].

3. Geo desic Activ e Regions

In order to facilitate the presen tation of the most closely related b oundary/region

frame partition approac hes and the in tro duction of the new mo del, the bi-mo dal case

will b e considered.

3.1. Not a tion

Let us mak e some de�nitions as w ell as some assumptions regarding the a priori kno wl-

edge that are going to b e used to presen t the existing framew orks and to in tro duce

the Geo desic Activ e Regions mo del,

� Let I b e the input image comp osed of t w o classes ( h

A

; h

B

),

� Let P ( R ) = fR

A

; R

B

g b e a partition of the image domain in to t w o non-o v erlapping

regions [ �g. (5.a)],

� Let @ P ( R ) b e the b oundaries b et w een the regions R

A

and R

B

of the P ( R )

partition.

� Let us mak e the assumption that some kno wledge regarding the exp ected p ositions

of real region b oundaries is a v ailable, the b oundary probabilities p

C

() ; (the b

stands for b oundary) whic h measure the lik eliho o d of a giv en pixel b eing at the

real b oundaries b et w een the t w o classes ( h

A

; h

B

) [ �g. (5.b)],

� Finally , let us also mak e the assumption that some kno wledge regarding the ex-

p ected region prop erties of the classes h

A

; h

B

is a v ailable, the region probabilities

p

A

() ; p

B

() (the r stands for region) whic h measure the lik eliho o d of a giv en pixel

preserving the exp ected region prop erties of the considered classes ( h

A

; h

B

) [ �g.

(5.c), (5.d)].

3.2. Rela ted W ork

Casel les, Kimmel and Sapir o in (Caselles et al., 1995; Caselles et al., 1997) and Kiche-

nassamy, Kumar et al in (Kic henassam y et al., 1995) ha v e prop osed the ge o desic active

c ontour mo del for image segmen tation as a geometric alternativ e for snak es whic h ma y
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b e considered as an \extension" of the classic snak e since it o v ercomes some of the

snak e limitations. A similar mo del that is geometry-based w as prop osed in (Malladi

et al., 1995).

Th us, according to the geo desic activ e con tour, the desirable frame partition is

obtained b y minimizing (after the necessary mo di�cations to meet the notation frame-

w ork)

E ( @ R ) =

Z

1

0

g

0

B

@

p

b

( I ( @ R

A

( c )))

| {z }

boundar y pr obabil ity

1

C

A

| {z }

boundar y attr action

�

�

�

@

_

R

A

( c )

�

�

�

| {z }

r eg ul ar ity

dc (5)

where @ R ( c ) is a parameterization of the R

A

region b oundaries in to a planar form [w e

ha v e implicitly the assumption that R

A

is the in terior curv e region], g () is a mono-

tonically decreasing function ( e.g. Gaussian) and the dot op erator f @

_

R ( c ) g denotes

the partial deriv ativ e with resp ect to the curv e parameter

h

@

_

R ( c ) =

@ [ @ R ]

@ c

( c )

i

. The

in terpretation of this functional is clear since the optimal frame partition is obtained

b y �nding the set of minimal length geo desic curv es that are attracted b y the real

region b oundaries. Moreo v er, the same authors ha v e prop osed the implemen tation

of the obtained motion equation using the lev el set metho ds resulting on a paradigm

that can deal automatically with top ological c hanges. Summarizing, the geo desic activ e

con tour is an elab orated metho d for b oundary-based image partition applications that

is fa v orably compared with the classical snak e mo del.

Ho w ev er, this mo del also encoun ters sev eral limitations: (i) It only mak es use of v ery

lo cal information (lik e the snak e mo del) and is v ery sensitiv e to lo cal minima, (ii) Due

to the fact that the geo desic activ e con tour framew ork relies on a non-parameterized

curv e, and ev olv es mainly an initial curv e to w ards one direction (constrained b y the

curv ature e�ect), it demands a sp e ci�c initialization step, where the initial curv e should

b e completely exterior or in terior to the real ob ject b oundaries.

Man y e�orts ha v e b een made to o v ercome these shortcomings b y in tro ducing some

region-based features to snak e-based partition metho ds with ob jectiv e to mak e them

free from the initial conditions and more robust. T o w ards this direction, bi-directional

b oundary-based 
o ws ha v e b een also prop osed recen tly (Xu and Prince, 1997; P aragios

et al., 2001).

Chakr ab orty, Staib and Dunc an in (Chakrab ort y et al., 1996) prop osed a mo del

for medical image segmen tation that in tegrates edge and region-based information

within a deformable b oundary �nding framew ork. Their ob jectiv e function (after the

necessary mo di�cations to meet the notation framew ork) is giv en b y

E ( @ R ; I

G

; I

R

) = � E

P RI O R

( @ R ) + �

Z

1

0

I

G

( @ R ( f )) d f

| {z }

B oundar y T er m

+ 


Z

R

Z

A

I

R

( x; y ) dxdy

| {z }

Reg ion T er m

(6)

where I

G

is an image that con tains the gradien t norm v alues, I

R

is an image that

accoun ts for the region information, and f @ R ( f ) g is a parameterization of the b ound-

aries using F ourier descriptors. As far the in terpretation of the energy comp onen ts,
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the prior term E

P RI O R

() in tro duces some prior kno wledge ab out the shap e form (the

�nal con tour should b e close to this shap e), the b oundary term propagates the curv e

to w ards high gradien t v alues p oin ts (edges), and the region term incorp orates some

region-based information in to the b oundary �nding framew ork. This information is

the output of a region segmen tation step.

Within this framew ork, the b oundaries are parameterized using F ourier descriptors,

whic h presen t some imp ortan t limitations with resp ect to the shap es that they can de-

scrib e. Additionally , the region information is expressed via in tensit y homogeneit y

whic h limits the mo del applicabilit y , ev en if it is not a strong constrain t. More-

o v er, due the Lagrangian implemen tation of the curv e propagation, the top ological

c hanges cannot b e handled. F urthermore, this approac h requires a pre-segmen tation

map [ I

R

]. Finally , some of the probabilistic assumptions that ha v e b een done to de-

termine the mo del ma y b e not v alid if the curren t b oundary is far a w a y from the true

b oundary . Th us, the mo del is sensitiv e to the initial conditions . Ho w ev er, this is the

�rst e�ort that com bines successfully b oundary and region-based information within

a snak e minimization framew ork.

Zhu and Y uil le in (Zh u and Y uille, 1996) prop osed a statistical v ariational ap-

proac h for image/texture segmen tation whic h com bines the geometrical features of a

snak e/ballo on mo del and the statistical tec hniques of region gro wing. Their ob jectiv e

function (after the necessary mo di�cations to meet the notation framew ork) is giv en

b y

E ( @ R ) =

�

2

Z

1

0

�

�

�

@

_

R ( c )

�

�

�

dc + �

X

X 2f A;B g

8

<

:

Z

R

Z

X

log ( p

X

( I ( x; y ))) dxdy

9

=

;

(7)

where [ @ R

A

= @ R

B

= @ R ] (the orien tation is not considered). In this approac h, al-

though a snak e/ballo on mo del is emplo y ed for the segmen tation pro cess, the b oundary-

based information is ignored and the snak e/ballo on mo del is used only to imp ose

a regularit y constrain t. Besides, due to the implemen tation of the curv e propagation

using a Lagrangian approac h, the c hanges of top ology cannot b e naturally handled.

Ho w ev er, this approac h can deal with the merging c hange b y in tro ducing a region

gro wing step. Hence, regions (curv es) that ha v e common b oundaries are merged if the

en trop y of the resulting region is inferior to the sum of the regions en tropies b efore

merging. In an y case, this step can b e p erformed only to region gro wing approac hes

and cannot deal with the \splitting" top ology c hange.

In parallel with the framew ork prop osed in this pap er, related v ariational ap-

proac hes ha v e also b een in tro duced (Amadieu et al., 1999; Chan and V ese, 1999; Sam-

son et al., 1999; Y ezzi et al., 1999). In (Chan and V ese, 1999; Samson et al., 1999)

t w o di�eren t v ariational framew orks are prop osed based on (Mumford and Shah,

1985) for bi-mo dal and sup ervised segmen tation while in (Y ezzi et al., 1999) a three-

mo dal approac h is prop osed. The (Chan and V ese, 1999) framew ork as w ell as the

(Samson et al., 1999) can b e view ed as extensions of the (Mumford and Shah, 1985)

approac h where a lev el set implemen tation is considered, while the (Y ezzi et al., 1999)

approac h is inspired b y the mathematical form ulation prop osed in (Zh u and Y uille,

1996). Ho w ev er, these framew orks do not mak e use of b oundary-based information

and are sensitiv e to the initial conditions since statistics are generated and up date

o v er regions dynamically . F urthermore, they are constrained (with the exception of
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(Samson et al., 1999) where the sup ervised image segmen tation case is considered) to

bi-mo dal and three-mo dal image segmen tation cases. A closely related approac h to

(Chan and V ese, 1999) w as prop osed in parallel in (Amadieu et al., 1999). Finally ,

more recen t approac hes related with the prop osed framew ork can b e found in (Tsai

et al., 2000; Chan and V ese, 2001).

The Geo desic Activ e Regions mo del has b een initially in tro duced in (P aragios and

Deric he, 1999b) for sup ervised texture segmen tation and then extended to deal with

the un-sup ervised image segmen tation case in (P aragios and Deric he, 2000a), and

successfully exploited in (P aragios and Deric he, 1999c) to pro vide an elegan t solution

to the motion estimation and the trac king problem.

Within this framew ork the region b oundaries are accurately extracted (opp osite to

(Zh u and Y uille, 1996; Chan and V ese, 1999; Y ezzi et al., 1999) where there is no b ound-

ary attraction) that is an imp ortan t issue for man y applications ( e.g. segmen tation

of medical images). F urthermore, the prop osed approac h can deal automatically with

top ological c hanges (opp osite to (Chakrab ort y et al., 1996; Zh u and Y uille, 1996) where

only the \merging" top ology c hange could b e handled separately to the segmen tation

phase through a region-gro wing step), is free from the initial conditions ((Caselles

et al., 1995; Chakrab ort y et al., 1996; Zh u and Y uille, 1996) where the statistics of

eac h region are generated and up dated automatically and hence the initial regions

p ositions a�ect signi�can tly the segmen tation result). Finally , the Geo desic Activ e

Regions Mo del do es not require an y pre-segmen tation input (opp osite to (Chakrab ort y

et al., 1996)). On the other hand, the prop osed segmen tation framew ork refers to a

sup ervised case (opp osite to (Zh u and Y uille, 1996; Chan and V ese, 1999; Y ezzi et al.,

1999) where the un-sup ervised case is considered).

3.3. Setting the Bound ar y Module

Th us, according to this framew ork, the frame partition task can b e view ed initially as

the problem of accurately extracting the b oundaries b et w een the regions R

A

and R

B

.

This, can b e done b y the geo desic activ e con tour mo del, th us minimizing

E ( @ R ) =

Z

1

0

g

0

B

@

p

C

( I ( @ R

A

( c )))

| {z }

boundar y pr obabil ity

1

C

A

| {z }

boundar y attr action

�

�

�

@

_

R

A

( c )

�

�

�

| {z }

r eg ul ar ity

dc (8)

3.4. Setting the Region Module

A t the same time, the examined problem is equiv alen t to creating a consisten t frame

partition b et w een the observe d data, the asso ciate d hyp othesis and their exp e cte d pr op-

erties . This partition can b e view ed as an optimization problem with resp ect to the a

p osteriori frame partition probabilit y , giv en the observ ation set.

Let [ p

S

( P ( R ) j I )] b e the a p osteriori frame partition densit y function with resp ect

to the di�eren t partitions P ( R ) giv en the input image I . This densit y function is giv en

b y the Ba y es rule as:
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p

S

( P ( R ) j I ) =

p ( I jP ( R ))

p ( I )

p ( P ( R )) (9)

where

� p ( I jP ( R )) is the a p osteriori segmen tation probabilit y for the image I , giv en the

partition P ( R ),

� p ( P ( R )) is the probabilit y of the partition P ( R ) among the space of all p ossible

partitions of the image domain,

� and p ( I ) is the probabilit y of ha ving as input the image I among the space of all

p ossible images.

If w e assume that all the partitions are a priori equally p ossible

�

p ( P ( R )) =

1

Z

�

where Z is the n um b er of p ossible partitions, then w e can ignore the constan t terms

p ( I ) ; p ( P ( R )) and the densit y function is equiv alen t with:

^p

S

( P ( R ) j I ) = p ( I jfR

A

; R

B

g ) (10)

Besides, since normally there is no correlation b et w een the regions lab eling, and the

region probabilities dep end only on their observ ation set (within the region), w e obtain

the follo wing form

^p

S

( P ( R ) j I ) = p ([ I jR

A

] \ [ I jR

B

]) = p ( I jR

A

) p ( I jR

B

) (11)

where p ( I jR

A

) is the a p osterior probabilit y for the region R

A

giv en the corresp onding

image in tensities ( r esp. p ( I jR

B

)).

Besides, if w e assume that the pixels within eac h region are indep enden t that is a

commonly used assumption, then w e can replace the region probabilit y b y the join t

probabilit y among the region pixels:

p ( I jR

X

) =

Y

s 2R

X

p

X

( I ( s )) (12)

where X 2 f A; B g .

T aking all these in to accoun t, the a p osteriori segmen tation probabilit y for a par-

tition P ( R ) giv en the observ ed image I is determined b y

^p

S

( P ( R ) j I ) =

Y

s 2R

A

p

A

( I ( s ))

Y

s 2R

B

p

B

( I ( s )) (13)

The maximization of the simpli�ed a p osteriori segmen tation probabilit y is equiv-

alen t to the minimization of the [ -log ()] function of this probabilit y ,

E ( @ P ( R )) = �

Z

R

Z

A

log

2

6

4

p

A

( I ( x; y ))

| {z }

h

A

pr obabil ity

3

7

5

dxdy

| {z }

R

A

f itting measur ement

�

Z

R

Z

B

log

2

6

4

p

B

( I ( x; y ))

| {z }

h

B

pr obabil ity

3

7

5

dxdy

| {z }

R

B

f itting measur ement

(14)

This term is similar with the one prop osed in (Zh u and Y uille, 1996).

Let us no w try to in terpret this region-based term:
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� Supp ose that a pixel s is w ell classi�ed and the true case is h

A

; then this pixel ap-

p ears to the R

A

f itting measur ement . The corresp onding probabilit y for the true

case [ p

A

( I ( s ))] is higher than the one for the opp osite case [ p

B

( I ( s ))], resulting

on a minim um con tribution in the ob jectiv e function [ � log ( p

A

( I ( s ))) ].

� On the other hand if this pixel is not appropriatelly classi�ed, then it app ears for

example to the R

A

f itting measur ement while the true case is h

B

. It is ob vious to

see that the p enalization of the ob jectiv e function due to the mis-lab eling of this

pixel will b e higher compared b y the one in tro duced if the appropriate decision

w as tak en.

Summarizing, this region-based energy term is de�ned using the partition deter-

mined b y the curv e and aims at maximizing the a p osteriori segmen tation probabilit y

giv en the input image.

3.5. Geodesic A ctive Regions Objective function

Then, the t w o di�eren t frame partition mo dules are in tegrated b y de�ning the Geo desic

Activ e Regions ob jectiv e function as

E ( @ R ) = �

Z

1

0

g

0

B

@

p

C

( I ( @ R

A

( c )))

| {z }

boundar y pr obabil ity

1

C

A

| {z }

boundar y attr action

�

�

�

@

_

R

A

( c )

�

�

�

| {z }

r eg ul ar ity

dc

� (1 � � )

Z

R

Z

A

log

2

6

4

p

A

( I ( x; y ))

| {z }

h

A

pr obabil ity

3

7

5

dxdy

| {z }

R

A

f itting measur ement

� (1 � � )

Z

R

Z

B

log

2

6

4

p

B

( I ( x; y ))

| {z }

h

B

pr obabil ity

3

7

5

dxdy

| {z }

R

B

f itting measur ement

(15)

where � is a p ositiv e constan t that balances the con tributions of the t w o terms [0 �

� � 1].

The in terpretation of the de�ned ob jectiv e function is follo wing.

We se ek a set of curves that:

i. [ Boundary T erm ] are r e gular [ eq. (15): regularit y ], of minimal length, and are

attracted b y the real regions b oundaries [ eq. (15): b oundary attraction ],

ii. [ Region T erm ] de�ne a partition of the image whic h maximizes the a p osteriori

frame partition probabilit y .

The minimization of the ob jectiv e function is p erformed using a gradien t descen t

metho d. If u = ( x

A

; y

A

) is a p oin t of the initial curv e @ R

A

and w e compute the Euler-

Lagrange equations using the Stok es theorem (Caselles et al., 1997; Zh u and Y uille,
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(b)       (c)                          

RA

BR
NB

NA

BR

RA

(a)           

Figur e 6. F orces acting on the con tour. Red line: the real region b oundaries, Dashed line: the curren t

curv e p osition. (a) Boundary-based force constrained b y the curv ature, (b) Region-based forces (the

magnitudes are not considered). The regions presen t in v erse normals due to the di�eren t orien tations

of their b oundaries, (c) Resultan t force acting on the con tour (a w eigh ted sum of v ector forces).

1996), then w e should deform the curv es ( @ R

A

) using the follo wing equation:

8

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

:

@ u

@ t

=

Reg ion � based f or ce

z }| {

� log

0

B

B

B

@

h

B

pr obabil ity

z }| {

p

B

( I ( u ))

p

A

( I ( u ))

| {z }

h

A

pr obabil ity

1

C

C

C

A

N ( u ) +

(1 � � ) ( g ( p

C

( I ( u ))) K ( u ) � r g ( p

C

( I ( u ))) � N ( u ))

| {z }

B oundar y � based f or ce

N ( u )

(16)

The obtained PDE motion equation has t w o kind of for c es acting on the propagating

curv es in the direction of the in w ard normal:

� Region force : This force aims at shrinking or expanding the curv e to the di-

rection that maximizes the a p osteriori segmen tation probabilit y . Let us no w try

to in terpret this force for a giv en curv e pixel u b y reminding that this pixels is

asso ciated to the h

A

class,

� if the true state of u is h

B

, then the conditional densit y function that accoun ts

for this class [ p

B

( I ( u ))] should supp ort the true case [ p

B

( I ( u )) > p

A

( I ( u ))],

resulting on a p ositiv e force that aims at shrinking the curv e to pass through

this pixel:

p

B

( I ( u )) > p

A

( I ( u )) )

p

B

( I ( u ))

p

A

( I ( u ))

> 1

) log

�

p

B

( I ( u ))

p

A

( I ( u ))

�

> 0 ) � log

�

p

B

( I ( u ))

p

A

( I ( u ))

�

> 0

� On the other hand, if the true state of u is the h

A

, then this force aims at

expanding the curv e to include this pixel.



18

� The b oundary force con tains information regarding the b oundaries of the dif-

feren t regions and is comp osed of t w o sub-terms; one that shrinks the curv e

constrained b y the curv ature e�ect to w ards the ob ject b oundaries and one that

attracts the curv e to the ob jects b oundaries (re�nemen t term).

3.6. Model Generaliza tion

The main assumption that has b een made to pro vide the prop osed framew ork relies

on the fact that all partitions are equally probable. Generally , this is assumption is not

v alid, but this do es not constrain the prop osed mo del since the same framew ork can

b e reco v ered b y replacing the a p osteriori frame partition probabilit y with the joint

probabilit y that is a commonly used as a region-based optimization criterion.

The prop osed mo del can b e generalized v ery easily b y assuming for a sp eci�c appli-

cation the existence of functions that capture the b oundary and the region prop erties

of the di�eren t regions. Th us, if w e consider

� A frame partition problem with N + 1 classes [ N classes plus the bac kground class

R

0

],

� A set of b oundary attraction functions [ b

i

: R � R ! R ; i 2 [1 ; N ]] that \capture"

the b oundary features of the di�eren t classes ( for the real b oundary pixels

this function returns minima v alues ),

� A set of region homogeneit y functions [ r

i

: R � R ! R ; i 2 [1 ; N ]] that \cap-

ture" the region features of the di�eren t classes ( for the real class pixels this

function returns minima v alues ),

then, the Geo desic Activ e Regions framew ork consists of minimizing:

E ( @ R ) =

N

X

i =0

�

R

i

f itting measur ement

z }| {

Z

R

i

Z

r

i

( I ( x; y )) dxdy

| {z }

i Reg ion T er m

+

N

X

i =1

(1 � � )

Z

1

0

i boundar y attr action

z }| {

b

i

( I ( @ R

i

( c

i

)))

i r eg ul ar ity

z }| {

�

�

�

@

_

R

i

( c

i

)

�

�

�

dc

i

| {z }

B oundar y T er m

(17)

The minimization of the generalized ob jectiv e function is p erformed using a gradien t

descen t metho d and leads to a system of N motion equations (one for eac h class/curv e)

giv en b y ,

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

8 i 2 [1 ; N ]

@ u

i

@ t

= � ( r

i

( u

i

) � r

o

i

( u

i

)) N

i

( u

i

)

| {z }

i r eg ion f or ce

+

(1 � � ) ( b

i

( u

i

) K

i

( u

i

) � r b

i

( u

i

) � N

i

( u

i

))

| {z }

i boundar y f or ce

N

i

( u

i

)

(18)
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1

C(t )1

F

Fz =    (x,y,t  )

z =    (x,y,t  )

C(t ) C(t )22

2

Figur e 7. Lev el Set metho dology and curv e propagation. The left �gure column sho ws the ev olving

lev el set function, while on the righ t the curv e corresp onding to the zero lev el set v alues of the surface.

The mec hanism that allo ws c hanges of top ology is also illustrated.

where the assumption that the pixel u

i

lies b et w een the regions R

i

and R

o

i

has b een

made implicitly . According to the ab o v e equations, a giv en curv e is propagated along

its normal direction under the in
uence of t w o forces:

� A region-based force that mo v es the curv es to w ards the direction that creates the

optimal frame partition (according to \r e gion pr op erties" ) result using the the

observ ation set and the exp ected prop erties of the di�eren t classes,

� A b oundary-based force that shrinks the curv e under the in
uence of a regularit y

constrain t (curv ature e�ect) to w ards the di�eren t region b oundaries (according

to the \b oundary pr op erties" ).

Then, the prop osed framew ork is emplo y ed as follo ws: Initially a set of random

curv es is used to initialize the region p ositions. Then, eac h region is deformed ac-

cording to the corresp onding motion [ eq . (18)] to w ards the �nal frame partition. The

in teraction b et w een the regions p ositions is obtained through the region-based force

since for a giv en pixel that is attributed to t w o di�eren t regions, forces with opp osite

signs app ear to the corresp onding motion [PDE] equations.

3.7. Level Set Methods

The obtained motion equations can b e implemen ted using a di�erence appro ximation

sc heme (Lagrangian approac h). Ho w ev er, in that case the ev olving mo del cannot deal

with top ological c hanges and n umerical appro ximations are prett y unstable. These

limitations can b e dealt with b y in tro ducing the pioneering w ork of Osher and Sethian

(Osher and Sethian, 1988; Sethian, 1996; Osher and F edkiw, 2000), the lev el set theory

[ �g. (7)] where the cen tral idea is to represen t the mo ving fron t @ R ( c; t ) as the zero-

lev el set

� ( @ R ( c; t ) ; t ) = 0

of a function � . This represen tation of @ R ( c; t ) is implicit, parameter-free and in trinsic.

Additionally , it is top ology-free since di�eren t top ologies of the zero lev el-set do not
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(a)

(b)

(c)

Figur e 8. Geo desic Activ e Regions: A new paradigm to deal with frame partition problems in Com-

puter Vision. The prop osed framew ork is used for image segmen tation where the indep endence form

the initial conditions and the abilit y to deal with top ological c hanges are demonstrated.

imply di�eren t top ologies of � . It easy to sho w, that if the mo ving fron t ev olv es

according to

@

@ t

@ R ( c; t ) = F ( @ R ( c; t )) N

for a giv en function F , then the em b edding function � deforms according to

@

@ t

� ( p; t ) = F ( p ) j r � ( p; t ) j

F or this lev el-set represen tation, it is pro v ed that the solution is indep enden t of the

em b edding function � . A common selection for the em b edding function refers to the

signed Euclidean distance from the ev olving in terface.

Th us, the system of motion equations that driv es the curv e propagation for the Gen-

eralized Geo desic Activ e Regions framew ork is transformed in to a system of m ultiple

surfaces ev olution giv en b y ,

8

>

>

>

>

>

>

>

>

>
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>

>

>

>

>

>

>

>

:

8 i 2 [1 ; N ]
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i

@ t

( u ) = � ( r

i

( u ) � r

o

i

( u )) jr �

i

( u ) j

| {z }

i r eg ion f or ce

+

(1 � � )

�

b

i

( u ) K

i

( u ) + r b

i

( u ) �

r �

i

( u )

jr �

i

( u ) j

�

| {z }

i boundar y f or ce

jr �

i

( u ) j
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In order to demonstrate the prop osed mo del, the task of image segmen tation is

considered for a syn thetic frame that is comp osed of t w o classes [ �g. (8)].

� The �rst [ h

B

] refers to the bac kground and is comp osed from pixels with in tensities

that follo w a Gaussian distribution with a mean v alue equal to 150 and a standard

deviation equal to 10 [ p

B

() � G (150 ; 10)] ,
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� The second [ h

A

] refers to a region comp osed of four comp onen ts, and pixels with

in tensities that follo w Gaussian distribution with a mean v alue equal to 90 and a

standard deviation equal to 10 [ p

A

() � G (90 ; 10)] ,

F or this case, the b oundary information is determined using a Gaussian edge de-

tector, applied on the norm of the gradien t v alues space. The curv e ev olution for the

class h

A

with resp ect to three di�eren t initialization steps is illustrated in [ �g. (8)].

4. Geo desic Activ e Regions for Sup ervised T exture Segmen tation

The texture segmen tation problem can b e view ed as a frame partition problem [de�ned

b y a curv e] in to non-o v erlapping regions that preserv e homo gene ous textur al pr op erties

and char acteristics . Some complemen tary de�nitions are required:

� Let I b e the input textured frame and let D ( I ) = f I

j

: j 2 [1 ; M ] g b e the set

of �lter resp onses to this frame [the con v olution output b et w een the input image

and the v arious �lter op erators].

� Let P ( R ) = fR

i

: i 2 [1 ; N ] g b e a partition of frame domain in to N non-

o v erlapping regions,

� Let @ P ( R ) = f @ R

i

: i 2 [1 ; N ] g b e the region b oundaries of the partition P ( R ).

� Let t

i

b e the texture pattern that is assigned to the region R

i

, and let p

f t

x

;B g

( s )

b e the b oundary probabilit y for a giv en pixel s b eing at the b oundaries of the

region R

x

,

Then, the ob jectiv e of the prop osed framew ork is either to separate the bac kground

region from the other texture regions (extraction of the bac kground region), or to

extract the region of a sp eci�c texture pattern. In b oth cases, the unkno wn v ariable

of the mo del refers to a curv e @ R that is propagated to w ards the b oundaries b et w een

the selected region and the other textured regions.

4.1. Setting the Bound ar y Module

In order to prop erly use the Geo desic Activ e Region mo del, information regarding the

real b oundaries of eac h region has to b e extracted. It is w ell kno wn that the extraction

of b oundary information for textured images is a v ery tougher task.

Let s b e a pixel of the image, N ( s ) a partition of its lo cal neigh b orho o d, and

the N

R

( s ) and N

L

( s ) b e the lo cal subregions asso ciated with this partition. More-

o v er, let p

B

t

k

( I ( N ( s ))) b e the b oundary probabilit y densit y function with resp ect

to the k h yp othesis, [ p ( I ( N ( s )) j B

t

k

)] b e the conditional b oundary probabilit y and

[ p ( I ( N ( s )) j

�

B

t

k

)] b e the conditional non-b oundary probabilit y . Then, using the Ba y es

rule and making some assumptions regarding the global a priori b oundary probabilit y

(P aragios and Deric he, 1999a) it can b e easily sho wn that the probabilit y for a pixel

s b eing at the b oundaries of t

k

texture region, giv en a neigh b orho o d partition N ( s ) is

giv en b y ,

p

B

t

k

( s ) =

p ( I ( N ( s )) j B

t

k

)

p ( I ( N ( s )) j B

t

k

) + p ( I ( N ( s )) j

�

B

t

k

)

(20)
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Figur e 9. (a) Neigh b orho o d partition that indicates a b oundary p oin t, (b) Neigh b orho o d partition

that indicates a non-b oundary p oin t, (c) Neigh b orho o d partitions that are considered.

Then, the conditional b oundary/non-b oundary probabilities can b e estimated di-

rectly from kno wn quan tities (see (P aragios and Deric he, 1999d; Zeng et al., 1998) for

details) as follo ws:

k Boundary Condition [ �g. (9).a]:

If s is a t

k

b oundary pixel , then there is a partition [ N

L

( s ) ; N

R

( s )] where the most

probable texture assignmen t for the \left" lo cal region is t

k

and for the \righ t"

t

j

[ j 6= k ], or vice-v ersa,

k Non-Boundary Condition [ �g. (9).b]:

On the other hand, if s is not a t

k

b oundary pixel , then for ev ery p ossible neigh-

b orho o d partition the most probable texture assignmen t for the \left" as w ell as

for the \righ t" lo cal region is t

k

, or t

i

and t

j

where f i; j g 6= k .

As a consequence, the conditional k b oundary/non-b oundary probabilit y densit y

functions are giv en b y ,

p ( I ( N ( s )) j B

k

) = p

k

( I ( N

R

( s ))) p

j

( I ( N

L

( s )))

| {z }

N

R

( s ) 2R

k

\ N

L

( s ) 2R

j

+ p

j

( I ( N

R

( s ))) p

k

( I ( N

L

( s )))

| {z }

N

R

( s ) 2R

j

\ N

L

( s ) 2R

k

p ( I ( N ( s )) j

�

B

k

) = p

k

( I ( N

R

( s ))) p

k

( I ( N

L

( s )))

| {z }

N

L

( s ) 2R

i

\ N

R

( s ) 2R

j

+ p

i

( I ( N

R

( s ))) p

j

( I ( N

L

s )))

| {z }

N

L

( s ) 2R

k

\ N

R

( s ) 2R

k

(21)

where f i; j g can b e iden tical and

- p

k

( I ( N

R

( s ))) is the probabilit y of \righ t" lo cal region [ N

R

( s )] b eing part of the k

region h yp othesis, giv en the observ ed in tensit y v alues within this region [ I ( N

R

( s ))],

- p

j

( I ( N

L

( s ))) is the probabilit y of \left" lo cal region [ N

L

( s )] b eing part of the j

region h yp othesis, giv en the observ ed in tensit y v alues within this region [ I ( N

L

( s ))].

Giv en the de�nition of the probabilit y for a pixel s b eing a k b oundary p oin t,

the next problem is to de�ne the neigh b orho o d partition. W e consider four di�eren t

partitions of the neigh b orho o d and the lo cal neigh b orho o d regions are considered to

b e 3 � 3 directional windo ws [ �g. (9).c].
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Since the ob jectiv e of our approac h is either to distinguish the bac kground texture

region t

R

0

from the other regions or the region that corresp onds to the texture of

in terest (to simplify the notation w e assume that this region is also the R

0

), w e ha v e

to estimate only the b oundary probabilit y for the t

R

0

h yp othesis. This can b e done

v ery easily since if a giv e pixel is a t

R

0

b oundary p oin t then there is partition for

whic h:

� According to the observ ation set, for one of the lo cal regions the most probable

texture assignmen t is t

R

0

,

� The most probable texture assignmen t for the other lo cal region is di�eren t than

t

R

0

.

Hence in practice for eac h pixel of the image and for eac h partition w e c hec k whether

or not the most probable h yp othesis is the bac kground one. If there is a lo cal region

with most temp oral texture assignmen t t

R

0

, then the b oundary probabilit y [ p

C

] is

estimated according to the [ eq. (20)]. Otherwise the b oundary probabilit y with resp ect

to the t

R

0

h yp othesis for the giv en pixel is set to zero. F urthermore, if there are more

than one lo cal partitions that determines non-zero b oundary probabilities, then the

highest b oundary probabilit y v alue is considered.

This op eration pro vides M b oundary probabilities for a giv en pixel b eing at the

b oundaries of R

0

, whic h ha v e to b e com bined in to a single v alue. This is done using

the reliabilit y measuremen ts that ha v e b een asso ciated to the �lter op erators during

the learning phase,

p

C

( s ) =

M

X

j =1

^w

f

j

p

f C ;j g

( s ) (22)

where p

B ;j

( s ) is the b oundary probabilit y of pixel s b eing at the b oundaries of R

0

according to the I

j

data (con v olution b et w een f

j

op erator and I image).

Then, the b oundary-based sup ervised texture segmen tation mo dule can de�ned as

follo ws

E ( P ( R )) =

Z

1

0

B oundar y Attr action

z }| {

g

0

B

@

p

C

( @ R ( c ))

| {z }

boundar y pr obabil ity

1

C

A

�

�

�

@

_

R ( c )

�

�

�

| {z }

Reg ul ar ity

dc (23)

where g () is a Gaussian function.

The e�ciency of the b oundary-based sup ervised texture segmen tation mo dule has

b een demonstrated in (P aragios and Deric he, 1999a) (the concept). The main dra wbac k

of this limited approac h is that it is sensitiv e to the initial conditions. In other w ords,

it demands an initial curv e that includes totally the corresp onding region of in terest

or it is included b y it. Th us, cases where a region is surrounded completely b y other

regions cannot b e dealt with b y the b oundary-based mo dule. Ho w ev er, the obtained

results w ere v ery satisfactory [ �g. (10)].
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Figur e 10. Geo desic Activ e Con tours for Sup ervised T exture Segmen tation (P aragios and Deric he,

1999a). Demonstration for a syn thetic image where the ob jectiv e is to detect a sp eci�c region of

in terest.

4.2. Setting the Region Module

Let p ( P ( R ) j D ( R )) b e the a p osteriori segmen tation probabilit y with resp ect to the

partition P ( R ). Since the a p osteriori region probabilities p ( D ( I )( R

i

) j t

R

i

) are inde-

p enden t, the global a p osteriori segmen tation probabilit y is giv en b y ,

p ( P ( R ) j D ( I )) = p

�

\

N

i =0

[ D ( R

i

) j t

R

i

]

�

=

N

Y

i =0

p ( D ( R

i

) j t

R

i

) (24)

where D ( R

i

) is the m ultidimensional feature data asso ciated with the region R

i

. Since

the observ ation set refers to m ultidimensional feature data, the region/statistical term

refers to m ulti-v ariate conditional probabilities. In order to simplify the mo del, w e can

assume indep endence b et w een the di�eren t �lter resp onses (since can b e com bined

using reliabilit y measuremen ts) and then the a p osteriori segmen tation probabilit y is

giv en b y

p ( P ( R ) j D ( I )) =

N

Y

i =0

M

Y

j =1

p ( I

j

( R

i

) j t

R

i

) (25)

where p ( I

j

( R

i

) j t

R

i

) is the a p osterior segmen tation probabilit y for the region R

i

with

the resp ect to the data comp onen t I

j

.

T o o v ercome the limitations and the errors that pro v ok es the assumption that the

di�eren t �lter resp onses are indep enden t (see in (DeBonet and Viola, 1998) ho w these

dep endencies can b e mo deled), w e com bine them using their reliabilit y measuremen ts

w

j

. Then, the Geo desic Activ e Regions functional for sup ervised texture segmen tation

consists of minimizing

E ( @ P ( R )) = (1 � � )

Z

1

0

B oundar y Attr action
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(26)

The in terpretation of the ab o v e function is clear and aims at �nding a regular curv e

that is attracted b y the real b oundaries b et w een the bac kground region (or the region

of in terest) and the other region textures regions, while at the same time it aims at

creating an image partition that maximizes the a p osteriori segmen tation probabilit y .

4.3. Minimizing the Objective function

Let u = ( x; y ) b e a p oin t of the initial curv e. This p oin t can either b e at region R

0

or at region R

k

. Based on this h yp othesis, w e compute the Euler-Lagrange equations

(Caselles et al., 1997; Zh u and Y uille, 1996) (Section 3), and w e deriv e the follo wing

motion equation for u :

@ u

@ t

=

2

4

�

N

X

j =1

w

j

l og

 

p

f t

R

0

;j g

( I

j

( u ))

p

f t

R

k

;j g

( I

j

( u ))

!

(1 � � ) ( g ( p

C

( u )) K ( u ) � r g ( p

C

( u )) � N ( u )) ] N ( u ) (27)

The in terpretation of the ab o v e PDE is ob vious. Giv en a initial curv e, it creates

a partition of the image [determined b y a curv e that attracts the region b oundaries]

where the exterior curv e region corresp onds to the b ackgr ound pattern (or the pattern

of in terest) while the in terior regions corresp ond to the other patterns.

The obtained PDE is implemen ted using the lev el set metho ds where the follo wing

equation is used to up date the lev el set function

@ �

@ t

( u ) = �

N

X

j =1

w

j

l og

 

p

f t

R

0

;j g

( I

j

( u ))

p

f t

R

k

;j g

( I

j

( u ))

!

jr � ( u ) j +

(1 � � )

�

g ( p

C

( u )) K ( u ) � r g ( p

C

( u )) �

r � ( u )

jr � ( u ) j

�

jr � ( u ) j (28)

In order to decrease the required computational cost of the lev el set implemen-

tations, w e use the Narro w Metho d (Adalsteinsson and Sethian, 1995). The essence

of this metho d is to p erform the lev el set propagation only within a limited zone

that is lo cated around the latest p osition of the propagating con tours (in the in w ard

and out w ard direction). Th us, the w orking area is reduced signi�can tly resulting on

a signi�can t decrease of the computational complexit y p er iteration. Ho w ev er, this

metho d requires a frequen t re-initialization of the lev el set functions that is p erformed

using the F ast Marc hing algorithm (Sethian, 1996) is used. A similar algorithm within

the area of automatic con trol w as prop osed in (Tsitsiklis, 1995). The re-initialization

requiremen t can b e a v oided b y mo difying the lev el set em b edding function as pro-

p osed in (Gomes and F augeras, 2000). Although for h yp er-surfaces this metho d will

signi�can tly decrease the computational cost, the complexit y induced b y this selection

for 3D lev el set surfaces is sligh tly higher than the classical one.
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An alternativ e w a y to further decrease the computational cost is b y considering

Hermes algorithm (P aragios and Deric he, 2000b) that prop oses a fast w a y to deform

the initial curv e to w ards the minim um of the ob jectiv e function. In our case the

equation whic h deforms the initial curv e can b e rewritten in a more general form

as:

�

t +1

( x;y )

= �

t

( x;y )

+ V ( x; y ; �) dt (29)

where V ( x; y ; �) is the propagation sp eed function, dep ending on geometric features

and image features. Since the sp eed V ( x; y ; � ) is basically estimated according to image

c haracteristics, there are some p oin ts for whic h the fron t ev olv es faster compared to

the others. The k ey idea on whic h the Hermes approac h is based is to ev olv e the fron t

lo cally according to the propagation v alues of its p oin ts. The algorithm at eac h step

selects the p oin t with the highest absolute propagation sp eed from a set of actual

curv e p oin ts, and deforms the lev el-set image lo cally .

4.4. Implement a tion Issues

The prop osed metho d can b e used to segmen t a giv en texture frame, in the case where

the b ackgr ound texture pattern is kno wn [ �g. (11,14)]. This metho d can b e easily

extend to extract some sp eci�c regions of in terest determined b y the corresp onding

pr efer able patterns [ �g. (12,13)]. In b oth cases, the curv e propagation requires a

texture assignmen t for the giv en p oin t that has to b e compared with the pr efer able

assignmen t. This issue is confron ted b y assuming that the temp oral segmen tation map

is deriv ed b y the most probable texture assignmen ts. Th us for a giv en curv e p oin t,

w e assume that it is lo cated b et w een the b ackgr ound or pr efer able region and the

region that corresp onds to the most probable assignmen t (whic h is deriv ed from the

observ ed data). Moreo v er, to increase the robustness to the noise presence the region

probabilities are estimated o v er blo c ks.

The prop osed framew ork can b e easily extended to pro vide image segmen tation

(P aragios and Deric he, 2000a). In that case, the propagation of m ultiple curv es has

to b e considered where eac h curv e remains regular, mo v es to w ards the the b oundaries

of a sp eci�c region and creates a region that maximizes the joint se gmentation pr ob-

ability with resp ect to the asso ciated h yp othesis. Moreo v er, an in teraction b et w een

these propagations can b e de�ned that imp oses the concept of m utually exclusiv e

propagating curv es.

5. Conclusions, Results

In this pap er, w e presen ted some new ideas concerning the in tegration of b oundary-

based and region-based approac hes to deal with frame partition problems. The pro-

p osed framew ork w as v alidated using the task of sup ervised texture segmen tation.

5.1. Experiment al Resul ts

Real-w ord texture frame, as w ell syn thetic texture frames ha v e b een used to test and

v alidate the prop osed approac h.
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(a)

(b)

Figur e 11. Geo desic Activ e Regions of Sup ervised T exture Segmen tation. The task of segmen tation is

considered (separation b et w een the bac kground texture region and the others) for a syn thetic image.

Concerning the syn thetic case, some texture patterns ha v e b een selected from a

database of texture images. As a �rst step, the system is taugh t on these patterns b y

applying the bank of preselected �lters and analyzing their resp onses. The output of

this op eration is the creation of a global statistical description mo del for eac h pattern.

Then, a syn thetic frame is created where regions of the selected texture patterns

app ear randomly . This is considered as the input frame, on whic h the same bank

of preselected �lters is applied. Then, using the di�eren t �lter resp onses, as w ell as

the texture description mo dels, the Geo desic Activ e Regions mo del is activ ated, and

deforms the initial curv e to the optimal solution of the texture segmen tation problem.

The �rst exp erimen tal result sho wn [ �g. (11)] in v olv es a texture syn thesis frame

with �v e di�eren t texture regions, where t w o di�eren t con tour initializations are sho wn.

The large n um b er of di�eren t texture regions requires the selection of a represen tativ e

�lter bank. In this example, the w ell-kno wn lev el-set prop ert y of c hanging the top ology
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P atterns:

(a)

(b)

Figur e 12. Geo desic Activ e Regions of Sup ervised T exture Segmen tation. The task of the extraction

of a sp eci�c region of in terest is considered for a real image (zebra).

is demonstrated, where the initial curv e breaks in to m ultiple curv es corresp onding to

the di�eren t texture regions.

The real case is di�eren tly treated and the in v erse op eration is follo w ed [ �g.

(12,13,14)]. Small patterns are selected to represen t the di�eren t texture patterns

app earing to this frame, and the system is taugh t with these patterns. Then the same

pro cess is follo w ed as in the case of syn thetic texture frames. Concerning the �rst

\real-w orld" example that consists of t w o demonstrations ( zebr a, chita ) [ �g. (12,13)],

w e select from a 256 � 256 textured frame three di�eren t windo w patterns 64 � 64
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(resp. 96 � 96) that are the di�eren t texture patterns, and based on these patterns, w e

activ ate the Geo desic Activ e Region Mo dels, whic h segmen ts quite w ell the di�eren t

texture regions. The indep endence of the mo del from the con tour initialization is

clearly demonstrated using t w o completely di�eren t con tour initializations. The second

\real-w orld" example is related to medical imagery [ �g. (14)]; it is a microscopic

medical image of the breast, whic h exhibits an in
ammatory carcinoma with meta-

stasis. Three di�eren t texture patterns ha v e b een selected, and nine di�eren t �lters

ha v e b een applied, whic h giv e as output the texture description mo dels. The p o w er

of the Geo desic Activ e Regions mo del is demonstrated using t w o di�eren t con tour

initializations.

Finally , the computational cost of our approac h is related with the initialization

step and for a 256256 frame v aries b et w een 2 and 10 seconds (the learning phase is

not included) using an UL TRA 10, 299 MHz.

5.2. Discussion, Summar y

Summarizing, in this pap er w e ha v e prop osed a new framew ork to deal with frame

partition problems in Computer Vision b y the propagation of curv es that in tegrates

b oundary and region-based frame partition mo dules under a v ery general form.

This framew ork w as used as basis to pro vide a con tour propagation metho d for

sup ervised texture segmen tation, that com bines the existing approac hes in the

domain of texture analysis as w ell as in the domain of texture segmen tation .

The main con tributions of our approac h are:

� A general v ariational framew ork is prop osed namely the Geo desic Activ e Re-

gions , inspired b y the Geo desic Activ e Con tours mo del whic h in tegrates b oundary

and region-based information mo dules under a curv e-based v ariational functional,

� The minimization of this functional connects the optimization problem with the

propagation of regular curv es, whic h is implemen ted using the lev el set theory , a

v ery elegan t to ol that pro vides n umerous adv an tages and is free from the initial

conditions,

� A \limited" sup ervised texture segmen tation approac h that

� Creates v ery compact, simple and p o w erful texture descriptors b y com bining

�ltering theory and statistical mo deling,

� In tegrates b oundary and region-based texture segmen tation mo dules result-

ing to a robust and 
exible mo del that is indep enden t from the initial

conditions,

� Mak es use of the latest dev elopmen ts on the curv e ev olution theory , and

the lev el set framew ork whic h enables n umerous adv an tages ( i.e. c hanges of

top ology , etc.),

The prop osed framew ork is not limited to texture segmen tation, but it can b e used

to deal with a wide v ariet y of computer vision applications that can b e reform ulated

as frame partition problems.

The future direction of this w ork is to v alidate the prop osed mo del using other com-

puter vision problems (P aragios, 2000). Also the incorp oration of shap e priors to the
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P atterns:

Figur e 13. Geo desic Activ e Regions of Sup ervised T exture Segmen tation. The task of the extraction

of a sp eci�c region of in terest is considered for a real image (c hita).

mo del is a c hallenging p ersp ectiv e (Lev en ton et al., 2000; Chen et al., 2001; Rousson,

2001). Moreo v er, the acceleration of the prop osed metho d using adv anced n umerical

appro ximation tec hniques has to b e considered (W eic k ert et al., 1998; Golden b erg

et al., 1999).

V arious exp erimen tal results (in MPEG format), including the ones sho wn in this

article, can b e found at:

http://www.inria.fr/r ob otvis/ p er sonnel/ np ar agio /d emos/
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P atterns:

(a)

(b)

Figur e 14. Geo desic Activ e Regions of Sup ervised T exture Segmen tation. The task of segmen tation

is considered (separation b et w een the bac kground texture region and the others) for a real image

(Carcinoma).
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