Clustering with Bregman Divergen es
Arindam Banerjee

Srujana Merugu

Abstra t

A wide variety of distortion fun tions are used for lustering, e.g., squared Eu lidean distan e, Mahalanobis distan e
and relative entropy. In this paper, we propose and analyze parametri hard and soft lustering algorithms based
on a large lass of distortion fun tions known as Bregman
divergen es. The proposed algorithms unify entroid-based
parametri lustering approa hes, su h as lassi al kmeans
and information-theoreti lustering, whi h arise by spe ial
hoi es of the Bregman divergen e. The algorithms maintain the simpli ity and s alability of the lassi al kmeans
algorithm, while generalizing the basi idea to a very large
lass of lustering loss fun tions. There are two main ontributions in this paper. First, we pose the hard lustering
problem in terms of minimizing the loss in Bregman information, a quantity motivated by rate-distortion theory, and
present an algorithm to minimize this loss. Se ondly, we
show an expli it bije tion between Bregman divergen es and
exponential families. The bije tion enables the development
of an alternative interpretation of an eÆ ient EM s heme for
learning models involving mixtures of exponential distributions. This leads to a simple soft lustering algorithm for all
Bregman divergen es.

1 Introdu tion
Data lustering is a fundamental \unsupervised" learning pro edure that has been extensively studied a ross
varied dis iplines over several de ades [14℄. It has produ ed several parametri lustering methods whi h partition the data into a pre-spe i ed number of partitions with a luster representative orresponding to every luster, su h that a well-de ned ost fun tion involving the data and the representatives is minimized. For
hard lustering, wherein the partitions are disjoint, the
most well-known and widely used algorithm of this type
is the iterative relo ation s heme of Eu lidean kmeans
[14℄. The popularity of this algorithm stems from its
simpli ity and s alability. The orresponding soft 1 lustering algorithm obtained by applying EM [9℄ to a mixture model of Gaussians with identi al, isotropi ovarian es, is also popular and an be s aled to large data
sets [6℄.
Underlying both hard and soft Eu lidean kmeans
is a Gaussian \noise" model, whi h orresponds to a
squared-Eu lidean distortion fun tion [15℄. This dis Dept. of ECE, University of Texas at Austin, TX, USA.
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tortion fun tion is also impli it in several other s alable te hniques in the data mining literature. However, in many data mining appli ations, this distortion
fun tion is not a good mat h with the data, and onsequently kmeans performs poorly as ompared to other
approa hes [25℄. In fa t, in su h situations kmeans often
be omes a onvenient strawman to show the superiority of a ompeting te hnique! This has also led to the
sear h for more appropriate distan e fun tions for spei appli ations [1, 25℄.
Is it possible to devise an algorithm whi h has the
simpli ity and s alability of kmeans but an ater to a
mu h larger lass of distortion fun tions? A hint towards an aÆrmative answer to this question is provided
by the Linde-Buzo-Gray (LBG) algorithm [17℄ based on
the Itakura-Saito distan e, whi h has been used in the
signal-pro essing ommunity for lustering spee h data.
The more re ent information theoreti lustering algorithm [10℄ for lustering probability distributions also
has a avor similar to kmeans. This algorithm uses the
KL-divergen e as the distortion fun tion and is wellsuited for various lustering tasks in the analysis of highdimensional text data.
Our question an now be posed as: what lass of distortion fun tions admit an iterative relo ation s heme
where a global obje tive fun tion based on the distortion
with luster entroids is progressively de reased? In this
paper, we give a pre ise answer to this question: we
show that su h a s heme works for arbitrary Bregman
divergen es. In fa t, it an be shown [4℄ that su h a
s heme only works for Bregman divergen es. The s ope
of this result is vast sin e Bregman divergen es in lude
a large number of useful loss fun tions su h as square
loss, KL divergen e, logisti loss, Mahalanobis distan e,
Itakura-Saito distan e, hinge loss, et .
We pose the hard lustering problem as one of obtaining an optimal quantization in terms of minimizing
the loss in Bregman information, a quantity motivated
by rate-distortion theory. A simple analysis then yields
a version of the loss fun tion that readily suggests a natural algorithm to solve the lustering problem for arbitrary Bregman divergen es. Partitional hard lustering
to minimize the loss in mutual information, a topi of
re ent study [10℄, is seen to be a spe ial ase of our
approa h. Thus, this paper uni es several parametri

partitional lustering approa hes.
Further, we present a fundamental theoreti al result
by showing that there exists a bije tion between Bregman divergen es and exponential families. Sin e generative model-based soft lustering algorithms typi ally use
mixtures of exponential distributions to model data, we
revisit EM for mixture model estimation for this lass
of problems. We show that, with proper representation, the bije tion gives an alternative interpretation of
a well known eÆ ient EM s heme [22℄ appli able in this
ase. The s heme simpli es the omputationally intensive maximization-step of the EM algorithm, resulting
in a general soft- lustering algorithm for all members
of the exponential family, e.g., Poisson, Bernoulli, Binomial and Multinomial models. Both hard and soft
lustering versions have essentially the same s alability
as kmeans. Moreover they an be readily adapted to
mixed data types, where di erent distortion fun tions
within the family of Bregman divergen es are appropriate for di erent subsets of features. This makes our
theory and te hniques suitable for a mu h wider lass
of data mining appli ations.
The remainder of this arti le is organized as follows.
We introdu e the on ept of Bregman information to
motivate the Bregman hard lustering problem and
propose an algorithm to solve this lustering problem
in se tion 2. In se tion 3, we establish a onne tion
between exponential families and Bregman divergen es
and use it develop a soft Bregman lustering algorithm
in se tion 4. In se tion 5, we present some experimental
results that illustrate the usefulness of the Bregman
lustering algorithm. In se tion 6, we dis uss related
work. Finally, in se tion 7, we present on luding
remarks.
A word about the notation: bold fa ed variables,
e.g., x; , et ., represent ve tors, sets are represented by
alligraphi upper- ase alphabets, e.g., X ; Y , et ., and
enumerated as fxi gni=1 where xi are the elements of the
set. R; R ++ and Rd denote the set of reals, the set of
positive reals and the d-dimensional real ve tor spa e
respe tively. kxk denotes the L2 norm. Probability
density fun tions are denoted by lower ase alphabets,
e.g., p; q, et . Probability measure on a set is denoted
by  . If a random variable X is distributed as p, we
denote this by X  p. Expe tation of fun tions of a
random variable X  p are denoted by Ep [℄ when the
random variable is lear from the ontext. The inverse
of a fun tion f is denoted by f 1 .

motivate the Bregman hard lustering problem as a
quantization problem that involves minimizing the loss
in Bregman information and show its equivalen e to a
more dire t formulation, i.e., the problem of nding a
partitioning and a representative for ea h of the partitions su h that the expe ted Bregman divergen e of the
points from their representatives is minimized. We also
propose a lustering algorithm that is a generalization of
the kmeans algorithm and is guaranteed to onverge to a
lo al minimum of the Bregman hard lustering problem.
We begin by de ning Bregman divergen e [21℄. Let
 : S 7! R be a stri tly onvex fun tion de ned on
a onvex set S  Rd , su h that  is di erentiable
on int(S ), the interior of S [23℄. The Bregman
divergen e D : S  int(S ) 7! [0; 1) is de ned as
D (x; y) = (x) (y) hx y; r(y)i; where r is
the gradient of . Table 1 ontains a list of some onvex
fun tions and their orresponding Bregman divergen es.
Bregman divergen es have several interesting and useful
properties, su h as non-negativity, onvexity in the rst
argument, et . For details see [3℄ and [5℄.

2.1 Bregman Information The dual formulation
of Shannon's elebrated rate distortion problem [13℄
involves nding a oding s heme with a given rate, su h
that the expe ted distortion between the sour e random
variable and the de oded random variable is minimized.
The a hieved distortion is alled the distortion-rate
fun tion, i.e., in mum distortion a hievable for a given
rate. Now onsider a simple oding s heme for a
random variable X that takes values in a nite set X =
fxi gni=1  S  Rd (S is onvex), following a dis rete
probability measure  and the distortion fun tion is a
Bregman divergen e D . The en oding s heme involves
representing the random variable by a onstant ve tor
s, i.e., odebook size is one, or rate is zero. The solution
to the rate-distortion problem in this ase is the trivial
assignment. The orresponding distortion-rate fun tion
is given by E [D (X; s)℄ that depends on the hoi e of
the representative s and an be further optimized by
pi king the right representative. We all this optimal
distortion-rate fun tion, i.e.,
(2.1)

min E [D (X; s)℄ = min
s2S
s2S

n
X
i=1

i D (xi ; s);

the Bregman information of the random variable X
for the Bregman divergen e, D and denote it by I (X ).
The optimal s that a hieves the minimal distortion will
be alled the Bregman representative or, simply the
2 Bregman Hard Clustering
representative of X . The following theorem states that
In this se tion, we introdu e a new on ept alled the this representative always exists, is uniquely determined
Bregman information of a random variable based on and, surprisingly, does not depend on the hoi e of the
ideas from Shannon's rate-distortion theory. Then, we Bregman divergen e.

Table 1: Bregman divergen es orresponding to some onvex fun tions.
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Theorem 1 Let X be a random variable taking values
in X = fxi gni=1  S  Rd following  . Given a
Bregman divergen e D : S  int(S ) 7! [0; 1), the
problem
min E [D (X; s)℄
s2S
has a unique minimizer given by s =  = E [X ℄.

Square loss

log( xy )

1
maxf0; 2 sign(y )xg
kx yk2
(x y)T A(x y)
xj
d
j =1 xj log( yj )
xj
d
d
j =1 (xj
j =1 xj log( yj )

P

Divergen e

P

yj )

Logisti loss 2
Itakura-Saito distan e
Hinge loss
Squared Eu lidean distan e
Mahalanobis distan e 3
KL-divergen e
Generalized I-divergen e

of the elements of the set to a xed point for a distortion
fun tion F (x; y), then, under mild onditions, it an be
shown that F (x; y) is a Bregman divergen e [4℄. Thus,
Bregman divergen es are exhaustive with respe t to the
property proved in theorem 1.
Using theorem 1, we an now give a more dire t
de nition of the Bregman information as follows:

Proof. The fun tion we P
are trying to minimize is De nition 1 Let X be a random variable taking values
n
i=1 i D (xi ; s): We prove in X = fxi gn  S following  . Let  = E [X ℄ =
i=1
Pn
the required result by showing that for 8s 2 S;
i=1 i xi and let D : S  int(S ) 7! [0; 1) be a
n
n
Bregman divergen e. Then, Bregman Information
X
X
i D (xi ; )
i D (xi ; s)
J (s) J () =
of X in terms of D is de ned as
J (s) = E [D (X; s)℄ =

i=1

i=1

= () (s)
+h(

n
X
i=1

i xi )

h(

n
X
i=1

i xi )

s; r(s)i

; r()i

= () (s) h s; r(s)i
= D (; s)  0;
with equality only when s =  by the stri t onvexity of
 [3℄. Hen e,  is the unique minimizer of the fun tion,
J . Now, we argue that  2 S . Sin e X  S and S is a
onvex set, o(X )  S , where o(X ) is the onvex hull
of X . But  = E [X ℄ 2 o(X ), so  2 S .

I (X ) = E [D (X; )℄ =

n
X
i=1

i D (xi ; ) :

To start appre iating the potential of su h a treatment,
we note that the elements of X an be quite general.
For instan e, the elements an be probability distributions, fun tionals, operators or just plain ve tors.
Example 1: One simple example of Bregman information is the varian e. Let X = fxi gni=1 be a set in Rd ,
and onsider the uniform measure, i.e., i = n1 , over X .
The Bregman information of X with squared Eu lidean
distan e as the Bregman divergen e is given by
I (X ) =

n
X

i D (xi ; ) =

n
1X

n i=1

kxi

k2

i=1
The above result shows that the representative, i.e.,
the minimizer of the expe ted Bregman divergen e, is whi h is just the sample varian e.
always the expe tation of the set. Interestingly, the
onverse of theorem 1 is also true, i.e., for all random Example 2: Another example involves a set of probvariables X , if E [X ℄ minimizes the expe ted distortion ability distributions, whi h an also be interpreted as
onditional distributions given a random variable. In
2 x log( x ) + (1 x) log( 1 x ) = log(1 + exp( f (x)g(y))), i.e., parti ular, we show that if random variables (U; V )
y
1 y
are jointly distributed a ording to ffp(ui ; vj )gni=1 gm
j =1 ,
logisti loss where f (x) = 2x 1 and g(y) = log( 1 y y )
3 It is the Mahalanobis distan e when A is the inverse of the then the mutual information I (U ; V ) is the Bregman
ovarian e matrix. In general, A is positive de nite.
information of a random variable taking values in the

set of onditional distributions fp(V jui )gni=1 following Theorem 2 Let X be a random variable taking values
fp(ui )gni=1 , with KL-divergen e as the Bregman diver- in X = fxi gni=1  S  Rd following P . Let fXh gkh=1
be a partitioning of X and let h = xi 2Xh i be the
gen e. By de nition,
indu ed measure  on the partitions. Let fXhgkh=1 be
 p(u ; v ) 
n X
m
X
random variables taking values in fXh gkh=1 following
i j
p(ui ; vj ) log
I (U ; V ) =
f jh gkh=1 respe tively. If M = fh gkh=1 denotes the set
p(ui )p(vj )
i=1 j =1
 p(v ju )  of representatives, and M be a random variable taking
m
n
X
X
j i
values in M following , then
p(vj jui ) log
p(ui )
=
p
(
v
)
j
j =1
i=1
L (M ) = I (X ) I (M ) = E [I (Xh )℄
=

n
X
i=1

p(ui )KL( p(V jui ) k p(V ) ):

=

k
X

h=1

h

X

i
D (xi ; h ):

xi 2Xh h

Consider a random variable Zu that takes values in Proof. Let  = E [X ℄. After some algebra [5℄, it an
the set of probability distributions Zu = fp(V jui )gni=1 be shown that
following the probability measure fi gni=1 = fp(ui )gni=1
k X
n
X
X
over this set. For Zu , the mean distribution is given by I (X ) =
i D (xi ; )
i D (xi ; ) =
i=1
h=1 xi 2Xh
n
X
k
k
X
X i
X
p(ui )p(V jui ) = p(V ) :
 = E [p(V ju)℄ =
=

D
(
x
;

)
+
 D ( ; )
h
i=1
h  i h h=1 h  h
h
=1
x
2X
i
h
n
X
= E [I (Xh )℄ + I (M ) :
p(ui )KL( p(V jui ) k p(V ) )
)
I (U ; V ) =
i=1
Rearranging terms ompletes the proof.
n
X
i D (p(V jui ); ) = I (Zu );
=
Hen e, the Bregman lustering problem of minimizing
i=1
the loss in Bregman information an be written as
i.e., mutual information is a spe ial ase of Bregk X
X
man information. Further, for a random variable Zv (2.2) min L (M ) = min
 D (x ;  ):
M
M h=1 x 2X i  i h
taking values in the set of probability distributions
i
h
Zv = fp(U jvj )gmj=1 following the probability measure Thus, the loss in Bregman information is minimized if
j = p(vj ) over this set, one an similarly show that
I (U ; V ) = I (Zv ). The Bregman information of Zv the set of representatives M is su h that the expe ted
and Zu an also be interpreted as the Jensen-Shannon Bregman divergen e of points in the original set X to
their orresponding representatives is minimized.
divergen e of the sets Z and Z [10℄.
u

v

2.2 Clustering Formulation If X is a random variable with large Bregman information, it may not suÆ e
to have a single representative for X if a low quantization error is desired. In su h a situation, partitioning the set X into k relatively homogeneous groups,
ea h with its own Bregman representative, su h that
the set M of these representatives along with the indu ed measure on M preserve Bregman information of
X , seems a natural goal. The Bregman hard lustering problem is thus to nd a partitioning of X , or,
equivalently, the set of representatives M, su h that if
M is a random variable taking values in M following
the indu ed measure for the orresponding partitions of
X , the loss in Bregman information due to quantization,
L (M ) = I (X ) I (M ), is minimized. This loss fun tion an be re-written in a form that suggests a natural
solution to this problem.

2.3 Clustering Algorithm Eq. 2.2 suggests a natural algorithm (Algorithm 1) to solve the Bregman
hard lustering problem. It is easy to see that lassi al kmeans, the LBG algorithm [17℄ and the information theoreti lustering algorithm [10℄ are spe ial
ases of Bregman hard lustering for squared Eu lidean
distan e, Itakura-Saito distan e and KL-divergen e respe tively. For all these ases, the indu ed partitions
are known to have linear separators. It is easy to see
that this is true for all Bregman divergen es sin e the
lo us of points that are equidistant to two xed points
in terms of a Bregman divergen e is always a hyperplane. The following theorems prove the onvergen e of
the Bregman hard lustering algorithm.
Proposition 1 The Bregman hard lustering algorithm
(Algorithm 1) monotoni ally de reases the loss fun tion
in (2.2).

Algorithm 1 Bregman hard- lustering
Proof. The result follows sin e the algorithm monotonn
d
i
ally de reases the obje tive fun tion value, and the
Input: Set X = fxi gi=1  S  R , probability measure 
over X , Bregman divergen e D : S  int(S ) 7! R, num. number of distin t lusterings is nite.

M = argmin Pkh=1 Pxi 2Xh i D (xi ; h ) where 3 Bije tion with Exponential Families
M
M = fh gkh=1 , orresponding partitioning fXh gkh=1 of X . We now turn our attention to soft lustering with BregMethod:
man divergen es. To this end, we establish a bije tion
Initialize fh gkh=1 at random with h 2 S
between Bregman divergen es and exponential families
of lusters k.

Output:

repeat

fThe Assignment Stepg
Set Xh '; h = 1;    ; k
for

i = 1 to n

Xh

do

Xh [ fxi g

where h = h (xi ) = argmin D (xi ; h0 )
h0

end for

fThe Re-estimation Stepg

P
Px 2X

h = 1 to k do
h
xi 2Xh i

for

h

end for
until

i
x
h h i

i

onvergen e

in this se tion. We also list examples of Bregman divergen es obtained from some popular exponential families.
The bije tion will be used to develop the Bregman soft
lustering algorithm in se tion 4.
It has been observed in the literature [3, 11℄ that
exponential families and Bregman divergen es have
ertain relationships that an be exploited for several
learning problems. We provide a onstru tive proof of
an expli it bije tion between Bregman divergen es and
exponential families. This result is useful as it enables
us to obtain the appropriate divergen e for any given
exponential family. To present the bije tion result, we
need to review the following ba kground material.

Proof. Let fXh(t) gkh=1 be the partitioning of X after the 3.1 Exponential families Consider a family F of
tth iteration. Let M(t) = f(ht) gkh=1 be the orrespond- probability densities on a measurable spa e ( ; B ) where
ing set of luster representatives and M (t) be the orre- B is a -algebra on the set [12℄. Suppose every
probability density, p 2 F , is parameterized by d realsponding random variable. Then,
valued variables  = fj gdj=1 so that
L (M (t) ) =

k
X
X

h=1 xi 2X (t)

i D (xi ; (ht) )

h




k
X
X

h=1 xi 2X (t)

i D (xi ; (ht)(xi ) )

h

X X
k

h=1 xi 2X (t+1)

i D (xi ; (ht+1) )

h

= L(M

(t+1)

);

where the rst inequality follows trivially from the
riteria used for the assignment of ea h of the points in
the assignment step, and the se ond inequality follows
from the re-estimation pro edure using Theorem 1.
Note that if equality holds, i.e., if the loss fun tion value
is equal at onse utive iterations, then the algorithm
terminates.

F = fp = f (!; )j! 2 B;  2  Rd g:
Then, F is alled a d-dimensional parametri model on
( ; B). Let H : B 7! G be a (B-G measurable) fun tion
that transforms any random variable U : B 7! R to
a random variable V : G 7! R with V = H (U ).
Then, given the probability density p of U , this
fun tion uniquely determines the probability density q
governing the random variable V .

De nition 2 If 8! 2 B, p (!)=q (!) exists and does
not depend on , then H is alled a suÆ ient statisti
for the model F .
If a d-dimensional model F = fp j 2 g an be expressed in terms of (d + 1) real-valued linearly independent fun tions fC; H1 ;    ; Hdg on B and a fun tion
on as

8
9
Proposition 2 The Bregman hard lustering algorithm
d
<X
=
(Algorithm 1) terminates in a nite number of steps
f (! ; ) = exp
j Hj (! )
() + C (!) ;
:j=1
;
at a partition that is lo ally optimal, i.e., the total loss
annot be de reased by either (a) reassignment of points
to di erent lusters or by (b) hanging the means of any then F is alled an exponential family, and  is alled
existing lusters.
its natural parameter. It an be easily seen that

if x 2 Rd is su h that xj = Hj (!), then the density From the above equation, we an see that the onjugate
fun tion g(x; ) given by
fun tion is well de ned on the gradient spa e of the
fun tion , say . Further, the stri t onvexity of
9
8
d
=
<X
implies that r is monotoni and hen e, is a bije tion
j xj
() (x) ;
g (x; ) = exp
from to . Hen e, for every s 2 , there exists
;
:j=1
a  = (s) 2 and for every  2 , there exists a
s = s() 2 su h that s = r (). It is, therefore,
for a uniquely determined fun tion (x), is su h that possible to de ne the inverse fun tion (r ) 1 : 7!
f (w;  )=g (x; ) does not depend on . Thus, x is a and write the onjugate fun tion
in a losed form as
suÆ ient statisti for the family. For our analysis, it is
(s) = h(r ) 1 (s); si
((r ) 1 (s)):
onvenient to work with the suÆ ient statisti x and
hen e, we rede ne exponential families in terms of the
is also a
probability density of the suÆ ient statisti variable in It an be shown [23℄ that the fun tion
stri
tly
onvex
and
di
erentiable
fun
tion
on
its
domain
d
R , noting that the original -algebra B an a tually be
and
that
the
pairs
(
;
)
and
(
;
)
are
Legendre
quite general.
onjugates of ea h other. This is stated more formally
below.
De nition 3 A multivariate parametri family F of
distributions fp( ;) j 2  Rd g is alled an exponen- De nition 4 [23℄ Let : 7! R be a stri tly onvex,
tial family if the probability density is of the form
di erentiable fun tion, then the Legendre onjugate of
( ; ) is given by ( ; ) where
is the image of
p( ;) (x) = exp(hx;  i
() (x)):
under the gradient mapping r and
: 7! R is a
stri
tly
onvex,
di
erentiable
fun
tion
given
by
The fun tion () is known as the log partition
fun tion or the umulant fun tion and it uniquely
(s) = h(r ) 1 (s); si
((r ) 1 (s)):
determines the exponential family F . Further, given
Further, ( ; ) is the Legendre onjugate of ( ; ).
an exponential family F , the log-partition fun tion,
is uniquely determined up to a onstant additive term. The gradient fun tions r : 7! and r : 7!
It an be shown [2℄ that is a onvex set in Rd and is are both ontinuous, one-one fun tions and also form
a stri tly onvex and di erentiable fun tion on int( ). inverses of ea h other.

3.2 Expe tation parameters and Legendre duality Consider a d-dimensional real random variable X
following an exponential family density p( ;) spe i ed
by the natural parameter  2 . The expe tation of
X with respe t to p( ;) , also alled the expe tation
parameter, is given by
(3.3)

 = () = Ep

(

; )

[X ℄ =

Z

Rd

xp(

;) (x)dx:

It an be shown [2℄ that the expe tation and natural
parameters have a one-one orresponden e with ea h
other and span spa es that exhibit a dual relationship.
To spe ify the duality more pre isely, we rst de ne
Legendre onjugates [23℄. The Legendre onjugate
of the fun tion is given by
(s) = supfhs; i


()g:

Let us now look at the relationship between  and the
expe tation parameter
R  de ned in (3.3). Di erentiating the identity p( ;) (x)dx = 1 with respe t to 
gives us  = () = r (), i.e., the expe tation parameter  is the image of the natural parameter  under the gradient mapping r . Let S be the expe tation
parameter spa e, () = (r ) 1 () be the natural parameter orresponding to  and the fun tion  : S 7! R
be de ned as
(3.4)

() = h (); i

(()):

Then, the pairs ( ; ) and (; S ) form Legendre onjugates of ea h other, i.e.,  =
and S =
and
the mappings between the dual spa es are given by the
Legendre transformation,
(3.5)

( ) = r ( ) and () = r():

3.3 Bije tion Theorem We are now ready to state
the
onne tion between exponential families of distriAs is a stri tly onvex and di erentiable fun tion over
butions
and Bregman divergen es. As mentioned earits domain , we an obtain the  orresponding to the
lier,
onne
tions between Bregman divergen es and exsupremum by setting the gradient of the orresponding
ponential
families
have been observed earlier in the litfun tion to zero, i.e.,
erature. In parti ular, [11℄ showed that the negative logr(hs; i ()) j= = 0 ) s = r ( )
likelihood of an exponential distribution an be written

as the sum of a Bregman divergen e and a fun tion that onjugate fun tions will be identi al, i.e., the mapping
does not depend on the parameters, i.e.,
is one-one, sin e linear additive terms to a onvex
fun tion do not hange the orresponding Bregman
(3.6)
log p(xj) = D(x; ) + f (x):
divergen e [5℄. This also implies that f is a uniquely
determined
fun tion on S .
This result was used later on by [7℄ to extend PCA to
Now,
onsider
Bregman divergen e D (; ) on
exponential families. We make the relationship between S . There exists atany
least
one stri tly onvex, di erenBregman divergen es and exponential families exa t tiable fun tion  on S that
this divergen e.
by showing that there is a tually a bije tion between The Legendre onjugates of (generates
; S ), i.e., ( ; ) are wellBregman divergen es and exponential families. More de ned. Hen e, there exists an exponential density
pre isely, we show that for a given exponential family, p
that is related to D (; ) by (3.7), i.e., the mapD and f in (3.6) are uniquely determined (one-one); ( ;)
ping
is
onto. That ompletes the proof.
further, there is an exponential family orresponding to
every Bregman divergen e (onto). Note that the duality
between expe tation and natural parameters mentioned Tables 2 and 3 shows the various fun tions of interest
in [11℄, [3℄, and [7℄ is basi ally the Legendre duality and for some popular exponential distribution families. For
the bije tion result follows using properties of Legendre all the ases shown in the table, x is itself the suÆ ient
statisti .
onjugates.

4 Bregman Soft Clustering
Using the bije tion between exponential families and
Bregman divergen es, we rst pose the Bregman soft
lustering problem as a parameter estimation problem
for mixture models based on exponential distributions.
Then, we revisit the Expe tation-Maximization (EM)
framework for estimating mixture densities and develop
the Bregman soft lustering algorithm (Algorithm 3).
(3.7)
p( ;) (x) = exp( D (x; ))f (x);
We also present the Bregman soft lustering algorithm
for
a set with a probability measure. Finally, we show
where f : S 7! R is a uniquely determined fun tion.
how
the hard lustering algorithm an be interpreted as
Hen e, there is a bije tion between exponential densities
a
spe
ial ase of the soft lustering algorithm.
p( ;) (x) and Bregman divergen es D (x; ).
Density EstiProof. We prove the bije tion between the exponential 4.1 Soft Clustering as Mixture
n
mation
Given
a
set
X
=
f
x
g
drawn
indepeni i=1
densities p( ;) and the Bregman divergen es D(; )
dently
from
a
sto
hasti
sour
e,
onsider
the
problem
by rst showing that ea h exponential density p( ;)
of
modeling
the
sour
e
using
a
single
parametri
expoorresponds to a unique Bregman divergen e D(; )
nential
distribution.
This
is
the
problem
of
maximum
(one-one) and then arguing that there exists an exponential density orresponding to every Bregman diver- likelihood estimation, or, equivalently, minimum negative log-likelihood estimation of the parameter(s) of
gen e (onto). By de nition,
the parametri density belonging to a given exponenp( ;) (x) = exp(hx;  i
() (x))
tial family. Now, from the bije tion theorem (theorem
= exp(hx; r()i + (() h; r()i) 3), minimizing the negative log-likelihood is the same as
minimizing the orresponding expe ted Bregman diver(x)) (using (3.4) and (3.5))
gen e. Using Theorem 1, we on lude that the optimal
= exp( f(x) () h(x ); r()ig distribution is the one with  = E[X ℄ as the expe tation
+f(x) (x)g)
parameter where the expe tation is over the empiri al
distribution.
Further, note that the minimum negative
= exp( D (x; )) f(x):
log-likelihood of X under a parti ular exponential model
We observe that p( ;) uniquely determines the log- with log-partition fun tion is the Bregman informapartition fun tion to a onstant additive term so that tion of X , i.e., I (X ), up to additive onstants, where
the gradient spa e of all the possible fun tions is  is the Legendre dual of .
the same and the orresponding onjugate fun tions,
Now, onsider the problem of modeling the sto has di er only by a onstant additive term. Hen e, the ti sour e with a mixture of k densities of the same
Bregman divergen e D (x; ) derived from any of these exponential family. This also yields a soft lustering

Theorem 3 Let (; S ) and ( ; ) be Legendre onjugates of ea h other. Let D : S  int(S ) 7! R be the
Bregman divergen e derived from . For  2 , let
p( ;) be the exponential probability density derived using () as the log-partition fun tion with  as the natural parameter. Let  be the orresponding expe tation
parameter. Then,

Table 2: Various fun tions of interest for some popular exponential distributions
Distribution
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Table 3: Various fun tions of interest for some popular exponential distributions ( ontd.)
Distribution
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where lusters orrespond to the omponents of the mixture model, and the soft membership of a data point
in ea h luster is proportional to the probability of the
data point being generated by the orresponding density
fun tion. Thus, the Bregman soft lustering problem an be stated to be that of learning the maximum
likelihood parameters  = fh ; h gkh=1 of a mixture
model of the form
(4.8)

p(xj) =

k
X
h=1

h f (x) exp( D (x; h ));

where the last equality follows from the bije tion theorem (theorem 3). The above problem is a spe ial ase
of the general maximum likelihood parameter estimation problem for mixture models and an be solved by
applying the EM algorithm. Note that, by the bije tion
between Bregman divergen es and exponential families,
(4.8) en ompasses the soft lustering problem for all exponential families.

4.2 EM for Mixture Models based on Bregman
Divergen es Algorithm 2 des ribes the well known appli ation of EM for mixture density estimation. This
algorithm has the property that the likelihood of the
data, LX () is non-de reasing at ea h iteration. Further, if there exists at least one lo al maximum for the
4 The varian e  and the number of trials N are assumed to be
onstant for the distributions.

Pd

j
j =1 j log( N )

D (x; )
(x
)2
22
1

x log( x )
x log( x ) + (1
x log( x ) + (N
x


ln

1

kx

(x

)
x) log( 11
N
x) log( N

x


k2

x
)
x
)

1

2
xj
j =1 xj log( j )

Pd
2

likelihood fun tion, then the algorithm will onverge to
a lo al maximum of the likelihood. For a detailed proof
and other related results, please see [18℄.
As stated earlier, the Bregman soft lustering problem is to estimate the maximum likelihood parameters
for a mixture model of the form given in (4.8). Applying the EM algorithm to this problem gives us lo ally
optimal parameters  for this mixture model. The
resulting mixture model also provides a soft lustering
of the dataset based on the Bregman divergen e D.
Hen e, we all this appli ation of the EM algorithm the
Bregman soft lustering algorithm. The Bregman divergen e viewpoint gives an alternative interpretation
of a well known eÆ ient EM s heme appli able to mixture of exponential distributions [22℄. This signi antly
simpli es the algorithm, espe ially the omputationally
intensive M-step. The resulting update equations look
very similar to those for learning mixture models of unit
varian e Gaussians. However, note that these equations
are appli able to mixtures of any exponential distributions, and, as mentioned earlier, x denotes the suÆ ient
statisti ve tor in the general ase.
The following proposition shows how theorems 1
and 3 an be used to simplify the M-step of the
lustering algorithm. Note that proposition 3 has
appeared in various forms in the literature (see, for
example, [22, 18℄). We give an alternative proof using
results involving Bregman divergen es developed in the
earlier se tions.

Algorithm 2 EM for Mixture Density Estimation [18℄ Algorithm 3 Bregman Soft Clustering
Input: Set X = fxi gni=1  S  Rd , num. of lusters k. Input: Set X = fxi gni=1  S  Rd , Bregman

divergen e D , num. of lusters k.
Output:
maximizer
of
Qn , Pk lo al
Output:
,
lo al
maximizer
of
LX () =
(

p
(
x
j

))
where

=
h
h
i
h
i=1
h=1
Qn Pk
k
k
n
(

f
(
x
)
exp(
D
(
x
;

)))
where
fh ; h gh=1 , soft partitioning ffp(hjxi )gh=1 gi=1 .
h

i

i
h
i=1
h=1
 = fh ; h gkh=1, soft partitioning ffp(hjxi )gkh=1 gni=1
Method:
Method:
Initialize fPh ; h gkh=1 with some h 2 S;
k
Initialize fh ; h gkh=1 with some h 2 S; h  0, and
h  0;
h=1 h = 1
P
k
repeat
h= h = 1
repeat
fThe Expe tation Stepg
fThe Expe tation Stepg
for i = 1 to n do
for i = 1 to n do
for h = 1 to k do
for h = 1 to k do
p(hjxi ) Pk hph0(pxi0j(xhi)j 0 )
D (xi ;h ))
h h
h
h0
p(hjxi ) Pk h exp(
end for
h0 exp( D (xi ;h0 ))
h0
end for
end for
end for
fThe Maximization Stepg
fThe Maximization Stepg
for h = 1 to
Pnk do
1
for
h = 1 to
p
(
h
j
x
)
h
Pnk do
n i=1 P i
1
h
h argmax ni=1 log(ph (xi j))p(hjxi )
nPn i=1 p(hjxi )

Pi n p(hjxi )xi
h
end for
p(hjxi )
i
end for
until onvergen e
until onvergen e
return  = fh ; h gkh=1
return  = fh ; h gkh=1
=1

=1

=1

=1

Proposition 3 For a mixture model with density given
by (4.8), the maximization step for the density parameters in the EM algorithm (Algorithm 2), 8h; 1  h  k,
redu es to:

Pn
p(hjxi )xi
:
h = Pi=1
n

(4.9)

j

i=1 p(h xi )

= argmin

n
X



i=1

D (xi ; )p(hjxi )

(as f (x) is independent of h )
n
X
p(hjxi )
= argmin D (xi ; ) Pn
;

0
i =1 p(hjxi0 )
i=1

so that the weights on the divergen es form a valid
Proof. The maximization step for the density parame- probability measure (i.e. sum to 1). From Theorem
ters in the EM algorithm, 8h; 1  h  k, is given by
1, we know that the expe ted Bregman divergen e is
minimized by the expe tation of x,
n
X
Pn
n
log(ph (xi j))p(hjxi ):
h = argmax
X
i=1 p(hjxi ) xi :

argmin D (x; ))p(hjxi ) = P
i=1
n

i=1 p(hjxi )
i=1
For the given mixture density, the omponent densities,
Therefore, the update equation for the parameters is a
8h; 1  h  k, are given by
weighted averaging step,
Pn
ph (xj h ) = f (x) exp( D (x; h )):
p(hjxi )xi
h = Pi=1
;
8h; 1  h  k:
n
Substituting the above into the maximization step,
i=1 p(hjxi )
we obtain the update equations for the expe tation The update equations for the posterior probabilities (Eparameters h : 8h; 1  h  k,
step) 8x 2 X ; 8h; 1  h  k; are given by
h = argmax


= argmax


n
X
i=1

n
X
i=1

log(f (xi ) exp( D (xi ; )))p(hjxi )

(log(f (xi )) D (xi ; ))p(hjxi )

p(hjx) =

h exp( D (x; h ))
h0 =1 h0 exp( D (x; h0 ))

Pk

as the f (x) fa tor an els out. The prior update
equations are independent of the parametri form of the

densities and remain unaltered. Hen e, for a mixture
model with density given by (4.8), the EM algorithm
(Algorithm 2) redu es to the Bregman soft lustering
algorithm (Algorithm 3).
So far, we onsidered the Bregman soft lustering
problem for a set X where all the elements are equally
important and assumed to have been independently
sampled from some parti ular exponential distribution.
In pra ti e, it might be desirable to asso iate weights
with the individual samples and optimize a weighted
log-likelihood fun tion. A slight modi ation to the
M-step of the Bregman soft lustering algorithm is
suÆ ient to address this new optimization problem.
The E-step remains same and the new update equations
for the M-step 8h; 1  h  k, are given by
(4.10)

h =

(4.11)

h

n
X

j

i p(h xi );
i=1
n
i=1 i p(h xi )xi :
n
i=1 i p(h xi )

P
= P

j

j

Finally, we note that the Bregman hard lustering
algorithm is a limiting ase of the above soft lustering
algorithm. For every onvex fun tion  and positive
onstant ,  is also a onvex fun tion with the
orresponding Bregman divergen e D  = D (see
[5℄). In the limit, when ! 1, both the E and
M steps of the soft lustering algorithm redu e to the
assignment and re-estimation step of the hard lustering
algorithm. Further, this view suggests the possibility of
designing annealing s hemes for Bregman soft lustering
interpreting 1= as the temperature parameter.

5 Experiments
There are a number of experimental results in existing
literature [17, 10, 20, 16℄ that illustrate the usefulness
of Bregman divergen es and the Bregman lustering
algorithms in spe i domains. The lassi al kmeans
algorithm, whi h is a spe ial ase of the Bregman hard
lustering algorithm for the squared Eu lidean distan e
has been su essfully applied to a large number of
domains where a Gaussian distribution assumption is
valid. Besides this, there are at least two other domains
where spe ial ases of Bregman lustering methods have
been shown to provide good results.
The rst is the text- lustering domain where the
information-theoreti lustering algorithm [10℄ and the
EM algorithm based on the Naive-Bayes model [20℄,
whi h are, respe tively, spe ial ases of the Bregman
hard and soft lustering algorithms for KL-divergen e
have been shown to provide superior results to other
existing algorithms on large real datasets su h as the
20-Newsgroups, Reuters and Dmoz datasets. This is to

be expe ted as text do uments an be e e tively modeled using multinomial distributions whose orresponding Bregman divergen e is just the KL-divergen e between the word distributions. Re ently, [16℄ showed that
a onvex ombination of KL-divergen e and squared
Eu lidean distan e seems to give even better performan e on this domain. We note that [16℄ essentially uses
a Bregman divergen e derived from a onvex fun tion
that is onvex ombination of two onvex fun tions [23℄,
and hen e, is a spe ial ase of the proposed Bregman
lustering framework.
Spee h oding is another domain where a spe ial
ase of the Bregman lustering algorithm based on the
Itakura-Saito distan e, namely the Linde-Buzo-Gray
(LBG) algorithm [17℄, has been widely and su essfully
applied. Again, this is to be expe ted as spee h power
spe tra tend to follow exponential family density of
the form p(x) = e x , whose orresponding Bregman
divergen e is the Itakura-Saito distan e.
Sin e spe ial ases of Bregman lustering algorithms have already been known to provide substantial improvements over other existing methods in ertain domains, we do not experimentally re-evaluate the
Bregman lustering algorithms against other methods.
Instead, we only fo us on showing that the quality of the
lustering depends on the mat h between the data hara teristi s and the hoi e of Bregman divergen e used
for lustering.
In order to do this, we performed two experiments
using datasets of in reasing level of diÆ ulty. For
our rst experiment, we reated three 1-dimensional
datasets of 100 samples ea h, based on mixture models
of Gaussian, Poisson and Binomial distributions respe tively. All the mixture models had three omponents
with equal priors entered at 10, 20 and 40 respe tively.
The standard deviation,  of the Gaussian densities was
set to 5 and the number of trials N of the Binomial distribution was set to 100 so as to make the three models somewhat similar to ea h other. The datasets were
then ea h lustered using three versions of the Bregman
hard lustering algorithm orresponding to the Bregman divergen es obtained from the Gaussian (kmeans),
Poisson and Binomial distributions respe tively. The
quality of the lustering was measured in terms of the
normalized mutual information6 [24℄ between the predi ted lusters and the original lusters and the results
were averaged over 10 trials. Table 4 shows the normalized mutual information values for the di erent divergen es and datasets. From the table, we an see that
lustering quality depends on the hoi e of Bregman
6 It is meaningless to ompare the lustering obje tive fun tion
values as they are di erent for the three versions of the Bregman
lustering algorithm.

The third broad idea is that many learning algodivergen e and is signi antly better when the approrithms an be viewed as solutions for minimizing loss
priate Bregman divergen e is used.
Table 4: Clustering results for the rst set of datasets fun tions based on Bregman divergen es. Elegant te hniques for the design of algorithms and the analysis of
Model
DGaussian
DPoisson
DBinomial
relative loss bounds in the online learning setting extenGaussian
0:70  0:033 0:63  0:043
0:64  0:035
sively use this framework [3℄. In the unsupervised learnPoisson
0:69  0:063
0:73  0:057 0:69  0:059
ing setting, use of this framework typi ally involves deBinomial
0:77  0:061
0:75  0:048
0:83  0:046
The se ond experiment involved a similar kind velopment of alternate minimization pro edures [8℄. For
of omparison of lustering algorithms for multi- example, [21, 27℄ analyze and develop iterative alterdimensional datasets drawn from multivariate Gaussian, nate proje tion pro edures for solving unsupervised opBinomial and Poisson distributions respe tively. The timization problems involving obje tive fun tions based
datasets were sampled from mixture models with 15 on Bregman divergen es under various kinds of onoverlapping omponents and had 2000 10-dimensional straints. Further, [7℄ develops a generalization of PCA
samples ea h. The results of the Bregman lustering al- for exponential families using loss fun tions based on the
gorithms shown in table 5 lead to the same on lusion as orresponding Bregman divergen es and proposes alterbefore, i.e., the hoi e of the Bregman divergen e used nate minimization s hemes for solving the problem.
There has also been work on learning algorithms
for lustering is ru ial for obtaining good quality.
that involve minimizing loss fun tions based on distorTable 5: Clustering results for the se ond set of datasets tion measures that are somewhat di erent from Bregman divergen es. For example, [19℄ presents the onvexModel
DGaussian
DPoisson
DBinomial
kmeans lustering for distortion measures that are alGaussian
0:73  0:005 0:66  0:007
0:67  0:005
Poisson
0:79  0:013
0:82  0:014 0:80  0:013
ways non-negative and onvex in the se ond argument,
Binomial
0:82  0:006
0:83  0:011
0:85  0:012
using the notion of a generalized entroid. Bregman divergen es, on the other hand, are not ne essarily onvex
6 Related Work
in
the se ond argument and also, the minimizer of the
This work is largely inspired by three broad and over- Bregman
loss fun tion always happens to be
lapping ideas. First, onsidering the lustering problem the a tual lustering
entroid,
i.e., the expe tation of the set.
from an information theoreti viewpoint is very insightful. Su h onsiderations o ur in several te hniques,
from lassi al ve tor quantization to information the- 7 Con lusion
oreti lustering [10℄ and the information bottlene k In this paper, we presented hard and soft lustering
method [26℄. In parti ular, the information theoreti algorithms minimizing loss fun tions involving Breglustering [10℄ approa h solved the problem of distri- man divergen es. This analysis presents a uni ed view
butional lustering with a formulation involving loss in of an entire lass of parametri lustering algorithms.
Shannon's mutual information. In this paper, we have First, in the hard- lustering framework, we show that
signi antly generalized that work by proposing te h- a kmeans type iterative relo ation s heme solves the
niques for obtaining optimal quantizations by minimiz- Bregman hard- lustering problem for all Bregman diing loss in Bregman information orresponding to arbi- vergen es. Further, from a related result, we see that
Bregman divergen es are the only distortion fun tions
trary Bregman divergen es.
Se ond, our soft lustering approa h is based on the for whi h su h a entroid-based lustering s heme is posrelationship between Bregman divergen es and expo- sible. Se ondly, using insights from existing literature,
nential distributions and the suitability of Bregman di- we show that there is a bije tion between Bregman divergen es as distortion or loss fun tions for data drawn vergen es and exponential families. This result is useful
from exponential distributions. It has been previously in developing an alternative interpretation of the EM
shown [3℄ that the KL-divergen e, whi h is the most algorithm for learning mixtures of exponential distrinatural distan e measure for this parameter spa e, be- butions, eventually resulting in a set of Bregman softtween two members p and p~ of an exponential family, lustering algorithms.
As dis ussed in the paper, spe ial ases of this analis always a Bregman divergen e. In parti ular, it is the
ysis
have been dis overed and widely used by resear hers
Bregman divergen e D (; ~ ) orresponding to the uin
appli
ations ranging from spee h oding to text lusmulant fun tion of the exponential family. In our
tering.
There
are four salient features of this framework
work, we extend this on ept to say that the Bregman
that
make
these
results parti ularly useful for datadivergen e of the Legendre onjugate of the umulant
mining
appli
ations.
First, the omputational omplexfun tion is, in some sense, a natural distan e fun tion
ity
of
the
entire
lass
of Bregman lustering algorithms
for the data drawn a ording to that exponential family.

is linear in the data-points. Hen e, the algorithms are
extremely s alable and appropriate for large-s ale datamining tasks. Se ondly, the modularity of the proposed
lass of algorithms is evident from the fa t that only
one omponent in the proposed s hemes, viz the Bregman divergen e used in the assignment step, needs to
be hanged to get an algorithm for a new loss fun tion.
This simpli es the implementation and appli ation of
this lass of algorithms to various data types. Thirdly,
the algorithms dis ussed are appli able to mixed data
types that are ommonly en ountered in data-mining.
Sin e the linear ombination of onvex fun tions with
non-negative oeÆ ients is always onvex [23℄, one an
have di erent onvex fun tions appropriately hosen for
di erent sets of features. The Bregman divergen e orresponding to any linear ombination of the omponent
onvex fun tions an now be used to luster the data.
This vastly in reases the s ope of the proposed te hniques. Finally, be ause of the similarity of Bregman
hard lustering to kmeans, existing te hniques that employ kmeans in various settings su h as data stream lustering, priva y preserving lustering, et ., an be easily
extended to the general framework of Bregman lustering.
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