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Abstract. Modern computer systems usually have a complex memory
system consisting of increasingly larger and slower memory. Traditional
computer models like the Random Access Machine (RAM) have no concept of memory hierarchy, making it inappropriate for an accurate complexity analysis of algorithms on these types of architectures.
Aggarwal et al. introduced the Hierarchical Memory Model (HMM). In
this model, access to memory location x requires f (x) instead of constant
time. In a second paper they proposed an extension of the HMM called
the Hierarchical Memory Model with Block Transfer (HMBT), in which
a block of consecutive locations can be copied in unit time per element
after the initial access latency.
This paper introduces two extensions of the HMBT model: the Parallel
Hierarchical Memory Model with Block Transfer (P-HMBT), and the
pipelined P-HMBT (PP-HMBT). Both models are intended to model
memory systems in which data transfers between memory levels may
proceed concurrently.
Tight bounds are given for several problems including dot product, matrix transposition and pre x sums. Also, the relationship between the
models is examined. It is shown that the HMBT and P-HMBT are
both strictly less powerful than the PP-HMBT. It is also shown that
the HMBT and P-HMBT are incomparable in strength.
Index Terms | Hierarchical memory, data locality, algorithms.

1 Introduction
In order to keep up with the memory request rate of the central processing unit,
modern computer systems usually have a complex memory system consisting of
a relatively small amount of registers, followed by one or two levels of cache and
main memory. The idea behind using such a hierarchical memory organization
is that, by the principle of locality, most of the memory accesses can be made
from the fast memory, so that the average access time is closer to the access
time of the fast memory. Thus it is important in such an environment to reuse
data as much as possible before returning it to slower memory. This property
of an algorithm is usually called temporal locality . Another form of reuse is
spatial locality . Spatial locality occurs when consecutive memory locations are
accessed. This is important because the time to access one word may be long
but several consecutive addresses can be transferred rapidly, since the memory
can be organized in banks that allow one clock cycle for each access.

An important aspect for memory hierarchies is parallelism in block transfer,
meaning that transfers at di erent levels may proceed concurrently and may be
overlapped with processing. Traditionally, this represents one of the early uses
of parallelism in computers. In the next section we introduce the Parallel Hierarchical Memory Model with Block Transfer (P-HMBT), that enables parallelism
to be exploited between block transfers.

2 De nition of the Model
The most frequently used model of a computer is the Random Access Machine
or RAM [3]. It consists of an accumulator, a read-only input tape, a write-only
output tape, a program and a memory. The memory consists of a set of memory
cells A = fAn : n 2 IN g and each cell is capable of holding an integer of arbitrary
size. We will write n for An . There is no upper bound on the number of cells
that can be used.
In the RAM there is no concept of memory hierarchy; each memory access
is assumed to take one unit of time. This may be appropriate in cases where
the size of the problem is small enough to t in the main memory, but in the
presence of registers, caches, disks and so on, this model may be inaccurate. In
a more realistic model the memory access time is measured by a nondecreasing
function f : A ! IN .
In [1] the Hierarchical Memory Model (HMM) was proposed. The control is
identical to that of the RAM, but access to location x requires f (x) instead of
constant time. In the HMM, however, there is no concept of block transfer to
utilize spatial locality in algorithms. The Hierarchical Memory Model with Block
Transfer (HMBT) proposed in [2], is de ned as the HMM, but in addition a
block copy operation BC (x; y; l) is present. It copies the locations x + i to y + i
for 0  i  l and is valid only if the intervals [x; x + l] and [y; y + l] are disjoint.
A block copy operation is assumed to take max(f (x); f (y)) + l time.
In the HMM and the HMBT, the memory can be viewed as consisting of a
hierarchy of levels. A memory level is de ned as a continuous array of memory
cells Am : : : An such that f (Ai ) = f (Ai+1 ), for m  i < n, and f (Am?1 ) <
f (Am ) and f (An ) < f (An+1 ). We are now able to give a description of the
P-HMBT model.

De nition 1. The concept of control, costs and block transfer of the P-HMBT

are identical to the HMBT, except for the requirement that block transfers cannot cross level boundaries and can only take place between successive levels.
In addition, block transfers are allowed to proceed in parallel between levels.
Speci cally, if C1 ; C2 ; : : : ; Cm is a sequence of block transfers such that Ci =
BC (xi ; yi ; li ), then these block transfers can be executed in parallel provided
that all xi 's are in di erent levels. Such a parallel block transfer is written as
C1 kC2 k : : : kCm and is assumed to take maxi ti time, where ti = max(f (xi ); f (yi ))
+ li .

We take f (x) = blog xc as a model for realistic memory systems. The choice
for blog xc is technical, but we believe that it resembles real life well enough to
give realistic qualitative predictions. In particular, it resembles memory systems
consisting of increasingly larger and slower memory.
The function f (x) = blog xc partitions the memory into levels of continuous
locations such that the i-th level L(i) contains the memory locations [2i ; 2i+1 ?1].
We will assume that concurrent block moves like BC (x; y; l) k BC (y; z; l) where
x; y and z are in successive levels, cause no memory con icts, since we can
alternate between the odd numbered and even numbered levels. This will increase
the running time by at most a constant factor. Alternatively, we can double the
memory available to an algorithm by moving all data to the next lower level and
use the upper half of each level as a bu er, without increasing the running time
by more than a constant factor.

3 Bounds for Simple Problems
Consider the following problem which is called the touch problem. Initially, n
inputs a1 ; a2 ; : : : ; an are stored in memory locations 1; 2; : : : ; n. An algorithm is
said to touch the input ai if, at some time during the execution of the algorithm,
ai is stored in location 1 of the hierarchical memory. The problem is to touch all
inputs. This yields a lowerbound for various algorithms in which the entire input
has to be examined. Examples of such algorithms include merging, searching a
random sequence and computing the dot product of two vectors.
Theorem 2. Any algorithm that touches n inputs
on the P-HMBT with access
cost function f (x) = blog(x)c requires (n log (n)) time.
Proof. We prove the theorem by using the same technique as in [2]. Let bi (t)
be the least k such that ai has been stored in memory location k during one
of
rst t steps of the computation. De ne thePpotential at step t as (t) =
Pnithe
 (bi (t)). The initial potential is (0) = n log (i). When the algolog
i=1
=1
rithm terminates after T steps, each input has been stored in memory location
1 duringPone of the rst T steps of the computation.
P Hence the nal potential is
(T ) = ni=1 log (1) = 0. Thus (0) ? (T ) = ni=1 log (i) = (n log (n)).
We prove the theorem by showing that any move that takes time L on the PHMBT decreases the potential by at most O(L). From this the theorem follows.
W.l.o.g. assume that L = k + 2k for some integer k. In L time units we can copy
one location from level L of the hierarchical memory to level L ? 1, two locations
from level L ? 1 to level L ? 2, . . . , and L ? k = 2k locations from level k + 1
to level k. On level i, 1  i  k, we can only copy 2i?1 locations to the next
memory level in this move (the size of the next higher level). The decrease in
potential is maximal if we copy the last locations of level i to the rst locations
of level i ? 1. In other words, the following move decreases the potential as much
as possible in L time units.
{ On level i, 1  i  k, the memory locations 2i + 2i?1 + j , 0  j  2i?1 ? 1,
are copied to locations 2i?1 + j .

{ On level i, k +1  i  L, the locations 2i ? 1 ? j , 0  j  L ? i, are copied
to locations 2i?1 + j .

+1

It follows that the decrease in potential due to this move is at most
? ?1
k 2X
X
 =
(log (2i + 2i?1 + j ) ? log (2i?1 + j ))
i

1

i=1 j =0
L L?i

+

X X(log(2i+1 ? 1 ? j) ? log(2i?1 + j))

i=k+1 j =0

? ?1
k 2X
L?i
X
XL X

(log (2i+1 ) ? log (2i?1 )) +
(log (2i+1 ) ? log (2i?1 )):
i

1

i=1 j =0

i=k+1 j =0

It can be shown that both terms are bounded by O(L) [8].
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Remark When describing algorithms for the P-HMBT model, it is generally
assumed that the input is located in memory locations 1; 2; : : :; n or in memory
locations n; n + 1; : : : ; 2n ? 1. Both initial situations are equivalent in the follow-

ing sense. We can go from one situation to the other in time O(n) by repeatedly
moving each level concurrently to the next higher (lower) level. So, if an algorithm takes at least (n) time, this does not a ect the running time by more
than a constant factor.

Theorem 3. The following problems can be solved in time O(n log(n)) on the
P-HMBT with access cost function f (x) = blog(x)c.
(i) The touch problem,
(ii) searching a random sequence of size n, and
(iii) computing the dot product of two vectors of length n each.
Proof. (i) Initially, the n = 2m inputs are stored in locations n; n +1; : : :; 2n ? 1,
i.e. at level log(n) of the hierarchical memory. Treat it as a sequence of n= log(n)
blocks Bi , 1  i  n= log(n), of length log(n) each. First move B1 to level
log(n) ? 1 of the hierarchical memory and then concurrently move B1 to level
log(n) ? 2 and B2 to level log(n) ? 1. Continue in this pipelined fashion until
B1 reaches level log log(n) and repeat recursively on that block. Then move the
next block from level log log(n)+1 to level log log(n) and concurrently move each
block on level i, log log(n) + 2  i  log(n), to the next higher level. Continue
until all blocks have been processed. The running time T (n) of this algorithm
obeys the recurrence relation

T (n) = n= log(n)T (log(n)) + O((log(n) ? log log(n)) log(n)) + O(n)
= n= log(n)T (log(n)) + O(n);
which solves to T (n) = O(n log (n)). The same idea applies to (ii) and (iii). 2

4 Relationship Between the Models
In this section we explore the relationship between the HMBT model and the
P-HMBT model. First the following de nition is needed. A machine model M
is said to be hierarchically weaker than M 0 (M  M 0 ) if each problem that can
be solved on model M in time T can also be solved on model M 0 in time O(T ).
We want to determine if HMBT  P-HMBT or P-HMBT  HMBT.

Theorem 4. HMBT 6 P-HMBT.
Proof. It can be shown that search operations require at least (log2 (n)) time
on the P-HMBT model,Psince at least one location must be accessed and access
x
2
to location x requires log
i=0 i = (log (x)) time on this model. This holds
regardless of the data structure used. On the HMBT, however, search operations
can be performed in time O(log2 (n)= log log(n)) by using a B-tree [4] where
the buckets have size log(n). Each bucket is organized as a perfectly balanced
binary search tree that is stored in continuous memory locations. To search the
tree O(log(n)= log log(n)) buckets must be searched. This can be done in time
O((log log(n))2 ) per bucket by rst moving each bucket to the rst O(log(n))
memory locations. Each bucket can be moved to fast memory in time O(log(n)).
Thus, search operations on this data structure can be performed in time

O(log(n)= log log(n)((log log(n))2 + log(n))) = O(log2 (n)= log log(n))

2
p
p
Lemma 5. Any algorithm that transposes a n n matrix requires (n log(n))
on the HMBT model.

time on a HMBT machine.

Proof. The proof of this lemma can be found in [2].
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Lemma 6. A pn  pn matrix A can be transposed on a P-HMBT machine in

optimal O(n) time.

Proof. Assume the input is in memory locations n; np+ 1; : : : ; 2n ? 1. The algorithm works essentially as p
follows. First, A(1; 1 : : : pn) is moved to memory
locations 2n; 2n + 1; :p: : ; 2n + n ? 1. Then, A(1; 2 : : : n)pis moved to locations
to 2n +
4n; 4n + 1; : : : ; 4n p
+ n ? 2 and, concurrently,
p A(2; 1 : : : ton8) n;is 8moved
1p; 2n +2; : : :; 2n + pn. After that, A(1; 3 : : : n) is moved
n
+1
;
:
: :; 8n +
n ? 3, A(2; 2 : : : n) to 4n + 1; 4p
n + 2; : : : ; 4n + pn ? 1 and A(3; 1 : : : pn) is
moved to 2n + 2; 2n + 3; : : : ; 2n + n + 1. The algorithm proceeds
p in this way
until A(i; j ) is in memory location 2j  n + i ? 1 for 1  i; j  n. Then the
transposed matrix is transferred back to level log(n) of the hierarchical memory.
A more formal description of this algorithm is given below.
for i 0 to pn ? 1 do
do steps (a) and
(b) concurrently
(a) BC (n + ipn; 2n + i; pn ? 1)

(b) for j

1 to i do concurrently
BC (2j  n + i ? j + 1; 2j+1  n + i ? j; pn ? 1 ? j )
od
for i 1 to pn ?p 1 do
for j i jto np? 1 do concurrently
BC (2  n + n ? (j ? i); 2j+1  n + pn ? (j ? i) ? 1; pn ? 1 ? j )
od
for i 0 to pn ? 1 do
do steps (a) and (b)
concurrently
(a) BC (2n; n + ippn; pn ? 1)
(b) for j 1 to n ? 1 ?pi do concurrently
BC (2j+1  n; 2j  n; n ? 1)
od
p
The costs are O( n) per block move. Thus the time for all these moves is
bounded by O(n).
2

Theorem 7. P-HMBT 6 HMBT.
Proof. Follows directly from lemma 5 and lemma 6.
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Until now we assumed that only one block move per memory level was allowed
in each step, and a next block copy operation could not start until all previous
block moves had been completed. A more powerful model is obtained if these
restrictions are removed. In the pipelined P-HMBT model (PP-HMBT), the only
condition that must be satis ed is that during each cycle only one data word can
be transferred from level i to level i ? 1 or vice versa. As an example, consider
the following sequence of block moves.
Initiate at cycle 0: BC (y; x; 2) k BC (z; y; 2)
Initiate at cycle 3: BC (y; x + 3; 2)
In gure 1, the content of each level during each cycle is illustrated.
This example shows two important di erences between the pipelined PHMBT model and the \straight" P-HMBT model. First, a block copy operation
involving a memory cell x may be started although the previous block move
involving cell x has not been completed. Secondly, it is not required for a block
move BC (x; y; l) that all memory cells [y; y + l] are free by the time the transmission of [x; x + l] is started. Instead, if a data word d occupies a cell x at cycle
k, then that cell must become free at cycle k ? 1.
Obviously, P-HMBT  PP-HMBT, since any computation for the P-HMBT
model is a legal computation on the PP-HMBT model and can be executed on
the PP-HMBT in the same amount of time.

Theorem 8. Any algorithm that takes time T on a HMBT machine, can be modi ed into an algorithm that takes time O(T ) on a pipelined P-HMBT machine.
Hence, HMBT  PP-HMBT.

Initially

x
y
a1 a2 a3
z
a4 a5 a6

After cycle i+1

After cycle i+4
a1 a2 a3 a4

a1

a5 a6

a2 a3
a4 a5 a6
After cycle i+5

After cycle i+2

a1 a2 a3 a4 a5

a1 a2
a4

a6

a3
a5 a6
After cycle i+6

After cycle i+3
a1 a2 a3

a1 a2 a3 a4 a5 a6

a4 a5
a6

Fig. 1. Pipelining data transfers on the PP-HMBT machine.
Proof. Consider a block move BC (x; y; l) and let x > y (the case x < y is treated
similarly). The time for this move on the HMBT is blog(x)c + l. This move is
simulated as follows. Let L(i) denote the i-th level of the hierarchical memory.
The contents of memory locations 2i ; : : : ; 2i+1 ? 1 of the HMBT machine are
stored in the lower part of L(i + 2) in the pipelined P-HMBT. The upper part
of each level is used as a bu er. Let = blog(y)c and let = blog(x)c. Then,
the block B = [x; x + l] is contained in memory locations 2 : : : 2 +2 ? 1 of the
HMBT machine (since l < x), and therefore in L( + 2) [ L( + 3). Copy the
part of B that is in L( + 2) to the bu er of L( + 1) and then back to the
lowest numbered locations in the bu er of L( + 2). Move the part of B that is
in L( + 3) to the bu er of L( + 2) to obtain a continuous block to be moved.

The time for these moves is O(blog(x)c + l).
Partition B into subblocks Bi , + 2  i  + 2, where Bi contains the
data words that have to go to L(i). Move B +2 ; B +3 ; : : : ; B +2 to the bu er of
L( +1) and pipeline B +2 ; B +3 ; : : : ; B +1 to the bu er of L( ) (pipeline means
that the transmission starts as soon as the rst data word arrives). Continue in
this way until each block Bi is in the bu er of L(i ? 1). The time for these moves
is bounded by

blog(x)c + blog(x)c ? blog(y)c + l ? 1 = O(blog(x)c + l):
Then, simultaneously copy each Bi back to L(i). The time for this is also bounded
by O(blog(x)c + l). Summing up over these three steps yields the desired bound.
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Theorem 9. Touching n inputs, initially stored in locations 1; 2; : : :; n of memory, can be done in time O(n) on the pipelined P-HMBT model.

Proof. At each computing cycle, a number of transmissions are initiated. The
transmissions from L(i) to L(i ? 1) are initiated at cycles k2i?1 for k = 0; 1; 2; : : :.
At cycles k2i?1 with k is even the block copy operations

BC (2i ; 2i?1 ; 2i?1 ? 1); for 1  i  log n,
are initiated (the lower half of each level is moved to the next higher level).
When k is odd, the block copy operations

BC (2i + 2i?1 ; 2i?1 ; 2i?1 ? 1); for 1  i  log n,
are initiated (the upper half of each level is moved to the next higher level).
It is easily veri ed that with this sequence of block moves, exactly one data
word is transferred between each pair of successive levels during each cycle.
From this observation the time bound follows. It remains to be shown that no
data is overwritten during execution. Consider two successive levels L(i) and
L(i + 1). The transmissions from L(i + 1) to L(i) are initiated at cycles k2i ;
location 2i+1 + j , 0  j  2i ? 1, is transferred to location 2i + j during cycle
k2i + i + 1 + j and location 2i+1 + j , 2i  j  2i+1 ? 1, is transferred to location
j during cycle k2i + i + 1 + j . Likewise, the transmissions from L(i) to L(i ? 1)
are initiated at cycles k2i?1 ; location 2i + j , 0  j  2i ? 1, is moved during
cycle k2i?1 + i + j . In other words, if a cell x at level L(i + 1) is copied to a cell
y at level L(i) during cycle k, then that cell became free during cycle k ? 1. 2
This theorem shows that the PP-HMBT model is strictly more powerful than
the HMBT model and the P-HMBT model.

5 More Results for the P-HMBT and PP-HMBT Model
Pre x Sums Let  be an associative operator over a domain D. The pre x
sums problem is de ned as follows. Given an array A = (a1 ; a2 ; : : : ; an ) of size
n. It is required to compute the sums
si = a 1  a 2      a i
for i = 1; : : : ; n. The pre x sums can be computed in O(n) time on the RAM.
From theorem 2, a lowerbound of (n log (n)) follows for computing pre x sums
on the P-HMBT. We will show that the pre x sums problem can be solved in
time O(n(log (n))2 ) on the P-HMBT.
Suppose that initially the array A is stored in memory locations n; n +
1; : : : ; 2n ? 1, i.e. at level log(n) of the hierarchical memory. As in theorem 2,
treat it as a sequence of n= log(n) blocks of length log(n) each.
1. Move these blocks, using the pipelining strategy, to higher levels until the
rst block reaches level log log(n). Repeat recursively on that block and
continue until all blocks have been processed.
At this point we have computed the sums

mij = a(i?1) log n+1  a(i?1) log n+2      a(i?1) log n+j
for 1  i  n= log(n) and 1  j  log(n).
2. Copy mi;log n , 1  i  n= log(n), to memory locations n=2 + i ? 1, i.e. to
level log n ? 1. Call this array Q = (q1 ; q2 ; : : : ; qn= log n ).
3. Move the array Q to level log(n= log(n)) = log(n) ? log log(n) and call pre x
sums recursively.
4. Add qi , 1  i  n= log(n) ? 1 to mi+1;j , 1  j  log(n). It can be veri ed
that adding a scalar to an array of size m can be done in O(m log (m)) time
by adapting the algorithm given in the proof of theorem 2.
The running time T (n) of this algorithm ful lls the recurrence

T (n) = n= log(n)T (log(n)) + T (n= log(n)) + O(n log (n)):
Since T (2) = constant, it can be veri ed that T (n) = O(n(log (n))2 ).
On a PP-HMBT machine, pre x sums can be performed in time O(n) as
follows. In location 1, the partial sum si is stored. The inputs are stored in the
lower half of each level and are \fed" to location 1 using a similar scheme as
for the touch problem. The outputs (i.e. the partial sums si for 1  i  n) are
directed along the upper half of each level. It can be shown that this algorithm
can be made to run in time O(n) on the PP-HMBT model.

List Ranking Another important problem is list ranking . Given a linked list of

n elements. The list ranking problem is to determine for each element its distance
to the end of the list. Usually, the linked list is represented by two arrays C (the
contents or data array) and S (the successor array). The rst element in the list
(the head) is stored in C (1), and for 1  i  n ? 1, if the i-th element is stored in
C (j ), then the (i + 1)-th element is stored in C (S (j )). The list ranking problem
can be solved in time O(n) on the RAM.

Many parallel algorithms for the list ranking problem are shortcut based,
meaning that the essential step in the execution is
S (i) S (S (i)):
The diculty is to avoid that two consecutive elements are shortcut in parallel. A solution to this problem has been presented by Kruskal et al.p[9]. We
implement their algorithm where the numbers ofp processors
p equals n. The
p
algorithm partitions the nodes of the list into a n  n array. Each processor
is assigned one row of the array. The processors visit the columns of the array
synchronously. If the successor of the node visited is not in the same column,
the node is compacted with its successor, the node is marked and its successor
is removed from the list (marked as deleted). This ensures that no two consecutive elements C (i) and C (S (i)) are shortcut simultaneously. This procedure is
repeated with the transpose of the array for the nodes that are not yet marked.
In this step no further con icts will occur, because if a node C (i) is not yet
marked, then C (S (i)) is in the same row as C (i). After nishing this step at
most 2=3n + O(1) nodes remain, because if a node has not been compacted with
one of its successors, then both of its neighbors must have been compacted.
Then, the remaining nodes are packed into an array of size 2=3n + O(1). This
is done by doing a pre x sums with 0 assigned to the nodes that are marked
deleted and 1 assigned to the nodes that are not deleted. The whole procedure
is then applied recursively to the remaining nodes.
On the P-HMBT model this algorithm is implemented as follows. Assume
that each node in the list is represented by a quadruple V (i) = hC (i); S (i); M (i);
D(i)i, where C (i) and S (i) have the usual meaning and where M (i) (D(i)) is a
single bit indicating whether a node is marked (deleted). Assume also that each
quadruple exactly ts into one memory cell (this a ects the running time only
by a constant factor). Initially, the array V is stored in level L(log(n)) of the
hierarchical memory. The algorithm proceeds as follows.
p
p
p
1. Partition V into n blocks Bi , 1  i  n, of size n each. For each of
these blocks, repeat step
p (2).
2. Treat a block Bi as n= log(n) blocks Ej of size log(n) each. For each of
these blocks perform the following steps.
(a) Move the block to level L(log log(n)) and copy the successor of each
element to the array NEXT located at level L(log(n) ? 1).
(b) Move the array NEXT to level L(log log(n) + 1) and compact each node
with its successor provided that the successor is not in the same block
Bi .

(c) Copy Ej and NEXT back to level L(log(n)).
3. Repeat steps (1) { (2) with the transpose of V .
4. Contract the remaining nodes into an array of size 2=3n + O(1). This is
accomplished by doing a pre x sums on the nodes with 0 assigned to the
nodes that are marked deleted and 1 assigned to the nodes that are not
deleted.
5. Solve the resulting smaller list recursively.
6. Extend the solution to all elements of the original list.
This algorithm can be made to run in time
T (n) = T (2=3n) + O(n log(n));
which solves to T (n) = O(n log(n)).
On a PP-HMBT machine, list ranking can be performed in optimal time
O(n) aspfollows. As for the P-HMBT, the inputpis divided into pn blocks Bi
of size n each, and each block is divided into n= log n subblocks Ej of size
log n. Each block Ej is pipelined to location 1 of the hierarchical memory and
each node is paired with its successor provided that the successor is not in the
same block Bi . The cost per block are O(log n), i.e. in constant time per element.
Again the input is permuted and these steps are repeated, which also requires
O(n) time. This implies that the running time T (n) obeys the recurrence relation
T (n) = T (2=3n) + O(n) ;
which solves to T (n) = O(n).
For all problems considered in this paper, the running time on the PP-HMBT
equals the RAM time. Whether this holds in general or for a certain class of
problems, needs further investigation.

6 Summary and Concluding Remarks
In this paper we introduced two models for hierarchical memory that enables
parallelism to be exploited between block transfers, meaning that transfers at
di erent levels may proceed concurrently. Algorithms are given for, e.g., the
touch problem, pre x sums and list ranking. Ecient algorithms in these models
exhibit both temporal and spatial locality.
We examined the relationship between the proposed models P-HMBT and
PP-HMBT and we showed that there is a partial ordering on these models
and the HMBT proposed in [2]. This partial ordering adheres to the following
diagram.
PP−HMBT

P−HMBT

HMBT

Finally, bounds are given for two important problems, namely pre x sums
and list ranking. We noticed that parallel algorithmic techniques can also be
used to obtain ecient algorithms for the P-HMBT model. This may not come
as a surprise since many parallel algorithms have the following generic scheme
(top-down design).
{ Divide the problem at hand into p subproblems each taking approximately
equal amount of time.
{ Solve each subproblem in parallel.
{ Combine the results.
Several directions for future research exist. For example, in existing computer
systems the block size (cache line size, page size) at each level is usually xed
and the performance is greatly a ected by this size [10]. It would be important
to understand the behavior of algorithms in this setting. Also, implications for
memory organizations in multiprocessor architectures will have to be investigated [5, 7].
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