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Abstract
We consider the problem of comparing complex hierarchical models in which the number of
parameters is not clearly de ned. We follow Dempster in examining the posterior distribution
of the log-likelihood under each model, from which we derive measures of t and complexity
(the e ective number of parameters). These may be combined into a Deviance Information
Criterion (DIC), which is shown to have an approximate decision-theoretic justi cation. Analytic and asymptotic identities reveal the measure of complexity to be a generalisation of a wide
range of previous suggestions, with particular reference to the neural network literature. The
contributions of individual observations to t and complexity can give rise to a diagnostic plot
of deviance residuals against leverages. The procedure is illustrated in a number of examples,
and throughout it is emphasised that the required quantities are trivial to compute in a Markov
chain Monte Carlo analysis, and require no analytic work for new models.

1 Introduction
The development of Markov chain Monte Carlo (MCMC) has made it possible to t increasingly
large classes of models with the aim of exploring real-world complexities of data (Gilks et al., 1996).
Being able to t such models naturally leads to the wish to compare alternative formulations with
the aim of identifying a class of succinct plausible models: for example, we might ask whether we
need to incorporate a random e ect to allow for over-dispersion, whether allowing measurement
error helps explain the data, what distributional forms to assume, and so on.
Within the classical modelling framework, model comparison takes place by de ning a measure of
t, typically the deviance statistic, and complexity, the number of free parameters in the model.
Since increasing complexity is accompanied by better t, models are compared by trading these two
quantities o using likelihood ratio tests, Akaike's information criterion, or one of a number of other
suggestions (Aitkin, 1991). Bayesian model comparison using Schwarz's information criterion as a
Bayes factor approximation also requires speci cation of the number of parameters in each model
(Kass and Raftery, 1995). Unfortunately, in complex hierarchical models, in which parameters
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generally outnumber observations, these methods clearly cannot be directly applied (Gelfand and
Dey, 1994). The most ambitious attempts to tackle this problem appear in the neural network
literature (Moody, 1992; MacKay, 1995; Ripley, 1996).
In the next section we follow Dempster (1974) (recently reprinted as Dempster (1997b)) in basing
comparisons on the posterior distributions of the deviance (-2 log-likelihood + some standardising
factor) under each model. We identify ` t' as the posterior mean of the deviance, and `complexity'
(i.e. the e ective number of parameters, pD ) as the di erence between the posterior mean of the
deviance and the deviance based on the posterior means of the parameters. These quantities can
be trivially obtained from a Markov chain Monte Carlo (MCMC) analysis. The t and complexity
are then added to form a Deviance Information Criterion (DIC) which may be used for model
comparison. In Section 3 we illustrate the use of this simple technique on a reasonably complex
example in spatial modelling with covariates.
The remainder of the paper attempts to justify the use of these measures of t, complexity, and their
combination into a single model comparison criterion. In Section 4 we use a heuristic asymptotic
argument to see DIC as a generalisation of Akaike's Information Criterion (AIC) (Akaike, 1973) ,
and then show that DIC has an approximate decision-theoretic justi cation in terms of minimising
expected loss in predicting a replicate dataset, and that in some situations an absolute measure of
t is obtained. Although not necessary for the computation of DIC, it is useful to examine exact
and asymptotic forms within standard models (Section 5). We show that in hierarchical normal
linear models pD has a sensible closed form as the trace of of the `hat' matrix that projects data onto
the tted values, and hence can be related to many other suggestions. Asymptotic approximations
in the exponential family reveal further relationships. In Section 6 we argue that each observation's
contribution to pD can be interpreted as its leverage, and show how to obtain diagnostic plots of
leverages against deviance residuals as a by-product of an MCMC analysis, regardless of the form
of the model, and without any analytic e ort.
Section 7 contains a set of examples to show how DIC works in practice, and in Section 8 we discuss
how it ts into the general model comparison literature. Finally, Section 9 presents a critique of
the method, identifying some areas for further research.

2 Measures of t and complexity from the posterior distribution
of the deviance
Suppose we are tting a model with observed data y and unknown quantities , which may include
parameters at di erent levels of the model, latent variables, missing data and so on. The Bayesian
approach speci es a joint distribution p(y; ), which will generally consist of a product of many
terms through conditional independence assumptions. This joint distribution can be written as
p(y; ) = p(yj) p(j ) p( )
where  = (; ) and y is conditionally independent of given . Thus  are the parameters that
directly in uence y (e.g. true means), while typically are hyper-parameters that govern the form
of the prior distribution for . Our interest will focus on the `lowest-level'  parameters since they
directly in uence the t and predictive ability of the model.
Dempster (1974) long ago suggested direct consideration of the posterior distribution of the loglikelihood of the data, equivalent to examining the posterior distribution of
D() = ?2 log p(yj) + 2 log f (y);
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where f (y) is some fully speci ed standardising term that is a function of the data alone and hence
does not a ect model comparison. We shall term D() the `Bayesian deviance', and introduce
two speci c standardisations: rst, the null standardisation D0 () = ?2log(likelihood) obtained by
assuming f (y) is the perfect predictor that gave probability 1 to each observation, and second, for
members of the one parameter exponential family with E (Y ) = (), the saturated deviance DS ()
obtained by setting f (y) = p(yj() = y).
The
posterior distribution of D is based on p(jy), where p(jy) / p(yj) p() , and p() =
R
p(j ) p( )d . Dempster (1974) provided some basic examples and some suggestions for comparison of distributions of the log-likelihood, and a number of papers have featured plots or summaries
such as posterior means: see, for example, Raghunathan (1988), Zeger and Karim (1991), Gilks
et al. (1993) and Richardson and Green (1997). However, these authors appear unclear about how
to compare models of di ering complexity, and in a discussion to a republishing of his 1974 paper, Dempster (1997a) gives little extra guidance, stating that \one should plot a representation,
perhaps from Markov chain Monte Carlo methods, of the posterior distributions of log-likelihood
under each competing model and compare. I hesitate to dictate a procedure for choosing among
models."
We shall not be so hesitant, and o er a set of suggestions. First, summarise the ` t' of a model by
the posterior expectation of the deviance;

D = Ejy [D]:
Second, measure the `complexity' of a model by the e ective number of parameters pD , de ned as
the expected deviance minus the deviance evaluated at the posterior expectations;

pD = Ejy [D] ? D(Ejy [])
= D ? D():
Finally, models may be compared using a Deviance Information Criterion, de ned as
DIC = D + pD
= D() + 2pD ;
This will be shown to be a natural generalisation of Akaike's Information Criterion.
DIC may be calculated during an MCMC run by monitoring both  and D(), and at the end of
the run simply taking the sample mean of the simulated values of D, minus the plug-in estimate of
the deviance using the sample means of the simulated values of . Smaller values of DIC indicate a
better- tting model. As with many previously-proposed model comparison tools, DIC consists of
two terms, one representing goodness-of- t, and the other a penalty for increasing model complexity.
We need to emphasise that we do not recommend that DIC be used as a strict criterion for model
choice or as a basis for model averaging (Draper, 1995). Selecting a single model is a complex
procedure involving background knowledge and other factors such as the robustness of inferences
to alternative models with similar support (Box and Tiao, 1973): model choice may be unnecessary
in the rst place and is certainly very dicult to formalise. We rather view DIC as a method
for screening alternative formulations in order to produce a list of candidate models for further
consideration. See Section 8 for further discussion of this issue.
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3 A running example: the spatial distribution of lip cancer in
Scotland
To illustrate the practical application of our suggestion, we analyse data on the rates of lip cancer
in 56 counties in Scotland (Clayton and Kaldor, 1987; Breslow and Clayton, 1993). The data
include observed (yi ) and expected (Ei ) numbers of cases for each county i (where the expected
counts are based on the age- and sex-standardised national rate applied to the population at risk
in each county), a covariate (xi ) representing the percentage of the population in each county who
are engaged in agriculture, shing or forestry (used as a proxy for sunlight exposure), plus the
`location' of each county expressed as a list (Ai ) of its ni adjacent counties. We assume the usual
Poisson model for cancer incidence within each county:

yi  Poisson(i Ei )
where i denotes the underlying true area-speci c relative risk of lip cancer. Using the standard
canonical parameterisation, i = log i may be expressed using either a pooled model (with or
without the covariate):
Model 1: i = 0
Model 2: i = 0 + xi
or a saturated model:
Model 3: i = i
where locally uniform priors (actually Normal with mean 0 and variance 10000) are placed on ,
0 and
i ; i = 1; :::; 56. However, models 1 and 2 make no allowance for variation between the true
risk ratios in each county (other than that associated with the covariate in model 2), whilst model
3 assumes independence between the county-speci c risk ratios (essentially yielding the maximum
likelihood estimates ^i = Eyii ). A more plausible assumption is that the true county-speci c risk
ratios lie somewhere between the independent and pooled estimates, thus motivating the use of
random e ects models. In the present example, speci cation of the random e ects population
distribution is complicated by the possibility that the i may be spatially correlated. That is,
the risk ratios in two neighbouring counties may be more similar than risk ratios in two counties
further apart, possibly due to dependence on unmeasured risk factors which vary smoothly with
geographic location. We thus consider comparison of the following six random and mixed e ects
models in addition to models 1{3 above:
Model 4: i = 0 + i
Model 5: i = 0 + i + xi
Model 6: i = i
Model 7: i = i + xi
Model 8: i = i + i
Model 9: i = i + i + xi
where 0 and are as for models 1 and 2, i are exchangeable random e ects with a Normal prior
distribution having zero mean and precision  , and i are spatial random e ects with a conditional
autoregressive prior (Besag, 1974) given by
X
; 1 ) :
 j  Normal( 1
i

ni

ni j2Ai

j

ni 
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Model
D
D() pD DIC
1 pooled
381.7 380.7 1.0 382.7
2 cov
248.7 238.6 2.1 242.8
3 saturated
56.0 3.1
52.9 108.9
4 exch
60.6 16.8 43.8 104.4
5 exch + cov
62.2 22.5 39.7 101.9
6 spat
56.9 25.3 31.6 88.5
7 spat + cov
59.6 30.2 29.4 89.0
8 exch + spat
56.5 24.0 32.5 89.0
9 exch + spat + cov 59.0 28.7 30.3 89.3
Table 1: Deviance summaries for lip cancer data: `cov' is a model with the covariate, `exch' means
an exchangeable random e ect, `spat' is a spatially correlated randoj e ect.
Gamma(0.001, 0.001) and Gamma(1,1) priors are assumed for the random e ects precision parameters  and  respectively. The prior for the latter is weakly informative in order to improve
the stability and convergence properties of the model, since we note that there is considerable
non-identi ability in the above parameterisations. However, this does not in uence the model
comparison which is based only on the tted i 's.
For this Poisson model we adopt the classical deviance (McCullagh and Nelder, 1989)[p 34]

DS () = 2

X

i


yi log eyi Ei ? (yi ? ei Ei )



i

obtained by taking ?2 log f (y) = ?2 i log p(yi ji = log Eyii ) = 208:0 as the standardising factor.
For each model we ran an MCMC sampler in BUGS (Spiegelhalter et al., 1996a) for 5000 interations
following a burn-in period of 1000 iterations. As suggested by Dempster (1974), Figure 1 shows
a kernel-density smoothed plot of the resulting posterior distributions of the deviance under each
competing model. Apart from revealing the clear unacceptability of Models 1 and 2, this clearly
illustrates the diculty of formally comparing posterior deviances on the basis of such plots alone.
In Table 1, we present the results of our own suggestion for summarising the deviance for competing
models. For each model, D is simply the mean of the posterior samples of D, and D() is calculated
by plugging the posterior means of the relevant parameters ( 0 , i , , i , i ) into the linear predictor
i .
Beginning with the xed e ects models 1 and 2, we note that pD  1 and pD  2 respectively,
which are the `true' number of parameters. For model 3, pD = 52:9 which is slightly lower than
the true 56 parameters.
The six random e ects models have values of pD ranging from about 30 to 44. Somewhat surprisingly, the e ective number of parameters in models 8 and 9, which each contain 112 random
e ects (56 spatial and 56 exchangeable) are almost identical to the e ective number of parameters
in models 6 and 7, which each contain only the 56 spatial random e ects. There are approximately
10 more e ective parameters in models 4 and 5. This suggests that the exchangeable random effects do less well at explaining the between-area variability in relative risk compared to the spatial
random e ects, and indeed, are probably redundant once the spatial e ects are also included in the
model.
Turning to the comparison of DIC for each model, we rst note that DIC is subject to Monte Carlo
P
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Figure 1: Posterior distributions of the deviance for each model considered in the lip cancer example
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sampling error, since it is a function of stochastic quantities generated under an MCMC sampling
scheme. Whilst computing the precise standard errors for our DIC values is a subject of ongoing
research, the standard errors for the D values are readily obtained, and provide a good indication of
the accuracy of DIC and pD . In any case, in several runs using di erent initial values and random
number seeds for this example, the DIC and pD estimates obtained never varied by more than 0.5.
As such, we are con dent that, even allowing for Monte Carlo error, any of Models 6-9 are superior
(in terms of DIC performance) to models 3-5, which are in turn superior to models 1-2. Comparison
of DIC for models 6-9 suggests that the four spatial models are virtually indistiguishable in terms
of overall t. However, in Section 6 we show how to produce diagnostic plots of leverage against
deviance residuals using the individual components of DIC: these suggest important di erences in
t for certain aspects of models 6{9.

4 Theory and asymptotics
4.1 A heuristic derivation of pD and DIC
We emphasise that the asymptotics described in this section re ect the situation where increasing
information about individual members of  = (1 ; ::::; p ) is received, i.e. where the number of
observations grows with respect to the number of parameters.
We rst expand D() around Ejy [] =  to give, to second order,
1 ( ? )T 2 D ( ? )
+
(1)
D()  D() + ( ? )T D
  2
2 
= D() ? 2( ? )T L0 ? ( ? )T L00 ( ? )
(2)
where L = log p(yj) = ?D=2 and L0 and L00 represent rst and second derivatives with respect to
.
Consider now a non-hierarchical prior in which p() is assumed to be completely speci ed with no
unknown parameters. It is well known that asymptotically


(3)
jy  N ^; ?L00^
where  = ^ are the maximum likelihood estimates such that L0^ = 0. Writing Dnon () to represent
the deviance for a non-hierarchical model we thus obtain from (2)
Dnon()  D(^) ? ( ? ^)T L00^( ? ^)
= D(^) + 2p;
(4)
since, by (3), ?( ? ^)T L00^( ? ^) has an approximate chi-squared distribution with p degrees of
freedom.
Rearranging (4) and taking expectations with respect to the posterior distribution of  reveals
p  Ejy [Dnon ] ? D(^);
(5)
i.e., the number of parameters is approximately the expected deviance D = Ejy [Dnon ] minus the
tted deviance. Akaike's information criterion (Akaike, 1973) is AIC = D(^) + 2p, and hence from
(5) may be written
AIC  D + p;
(6)
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the expected deviance plus the number of parameters.
Our suggestion for hierarchical models thus follows equations (5) and (6) but substituting the
posterior mean  for the maximum likelihood estimate ^. It is a generalisation of Akaike's criterion:
for non-hierarchical models,   ^, pD  p and DIC  AIC.

4.1.1 MCMC estimation of the maximum likelihood deviance
We note in passing that since Vjy [Dnon ()] = 2p, we can use MCMC output to estimate the
classical deviance D(^) of any non-hierarchical model by
(7)
D^ (^) = E [D] ? 21 V [D];
using the empirical mean and variance of the sampled values for D. Although this maximum
likelihood deviance is theoretically the minimum of D over all feasible values of , D(^) will generally
be very badly estimated by the sample minimum over an MCMC run.
The above discussion suggests that the posterior distributions for the non-hierarchical Models 1,2
and 3 in Figure 1 should be approximately shifted 2 distributions with 1,2 and 56 degrees of
freedom respectively, and hence have variances of 2,4 and 112. In fact the respective variances of
these distributions are 2.2, 3.8 and 111.0, and equation (7) provides classical deviance estimates of
380.67, 238.64 and 1.00 compared with the true values of 380.73, 238.62 and 0.00. The chi-squared
approximation appears rather good, and a reasonably accurate estimate of the maximum likelihood
deviance is obtained.

4.2 Asymptotic properties of pD
Taking expectations of (2) with respect to the posterior distribution of  gives
h



i

Ejy D()  D() ? E tr ( ? )T L00 ( ? )
h 
i
= D() ? E tr L00 ( ? )( ? )T
h

i
= D() ? tr L00 E ( ? )( ? )T


= D() + tr ?L00 V
h

i

where V = E ( ? )( ? )T is the posterior covariance matrix of , and ?L00 is the observed
Fisher's information evaluated at the posterior mean of . Note that this will be the asymptotic
covariance of  had a locally uniform prior been adopted.
Thus


(8)
pD  tr ?L00V ;
which can be thought of as a measure of the ratio of the information in the likelihood about the
parameters as a fraction of the total information in the likelihood and the prior. Under asymptotic
posterior normality we have that

V ?1  ?L00 ? P00
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where P 00 = 2 log p()=2 , and hence (8) can be written


pD  tr (V ?1 + P00)V


= p ? tr ?P00 V :



(9)

In particular, consider the problem of `regularisation' in complex interpolation models such as
neural networks, in which the parameters  are standardised and assumed to have independent
normal priors with precision . Then expression (9) may be written

pD  p ? tr(V );

(10)

as obtained by MacKay (1992).
In many conditionally independent hierarchical models iwill be the same length as y and ?L00 will
2
be a diagonal matrix with ith entry ?L00i = ?  logp2(yi j)  , and so
i

pD =

p
X
i=i

?L00i V (ijy) ;

(11)

showing that each parameter contributes the ratio of the information in the likelihood ?L00i to its
posterior precision V ?1 (i jy).

4.3 An approximate decision-theoretic justi cation for DIC
Suppose we wish to make predictions on a replicate dataset Yrep which has an identical design to
the observed data y, as in the framework described by Gelfand and Ghosh (1998). Assume the
`true' model is p(Yrepj), and the loss in using an estimate ~ is given by
L(; ~) = EYrep j [?2 log p(Yrepj~)];
the predicted loss using a proper logarithmic scoring rule (Bernardo, 1979).. Denote ?2 log p(Yrepj~)
by Drep (~). Then following the approach of Ripley (1996)[p33], this loss can be broken down into
L(; ~) = EYrep j [Drep (~) ? Drep ()] + EYrep j [Drep () ? D()] + [D() ? D(~)] + D(~): (12)
We shall denote the rst two terms by L1 and L2 respectively.
Expanding the rst term to second order gives
L1 (; ~)  EYrep j [?2(~ ? )T L0rep; ? (~ ? )T L00rep; (~ ? )]
where Lrep; = log p(Yrepj). Since EYrep j [L0rep; ] = 0, we obtain after some rearrangement


L1 (; ~)  tr I (~ ? )(~ ? )T



where I = EYrep j [?L00rep; ] is Fisher's information in Yrep, and hence also in y. This might reasonably be approximated by the observed information at the estimated parameters, so that




L1 (; ~)  tr ?L00~(~ ? )(~ ? )T :

(13)
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The second term in (12) may be written as L2 = EYrep j [?2 log p(Yrepj)]+2 log p(yj): this depends
only on the observed data and the true parameter , and for any value of  has sampling expectation
zero.
Suppose that under a particular model assumption we obtain a posterior distribution p(jy). Then
from (12) and (13) our posterior expected loss when adopting the estimator ~ is


Ejy L(; ~)  tr ?L00~ Ejy ( ? ~)( ? ~)T + Ejy L2 () + Ejy [D() ? D(~)] + D(~):
Ideally we would choose ~ to minimise this function, but this would be extremely complex. In
practice, we may approximate the true Bayes estimate by the posterior mean , making the expected
loss


Ejy L(; )  tr ?L00 V + Ejy L2 () + pD + D();
where V has been previously de ned as the posterior
 covariance of  , and pD = D ? D ( ). Since
we have already shown in (8) that pD  tr ?L00 V , we nally obtain the attractive result that
the expected posterior loss when adopting a particular posterior distribution is approximately
DIC = 2pD + D(), plus a term with expectation zero whichever model is true.
Kass and Raftery (1995) criticise Akaike (1973) for using a plug-in predictive distribution as we have
done above, rather than the full predictive distribution obtained by integrating out the unknown
parameters. The above justi cation must therefore be taken as fairly heuristic.

4.4 Asymptotic sampling theory properties of the posterior expected deviance
Suppose that all aspects of the assumed model are true. Then before observing y our expectation
of the posterior expected deviance is
h
i
Ey (D) = Ey Ejy D()
h
i
= E Eyj [?2 log p(yj) + 2 log f (y)]
by reversing the conditioning between y and . Suppose  is of dimension p and let f (y) = p(yj0 (y))
where 0(y) are the standard maximum likelihood estimates. Then


Eyj ?2 log p(py(jyj0(y)))
is simply the expected likelihood ratio statistic for the tted values 0(y) with respect to the true
null model , and hence under the standard conditions is asymptotically p. Hence we expect, if the
model is true, the posterior expected deviance (standardised by the maximised log-likelihood) to
be p, the dimension of .
In particular, consider the one-parameter exponential family where p = n, the total sample size. The
likelihood is maximised by substituting yi for the mean of yi , and the posterior mean of the deviance
has approximate sampling expectation of n if the model is true. This might be appropriate for
checking the overall goodness-of- t of the model. This will be exact for normal models with known
variance, but in general will only be reliable if each observation provides considerable information
about its mean (McCullagh and Nelder, 1989, p. 36). Note that comparing D with n is precisely
the same as comparing D() with n ? pD , the e ective degrees of freedom.
In Table 1 we might therefore compare the column D with the sample size n = 56. This suggests
that all models 3 to 9 provide an adequate overall t to the data, and that the comparison is based
on their complexity alone.
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5 Results for some common model classes
5.1 Normal models
5.1.1 One-way ANOVA
Consider the one-way analysis of variance with known variance components, i.e.

yi  N (i ; ?i 1 ); i = 1; :::; p
giving

D() =

X

i

i (yi ? i )2;

which is -2 log(likelihood) standardised by the term ?2 log f (y) = i log 2i obtained from setting
i = yi.
Saturated model. We assume the i's have independent locally uniform priors, so that ijy 
N (yi ; ?i 1 ), and Dsat () = 2p: Thus
P

Dsat = p; Dsat () = 0;
and so pD = p, the true number of parameters.
Pooled Pmodel. WePassumePi =  for all i, where P
 has a locally uniform prior. Then jy 
N (y; 1=( i )); y = i yi= i , and so Dpool() = i i (yi ? y)2 + 21 . Thus

Dpool =

X

i

i (yi ? y)2 + 1; Dpool() =

X

i

i (yi ? y)2 ;

and so pD = 1, the true number of parameters.

Exchangeable model, known normal prior. We assume a prior i  N (; ? ) where ; are
assumed known. Then i jy  N (i yi + (1 ? i ); i ?i ) where i = i =(i + ) is the likelihood
1

1

precision as a fraction of the posterior precision: in the language of traditional mixed modelling
this is equal to the intra-class correlation coecient. It can be easily shown that

Dexch () =

X

i 2 (1; (yi ? )2 (1 ? i ) );

where 2 (a; b) is a non-central chi-square with mean a + b and variance 2(a + 2b). Thus, since
i = (1 ? i )i , we have

Dexch (j) =
and so

X

i +

X

i (1 ? i )2 (yi ? )2 ; Dexch (j) =
pD =

X

i

i =

X

i

i
i + :

X

i (1 ? i)2 (yi ? )2 ;
(14)

The e ective number of parameters is therefore the sum of the intra-class correlation coecients,
which essentially measures the sum of the ratios of the precision in the likelihood to the precision
in the posterior, as described in equation (11) above.
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Exchangeable model, unknown normalP prior mean. Giving
 aPlocally uniform prior, we
P
obtain a posterior distribution   N (y; ( i )? ), where y = i yi = i . It is straightforward
1

to show that

X

X

X

X

Dexch () =
i +
i(1 ? i )(yi ? y)2 + i(1 ? i )= i
X
Dexch () =
i (1 ? i )(yi ? y)2 ;
P
P
P
and so pD = i + i (1 ? i )= i .
If all group precisions are equal, pD = 1 + (p ? 1); as obtained by Hodges and Sargent (1998).
Exchangeable model, general known prior. Suppose i has a speci ed prior p(), and the
posterior distribution of i has mean i and precision i . Then this `general' deviance has the form
X
X
X
D() = i (yi ? i )2 + i 2(yi ? i)(i ? i ) + i (i ? i)2
i

and so

Dgen =
P

i

X

i

i(yi ? i )2 +

i

X

i

i =i ; Dgen () =

X

i

i (yi ? i )2 ;

and so pD = i =i , so that each observation contributes the ratio of its posterior precision based
on the likelihood alone, to its posterior precision based on the full model.
Suppose further that the posterior distribution of i given yni , i.e. all the data except yi , is
approximately normal with mean 0i . Then from standard normal prior/posterior analysis, i =
wi yi + (1 ? wi )0i , where wi = i =i . Thus the contribution to the total number of parameters is
the relative weight given to the observation in estimating its mean.
We note in passing that Ye (1998) suggests that, for general normal models, the contribution of
each i to the e ective number of parameters should be
Eyj [^i]
:
hi () = 
i

In our Bayesian framework we equate ^i to i , and hence Eyj [^i ] = wi i + (1 ? wi )Eyj [0i ]. Since
the second term does not depend on i , we thus obtain

hi () = wi ;
and hence in this context Ye's suggestion is a special case of our general deviance-based measure
of complexity.

5.1.2 The general normal linear model
We consider the general hierarchical normal model using the notation of Lindley and Smith (1972).
Suppose

y  N (A11 ; C1 )
1  N (A22 ; C2 )
where all matrices and vectors are of appropriate dimension. Then the standardised deviance is
D(1) = (y ? A1 1 )T C1?1 (y ? A1 1 ): Assume the posterior distribution for 1 is normal with mean
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1 = Bb and covariance B : B and b will be left unspeci ed for the moment. Then expressing
y ? A1 1 as y ? A1 1 + A1 1 ? A1 1 reveals that
D(1 ) = D(1 ) + 2(y ? A1 1 )T C1?1 (1 ? 1 ) + (1 ? 1 )T AT1 C1?1 A1(1 ? 1 ):
Taking expectations with respect to the posterior distribution of 1 eliminates the middle term and
gives
D = D(1 ) + tr(AT1 C1?1A1 B );
and thus pD = tr(AT1 C1?1 A1 B ):
If 2 is assumed known, then Lindley and Smith show that B ?1 = AT1 C1?1 A1 + C2?1 and hence
pD = tr[AT1 C1?1 A1 (AT1 C1?1 A1 + C2?1 )?1 ] = p ? tr[C2?1 (AT1 C1?1 A1 )?1 ].
A more revealing identity is found by assuming 2 is unknown with a locally uniform prior. Then
Lindley and Smith show that B ?1 = AT1 C1?1A1 + C2?1 ? C2?1 A2 (AT2 C2?1 A2 )?1 AT2 C2?1 and b =
AT1 C1?1 y. The tted values for the data are given by y^ = A1 1 = A1 Bb = A1 BAT1 C1?1 y, and so
the `hat' matrix that projects the data onto the tted values is H = A1 BAT1 C1?1 . Now pD =
tr(AT1 C1?1A1 B ) = tr(A1 BAT1 C1?1) = tr(H ).
This identi cation of the e ective number of parameters with the trace of the `hat' matrix is a
standard result in linear modelling, and extends to the general class of smoothing and generalised
additive models (Hastie and Tibshirani, 1990)[Sec 3.5], and is also the conclusion of Hodges and
Sargent (1998) in the context of general linear models. The advantage of using the deviance
formulation for specifying pD is that all matrix manipulation and asymptotic approximation is
avoided. Note that tr(H ) is the sum of terms which in regression diagnostics are identi ed as
the individual leverages, the in uence of each observation on its tted value: we shall exploit this
identity in Section 6.

5.1.3 The general normal non-linear model
A large class of models can be formulated using the following extension to the Lindley-Smith model
discussed above:

y  N (g(1 );  ?1 D1 )
1  N (A2 2 ; ?1 D2 )
where g is a non-linear expression as found, for example, in pharmacokinetics or neural networks,
and  and are likelihood and prior precisions respectively (presumed known for the present): in
many situations A2 2 will be 0 and D1 ; D2 will be identity matrices. De ne

q(1 ) = (y ? g(1 )T D1?1 (y ? g(1 )
r(1 ) = (1 ? A2 2 )T D2?1 (1 ? A2 2 )
as the likelihood and prior residual variation.
Assuming asymptotic posterior normality, we have 1 jy  N (1 ; V ) where

V ?1  ?L001 ? P001
= 2 q00 (1 ) + 2 D2?1
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which from equation (9) leads to

pD  p ? tr



!

 q00( )D + I ?1 :
1
2
p

Let q00 (1 )D2 have eigenvalues i ; i = 1; :::; p: Then  q00 (1 )D2 + Ip has eigenvalues i = + 1, and
hence
X
pD = ( i+ ) :
i

Setting  = 1 gives the result (14) found in the one-way analysis of variance example in Section 5.1.1,
but this more general expression was described by MacKay (1992).
MacKay (1992) shows a consequence of this formulation can be the use of `e ective degrees of
freedom' in estimating variance paramteers. Assume  and are unknown and to be estimated by
maximising the `Type II' likelihood p(yj ;  ) derived from integrating out the unknown 1 from the
likelihood. From a standard Laplace approximation (Kass and Raftery, 1995), this is is equivalent
to minimising

?2 log p(yj ;  ) = ?2 log p(yj ; ;  ) ? 2 log p( j ;  ) + 2 log p( jy; ;  )
 q( ) + n log 2 + log jD = j
+ r( ) + p log 2 + log jD = j
?p log 2 ? log jV j:
1

1

1

1

1

1

2

Now
log jD2 = j ? log jV j = log j ?1 D2 V ?1 j
= log j  q00 (1 )D2 + Ip j
X
=
log i  +
by the previous derivation. Thus we seek to minimise

?2 log p(yj ;  )  q( ) ? N log  + r( ) ? p log +
1

1

X

log(i  + ):

Setting derivatives equal to zero reveals that

^?1 = nq?(1p)
D
^ ?1 = rp(1 )
D
which are the tted likelihood and prior residual variation, divided by their e ective degrees of
freedom derived from pD .
These results were derived by MacKay (1992) using the form of pD given in equation (10), although
we emphasise two di erences in our result. First, while Mackay needs to speci cally evaluate tr(V ),
our pD arises without any additional computation. Second, we would recommend including and
 in the general MCMC estimation procedure, rather than relying on Type II maximum likelihood
estimates (Ripley, 1996)[p. 167].
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5.2 General one-parameter exponential family
We assume that we have p groups of observations, where each of the ni observations in group i
has the same distribution. Following McCullagh and Nelder (1989), we de ne a one-parameter
exponential family for the j th observation in the ith group as
log p(yij ji ; ) = wi (yij i ? b(i ))= + c(yij ; );
where standard results are that

i = E (Yij ji; ) = b0 (i ); V (Yij ji; ) = b00 (i )=wi :
Both canonical and mean parameterisations may be of interest. Here we shall focus on the canonical
parameterisation in terms of i , as its posterior distribution should better ful ll the asymptotic
normal approximation underlying the optimality criterion described in Section 4.3: related identities
are of course available for the mean parameterisation in terms of i = (i ). Often the choice of
parameterisation has little impact on the resulting conclusions. However, in Section 7.3 we present
an example of a Bernoulli model where this choice does prove to be important, and in Section 9 we
further discuss parameterisation invariance issues.
Writing bi = Ei jy [b(i )], we easily obtain that the contribution of the ith group to the e ective
number of parameters is pDi = 2ni wi (bi ? b(i ))=.

5.2.1 Poisson likelihood with conjugate prior
In this case  = 1; wi = 1; b() = e and hence pDi = 2ni (Ei jy [ei ] ? ei ).
Let us assume a conjugate prior i = ei  ?( ; ). Now if X  ?(a; b), then E(log X ) =
(a) ? log(b), where (t) =  log ?(t)=t is the digamma function. It follows that pDi = 2ni ( +
yi ? e ( +yi ) )=( + ni); where yi = Pj yij . Using Stirling's approximation, (x) = log x ? 1=(2x) +
O(x?2 ) (see e.g. Abramowitz and Stegun (1970)[p.259], and a one-term Maclaurin expansion of
the exponential function, we obtain that

pD 

X

i

ni=( + ni):

We note that this does not depend on the data observed, and each group contributes the fraction
of its sample size to the e ective sample size underlying the posterior. As the sample size in each
group increases, its contribution tends towards 1.

5.2.2 Bernoulli likelihood with conjugate prior
In this case  = 1; wi = 1;  = logit() = log[=(1 ? )]; b() = log(1 + e ) and hence pDi =
2ni fE jy [log(1 + e )] ? log(1 + e )g.
Let us assume a conjugate prior i = (1 + e? )?  Beta( ; ). Now if X  Beta(a; b), then
E (log X ) = (a) ? (a + b); E [log(1 ? X )] = (b) ? (a + b). Hence it can be shown that
pDi = 2nif ( + + ni ) ? log(e n ?y + e y )g:
i

i

i

i

1

( + i

i)

( + i)
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A similar use of Stirling's approximation to that in the previous subsection shows that pD 
i ni =( + + ni ). We note that this does not depend on the data observed, and again is the
ratio of sample size to e ective posterior sample size. As the sample size in each group increases,
its contribution tends towards 1.

P

5.2.3 Asymptotic form
A second order Taylor expansion of D(i ) around D(i ) yields

D(i)  D(i ) ? 2(i ? i)wi (yi ? ni b0 (i ))= + (i ? i)2 wi nib00 (i)=
and hence as each ni increases the contribution to pD tends to

pDi  wi ni b00 (i ) V (i jy);

the precision in the likelihood divided by the posterior precision.
It can be shown that for Poisson and Bernoulli likelihoods and conjugate priors this approximation yields precisely the results obtained above by using Stirling's approximation on the exact
contribution.

5.3 Generalised linear and mixed models with canonical link functions
Following McCullagh and Nelder (1989) we assume the mean i of yij is related to a set of covariates
xi through a link function g(i ) = xTi , and that g is the canonical link ().

5.3.1 Canonical parameterisation
Using the asymptotic result above, we have

pDi  wi ni b00 (i ) V (xTi jy) = wi nib00 (i ) xTi V ( jy)xi :

Since b00 (i ) = 0 (i ) = 1=g0 (i ), and V (yji ) = b00 (i )=wi ,

ni
wi n b00( ) =
 i i g02 (i ) V (yji ) = Wi;

where Wi are the GLM iterated weights (McCullagh and Nelder, 1989, p. 40). Hence
h

i

pD = tr X T WX V ( jy) ;
Under a N ( 0 ; V ) prior on , the prior contribution to the negative Hessian matrix at the mode is
just V ?1 , so under the canonical link the approximate normal posterior has variance

V ( jy) = [V ?1 + X T WX ]?1 ;
again producing the pD as a measure of the ratio of likelihood to posterior information.
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5.3.2 Laird-Ware normal models
Laird and Ware (1982) speci ed the mixed normal model

y  N (X + Z ; R); b  N (0; D);
where R and D are currently assumed known. The random e ects are , xed e ects are , and
placing a uniform prior on we can write this model within the general Lindley-Smith formulation
by setting R = C1 ; ( ; ) = 1 ; (X; Z ) = A1 ; 0 = 2 and C2 as a block-diagonal matrix with in nities
in the top-left block, D is the bottom right, and zeros elsewhere.
We have already shown that in these circumstances

pD = tr[AT1 C1?1 A1 (AT1 C1?1 A1 + C2?1 )?1 ];

and substituting in the appropriate entries for the Laird-Ware model gives pD = tr(V  V ?1 ), where
"

#

"

#

X T R?1 X X T R?1 Z ; V = X T R?1 X
X T R?1 Z
Z T R?1 X Z T R?1 Z
Z T R?1 X Z T R?1 Z + D?1
which is the precision of the parameter estimates assuming D = 1, relative to the precision
assuming D.
V =

5.3.3 Generalised linear mixed models
We now consider the class of generalized linear mixed models with canonical link, in which g(i ) =
xTi + ziT , where  N (0; D) (Breslow and Clayton, 1993).
Using the same argument as for GLMs, we nd that
h

i

pD = tr (X; Z )T W (X; Z )V (( ; )jy) = pD = tr(V  V ?1 ) ;
where

V =

"

#

"

#

X T W ?1 X X T W ?1 Z ; V = X T W ?1 X
X T W ?1 Z
T
?
1
T
?
1
T
?
1
T
Z W X Z W Z
Z W X Z W ?1Z + D?1 :

This matches the proposal of Lee and Nelder (1996) except their D?1 is a diagonal matrix of the
second derivatives of the prior likelihood for each random e ect.

6 Using DIC for model diagnostics
In Section 5.1.2 we noted that in general linear models the contribution of each observation to pD
turned out to be its leverage, de ned as the relative in uence each observation has on its own tted
value, and we suggest that this interpretation may be taken in general model tting. Thus as a
by-product of MCMC estimation we may obtain deviance residuals and estimates of leverage for
each observation. Suppose we are working with the saturated deviance DS , where the contribution
of an individual observation i to DIC is
DICi = DSi + pD i
= dri 2 + pD i
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where dri = pDSi (with sign given by the sign of (yi ? E (yi j)) ) is the deviance residual, de ned
analagously to McCullagh and Nelder (1989) p 39.
A wide range of diagnostic plots of these quantities are possible, following the structure established
in non-hierarchical models. For example, Figure 2 shows a plot of dri against pD i for each of the
9 models considered for the lip cancer example introduced Section 3. The dashed lines marked on
each plot are of the form x2 + y = c and points lying along such a parabola will each contribute an
amount DICi = c to DIC for that model. For models 3{9, parabolas are marked at values of c = 1,
2 and 5, and any data point whose contribution DICi > 2 is labelled by its observation number. For
models 1 and 2, parabolas are marked at c = 1, 10 and 50, since the size of the deviance resiudals
and individual contributions to DIC are much larger. For clarity, only points for which DICi > 10
are marked by their observation number.
Figure 2 identi es observations 55 and 56, the only counties with yi = 0, as outliers under each
of the random e ects models 4{9. Observation 50 appears to be an outlier in models 6{9 which
have a spatial e ect, but not in the remaining models. Further investigation reveals that county 50
has only 6 cases compared to 19.6 expected, whilst each of its 3 neighbouring counties have high
observed counts (17, 16, 16) relative to expected (7.8, 10.5, 14.4). The spatial prior in models 6{9
causes the estimated rate in county 50 to be smoothed towards the mean of its neighbours' rates,
thus leading to the discrepancy between observed and tted values. However since the observation
still exercises considerable weight on its tted value the leverage is high as well.

7 Further numerical examples
7.1 Seeds: random e ects logistic regression with alternative priors
Crowder (1978) presents an analysis of the proportion of seeds that germinate on each of 21 plates
arranged according to a 2  2 factorial layout depending on binary variables seed type (x1 ) and root
extract (x2 ). The number of seeds ri which germinate out of the ni seeds on plate i are assumed to
follow a binomial distribution: ri  Binomial(pi ; ni ). We compare the following logistic regression
models for i = logit(pi ):
Model 1:
Model 2:
Model 3:
Model 4:

i
i
i
i

=
=
=
=

+ 1 x1i + 2 x2i +

12

x1i x2i

+ bi
0 + 1 x1i + 2 x2i +

12

x1i x2i + bi

0

i

0

where locally uniform priors (actually Normal with mean 0 and precision 0.00001) are placed on
0,
1 ,
2 ,
12 and
i ; i = 1; :::; 21, and bi are exchangeable random e ects with a Normal prior
distribution having zero mean and precision  . Four alternative prior speci cations were considered
for the random e ects precision:
Prior A:
Prior B:
Prior C:
Prior D:











Gamma(0:001; 0:001)
Gamma(3; 1)
Pareto(0:5; 1)
Pareto(0:5; 4)

Prior A is `just' proper but di use, having mean 1 and variance 1000. Prior B is proper and has
mean 3 | see Smith et al. (1995) for an argument in favour of this prior. Priors C and D are
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Figure 2: Posterior distributions of the deviance for each model considered in the lip cancer example
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Model
1
2
3A
3B
3C
3D
4A
4B
4C
4D

DS

37.4
20.8
23.9
24.0
23.6
27.9
25.9
20.9
23.7
24.0

DS () pD

33.3
.3
8.1
8.4
7.2
14.9
14.9
6.7
11.7
13.0

4.1
20.5
15.8
15.6
16.4
13.0
11.0
14.2
12.0
11.0

DIC
41.5
41.3
39.7
39.6
40.0
40.9
36.9
35.1
35.7
35.0



(95% interval)

0.68
0.65
0.70
0.45
0.29
0.48
0.34
0.31

(0.41, 1.09)
(0.45, 0.92)
(0.44, 0.97)
(0.35, 0.50)
(0.09, 0.55)
(0.33, 0.69)
(0.07, 0.65)
(0.08, 0.49)

Table 2: Deviance and posterior summaries for the seed germination data.
q

equivalent to a uniform prior on (0, 1) or (0, 0.5) respectively for  = 1 , the standard deviation
of the random e ects. We emphasise that such a list of priors must be made strictly external to the
information in the data, otherwise the model comparison criterion will be unreasonably favourable.
For this binomial model we adopt the saturated deviance (McCullagh and Nelder, 1989)[p. 34]

DS () = 2

X

i


r
1
?
r
i
i =ni
ri log n p + (ri ? ni) log 1 ? p
i i
i



obtained by taking pi = 1+eeii and ?2 log f (r) = ?2 i log p(ri ji = logit nrii ) = 76:6 as the standardising factor.
For each model and prior we ran an MCMC sampler in BUGS for 5000 interations following a
burn-in period of 1000 iterations. The resulting deviance summaries are given in Table 2.
The estimates of pD for the two non-hierarchical models (4.1 for model 1 and 20.5 for model
2) closely approximate the actual number of parameters in each model (4 and 21 respectively).
The estimates of pD for model 3 imply that the 21 random e ects contribute approximately 12-15
e ective parameters depending on the prior (plus 1 parameter for 0 ). However, including the three
covariate e ects in model 4 results in a net decrease in pD : the 21 random e ects now contribute
only 7-10 e ective parameters, since the covariates explain a substantial amount of the between
plate variation. This conclusion is supported by examination of DIC, which favours model 4 (under
any of the four priors) over the other models considered.
Turning to the comparison of priors for  , we reach di erent conclusions depending on the linear
predictor. For model 3 (which includes only an intercept term plus the random e ects), DIC makes
little distinction between priors q
A, B and C, but prefers each over prior D. Examination of the
posterior distributions for  = 1 explains why: priors A, B and C yield similar estimates of
, with a 95% interval of approximately 0.4 { 1.0. However, prior D does not support values of
 > 0:5, thus constraining the random e ects to be less variable than the data suggest. Including
the covariate and interaction e ects in the linear predictor of model 4 explains a considerable
amount of the between plate variation, with a corresponding reduction in the estimated size of 
under all four priors. Prior D now provides support across the plausible range of values for , and
hence is no longer penalised by DIC. By contrast, the greater uncertainty associated with the `just
proper' prior A results in a higher value of DIC compared to the remaining 3 priors.
P
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From the perspective of absolute t, comparing DS with n = 21 shows the hierarchical models are
reasonable with 4B being particularly favoured. These data are also used by Lee and Nelder (1996)
to illustrate their method for estimating the scaled deviance and degrees of freedom of hierarchical
generalised linear models, where our model 4A corresponds to the GLMM model shown in their
Table 2. Their estimate of 10.0 degrees of freedom is identical to our value of n ? pD = 21 ? 11:0 =
10:0, reinforcing the analysis of Section 5.3.3. Their estimated scaled deviance of 12.0 contrasts with
our DS () = 14:9 (however, their scaled deviance is based on direct estimates of the mean p, rather
than on estimates of the canonical parameters, and if we use the equivalent mean parameterisation
we obtain DS () = 12:9.)
From the perspective of absolute t, comparing DS with n shows the hierarchical models are
reasonable with 4A being particularly favoured. These data are also used by Lee and Nelder (1996)
to illustrate their method for estimating the scaled deviance and degrees of freedom of hierarchical
generalised linear models, where our model 4A corresponds to the GLMM model shown in their
Table 2. Their estimate of 10.0 degrees of freedom is identical to our value of n ? pD = 21 ? 11:0 =
10:0, reinforcing the analysis of Section 5.3.3. Their estimated scaled deviance of 12.0 contrasts
with our DS () = 14:9 (however, their scaled deviance is based on estimates of the mean  of y,
and if we use the mean parameterisation we obtain DS () = 12:9.)

7.2 Stacks: robust regression
Spiegelhalter et al. (1996b)[pp.27{29] consider a variety of di erent error structures for the oftanalyzed stack loss data of Brownlee (1965). Here the response variable (y), the amount of stack
loss (escaping ammonia in an industrial application), is regresssed on three predictor variables: air
ow (x1 ), temperature (x2 ), and acid concentration (x3 ). Assuming the usual linear regression
structure
i = 0 + 1 zi1 + 2 zi2 + 3 zi3
where zij = (xij ? x:j )=sd(x:j ), the standardized covariates, the presence of a few prominent outliers
amongst the n = 21 cases motivates comparison of the following four error distributions:
Model 1: yi  Normal(i ;  ?1 )
Model 2: yi  DE(i ;  ?1 )
Model 3: yi  Logistic(i ;  ?1 )
Model 4: yi  td (i ;  ?1 )
where DE denotes the double exponential (Laplace) distribution, and td denotes the Student's t
distribution with d degrees of freedom.
Unlike our other examples the form of the likelihood changes with each model, so we must take care
with normalizing constants when computing null deviances (- 2 log(likelihoods)). These emerge as
follows:
Pn 
 
2
D01 = P
i=1  (yi ? i ) ? log( 2 ) 
D02 = ni=1 h2 jyi ? ij ? 2 log( 2 )
i
D03 = Pni=1 n4 log(1 + e (yi ?i) ) ? 2 log  ? 2 (yi ? i)
o


d)
D04 = Pni=1 (d + 1) log 1 + d (yi ? i )2 ? log( d ) ? 2 log ?( d+1
)
+
2
log
?(
2
2
A well-known alternative to direct tting of many symmetric but nonnormal error distributions is
through scale mixtures of normals (Andrews and Mallows, 1974). From p.210 of Carlin and Louis
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(1996), we have the alternate td formulation
Model 5: yi  Normal(i ; w1i  ); wi  d1 2d = Gamma( d2 ; d2 ) ;
and corresponding null deviance expression

D05 =

n
X
i=1




w
i
wi (yi ? i ) ? log 2 ;


2

a simple modi cation of the Gaussian expression.
Model
1 Normal
2 DE
3 Logistic
4 t4
5 t4 as scale mixture

D0

110.1
107.9
109.5
108.7
102.1

D0 () pD DIC
105.0
102.3
104.2
103.2
94.5

5.1
5.6
5.3
5.5
7.6

115.2
113.5
114.8
114.2
109.7

Table 3: Deviance results for stack loss data.
Following Spiegelhalter et al. (1996b) we set d = 4, and for each model we placed essentially at
priors (actually normal with mean 0 and precision 0.00001) on the j , a vague Gamma(0.001, 0.001)
prior on  , and ran the Gibbs sampler in BUGS for 5000 iterations following a burn-in period of
1000 iterations.
Replacing  and wi by their posterior means where necessary for the D() calculation, the resulting
deviance summaries are shown in Table 3 (note that the mean parametrization and the canonical
parametrization are equivalent here, since the mean i is a linear function of the canonical
parameters). Beginning with a comparison of the rst four models, the estimates of pD are all just
over 5, the correct number of parameters for this example. The DIC values imply that Model 2
(double exponential) is best, followed by the t4 , the logistic, and nally the normal. Clearly this
order is consistent with the models' respective abilities to accommodate outliers.
Turning to the normal scale mixture representation for the t4 likelihood (Model 5), the pD value is
7.6, suggesting that the wi random e ects contribute only an extra 2 to 2.5 parameters. However,
the model's smaller DIC value implies that the extra mixing parameters are \worth it" in an overall
quality of t sense. We emphasize that the results from Models 4 and 5 need not be equal since,
while they lead to the same marginal likelihood for the yi , they correspond to di erent prediction
problems.
Finally, plots of deviance residuals versus leverages (not shown) clearly identify the observations
determined to be `outlying' by several previous authors analysing this dataset.

7.3 Panel: Longitudinal binary observations
To illustrate how the mean and canonical parameterisations (introduced in Section5.2 and further
discussed in Section 9) can sometimes lead to di erent conclusions, our next example considers a
subset of data from the Six Cities study, a longitudinal study of the health e ects of air pollution
(see Fitzmaurice and Laird (1993) for the data and a likelihood-based analysis). The data consist
of repeated binary measurements yij of the wheezing status (1=yes, 0=no) of child i at time j ,
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Canonical parametrization Mean parametrization
D0 D0 () pD
DIC
D0 () pD DIC
Model
1 logit
1166.4 917.7 248.7 1415.1
997.5 168.9 1335.3
989.9 158.7 1307.3
2 probit 1148.6 885.9 262.7 1411.3
3 cloglog 1180.9 956.5 224.4 1405.3 1013.7 167.2 1348.1
Table 4: Results for both parameterizations of Bernoulli panel data

i = 1; : : : ; I; j = 1; : : : J , for each of I = 537 children living in Stuebenville, Ohio at J = 4
timepoints. We are given two predictor variables: aij , the age of child i in years at measurement
point j (7, 8, 9, or 10 years), and si , the smoking status of child i's mother (1=yes, 0=no). Following
the Bayesian analysis of Chib and Greenberg (1998), we adopt the conditional response model

Yij  Bernoulli(pij )
pij  Pr(Yij = 1) = g?1 (ij )
ij = 0 + 1 zij1 + 2 zij2 + 3 zij3 + bi ;
where zijk = (xijk ? x::k ); k = 1; 2; 3, and xij 1 = aij , xij 2 = si , and xij 3 = aij si, a smoking-age
interaction term. The bi are individual-speci c random e ects, initially given an exchangeable
N (0;  ) speci cation, which allow for dependence among the longitudinal responses for child i.
The model choice issue here is to determine the most appropriate link function g(:) among three

candidates, namely the logit, the probit, and the complementary log-log. More formally, our three
models are
Model 1: g(pij ) = logit(pij ) = log[pij =(1 ? pij )]
Model 2: g(pij ) = probit(pij ) = ?1 (pij )
Model 3: g(pij ) = cloglog(pij ) = log[? log(1 ? pij )]
Since the Bernoulli likelihood is una ected by this choice, in all cases the null deviance takes the
simple form
X
D0 = ?2 [yij log(pij ) + (1 ? yij ) log(1 ? pij )] :
i;j

Placing at priors on the k , a vague Gamma(0.001, 0.001) prior on  , and running the Gibbs
sampler for 5000 iterations following a burn-in period of 1000 iterations produces the deviance
summaries in Table 4 for the canonical and mean parametrizations, respectively, where the canonical
parametrization constructs  as the mean of the linear predictors and bi , and then uses the
appropriate linking transformation (logit, probit, or cloglog) to obtain the imputed means for the
pij . The mean parametrization simply uses the means of the pij themselves when computing D().
DIC prefers the cloglog link under the canonical parametrization, but the probit link under the mean
parametrization: such disagreement is unfortunate but is quite feasible with Bernoulli distributions
in which the posterior distributions of the tted means will be highly non-normal. We repeat that
we prefer the canonical results due to the improved normality of the posterior distributions.

7.4 CAMCOG: Informative missing data
Best et al. (1996) present an analysis of longitudinal data from a study of dementia and cognitive
decline in the elderly. 365 women aged 70{79 were interviewed at the start of the study, and were
assessed for cognitive function using the CAMCOG test (a neuropsychological assesment scale

Bayesian deviance

24

taking values between 0 and 106). A repeat interview was conducted 5 years later, but only 237
(65%) of the original cohort were re-assessed. The remaining women had either died, moved away or
refused to particpate. Best et al. (1996) argue that the drop-out mechanism may be non-ignorable
and must be modelled explicitly. Following their published analysis, we consider a linear regression
model for cognitive function at the second interview:

y2i  Normal(i;  ?1 )
i = + y1i + xi
where yki is the CAMCOG score for subject i at interview k, and xi represents age at second
interview. We assume vague but proper priors for the regression coecients , and  (actually
independent Normal with mean 0 and precision 0.00001)) and the inverse measurement variance

 (actually Gamma(0.001, 0.001)). A logistic selection model was speci ed for the non-response
mechanism:

mi  Bernoulli(pi )
logit(pi ) = + (y2i ? 67:5)
where mi is a binary variable indicating if the CAMCOG score for subject i was missing at interview
2. We compare four alternative prior assumptions for the parameters of this model:
Prior 1:
 Normal(0:0; 10000)
 = 0
Prior 2:
= ?0:3
 = ?0:035
Prior 3:
 Normal(?0:3; 0:64)
  Normal(?0:035; 0:0003)
Prior 4:
 Normal(0:0; 1:0)
  Normal(0:0; 1:0)
Prior 1 corresponds to a non-informative dropout mechanism; priors 2 and 3 represent informative
prior distributions elicited from an expert psychiatrist (obtained by tting a logistic curve to the
expert's best guess at the proportion of women she would expect to drop out given di erent true
CAMCOG scores); prior 4 is a di use prior on the unknown parameters of the informative dropout
model.
Since it was necessary to augment the observed dataset with the missing value indicator m in order
to explicitly model the dropout mechanism, we must take account of this additional `data' when
calculating the model null deviance, i.e.

D0 =

237
X

i=1

log 2 ? log 

+  (y2obs
i

? i ) +
2

365
X

i=1

mi log pi + (1 ? mi ) log(1 ? pi)

The resulting deviance summaries for each prior are shown in Table 5.
Considering rst the deviance contribution from the missing data sub-model, we see that pD closely
approximates the true number of parameters for all 4 priors, and that DIC clearly rejects the noninformative dropout model (prior 1) in favour of the three informative missing data models (priors
2{4). Prior 2, in which the coecients  and  are xed at the expert's prior values, is slightly
prefered over priors 3 and 4, in which the coecients are assumed to be unknown. In fact, the
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Model D
D() pD DIC
Deviance contribution from y2obs
i
1
1639.1 1635.4 3.7 1642.8
2
1639.1 1635.7 3.4 1642.5
1639.1 1635.5 3.6 1642.7
3
1639.0 1635.6 3.4 1642.4
4
Deviance contribution from mi
1
455.7 454.7 1.0 456.7
444.4 444.3 0.1 444.5
2
3
445.0 443.2 1.8 446.8
445.1 443.2 1.9 446.9
4
Total deviance
1
2094.8 2090.1 4.7 2099.5
2083.5 2080.0 3.5 2087.0
2
3
2084.1 2078.7 5.4 2089.5
2084.1 2078.8 5.3 2089.4
4
Table 5: Deviance summaries, CAMCOG data

posterior distributions for  and  under priors 3 and 4 are close to the expert's prior values,
implying that her prior guess at the non-response rates as a function of true CAMCOG score was
very accurate. Consequently, the additional complexity imposed by treating  and  as unknown
in priors 3 and 4 is uneccessary, and is penalised by DIC.
The deviance contributions from the observed response data y2i ; i = 1; :::237 result in nearly identical values of DIC and pD , irrespective of the prior mechanism assumed for the missing data.
This seems reasonable, since the likelihood terms for this part of the model are identical under all
four priors. Consequently, the di erences in total DIC and pD for each model simply re ect the
di erences associated with the missing data sub-models.

8 Methods for model comparison
From an applied viewpoint, our aim lies not in simply determining the e ective dimension of a
model, but in using the deviance to help compare competing (and perhaps nonnested) models of
varying types. We are therefore adding to the long list of criteria that have been suggested for
comparing or choosing between models: following the nomenclature of Dempster (1997a), these
can be broadly distinguished into predictive criteria that compare the ability of prior and model
assumptions to predict the currently observed data, and postdictive criteria that assess assumptions
conditional on the observed data.
Predictive criteria: The basis for such criteria can be thought of as a sequential series of predictive
statements (Dawid,R 1984) which, if a full probability model is being assessed, becomes the marginal
likelihood p(y) = p(yj)p()d. The resulting Bayes factors (Kass and Raftery, 1995) may be
used to obtain posterior probabilities of competing models. However, in the discussion of Aitkin
(1991), Smith pointed out that this formulation may only be appropriate in circumstances where
it was really believed one and only one of the competing models were in fact `true', and the
crucial issue was to choose this correct model: this discussion is elaborated in Bernardo and Smith
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(1994)[chapter 6]. We would argue that this is not the situation for the kind of examples discussed
in this paper; we neither believe any of the models is actually true, nor do we wish to formulate a
decision problem of strict model choice.
For a non-hierarchical model with p parameters and n observations, the Bayes (or Schwarz) information criterion (Schwarz, 1978) given by BIC = ?2 log p(yj^)+ p log n has been widely promoted,
but its implementation for hierarchical models has been controversial. This is due to the uncertainty
concerning the proper values of both p and n in such situations. For instance, in our basic
onePI
parameter exponential family hierarchical model from Section 5.2, should n be chosen as i=1 ni ,
the total number of observations, or I , the number of groups? If the observations within each group
are independent, then the former choice appears more sensible, whereas if they are perfectly correlated, the latter is more appropriate. In practice, the true level of within-group correlation will be
somewhere in between, so the choice of n should be as well. Unfortunately, asymptotic theory seems
of little help here; for instance, in the context of normal linear hierarchical models, Pauler (1998)
shows that even the two extreme choices for n above are defensible asymptotically. In this same
context, SAS Proc MIXED currently employs the smaller choice, in the interest of conservatism (i.e.
retaining predictors in the nal model; the larger choice may often \go too far" in penalizing larger
models). Working instead in the Cox survival model setting, Volinsky (1997), (unpublished Univ.
of Washington PhD dissertation) obtains a similar ambiguous conclusion, where now the choice for
n is between the number of patients in the study and the number of events (deaths) observed {
though he suggests use of the latter, based on simulation work and analytic results from a simpler,
exponential survival model. It seems possible that pD might have a role to play in adapting BIC
to hierarchical models.
Postdictive criteria: There have been a number of recent suggestions for comparing models in
the light of observed data, usually based on estimates of their predictive ability on a replicate
dataset.
Aitkin (1991) suggested using the posterior mean of the likelihood, and contrasts the resulting
posterior Bayes factors (PDF) with AIC and BIC (Aitkin, 1997). We feel happier with our use
of the log-likelihood in that the log probability ordinate is a proper scoring rule for evaluating
predictions (Dawid, 1986), in contrast to the ordinate itself. In addition, the resulting penalty for
complexity in the PDF appears insucient.
Laud and Ibrahim (1995) and Gelfand and Ghosh (1998) suggest minimising a predictive \discrepancy measure" E [d(ynew ; yobs )jyobs ]; where ynew is a draw from the posterior predictive distribution
p(ynew jyobs ), and we might for instance take d(ynew ; yobs) = (ynew ? yobs)T (ynew ? yobs). These authors show their measures also have attractive interpretations as weighted sums of \goodness of t"
and \predictive variability penalty" terms. However, proper choice of the criterion requires fairly
involved analytic work, as well as several subjective choices about the utility function appropriate
for the problem at hand. Furthermore, the one-way ANOVA model in Section 5.1.1 gives rise to a
t term equivalent to D(), and a predictive variability term equal to pD + p. Thus their suggestion
is equivalent in this context to comparison by D which, although invariant to parameterisation,
again does not seem to suciently penalize complexity.
Ye (1998) and Ye and Wong (1998) extend Akaike by arguing that predictive error on a replicate
dataset is minimised by penalizing {2 log-likelihood by 2 GOF, where GOF is the `generalised
degrees of freedom' measuring the expected sensitivity of the tted values to their corresponding
observed values: essentially the expected leverage. This is extremely similar to our proposal, although they directly identify measures of leverage as the necessary components of the e ective
number of parameters, rather than as a consequence of a more general formulation. We should
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therefore expect our and Ye's proposals to give similar conclusions, although we note that his computational methods require direct estimation of leverage through a series of simulated or systematic
perturbations of the data followed by repeated model tting.
Ripley (1996)[pp 32-35, 140-141] discusses the general problem of model comparison with particular
reference to the structure of neural networks, and shows that previous suggestions for the e ective
number of parameters made by Murata et al. (1994), Moody (1992) and others are all essentially
equivalent to the following de nition of the `e ective number of parameters' p . Let p(yj0 ) be the
`closest' distribution in the assumed model to the unobservable true model p(y), where closest is in
terms of minimising Kullback-Leibler distance, and let L1 (y; ) be some function of the data and
parameters that we seek to minimise. Then

p = tr(KJ ?1 );
where

J = EY

"

2 L1 (Y; )
2

#


(Y; ) 
; K = VarY L1
0
0

where we emphasise that the expectation and variance are now with respect to the unknown true
sampling distribution. If we seek to maximise the joint likelihood of the data and parameters, i.e.
?L1 = log p(yj) + log p(), and are willing to assume the true model is a member of p(yj) (which
may be reasonable in a suciently parameterised model), then it is straightforward to show that
V ?1 ! nJ; ?L00 ! nK , and hence pD  p :

9 Conclusion: a brief appraisal of issues arising with DIC
We now attempt a brief summary of the disadvantages and advantages of using pD and DIC in
routine statistical analysis.
A major problem in using pD is that it is only asymptotically invariant to the chosen parameterisation, since di erent tted deviances D() may arise from substituting posterior means of alternative
choices of . For example,

 In the one-parameter exponential family, di erent results will be obtained by using the mean

or canonical parameterisation. The decision-theoretic justi cation and the asymptotic identities for DIC are all improved by approximate posterior normality, which will be better
achieved by using parameters de ned on the whole real line. This is the basis for recommending in Section 5.2 that the canonical parameterisation is the most approriate choice, although
the panel example in Section 7.3 showed this choice could be important with Bernoulli data.
 In models with unknown scale parameters, there will be some dependence on whether to base
D() on the posterior means of the standard deviations, variances, precisions, log-precisions,
or some other choice. In theory one could achieve invariance to the choice of nuisance parameters by re-running the sampler conditional on the posterior means of the primary parameters
, and using the resulting mean deviance E j;y D(; ) for D() in the calculation of pD ; this
would now be the e ective number of primary parameters.
Since approximate posterior normality is desirable, we would argue that log-precision is the
most appropriate scale, but fortunately the choice seems to make little di erence in model
comparison. For example, suppose we have a normal sample yi  N(; 2 ); i = 1; :::; n,
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with standard locally uniform priors on  and log . It can be shown, up to O(n?2 ), that
compared to the correct answer of 2, parameterising in terms of log ; ?2 and 2 gives pD 's
of 2 ? 61n ; 2 + 34n and 2 ? 38n respectively. Hence the parameterisation log  is preferable, but
by a rather small margin.
 As we have seen in the stacks example of Section 7.2, there may be sensitivity to apparent
innocuous re-structuring of the model: this is to be expected since DIC is not a function
of the marginal likelihood of the data, and hence changes that might not change the Bayes
factor do change DIC. By making such changes one is altering the de nition of a replicate
dataset, and hence one would expect DIC to change.
We have shown that our suggestion is strongly related to a range of previous proposals for postdictive model choice, but has the additional advantages that it






is completely general to any class of model
involves little additional analytic work
involves no extra Monte Carlo sampling
o ers an e ective model screening technique that seems natural for a broad class of models
and performs reasonably across a range of examples
 is already implemented in the test version of WinBUGS, the most general Bayesian software
package to date, and could be easily added to any other MCMC-based package
 represents an attractive compromise between very informal model comparison methods (e.g.
plotting posterior distributions of log-likelihoods), which are hard to use and interpret, and
overly formal, decision theoretic methods (e.g. Bayes factors, or posterior predictive discrepancy measures), which are predicated on a choice of a single model and require substantial
analytical work and subjective choices, such as the selection of an appropriate utility function.

In conclusion, we feel that pD and DIC deserve further investigation as tools for model comparison.
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