
Bootstrap Learning of �-�-Evaluation FunctionsAlois P. Heinz Christoph HenseInstitut f�ur Informatik, Universit�at Freiburg, 79104 Freiburg, Germanyheinz@informatik.uni-freiburg.deAbstractWe propose �-�-evaluation functions that can be usedin game-playing programs as a substitute for the traditionalstatic evaluation functions without loss of functionality.The main advantage of an �-�-evaluation function is thatit can be implemented with a much lower time complexitythan the traditional counterpart and so provides a signi�-cant speedup for the evaluation of any game position whicheventually results in better play. We describe an implemen-tation of the �-�-evaluation function using a modi�cationof the classical classi�cation and regression trees and showthat a typical call to this function involves the computationof only a small subset of all features that may be used todescribe a game position. We show that an iterative boot-strap process can be used to learn �-�-evaluation functionse�ciently and describe some of the experience we madewith this new approach applied to a game called malawi.1 IntroductionGame playing programs especially those for two-persongames with complete information and with alternatingmoves like chess and checkers make up a very impor-tant part of AI research [2, 11, 1, 4]. Programs for in-teresting, i.e. non-trivial games are both search-intensiveand knowledge-intensive systems where the complexity ofsearch can be traded o� for complexity of knowledge andvice versa, because one can try to explore all possible pathsof play from a given position towards the end of a gamewhere the outcome is evident or one can try to �nd outsome information about the values of next positions in aknowledge base. In practice, the search depth of the dy-namic search in the game tree has to be restricted some-how and a heuristic static evaluation function is applied tothe positions at the horizon of search from where they arebacked up to the next positions.Much research in developing general methods for searchreduction [12] on the one hand and in �nding game-speci�cevaluation functions on the other hand has been accom-plished. The alpha-beta procedure [8, 13] is one of the bestknown algorithms that prunes o� subtrees of the searchtree through knowledge that they cannot have any furtherin
uence on the solution. There is a large record of in-vestigations in machine learning procedures for evaluationfunctions, e.g. see [15, 16, 14, 10, 6].Our new approach to evaluation function learning isthree-fold: First, we de�ne �-�-evaluation functions that

allow us to extend the alpha-beta pruning scheme fromthe alpha-beta procedure to the static evaluation func-tion, providing a more seamless integration of search-baseddynamic and knowledge-based static evaluation. We sec-ondly demonstrate how �-�-evaluation functions can beimplemented as a modi�cation of the classical classi�ca-tion and regression trees [3] which can be built from a setof n training examples in time O(n log2 n). We show thatthis implementation allows the �-�-evaluation function tobe computed much faster than the traditional evaluationfunction, because only a subset of the features of a givengame position needs to be computed. Finally we showthat it is possible to learn an �-�-evaluation function fora game in a kind of bootstrap process from scratch, whereat the beginning only the outcomes for �nal positions areknown and at the end a good evaluation function has beengenerated.The structure of the paper is as follows. The next sec-tion describes the basic background in the theory of gamesand in classi�cation trees as they apply to game tree eval-uation. In section 3 we de�ne �-�-evaluation functions,show their applicability to the alpha-beta procedure anddescribe their e�cient implementation. Section 4 containsthe description of the overall bootstrap learning processand a short synopsis of our experience with this kind oflearning brought into action for a de�nite game. Section 5summarizes our results.2 PreliminariesFor the sake of simplicity our following explications arerestricted to the case of two-person zero-sum games withcomplete information and alternating moves. And furtherwe assume that each played game has only a �nite numberof moves and one of two possible outcomes, win and loss.So no draws are allowed here.Each game in this context can be described by its gametree. The root of this tree is the starting position, the directdescendants of an interior node are the positions that canbe reached by a single move from the actual position bythe player at turn, and the leaves are all positions whereno more move is allowed and for which one of the outcomeswin or loss for the actual player is de�ned. A win for oneplayer is a loss for the other player and vice versa. Weshall identify a win with the value 1 and a loss with thevalue �1.In theory the evaluation of a game tree is a simple mat-ter. If the value of any leaf node is given correctly by



the static evaluation function the value of any node can becomputed recursively by negating the minimum, i.e. a kindof generalized NAND function, of the set of values for thedirect descendants of the node. But in practice the recur-sion depth of the procedure has to be restricted somehowand the static evaluation function has to be augmentedto give heuristic values in the interval [�1; 1] for interiornodes, where the game tree expansion has to be stoppedfor timing reasons.The alpha-beta procedure evaluates a given game po-sition by applying a kind of lazy evaluation scheme andso tries to minimize computation time by subtree prun-ing. The value it computes for a given game position isalways inside the interval bounded by the provided param-eters � and �, also called the alpha-beta window. Duringthe computation the procedure tries to increase the returnvalue from � towards �, and it returns when the limit � isreached or when all direct descendants of the position havebeen considered recursively. It returns immediately withthe value of the static evaluation function if the limitingrecursion depth has been reached. Initially the alpha-betaprocedure is called with the window [�1; 1]. It should benoticed that the static evaluation function in the tradi-tional form of the alpha-beta procedure is not called with� and � parameters and may return values outside of thealpha-beta window.The static evaluation function has to give the real gametheoretic values for leaf nodes and some heuristic values forother nodes. It is a really hard task to �nd a good heuris-tic evaluation function for interesting games that can becomputed e�ciently. Often the static evaluation functionis computed in two separate steps. In the �rst step a num-ber of features are extracted from a given game position.In the second step these features are composed by somemagic function. The interesting features of game positionsare often discovered and described by human experts ofthe game in question. In the following let us assume thata set of relevant features has been provided and is �xed.The magic function can be given by human experts, too,or it can be learned or optimized by programs. It can havethe form of a polynomial of some degree or it can be a setof tables or anything else. In most cases the computationof the magic function requires all features of a given gameposition to be known in advance. Thus the most innerloop of game tree evaluation includes the computation ofall feature values which can be very time consumptive.Classi�cation trees provide one method for implement-ing functional evaluations for vector arguments. A classi-�cation tree is a binary tree where each inner node repre-sents a decision of the kind \vector [i] � constant?" andeach leaf represents a classi�cation in the form of a value.For a vector that is to be classi�ed, �rst the decision atthe root has to be made. If the answer is true, the algo-rithm repeats with the left node, otherwise with the rightnode of the classi�cation tree. At last the classi�cationvalue is found in a leaf of the tree. Classi�cation trees area nonparametric method for function representation andallow for high 
exibility. Each leaf of the tree correspondsto a hyper-rectangle in D-dimensional space. It is clear

that any function with a �nite domain can be completelydescribed by a classi�cation tree and other functions maybe approximated.Classi�cation trees can be constructed iteratively froma set of classi�ed data vectors. Let a learning set L of train-ing data vectors in D-dimensional space be given and leteach vector x 2 L have class c(x) 2 f�1; 1g. To each nodek of the classi�cation tree T that is grown from L the valuev(k) := jL\kj�1Px2L\k c(x) is assigned, that is the meanof all the class values of training vectors falling into k. Thevalue of any vector x with respect to a classi�cation tree Tis the value of the leaf k that represents the hyper-rectangleto which x belongs, vT (x) := v(k(x)). The impurity of anode k is de�ned to be u(k) := 1�v(k)2, so it is low or zeroif the vast majority or all of the training vectors in it belongto the same class and it is maximal if the numbers of vec-tors of each class in it are equal. The impurity of the clas-si�cation tree T is u(T ) := jLj�1Pk2leafs(T ) jL\kj u(k). Ifthe impurity of a tree is zero, it classi�es all training vec-tors correctly. It is always possible to �nd such a tree fora �nite learning set. But such a tree may be too large andits ability to generalize the classi�cation to other vectorsthan those in the learning set may be very bad. There-fore a two-phase procedure is applied, that uses a learningset L for growing a tree and a test set Q for subsequentpruning [3].At the beginning of the tree building process the treeconsists of only one node, the root, which is a leaf at thesame time. As long as there is a leaf k of the tree, thatcontains more than a prede�ned number of training vec-tors a dimension i 2 f1; . . . ;Dg and a decision value c issought to split k into a left descendant kl and right one kr ,such that each of them represents at least a certain factorof the vectors and the loss of impurity u(k)�u(kl)�u(kr)is maximized. The height of the whole tree is logarithmicin the number of training vectors n := jLj. The tree build-ing process consists of sorting all training examples in eachdimension as a preprocessing step and a D-fold scan overall remaining vectors for each inner node, where each vec-tor is considered at most once in every tree level. So thisphase needs time in O(D� n log n).Let rT (x) := 1� vT (x)c(x) be the penalty for the clas-si�cation of vector x with tree T . This penalty is zero ifT classi�es x correctly and it is equal 2 if the classi�cationis totally wrong. The classi�cation penalty for a set Qis RT (Q) := jQj�1Px2Q rT (x). It's easy to see that thepenalty for the learning set L is equal to the impurity u(T ).The classi�cation tree T gets pruned in a sequence ofsteps, where the main idea is to decrease the number ofleafs jT j in T as far as possible, while keeping the impuritylow. In each step for a non-leaf node k of T the subtree Tkof T with root k is merged into a new leaf node, if thevalue aT (k) := (jTk j�1)�1fjL\kju(k)�Pk02leafs(Tk) jL\k0ju(k0)g is minimal for k among all inner nodes of T .The trees constructed by iterative application of this pro-cedure minimize for an increasing sequence of parametersai the number of leafs in a subtree of T with minimal costsRai := u(T ) + ai jT j. These costs reward the purity andpunish the size of a tree T . In each of the above-mentioned



steps the classi�cation penalty RT 0 (Q) for the newly con-structed tree T 0 is evaluated. The �nal tree T � is that treein this sequence for which the penalty is minimal. Thetime complexity for this second phase is in O(n log2 n), ifthe test set Q has about the same size as the learning set.The implementation has to maintain a heap structure forthe aT (k) values that has to be updated in each step forall nodes on the path from the merged node k to the root.3 �-�-Evaluation functions and theire�cient implementationWe have seen that in the traditional form of the alpha-beta procedure the static evaluation function may returnany value even if it is outside of the alpha-beta window,although this violates the constraints of the window eval-uation scheme and one of the values � or � would su�cein this case and eventually would lead to the same resultof the dynamic evaluation procedure. Beyond that we canshow that a static evaluator that obeys the alpha-beta win-dow can be implemented more e�ciently than a classicalevaluator.An �-�-evaluation function is called with three argu-ments, a game position p and the boundaries � and � ofan interval [�;�] � [�1; 1] and it returns a value from theinterval [�;�]. If the function returns the value v whencalled with the parameters p, �1 and 1, then it returns vas well, when called with p, � and � if v 2 [�;�]. If v � �or v � �, then � or � is returned respectively.The classical evaluation function can easily be substi-tuted by a corresponding �-�-evaluation function withoutchanging the semantic of the alpha-beta procedure any-how. But at least two advantages are obtained. The �rstis a neat integration of the static evaluation function intothe dynamic search procedure, which are now both calledwith an alpha-beta window that determines the range ofpossible return values in advance. The second, more seri-ous advantage concerns the speedup that can be achievedby alternative implementations of the altered function.A classi�cation tree based evaluation function can beadapted very easily to the new scheme. Each node k in-cluding the leafs has to represent additionally an interval[�k; �k] where �k is the minimum and �k is the maximumof all values of the leafs in the subtree with root k. Thepreprocessing time for changing the tree with a simple re-cursive procedure is only linear in the number of nodes.The new implementation of the static evaluation functionis now given in Figure 1 in pseudo code. It is easy to seethat this algorithm implements the �-�-evaluation func-tion. The function returns prematurely with one of thevalues � or � as soon as it is detected that all values inthe leafs of a relevant subtree of the classi�cation tree areoutside of the alpha-beta window. So there may be manyfeatures which need not to be computed in this case.Each feature of the given game position is computed atmost once because they are stored in a vector for repeatedlater reference. On the other hand there is no need for allfeatures to be computed during the static evaluation each

function static evaluation (p: position; �, �: real;k: evaluation node): real;beginfor i := 1 to D do unknown [i] := true;while true do beginif k.� � � then return (�);if k.� � � then return (�);if leaf (k) then return (k.�);if unknown [k.feature] then beginvector [k.feature] := get feature (p, k.feature);unknown [k.feature] := falseend;if vector [k.feature] � k.split valuethen k := k.leftelse k := k.rightendend;Figure 1: The classi�cation tree based static �-�-evaluation functiontime even if the computed value is inside of the alpha-betawindow. This stems from the fact that not every featureneeds to appear on the path from the root to a certain leafof the classi�cation tree.The fact that the computation time required to evaluatethe �-�-evaluation function is mainly determinated by theset of di�erent features that have to be computed on apath from the root to a leaf may give rise to a new impurityfunction that is used to �nd the next split feature and splitvalue for some node when growing the classi�cation tree.So from a set of features that are equal likely to be chosenthose should be preferred to the others that already appearon the path from the root to the node in question.4 Bootstrap learning of evaluationfunctionsThe learning of classi�cation trees is very e�cient, whena representative set of training examples for the functionto be learned is given in advance. But often exactly this isimpossible when the function is the static evaluation func-tion for an interesting game, because the game theoreticvalue of most positions is unknown.If only the rules of a game are given, the game theoreticvalues are obvious without reasoning only for positions atthe end of the game via the so-called trivial evaluationfunction. When game tree evaluation procedures are ap-plicable in reasonable time up to a search depth of d, theexact value can be obtained (in reasonable time) for allpositions that are root of a winning strategy, i.e. a partof the game tree, for one of the players with height notexceeding d. So, if we start from scratch, we are only ableto provide a learning set with feature vectors of game posi-



tions labeled with 1 or �1, if win or loss comes out withind moves, or labeled with 0, if the value is not known. Thisset then can be used to construct a heuristic evaluator thatis su�ciently accurate for the aforesaid positions but needsless time than the dynamic evaluator.Another problem is, to �nd relevant game positions, i.e.game positions that happen to appear in real games playedby knowledgeable players. Randomly chosen positions maybe too far o� the conventional paths of play. An approx-imate solution to this problem takes game positions fromcomputer simulated games. But these simulations mostlyexhibit very poor play, because in the beginning only thetrivial evaluation function can be used. The �rst heuris-tic evaluator may be a good evaluator with respect to thelearning set and the test set, but it may be bad for gamepositions resulting from real games. Nevertheless there isreal hope that it may be a large bit better than the trivialevaluator, that is unable to estimate any other positionsthan end positions.The �rst step that involves playing a number of gamesand evaluating all occuring positions provides us withlearning and test sets that are suitable for learning an ad-vanced evaluation function when compared with the trivialone. And this gives us the chance to start over with thesame procedure once more. So again a better evaluationfunction can be derived from the previous one. The boot-strap learning algorithm consists of the following steps:1. Let f be the trivial evaluation function.2. Play m games using alpha-beta search up to depth d1and function f with an added grain of chance (to derivedi�erent games), while collecting the set P of featurevectors of the positions.3. Assign classi�cation values to the elements of P , usingalpha-beta search up to depth d2 and function f .4. Divide P randomly into sets L and Q. Build a classi�-cation tree T � using L to grow and Q to prune it. Let fbe the evaluation function stemming from T �.5. If f improved in step 4. and the limit for iterations isnot exceeded then go to step 2. else stop.In theory, if we had enough played games and if theevaluation function could be learned exactly, each step ofthe above-mentioned procedure would deliver an evalua-tion function that is correct for positions with a winningstrategy that needs up to d more moves than the correctlyevaluated positions of the function it is derived from. Inpractice, iterative application of the upgrade step eventu-ally yields a good evaluation function that is bootstrapedfrom the trivial one in a kind of heuristic retrograde anal-ysis [5].Each step of the bootstrap procedure may construct acompletely new classi�cation tree from the classi�ed fea-ture vectors and throw the old tree away. Another possi-bility is the reuse of the old tree. The learning vectors ofthe new step can be fed into the old structure that containsa lot of already assembled knowledge. And after that theexpanded tree is pruned again with a test set.

We have implemented the bootstrap learning procedureon a Sun workstation in C. We applied it in a number ofdi�erent experiments with varying conditions to the notwidely known game named malawi [7]. Malawi [9] is playedon a 6� 6 board. Each player owns six movable tiles thatare initially positioned at the own baseline and twelve balls,two of them are initially on each of the own tiles. Thereare three possible kind of moves: The balls from one tilecan be redistributed, at most one to each of the other tiles.A tile can be moved horizontally or vertically a number ofsteps according to the number of balls on it. If a tile cannotbe moved to a position because this is occupied by a tileof the opponent, then all balls of this tile can be captured.The game ends with a win when one player can move froma position of the opponent's baseline. It ends with a losswhen no balls are left or after 500 moves. Typical gamepositions permit about 40 di�erent moves and the lengthof a played game is about 50 moves. We consider malawito have about the same complexity as chess.We used 24 di�erent integer valued features to describea malawi game position. The evaluation functions thatresulted from our experiments had to demonstrate theirstrengths in a �nal contest. The winning function wasderived by 467 iterations of the bootstrap procedure thatplayed 100 games per step. The game positions were eval-uated with the evaluation function of the last step in depthd = 2. The trees of the last step were expanded and thenpruned. The resulting tree consisted of 66695 nodes. Thisevaluation function was able to classify 93.8 % of the posi-tions before the end of the game correctly. The game pro-gram using this function was considerably stronger thanthe human experts in our team.5 ConclusionWe have shown that the alpha-beta evaluation schemein game playing programs can be extended from the dy-namic search procedure to the static evaluation functionwithout changing the semantic of the calling dynamic pro-cedure. And we have presented an implementation of thisgeneralized evaluation function with the help of modi�edclassi�cation trees that enormously accelerates the mostinner loop computation of the algorithm that decides uponwhich move to do next. This speedup results in strongerplay because the search depth of the dynamic procedurecan be increased.We have shown how the trivial evaluation function thatresults directly from the rules of a game can be improvedstep by step. The bootstrap procedure starts from scratchand iteratively generates a knowledgeable evaluation func-tion by hoisting up the knowledge level by level of thegame tree. We have reported on our experiments with thiskind of evaluation function learning for the game malawi.Our experience is that bootstrap learning of �-�-evaluationfunctions is a fast method to bring forth knowledgeable ande�cient evaluation functions.
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