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Abstract

A novel variant of a familiar recurrent network learning algorithm is described. This
algorithm is capable of shaping the behavior of an arbitrary recurrent network as it runs,
and it is speci cally designed to execute eciently on serial machines.

1 Introduction
Arti cial neural networks having feedback connections can implement a wide variety of dynamical
systems. The problem of training such a network is the problem of nding a particular dynamical
system from among a parameterized family of such systems which best ts the desired speci cation.
This paper proposes a speci c learning algorithm for temporal supervised learning tasks, in which
the speci cation of desired behavior is in the form of speci c examples of input and desired output
trajectories. One example of such a task is sequence classi cation, where the input is the sequence
to be classi ed and the desired output is the correct classi cation, which is to be produced at the
end of the sequence. Another example is sequence production, in which the input is a constant
pattern and the corresponding desired output is a time-varying sequence. More generally, both
the input and desired output may be time-varying.
A number of recurrent network learning algorithms have been investigated, many based on
computation of the gradient of an error measure in weight space. Some of these use methods
for computing this gradient exactly and some involve approximations designed to simplify the
computation. Two speci c approaches that use exact gradient computation methods are backpropagation through time (BPTT) and real-time recurrent learning (RTRL), to be described in
somewhat more detail below. Both of these methods have been independently rediscovered by a
number of investigators in the neural network eld, and their origins can, in fact, be traced to
a much earlier literature on optimal control of nonlinear dynamical systems. One reference for
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BPTT is (Rumelhart, Hinton, & Williams, 1986), and a reference for RTRL is (Williams & Zipser,
1989a). A related algorithm is the recurrent backpropagation algorithm of Pineda (1988), which
can be viewed essentially as a computationally attractive special case of BPTT appropriate for
situations when both the actual and desired trajectories consist of settling to a constant state. An
extensive discussion of a number of gradient-based learning algorithms, including BPTT, RTRL,
recurrent backpropagation, and other related algorithms can be found in (Williams and Zipser,
1990). Among the algorithms described in detail there is the particular one to be highlighted here.
The algorithm to be described here has ve important properties. First, it is an on-line
algorithm, designed to be used to train a network while it runs; no \manual" state resets or
segmentation of the training stream into epochs is required. Second, it is a general-purpose
algorithm, intended to be used with networks having arbitrary recurrent connectivity; no special
architectures are assumed. Third, it is designed to train networks to perform arbitrary timevarying behaviors; it is not restricted to settling or periodic behaviors. Fourth, it is designed
for time-ecient implementation on serial machines, in the sense that it minimizes the amount of
computation required per time tick as the network runs. Finally, it has been experimentally veri ed
to work at least as well as other comparable algorithms in solving a number of recurrent network
learning problems; that is, it nds such solutions at least as often as these other algorithms and it
generally requires no more time steps of network operation to do so. It is important to point out,
however, that one property not claimed for this algorithm is biological plausibility. The real aim
of the work reported here is to provide to those wishing to experiment with adaptive recurrent
networks an algorithm combining some of the most attractive features of algorithms currently
in use. In particular, this new algorithm is designed to enjoy the computational eciency of
BPTT while retaining the on-line character of RTRL. As will be seen below, it is not a radically
new algorithm at all but is really just a more ecient variant of a method already being used
successfully in some recurrent network research circles.

2 Formal Assumptions and De nitions
2.1 Network Architecture and Dynamics

For concreteness, we assume a network of semilinear units; it is straightforward to derive corresponding algorithms for a wide variety of alternative unit transfer functions. Also, we restrict
attention here to a discrete-time formulation of the network dynamics.
Let the network have n units, with m external input lines. Let y(t) denote the n-tuple of
outputs of the units in the network at time t, and let x (t) denote the m-tuple of external
input signals to the network at time t. We also de ne x(t) to be the (m + n)-tuple obtained by
concatenating x (t) and y(t) in some convenient fashion. To distinguish the components of x
representing unit outputs from those representing external input values where necessary, let U
denote the set of indices k such that xk , the k component of x, is the output of a unit in the
network, and let I denote the set of indices k for which xk is an external input. Furthermore, we
assume that the indices on y and x are chosen to correspond to those of x, so that
(
xk (t) = xy k(t()t) ifif kk 22 IU .
(1)
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For example, in a computer implementation using zero-based array indexing, it is convenient to
index units and input lines by integers in the range [0; m + n), with indices in [0; m) corresponding
to input lines and indices in [m; m + n) corresponding to units in the network. Note that one
consequence of this notational convention is that xk (t) and yk (t) are two di erent names for the
same quantity when k 2 U . The general philosophy behind this use of notation is that variables
symbolized by x represent input and variables symbolized by y represent output. Since the output
of a unit may also serve as input to itself and other units, we will consistently use xk when its role
as input is being emphasized and yk when its role as output is being emphasized. Furthermore,
this naming convention is intended to apply both at the level of individual units and at the level
of the entire network. Thus, from the point of view of the network, its input is denoted x and,
had it been necessary for this exposition, we would have denoted its output by y and chosen its
indexing to be consistent with that of y and x.
Let W denote the weight matrix for the network, with a unique weight between every pair
of units and also from each input line to each unit. By adopting the indexing convention just
described, we can incorporate all the weights into this single n  (m + n) matrix. The element
wij represents the weight on the connection to the i unit from either the j unit, if j 2 U ,
or the j input line, if j 2 I . Furthermore, note that to accommodate a bias for each unit we
simply include among the m input lines one input whose value is always 1; the corresponding
column of the weight matrix contains as its i element the bias for unit i. In general, our naming
convention dictates that we regard the weight wij as having xj as its \presynaptic" signal and yi
as its \postsynaptic" signal.
For the semilinear units used here it is convenient to also introduce for each k the intermediate
variable sk (t), which represents the net input to the k unit at time t. Its value at time t + 1 is
computed in terms of both the state of and input to the network at time t by
X
sk (t + 1) =
wkl xl (t):
(2)
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The output of such a unit at time t + 1 is then expressed in terms of the net input by

yk (t + 1) = fk (sk (t + 1));

(3)

where fk is the unit's squashing function. It is convenient in the algorithm descriptions given
below to allow complete generality in the choice of squashing functions used (except for requiring
them to be di erentiable), but it is typical to let them all be the logistic function
fk (sk (t)) = 1 + e1?sk t :
(4)
In this case, the algorithms to be discussed below will make use of the fact that
( )

fk0 (sk (t)) = yk (t)[1 ? yk (t)]:

(5)

The system of equations (??) and (??), where k ranges over U , constitute the entire discretetime dynamics of the network, where the xk values are de ned by equation (??). Note that the
external input at time t does not in uence the output of any unit until time t + 1. We are thus
treating every connection as having a one-time-step delay.
3

2.2 Network Performance Measure

Assume that the task to be performed by the network is a sequential supervised learning task,
meaning that certain of the units' output values are to match speci ed target values at speci ed
times. Let T (t) denote the set of indices k 2 U for which there exists a speci ed target value dk (t)
that the output of the k unit should match at time t. Then de ne a time-varying n-tuple e by
(
k 2 T (t)
ek (t) = 0dk (t) ? yk (t) ifotherwise.
(6)
Note that this formulation allows for the possibility that target values are speci ed for di erent
units at di erent times. Now let
X
E (t) = 1=2 [ek (t)]
(7)
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denote the overall network error at time t. A natural objective of learning is to minimize the total
error
t
X
0
E (t ; t) =
E ( )
(8)
total

 =t0 +1

over some appropriate time period (t0 ; t]. The gradient of this quantity in weight space is, of
course,
t
X
rW E ( ):
(9)
rW E (t0; t) =
total

 =t0 +1

The point of computing this error gradient is to use it to adjust the weights. One natural way
to make these weight changes is along a constant negative multiple of this gradient, so that
0
wij = ? @E (t ; t) ;
(10)
@wij
where is a positive learning rate parameter. For concreteness, all learning algorithms considered
in this paper will be of this form. Because the main focus here is really on the strategy for
computing the gradient itself, nothing to be described here is intended to preclude making some
alternative use of this gradient information if desired. For example, all algorithms discussed here
could incorporate momentum.
Similarly, for concreteness, the learning algorithms to be discussed here will be assumed to
make their weight changes at the time when the gradient itself is computed, but this is not
intended to rule out the possibility of delaying the actual weight changes until some later time.
For example, it might make sense to keep a separate set of weight change accumulators whose
values would only occasionally be added to the weights themselves.
total

3 Some Existing Approaches
3.1 Real-Time Recurrent Learning

The RTRL algorithm involves maintaining and updating the set of values
pkij (t) = @y@wk (t)
ij
4

(11)

for each k 2 U , i 2 U , j 2 U [ I . These values are all initialized to 0 and updated on every time
step by means of the equations
2
3
X
pkij (t + 1) = fk0 (sk (t + 1)) 4 wklplij (t) + ik xj (t)5 ;
(12)
2

l U

where ik denotes the Kronecker delta. On any time step when there is error, weights can be
updated according to the equations
(t) = X e (t)pk (t):
(13)
wij = ? @E
k
ij
@wij
k 2U
In a network having n units and O(n ) weights, this algorithm requires the storage of O(n )
real numbers and the performance of O(n ) arithmetic operations per time step, which is quite
severe. Zipser (1989) has proposed a strategy called subgrouping which is designed to reduce
this computational complexity by ignoring certain structural dependencies in the network and
computing the gradient as if these were zero. The attractive feature of any form of RTRL is its
natural on-line character.
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3.2 Epochwise Backpropagation Through Time

The backpropagation-through-time approach can be derived by unfolding the temporal operation
of a network into a multilayer feedforward network that grows by one layer on each time step.
If the training stream is segmented into epochs, then one can derive the speci c version that we
will call epochwise backpropagation through time. This algorithm is organized as follows. With t
denoting the start time of the epoch and t denoting its end time, the objective is compute the
gradient of E (t ; t ). This is done by rst letting the network run through the interval [t ; t ]
and saving the entire history of inputs to the network, network state, and target vectors over this
interval. Then a single backward pass over this history bu er is performed to compute the set of
values k ( ) = ?@E (t ; t )=@sk ( ), for all k 2 U and  2 (t ; t ], by means of the equations
( 0
ek ( ) P
if  = t
(14)
k ( ) = ffk0 ((ssk (( ))
)) [ek ( ) + l2U wlk l ( + 1)] if t <  < t
k k
This can be viewed as representing the familiar backpropagation computation applied to a
feedforward network in which target values are speci ed for units in many layers, not just the last.
The process begins at the last time step and proceeds to earlier time steps through the repeated
use of these equations. When describing this algorithm it is helpful to speak of injecting error at
time  to mean the computational step of adding ek ( ) for each k to the appropriate sum when
computing the bracketed expression in the equation for k ( ). We also consider the computation
of k (t ) to involve a corresponding injection of error; in this case, it can be viewed as adding
ek (t ) to 0.
Once the backpropagation computation has been performed back to time t + 1, the weight
changes may be made along the negative gradient of overall error by means of the equations
t1
X
i( )xj ( ? 1):
(15)
wij = ? @E (t ; t ) =
@wij
 t0
0
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When a network having n units and O(n ) weights is run over a single epoch of h time steps,
it is easy to see that this algorithm requires the storage of O(nh) real numbers and performs
O(n h) arithmetic operations during the backward pass, together with another O(n h) operations
to compute the weight updates.
2

2
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3.3 Truncated Backpropagation Through Time

If the training stream is not segmented into independent epochs, one can still consider using
BPTT. The idea is to compute the negative gradient of E (t) and make the appropriate weight
changes at each time t while the network continues to run. To do this requires saving the entire
history of network input and network state since the starting time t . Then, for each xed t, a set
of values k ( ) = ?@E (t ; t )=@sk ( ) for all k 2 U and  2 (t ; t] are computed by means of the
equations
( 0
))ePk ( )
if  = t
(16)
k ( ) = ffk0 ((ssk (( ))
w

(

+
1)
if
t < <t
lk l
l2U
k k
The process begins at the most recent time step by injecting error there, but, unlike epochwise
BPTT, error is not injected for any earlier time steps. This is why earlier target values need not
be saved for this algorithm.
Once the backpropagation computation has been performed back to time t + 1, the weight
changes may be made along the negative gradient of E (t) by means of the equations
0
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i( )xj ( ? 1):

(17)

It is interesting to note that this algorithm, which can be called real-time backpropagation
through time is just another way of organizing the computation of the quantity also computed
by RTRL, namely the gradient of E (t) in weight space. Clearly, RTRL is preferable since this
algorithm involves computation time and storage that grow linearly with time as the network
runs. In fact, because of these obvious shortcomings, no one would seriously consider using this
particular algorithm for on-line learning. Instead, one can use a bounded-history approximation
to it in which relevant information is saved for a xed number h of time steps and any information
older than that is forgotten. In general, this should be regarded as a heuristic technique for
simplifying the computation, although, as discussed below, it can sometimes serve as an adequate
approximation to the true gradient and may also be more appropriate in those situations where
weights are adjusted as the network runs. Let us call this algorithm truncated backpropagation
through time. With h representing the number of prior time steps saved, this algorithm will be
denoted BPTT(h).
For BPTT(h), one computes, at each time t, the values k ( ) for all k 2 U , but only for
 2 (t ? h; t], using the same equations (??) as before. After these have been computed, weight
changes are made using
t
X
i( )xj ( ? 1);
(18)
wij =
?

 =t h+1

which is, of course, just equation (??) with all terms for which   t ? h taken to be 0.
6

In a network of n units and O(n ) weights, this algorithm clearly requires O(nh) storage and, at
each time step, requires O(n h) arithmetic operations for the backward pass through the history
bu er and another O(n h) operations to compute the weight updates. When compared with
RTRL, BPTT(h) with any reasonably small h is clearly a much more ecient on-line algorithm
in terms of the computational e ort required per time step.
An extreme example of this truncation strategy is found in the algorithm explored by Cleeremans, Servan-Schreiber, and McClelland (1989), which combines the use of BPTT(1) in the recurrent portion of a particular network architecture with feedforward backpropagation in the
remainder of the network.
2

2
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4 The Improved Algorithm
Now consider a problem in which either BPTT(h) or epochwise BPTT might be used, say a
problem involving training over a single epoch which is much longer than h. Epochwise BPTT
will, of course, require more storage, but it is clear that it will still only require an average of
O(n ) arithmetic operations per time step, compared to O(n h) for BPTT(h). Thus, in terms
of execution time, BPTT(h) is slower than epochwise BPTT by esentially a factor of h. Since h
must generally be chosen suciently large to permit a particular task to be learned, it is not an
option to reduce h to speed up the execution time.
One may thus ask whether there are any e ective general-purpose on-line algorithms having
the same execution time as epochwise BPTT. As it turns out, there is a class of on-line algorithms whose average computational e ort expended per time step asymptotically approach that
of epochwise BPTT. This class of algorithms is obtained by combining aspects of epochwise BPTT
with the truncated BPTT approach.
Note that in BPTT(h) a backward pass through the most recent h time steps is performed
anew each time the network is run through an additional time step. To generalize this, one may
consider letting the network run through h0 additional time steps before performing the next
BPTT computation, where h0  h. In this case, if t represents a time at which BPTT is to be
performed, the algorithm computes an approximation to rW E (t ? h0; t) by taking into account
only that part of the history over the interval [t ? h; t]. Speci cally, this involves performing a
backward pass at time t to compute the set of values k ( ) for all k 2 U and  2 (t ? h; t], just as
with BPTT(h), but this time using the equations
8 0
>
if  = t
< fk0 (sk ( ))ek ( ) P
(19)
k ( ) = > fk (sk ( )) [Pek ( ) + l2U wlk l ( + 1)] if t ? h0 <  < t
: f 0 (sk ( )) l2U wlk l ( + 1)
0
if t ? h <   t ? h
k
2

2

2

total

When the weights are adjusted on every time step, it may be appropriate to store all the past weights as well,
using these on the backward pass rather than the current weights. This variant obviously requires O(n2 h) storage.
In practice, we have not found much di erence in performance between this version and the simpler one described
here.
2 In particular, h must generally be chosen to be roughly as large as typically encountered delays between input
and corresponding output in the training stream.
1
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After this backward pass has been performed, weight updates can be computed using
t
X
wij =
i( )xj ( ? 1);
?

 =t h+1

(20)

just as with BPTT(h).
The key feature of this algorithm is that the next backward pass is not performed until time
step t + h0 ; in the intervening time the history of network input, network state, and target values
are saved in the history bu er, but no processing is performed on this data. Let us denote this
algorithm BPTT(h; h0 ). Clearly BPTT(h) is the same as BPTT(h; 1), and BPTT(h; h) is the
epochwise BPTT algorithm. Figure ?? depicts the processing performed by the BPTT(h; h0 )
algorithm.
The storage requirements of this algorithm are essentially the same as those of BPTT(h), except
that it requires the additional storage of h0 ? 1 sets of prior target values. However, because it
computes the cumulative error gradient by means of BPTT only once every h0 time steps, its
average time complexity per time step is reduced by a factor of h0 . It thus requires O(nh) space
and requires performing an average of O(n h=h0) operations per time step in a network having n
units and O(n ) weights. Furthermore, it is clear that making h=h0 small makes the algorithm more
ecient. At the same time, to obtain a reasonably close approximation to the true gradient (or at
least to what would be obtained through the use of truncated BPTT), it is only necessary to make
the di erence h ? h0 suciently large. This is because no error is injected for the earliest h ? h0 time
steps in the bu er. Thus a practical and highly ecient on-line algorithm for recurrent networks
is obtained by choosing h and h0 so that h ? h0 is large enough that a reasonable approximation
to the true gradient is obtained and so that h=h0 is reasonably close to 1.
2

2

5 Experimental Performance
An important question to be addressed in studies of recurrent network learning algorithms, whatever other constraints to which they must conform, is how much total computational e ort must
be expended to achieve the desired performance. While BPTT(h; h0 ) has been shown to require
less average computational e ort per time step than comparable general-purpose on-line recurrent
network learning algorithms, it is equally important to determine how it compares with these
other algorithms in terms of the number of time steps required and success rate obtained when
training particular networks to perform particular tasks. Any speed gain from performing a simpli ed computation on each time step is of little interest unless it allows successful training without
inordinately prolonging the training time.
A number of experiments have been performed to compare the performance of the improved
version of truncated BPTT with its unmodi ed counterpart. In particular, studies were performed
in which BPTT(2h; h) was compared with BPTT(h) on speci c tasks. The results of these experiments have been that the success rate of BPTT(2h; h) is essentially identical to that of BPTT(h),
with the number of time ticks required to nd a solution comparable for both algorithms. Thus, in
these experiments, the actual running time was signi cantly reduced when BPTT(2h; h) was used,
with the amount of speedup essentially equal to that predicted by an analysis of the computational requirements per time step. Among the tasks studied were several described in (Williams &
8

Figure 1: A schematic representation of the storage and processing required for the BPTT(h; h0 )
algorithm. Shown here is the history bu er at time step t, assumed to be one of the times when the
backpropagation pass is to occur. At this time the history bu er contains the values of the network
input and activity for time step t as well as for the h prior time steps. It also contains target
values for the most recent h0 time steps, including time step t. Dashed arrows indicate injection
of error, which occurs only at the h0 uppermost levels in the bu er. Once the backpropagation
pass has occurred and the weights have been adjusted, the process is next performed at time step
t + h0 . The more familiar BPTT(h) algorithm is just the special case when h0 = 1.
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Zipser, 1989a) and elaborated upon in (Williams & Zipser, 1989b). One noteworthy example is the
\Turing machine" task, involving networks having 12-15 units. In earlier experiments, reported
in (Williams & Zipser, 1990), it had been found that BPTT(9) gave a factor of 28 speedup in
running time over RTRL on this same task, with success rate at least as high. Using BPTT(16;8)
gave an additional factor of 2 speedup, making BPTT(16;8) well over 50 times faster than RTRL
on this task.
3

6 Discussion
Note that as the algorithm has been described here, it actually involves a very uneven rate of
use of computational resources per time step. On many time steps, no signi cant computation
is performed, while at certain times much higher peak computation than the average is required.
For simulation studies, this is of no consequence; the only noticeable e ect of this will be that
simulated time runs unevenly. However, one might also consider applying recurrent network
learning algorithms to real-time signal processing or control problems, in which it is important
to spread the computation evenly over the individual time steps. In fact, this algorithm can be
implemented in such a fashion. The idea is to interleave the backpropagation computation with
the forward computation. For example, if h = 2h0, one should backpropagate through 2 time
steps during each single (external) time step. In general, this requires a bu er which can hold the
appropriate data for a total of h + h0 time steps.
We should point out that we are emphasizing the speed advantage of BPTT(h; h0 ) over other
general-purpose on-line recurrent network algorithms in serial machines. It can also be used as an
ecient algorithm in parallel machines, but since BPTT(h) itself can be implemented eciently
in an appropriate specially designed pipelined architecture, the use of the BPTT(h; h0 ) algorithm
may o er no particular advantage.
It is also appropriate to make some additional observations concerning the degree of approximation involved when the backpropagation computation is truncated to h prior time steps (whether
using BPTT(h) or BPTT(h; h0 )). If weights were held constant over the history of operation of the
network, the true gradient would be that computed by backpropagating all the way back to the
time of network initialization. Even in this case, however, it may well be that this computation
undergoes exponential decay over (backward) time, in which case the di erence between truncating or not can be negligible. In situations when there is no such exponential decay, though,
truncation may give a very poor approximation.
However, if weights are adjusted as the network operates, as they necessarily must be for
any on-line algorithm, use of a gradient computation method based on the assumption that the
weights are xed over all past time involves a di erent kind of approximation which can actually be
4

Careful analysis of the computational requirements of BPTT(9) and of BPTT(16;8), taking into account the
xed overhead of running the network in the forward direction that must be borne by any algorithm, would suggest
that one should expect about a factor of 4 speedup when using BPTT(16;8). Because this particular task has targets
only on every other time step, the use of BPTT(9) here really amounts to using BPTT(9;2), which therefore reduces
the speed gain by essentially one factor of 2.
4 In general, whether such exponential decay occurs depends on the nature of the forward dynamics of the
network; for example, one would expect it to occur when the network is operating in a basin of attraction of a
stable xed point.
3
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mitigated by ignoring dependencies into the distant past, as occurs when using truncated BPTT.
Such information involving the distant past is also present in RTRL, albeit implicitly, and Gherrity
(1989) has speci cally addressed this issue by incorporating into his continuous-time version of
RTRL an exponential decay on the contributions from past times. Unlike the truncation strategy,
however, this does not reduce the computational complexity of the algorithm.
Another potential bene t of the truncation strategy is that it can help provide a useful inductive
bias by forcing the learning system to consider only reasonably short-term correlations between
input and desired output; of course, this is appropriate only when these short-term correlations
are actually the important ones, as is often the case.
We believe that some combination of these e ects is responsible for our experimentally observed
result that not only is it detrimental to have too short a history bu er length, it can also be
detrimental to have too long a history bu er. Studies reported in (Williams & Zipser, 1990), in
which RTRL was compared with BPTT(h), are also consistent with this result. These other studies
found that BPTT(9) not only ran faster than RTRL on the \Turing machine" task, as described
above, but it also had a higher success rate. Since RTRL implicitly makes use of information
over the entire history of operation of the network, this can be taken as evidence of the bene t of
ignoring all but the recent past.
Finally, we should point out that while we have focused on the use of dicrete time here, the
algorithm described by Pearlmutter (1989), which can be viewed as a continuous-time version of
epochwise BPTT, can serve as the basis for a correspondingly ecient continuous-time version of
the on-line algorithm presented here.
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