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Abstract
Multimedia systems must meet stringent real-time performance criteria in order to satisfy
customer requirements. Because of these criteria, and because of the rich structure inherent
in video-on-demand (VOD) applications, there is both need and opportunity to employ sophisticated mathematical optimization techniques. In this paper we present an overview of
several recent optimization algorithms for multimedia systems, concentrating on the techniques
themselves. In particular, we will describe a VOD batching algorithm known as the maximum
factored queue length policy, based in part on solving a simple instance of a so-called mathematical resource allocation problem. Next we will describe an optimization problem arising when
employing a VOD technique known as adaptive piggybacking. This problem can be solved as a
dynamic program, and the scheme which results is known as the snapshot algorithm. Finally we
will describe a so-called DASD dancing algorithm for VOD disk load balancing, which depends
on the solution to a set of three somewhat more advanced resource allocation problems.

1 Introduction
Recent advances in communications technology have generated considerable interest in multimedia
applications in general, and in video-on-demand (VOD) systems in particular. In such a system,
viewers have the exibility of choosing both the video they want as well as the time at which they
wish to watch it. Such a system can be implemented using a client-server architecture. A large set
of videos is stored in a centralized server. The clients consist of viewers who make requests from
the server. Whenever there is a request for a particular object, the video is accessed from the disks
in the storage server and transmitted to the viewer isochronously. Failure to e ectively manage
scarce system resources when viewers request videos may result in overly long waits for the start
of playback. Failure to manage these resources during the playback of the videos themselves may
result in interruptions, or hiccups.
The point is that multimedia applications require the careful solution of real time scheduling and
resource allocation problems. Fortunately, VOD applications also have a rich inherent structure,
making careful resource management feasible. The point of this paper is that many problems which
arise in the design of VOD algorithms can be posed and neatly solved as optimization problems.
We illustrate this with a number of examples. It is the purpose of this paper to focus on the
optimization techniques themselves. It is our thesis that these techniques belong in the toolkit
of multimedia systems designers. Naturally, we provide pointers to papers which provide further
systems-related details, other similar algorithms, experimental comparisons and so on.
We next motivate and give an overview of the three main optimization algorithms developed in
this paper.
Because of the isochronous requirement, there exists a maximum number of concurrent video
streams that a given disk or striped disk array can support [28, 26]. Hence there automatically
exists a constraint on the maximum number of video streams which can be supported concurrently
by a video server. This maximum is referred to as the server stream capacity. If the number of
outstanding viewer requests is larger than the available server stream capacity, a new viewer request cannot be satis ed immediately. The elapsed time between the arrival of a video request and
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the time when the service to the display device is actually initiated is known as the latency of the
request. A viewer may defect from the queue if the wait time becomes excessive, and may cancel
the service completely if such problems persist. So the goal is to provide good quality of service
with few defections while consuming the least amount of server capacity. One way to accomplish
this goal is to develop techniques which handle multiple requests using a single video stream. Three
such techniques are standardly employed, either alone or in combination.
One common approach to reducing video stream requirements is known as batching. The method of
batching was proposed originally in [3]. The basic idea is to intentionally delay the requests for the
di erent videos for an amount of time known as the batching interval, so that additional requests for
the same video arriving during the current batching interval can be serviced using the same stream.
Thus, requests made by many di erent viewers for the same video can share a common video stream
if these requests are spaced closely enough. We assume that the viewer has a choice of selecting
from a relatively large number of videos. Consequently, whenever a stream becomes available at
the server end, the question arises as to which video if any is best to schedule at that particular
moment in time. There has been a considerable amount of research devoted to batching policies
[8, 14, 23]. In this paper we describe the maximum factored queue length algorithm introduced in
[1], which is based on solving a well-known optimization problem. Speci cally, we formulate and
solve a simple version of what is known mathematically as a resource allocation problem.
Another common video stream reduction technique is known as bridging. Bridging involves the
use of a bu er space in memory to retain moving windows of certain videos behind as the videos
play. Suppose that a contiguous segment of a particular video is being bu ered as it plays for
a particular viewer. Then a viewer who is trailing the original viewer by an amount less than
this segment can be serviced from this bu ered stream instead of from disk. More details on the
technique of bridging may be found in [19, 29]. The key issue is to determine which segments of
which instances of video streams should be bu ered. One can actually derive an optimal bridging
algorithm as a greedy solution to an extremely simple optimization problem, but we shall omit this
in the current paper.
Recently, a third technique for reducing video stream requirements was introduced. The technique
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is called adaptive piggybacking [15, 16]. In piggybacking the display rates are altered even while the
video streams are in progress. It has been established that small di erences in the display rates
(for example, those which deviate at most 5% from the normal display rate) are not perceived
by the viewer. Suppose two streams are displaying a common video are in progress. Then the
leading stream can be played at a slower rate, and the trailing stream at a faster rate. Assuming
the interval between the two videos is suciently small, the faster stream will eventually catch up
with the slower stream. At that point the streams can be piggybacked or merged. That is, they
can be played thereafter at a single speed, and one stream can be dropped. In a sense adaptive
piggybacking is similar in spirit to batching, but it avoids the extra latency which is inherent in the
batching interval. We describe a dynamic programming algorithm for nding an optimal adaptive
piggybacking strategy. (Another straightforward optimization problem needs to be solved as well.)
This so-called snapshot algorithm was originally proposed in [2].
We have already indicated that each disk or disk array can only support some xed number of
video streams. This maximum depends on the performance characteristics of the disks in question.
We return to this issue now. Because the I/O subsystem is generally the performance and cost
bottleneck of a VOD server, the challenge is to balance the load on the existing disks e ectively, so
as to maximize the throughput the system can achieve. Overutilization of disks can cause either
video service interruptions to current customers or rejection of new customer demands, neither
of which is desirable. On the other hand, underutilization is wasteful. Said di erently, VOD
systems present a real-time disk scheduling problem which is highly non-trivial but must be solved
satisfactorily almost all of the time. We will describe an algorithm [27] known as DASD dancing
for solving this as a disk load balancing problem. (Recall that disks used to be known, in IBM
parlance, as direct access storage devices or DASDs). The problem can be posed, in part, as a set of
three resource allocation problems. These problems are more elaborate and dicult to solve than
the one described for the batching algorithm above.
The remainder of this paper is organized as follows. Section 2 describes the maximum factored
queue length batching algorithm. The snapshot algorithm for adaptive piggybacking is described
in Section 3. Section 4 describes the DASD dancing algorithm for disk load balancing. Section 5
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contains a summary.

2 Batching
While initial viewer delay is a necessary evil in VOD batching schemes, one obviously wants to
keep such delays as small as possible. In this section we present a simple batching optimization
model which attempts to minimize average latency time subject to a constraint on server stream
capacity. The resulting formulation is a particularly easy instance of a so-called resource allocation
problem [17].
Assume that there are N videos, and that the request frequency of the ith video is fi . If Li denotes
P
P
the length of video i, then L = ( Ni=1 fi  Li )=( Ni=1 fi ) is the average video length. Assume that
the server capacity (in terms of the number of streams) is S . Consequently, the average number
of streams which are scheduled by the server per unit time at full capacity is S=L. Suppose that
t1; t2; : : :; tN are the average time intervals at which the videos 1; 2; : : :; N are batched. (These are
the decision variables of the optimization problem.) Then the average latency for a video of type
i is equal to ti =2. The objective in this model is to minimize the average latency of the viewers.
Thus, modulo a constant which we can ignore, we want to minimize the sum of the latency times
of all the requests which arrive in a unit interval of time. The expected number of such requests for
video i is fi . Consequently, the expected sum of the latency times of all the requests which arrive
P
within a unit interval is equal to Ni=1 fi  ti =2. This is the objective function we wish to minimize.
We need a constraint which limits the number of video streams which can be scheduled at any
moment of time. On average, the number of streams for video i scheduled per unit of time is
approximately equal to 1=ti . (This is not entirely rigorous, but if X is a random variable with a
relatively small deviation, the approximation E [1=X ]  1=E [X ] is fairly accurate.) Thus, at full
P
capacity the total number of streams of all video types scheduled per unit of time is Ni=1 1=ti,
which must be equal to S=L. Thus, eliminating another constant, we wish to minimize
N
X
i=1

fi  ti
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(1)

subject to the constraints

N
X
i=1

1=ti = S=L

and ti > 0

8i:

(2)
(3)

The last constraint ensures the positivity of the variables. To solve this optimization problem most
P
eciently, we make a change of variables. Let i = 1=ti . Then the objective function Ni=1 fi =i
becomes convex and separable. (The latter term means that the objective function is the sum of
P
separate functions of the various decision variables.) The rst constraint Ni=1 i = S=L becomes
linear, and because of its special form is known as a resource allocation constraint. The positivity
constraint becomes i > 0. This transformation thus yields a continuous separable convex resource
allocation problem. This is perhaps the simplest possible resource allocation problem, and it is
known that the optimal solution occurs when the derivatives of each fi =i are equal [11, 17]. For
the bene t of readers unfamiliar with this fact, we derive it brie y: Because of the nature of the
problem, the Kuhn-Tucker conditions [4] are necessary and sucient for the existence of a global
optimum solution. These Kuhn-Tucker conditions are as follows:

fi ? u=t2i = 0
and

N
X
i=1

1=ti = S=L:

(4)
(5)

Here u is the Lagrange multiplier associated with the constraint. From the above set of variables
it is easy to see that the average batching intervals for the di erent videos should be related as
follows:
p
p
p
(6)
t 1  f1 = t 2  f2 = : : : = t n  f n :
(We have ignored the positivity constraints, but it can be seen that the optimum solution automatically satis es them.) Note that the above equations hold when the derivatives of the convex
functions in the transformed problem are equal, as observed previously. We note that this derivation
applies in general to any separable convex resource allocation problem.
In the absence of any defections from the system, the average queue length qi of the ith video at
the time of batching is equal to qi = ti  fi . Thus, using the above equations we get the following
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goals for the queue lengths at the time of batching:

pqf1 = pqf2 = : : : = pqfn :
2
1
n

(7)

In other words, we have the following intuitive result: In order to achieve the smallest average latency, the batch queue lengths should be proportional to the square roots of the relative frequencies
of the arrivals of the di erent videos. Let the factored queue length of a video be de ned as its
queue length divided by the square root of its request frequency. The result above suggests a good
greedy scheduling policy for the VOD problem, as follows.
Whenever a stream becomes available, schedule the video with the largest factored queue length.

This scheme is called Maximum Factored Queue Length (MFQL) policy. To implement this policy in
practice, however, one needs to robustly estimate the request frequencies of the various videos. To
handle this issue, let ti denote the interval since the last time that video i was scheduled. Consider
the standardly employed approximation fi  qi =ti . Making this substitution, the factored queue
p
length of video i is given by qi  ti . Since we need to choose the largest among this set of
numbers, we consider instead the square of these factored queue lengths. In this way one obtains
a more naturally implementable variant of MFQL, as follows:
Whenever a stream becomes available, schedule the video with the largest value of qi  ti , where qi
is the queue length and ti is the time since the last scheduling of video i.

We refer the reader to [1] for further discussion of the MFQL policy. Among other things that
paper discusses the e ects of viewer defections on the algorithm. Other batching algorithms are also
discussed there, and compared via simulation experiments to MFQL. Two of these are the Maximum
Queue Length (MQL) and First Come First Served (FCFS) policies. For further information on
VOD batching see [8, 14, 23].

3 Adaptive Piggybacking
An adaptive piggybacking merging policy must decide which video streams to play at a fast speed
and which video streams to play at a slow speed. The issue here, of course, is to nd a piggybacking
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policy for which the savings in bandwidth is maximized. The snapshot algorithm described in this
section consists of two components. The rst of these is a generalized simple merging policy, and
in some ways it mimics the simple merging policies de ned in [15]. This policy can be regarded
as a piggyback merging policy in its own right, though it will form only the rst portion of the
overall snapshot policy. The roll of the generalized simple merging policy as used in the snapshot
algorithm is to handle the merging of stochasticly arriving videos for a predetermined interval of
time. The roll of the second component of the snapshot algorithm is to handle the deterministic
problem which remains. (We intentionally omit consideration of pause/resume, fast forward/rewind
capabilities here for the sake of simplicity.) Both components involve optimization algorithms. The
snapshot algorithm turns out to be optimal over a large class of reasonable piggybacking policies.

3.1 Generalized Simple Merging Policy
Consider a single video whose length, in frames, is given by L. Assume there are two possible
display speeds (in frames/second) at which the display may take place { a slow speed denoted by
Smin, and a fast speed denoted by Smax. (A third, normal speed is also considered in [15]. We prefer
to assume that the normal and slow speeds are identical.) De ne the maximum catchup window
size Wm , measured in frames, as the latest position in the video at which a slow stream can be
overtaken by a fast stream starting at the beginning of the video by the time the video completes
at frame L. Given the di erence in speed, this can be computed as

Wm = SmaxS ? Smin  L:
max

(8)

We de ne the generalized simple merging policy in terms of a parameter W also measured in frames,
called the window size. (We require that 0  W  Wm .) Speci cally, a new arrival is designated to
be a fast stream if a slow stream exists within W frames of it. Otherwise, the stream is designated
to be a slow stream. If a fast stream merges with a slow stream, the fast stream is dropped, and
the slow stream proceeds. Figure 1 illustrates the algorithm, the x-axis representing (increasing)
time and the y-axis representing the position of the video in frames. (The window size and length
L of the video are also shown.) Note that there is always a single slow stream associated with each
distinct window. On the other hand there can be any number of fast streams, including 0.
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Figure 1: Generalized Simple Merging Policy
The goal of the generalized simple merging policy is to optimize W as a function of the forecasted
arrival rate. Assume that requests for the video arrive according to a simple Poisson process with
rate . (This assumption will not, of course, be perfectly accurate.)
The tradeo s for di erent size values of W are as follows:
(1) When the window size is big, a larger number of fast streams can be merged into one slow
stream. But they tend to be merged at later stages, with less bene t.
(2) When the window size is small, merges tend to occur at earlier stages. But there are fewer
of them.
In order to quantify the savings due to piggybacking, recall that whenever a slow stream is merged
with a fast stream, both streams combine into one slow stream. In e ect, we assume that the
fast stream exists only until that time. Thus we will charge a fast stream only the number frames
needed to reach the merge point.
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We rst proceed to build a model which expresses the expected number of frames for a randomly
chosen display stream as a function of the window size W . Consider a new video stream arrival,
which may be either fast with probability Pfast or slow with probability Pslow = 1 ? Pfast . The
expected number E [F ] of frames read by a randomly chosen display stream is the weighted average
of the expected number E [Ffast] of frames if the stream is fast and the expected number E [Fslow ]
of frames if the stream is slow. In other words,

E [F ] = Pfast  E [Ffast] + Pslow  E [Fslow ]:

(9)

By our frame charging assumption we have that Fslow is deterministically equal to L, and hence
E [Fslow ] = L as well. It is only slightly more complicated to calculate the number of frames charged
when the stream is fast. Suppose the nearest slow stream beyond it is p frames ahead. The number
of frames required by this fast stream to catch up with the slow stream is given by

Ffast = S p  S?max
S :
max

min

(10)

Note that the algorithm must be designed in such a way to ensure that p  W . Since the arrival
rate is uniform it follows by symmetry that p is uniformly distributed between zero and W . Thus

E [Ffast] = SW=2 ? SSmax :
max

min

(11)

It now remains to calculate the probability that a randomly chosen stream will be fast. Note that
all streams which are within W frames of a slow stream (or, equivalently, arrive within W=Smin
time units of a slow stream) are fast. Hence for each slow stream, the expected number of fast
streams following it consecutively is equal to   W=Smin. Consequently, the fraction of fast streams
in the system is approximately equal to

W=Smin :
Pfast = W=S
+1
min

(12)

Substituting the above values in Equation 9, we obtain the following relationship:

E [F ] = W W
+S

 2(S WS?maxS ) + WS+minS  L:
min
max
min
min

(13)

We now minimize this equation subject to the constraint that a new fast stream must always be
able to catch up with a slow stream if the slow stream is at most W frames ahead the fast one.
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This constraint amounts to:

 L:
W  S Smax
max ? Smin

(14)

Ignoring the constraint for the time being, we set

dE [F ] = 0:
dW

(15)

On expanding the resulting equation for W and simplifying, we obtain:

Smax ? Smin ) = 0:
W 2 + 2Smin  W ? LSmin(S
max

Solving the above quadratic for W (and ignoring the negative root), we obtain:
s
Smin 2 + 2  LSmin(Smax ? Smin) :
S
+
W  = ? min


S
max

(16)

(17)

The second derivative is positive, and an easy check shows that this value of W  automatically
satis es constraint 14. Consequently, W  is the optimal window size.

3.2 Dynamic Programming Algorithm
Here we describe the second component of the snapshot algorithm, which is based on dynamic
programming. Consider again a single video consisting of L frames. Suppose that at a xed point
T in time there are a total of n streams of this video playing. Denote the positions of these
streams, measured in terms of frames, by f1; :::; fn, respectively. Without loss of generality we
can assume that f1  :::  fn . Ignore for the time being any other requests for this video which
may appear later, and the manner in which the streams reached their current positions. In the
presumed absence of pause/resume and fast forward/rewind this scenario is entirely deterministic.
It is therefore meaningful to attempt to nd the precise piggybacking strategy which minimizes the
total number of frames required from time T onward. We shall solve this optimization problem via
a dynamic programming algorithm.
As before, the two speeds are denoted by Smax and Smin. We can assume in an optimal solution
that the stream farthest along (in this case the one initially corresponding to f1 ) proceeds at speed
Smin, while the stream least farthest along (corresponding initially to fn) proceeds at speed Smax:
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It is never more pro table not to do so. For the same reason, of course, we always merge two
streams which coalesce. While we will certainly have to account for the costs correctly, pretend
for the moment that merges can occur at any point, including possibly past the length L of the
video. We can then envision each potentially optimal piggybacking policy as a binary tree. The
leaf nodes correspond to the original streams, while interior nodes correspond to merges. The root
node corresponds to the nal merge of all the n original streams. Left arcs correspond to the fast
speed, and right arcs correspond to the slow speed. Past the root node there exists only one stream,
which can proceed at either speed. We don't explicitly consider this as part of the binary tree, but
assume the speed is Smin as before. Some of the merges close to the root node may never actually
take place. This depends on whether or not they would occur past position L.
Looked at in this light there is a one-to-one correspondence between the set of binary trees with n
leaf nodes and all potentially optimal piggybacking policies for n streams.
Figure 2 shows the 5 possible binary trees for a scenario in which there are n = 4 original streams.
Here we have reversed the roles of the x- and y-axes from that of Figure 1, in order to draw the
binary trees in something like standard orientation. Thus the x-axis corresponds to position and
the y-axis to time. (We actually show a little more structure, namely the relative positions of the
initial streams, the two speeds, and so on. The area of the histogram underneath each binary tree
illustrates the cost, in frames, of implementing that particular piggybacking strategy, assuming the
nal merge at the root occurs before L. Note that the root always occurs at the same position,
and the cost remaining is the di erence between that position and L. This is a constant, and like
the remaining single stream is not illustrated. Being a constant, this term is also irrelevant to
the optimization problem. If L occurs before the nal merge, the actual cost would correspond to
integrating the curve up to L.)
Recall that the number of binary trees with n leaf nodes (streams) is given by the (n ? 1)st Catalan
number
!
1
2
n
?
2
b(n ? 1) = n n ? 1 :
(18)
See [7] for details. The Catalan number b(n) can be approximated via Stirling's approximation as
n
(19)
b(n)  p 4 :

n3=2
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Figure 2: Typical Binary Tree Alternatives and Costs
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Thus the Catalan numbers grow very rapidly, and searching all binary trees for any reasonable
value of n will be impractical. Fortunately, there is a better way, which we now describe.
Let i and j denote two streams between 1 and n, with i  j . Let P (i; j ) denote the hypothetical
position in frames at which streams i and j would merge in an optimal policy for the case in which
only the arrivals i; :::; j occur. This value may possibly be greater than L, and is also the position
at which streams i and j would merge if they were the only streams. The point is that P (i; j ) is
well-de ned because this optimal policy would involve stream i moving at the minimum speed and
stream j moving at the maximum speed. So we obtain
(20)
P (i; j ) = f + Smin  (fi ? fj )
i

Smax ? Smin

via our standard analysis if i < j , and

P (i; i) = fi :

(21)

This value can thus be computed for each relevant pair i and j , and is independent of all other
streams. Now let C (i; j ) denote the cost of an optimal policy in which only the arrivals i; :::; j
occur. Denote the corresponding binary tree by T (i; j ). It is easy to see that

C (i; i) = L ? fi

(22)

for each i. In order to compute C (i; j ) for i < j we observe that the principal of optimality holds
here: For the optimal policy there will exist a stream k with i  k < j such that the left subtree
will contain the leaf nodes corresponding to streams i; :::; k and the right subtree will contain the
leaf nodes corresponding to streams k + 1; :::; j . Furthermore, both the left and right subtrees
themselves will be optimal. That is, they will be T (i; k) and T (k + 1; j ), respectively. Such a
binary tree has cost C (i; k) + C (k + 1; j ) ? (L ? P (i; j ))+, the last term indicating the (potential)
savings of the nal merge at position P (i; j ). Therefore the optimal policy in which only arrivals
i; :::; j occur has a left subtree with leaf nodes corresponding to i; :::; k and a right subtree with
leaf nodes corresponding to k + 1; :::; j , where

k = argminik<j fC (i; k) + C (k + 1; j ) ? (L ? P (i; j ))+g:

(23)

The overall optimal cost C (1; n) and its corresponding piggybacking policy can therefore be calculated in a bottom up fashion by dynamic programming: Starting with the initial trees T (i; i)
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and costs C (i; i), compute all trees T (i; i + 1) and costs C (i; i + 1), then all trees T (i; i + 2) and
costs C (i; i + 2), and so on. Ultimately, we compute the optimal tree T (1; n) and its optimal cost
C (1; n).
Thus after an initialization step taking O(n) steps to compute P (i; i), C (i; i) and T (i; i) for each i,
there is an iterative step consisting of a pair of nested loops. Each step in the inner loop involves
O(n) comparisons to compute P (i; i + m), C (i; i + m) and T (i; i + m) for each i and xed m. There
are O(n) such steps. In the outer loop we increase m from 1 to n ? 1, also a total of O(n) steps.
All told, we have:
The dynamic programming algorithm nds the optimal merging policy and has computation complexity O(n3 ), where n is the number of streams to be merged.

The dynamic program algorithm presented has analogues in the problem of optimal polygon triangulation via the natural correspondence between binary trees and convex polygons [7, 24]. This,
in turn, has lead to algorithms for parse trees and the like. (Ken Sevcik [22] has pointed out to
us that under certain circumstances the dynamic programming solution can be accomplished via
a slightly modi ed telescoping algorithm which has complexity O(n2 ) rather than O(n3 ). Such a
case arises, for example, in the construction of binary search trees for common English words, as
described in [20]. Unfortunately, the structure of the objective function for this problem does not
quite match ours, and this approach will not work for the adaptive piggybacking problem.)

3.3 Snapshot Algorithm
We now combine the (stochastic) generalized simple merging policy and the (deterministic) dynamic programming technique into a practical window-based piggybacking policy known as the
snapshot algorithm. Assume again that there are no pauses, resumes, fast-forwards or rewinds.
The algorithm is based on the idea of taking snapshots of the positions of the streams at xed time
intervals, say of I units each. We will call these the snapshot intervals. The rst stream arriving
within a snapshot interval is assigned a speed of Smin . All other arriving streams within this same
snapshot interval are assigned a speed of Smax . Suppose there are n such streams, with stream 1
being slow and streams 2; :::; n being fast. This mimics the original and generalized simple merging
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policy described in [15] and the previous section. Notice that all n streams will lie within a window,
measured in frames, of length W = I  Smax . We shall refer to W as the snapshot window size.
We will choose I in a way that ensures that the snapshot window size is less than or equal to the
maximum catchup window size Wm . By the end of the snapshot interval some of our initial n
streams may have merged. We shall use our dynamic programming algorithm in order to modify
the speeds of all the remaining streams that were initiated in the interval. We do not a ect the
speeds of streams from previous snapshot intervals.
Actually, many variants of this snapshot algorithm are possible. One could, for example, solve the
overall dynamic programming problem for all currently playing streams, not just the ones within
the most recent snapshot interval. This approach would appear to be too costly, given the complexity of the dynamic programming algorithm. Of course, the e ectiveness of the algorithm itself
will cause the number of surviving streams to be signi cantly reduced relative to the number of
original customer requests. Conversely, the ratio of surviving streams relative to original requests
should decrease throughout the lifetime of the video. Thus it is more important to perform the
dynamic programming algorithm for earlier rather than later streams anyway. A second apparently
reasonable algorithmic variant might group streams together according to their arrival snapshot
interval, and resolve the dynamic programming problem for each such group at the end of every
snapshot interval during its lifetime. These groupings would appear plausible in the sense that the
last stream from one snapshot interval and the rst stream from the next snapshot interval are
naturally moving away from each other anyway. But a little thought will show that all subsequent
solutions to the dynamic programming problem will be identical to the original one. Thus the snapshot algorithm we have presented appears to represent the best tradeo among various reasonable
alternatives.
We refer the reader to [2] for further discussion of the snapshot algorithm. In particular, that
paper discusses special features such as pause/resume and fast forward/rewind. Pseudocode for all
of the snapshot components is provided. Other adaptive piggybacking algorithms are also discussed
there, and compared via simulation experiments to the snapshot algorithm. We remark again that
adaptive piggybacking see [15, 16]. The piggyback merging algorithms simple merging, odd-even
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and greedy policies are taken from these papers.

4 Disk Load Balancing
We have already suggested that VOD disk load balancing and scheduling appears to be a complicated problem. On the positive side, video streams, once requested, represent a logically de ned
unit of load to the disks. They are read-only in nature, and basically predictable in length. Since
pause/resume and fast forward/rewind are relatively infrequent events, one can assume that the
viewer watches a video without interruption for long stretches at a time. Video on disks is typically
stored in MPEG compressed format [18], and di erent videos require similar megabits per second
rates. Thus, although a disk has a well-de ned maximum acceptable I/O bandwidth, that limit
can be achieved in a manner largely independent of which videos are actually being played.
The load balancing problem is made more complicated by the fact that some videos are vastly more
popular than others at any given time. Furthermore, this highly skewed distribution varies on a
weekly, daily, and even hourly basis, due to changing video popularity and customer mix.
We should observe that some videos may be hot enough to justify their being stored in main memory,
not disk. Similarly, other levels of the storage hierarchy (such as tape) may be appropriate for cold
videos. We will ignore these issues here, and consider only the videos which reside on disk. The
popularity of the hottest such videos can often be so great that storing them on a single disk may
not be feasible from a performance standpoint. Playing them from a single disk may cause that
disk to be overloaded. A partial solution to this is to use striped disks [6]. By combining, for
example, each group of 8 disks into an 8-way disk striping group (DSG), the load generated by each
video stream can be cut correspondingly, and the overall load across each of the 8 disks essentially
balanced. Nevertheless, striping does have its disadvantages, for example availability in the event
of disk failures. These tradeo s imply that the degree of striping should be limited to some extent.
Thus, depending on the required throughput it will still typically be necessary to create multiple
copies of some videos. Likewise, given a xed striped disk con guration and a xed number of
videos to be o ered, there may actually be spare disk space available for replicating certain videos.
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The idea behind DASD dancing is to take advantage of multiple video copies on disk to solve the
VOD load balancing problem e ectively. However, the algorithm does work synergistically with
disk striping, and is more e ective than disk striping alone. The DASD dancing algorithm consists
of two stages. One is static, and the other dynamic.
The static stage decides, based on video forecasts and the hardware con guration, which videos
should reside in memory, if any, and which videos should reside on tape. For the remaining videos, to
be stored on disk, it then employs an optimization technique for solving the so-called apportionment
problem to determine the optimal number of copies per video. Again, this technique is borrowed
from the theory of resource allocation problems [17]. Finally, there is an algorithm which makes
good quality assignments of videos to DSGs. The static stage is meant to be run periodically,
perhaps once per day. It can be run either from scratch or in incremental mode. The latter mode
allows for constraints which limit the number of copy and assignment changes. While the various
static stage components involve interesting optimization problem algorithms, we will only have
space in this paper for a brief discussion of the apportionment problem.
The dynamic stage handles the on-line scheduling of videos to DSGs, based on the output of the
static stage and on uctuating video customer requests. These uctuations occur because videos
start and complete, and also because customers may pause and resume in-progress videos. The
algorithm uses an optimization technique for solving so-called class constrained resource allocation
problems [9, 25] to determine optimal load balancing goal at any given moment. Much of the time,
the decision on which DSG should handle a new video request or resumed video can be performed
on a greedy basis: Speci cally, we play the video on that DSG which is relatively most underloaded
among those DSGs which have a copy. However, periodically load balancing using this approach
may degrade. When the quality of the disk load balancing di ers from the goal by more than
a prede ned threshold, a DASD dance is initiated. This dance is based on an algorithm which
is also graph-theoretic, and has the e ect of shifting load from relatively overloaded to relatively
underloaded DSGs. As an example, consider a situation in which the video A is assigned to DSGs
1 and 2, video B is assigned to DSGs 2 and 3, and video C is assigned to DSGs 3 and 4. If DSG
1 is overloaded and DSG 4 is underloaded, the DASD dancing algorithm might change a currently
playing stream of video A from DSG 1 to 2, a currently playing stream of video B from DSG 2 to
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3, and a currently playing stream of video C from DSG 3 to 4. The directed graph
A 2 ?!
B 3 ?!
C 4
1 ?!
represents this scenario neatly, with the nodes corresponding to DSGs and the directed arcs corresponding to videos. The e ect of this three-step \dance" is to lower the load on DSG 1 by one and
raise the load on DSG 4 by one. There is no net e ect on DSGs 2 and 3. The actual transfer of
plays can be achieved via a simple baton passing primitive.

4.1 Determining Load Balancing Objectives
First we x some notation. Let M denote the number of videos stored on disk, and D denote the
number of DSGs. (If we let S denote the degree of striping employed, then S D is the number of
actual disks.) Let A = (ai;j ) denote the assignments of video copies to DSGs. Thus A is a f0; 1g
MD matrix de ned by
8
>
< 1 if a copy of video i exists on DSG j;
ai;j = >
: 0 otherwise.
Associated with each DSG j is a maximum acceptable number Lj of concurrent video streams.
This number depends on the performance characteristics of the disks, and is chosen to ensure that
the real-time scheduling problem of reading the videos within a required xed deadline can be
solved successfully. To avoid reaching this threshold and balance the load on the disks we shall
employ a function Fj for each DSG j which progressively penalizes loads approaching Lj . Thus Fj
can be any convex increasing function on the set f0; : : :; Lj g satisfying Fj (0) = 0: (An analytically
or experimentally derived performance curve for the DSG will typically have these properties.)
Assume at a given moment that there are i streams of video i in progress. We break these down
P
further into i;j streams playing on DSG j . Thus i = Dj=1 i;j , and i;j = 0 whenever ai;j = 0.
P
We let  = M
i=1 i denote the total number of all video streams in progress.
The disk loads are optimally balanced given the current load and video-to-DSG assignments when
the objective function
D
M
X
X
Fj ( xi;j )
(24)
j =1

i=1
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is minimized subject to the constraints

xi;j 2 f0; : : :; Lj g;
D
X

and

xi;j
j =1
xi;j = 0

(25)

= i

(26)

if ai;j = 0:

(27)

P
Note that for the optimal solution, Xj = M
i=1 xi;j represents the desired load on DSG j . Our goal
PM
will be to ensure that Xj and i=1 i;j are always close to each other for each j .

Now the optimization problem described above is a special case of the so-called class constrained
resource allocation problem. The classes here correspond to the videos, and the constraints refer
to the infeasibility of playing a video on a DSG on which that video does not exist. As shown
independently in [9, 25], class constrained resource allocation problems can be solved exactly and
eciently using a graph-theoretic optimization algorithm.
Although the algorithm in [25] is too long to present here in full, we will present an overview of it
as it applies to the special case above. There are two reasons to do so: First, the algorithm will
be called as part of the dynamic phase scheme, in order to set the target DSG loads. Second, the
graph technique of the original algorithm in mimicked in the next component of the dynamic phase
scheme. Assuming a feasible solution exists, the algorithm proceeds in  steps. A directed graph
is created and maintained throughout the course of the algorithm. The nodes of the graph are the
DSGs 1; :::; D, plus a dummy node which we label as node 0. We also create and modify a partial
feasible solution fxi;j ji = 1; :::M; j = 0; :::; Dg. Initially, this partial feasible solution is set for each
i to have xi;0 = i, and xi;j = 0 for all j = 1; :::; D. The directed graph at any step has a directed
arc from a node j1 2 f0; :::; Dg to a node j2 2 f1; :::; Dg if there is at least one video i1 satisfying
(1) ai1 ;j1 = ai1 ;j2 = 1,
(2) xi1 ;j1 > 0,
P
(3) M
i=1 xi;j2 < Lj2 .
(Note that there may be directed arcs from node 0, but there are no directed arcs to node 0.) The
general step of the algorithm nds, among all nodes j 2 f1; :::; Dg for which there is a directed
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path from 0 to j , the node for which the rst di erence

Fj (

M
X
i=1

M
X

xi;j + 1) ? Fj (

i=1

xi;j )

(28)

is minimal. If no such node exists, the algorithm terminates with an infeasible solution. Otherwise,
an acyclic directed path is chosen from 0 to the optimal node. For each directed arc (j1; j2) in this
path, the value of xi1 ;j1 is decremented by 1 and the value of of xi1 ;j2 is incremented by 1 for an
appropriate video i1. Performing this step over all directed arcs has the e ect of removing one unit
of load from the dummy node, and adding one unit of load to the optimal node. There is clearly
no net e ect on the load of the intermediate nodes. Thus the dummy node serves as a staging area
for the resources, one of which is released in each step into the DSG nodes. Bookkeeping is then
performed on the graph, which may modify some directed arcs and potentially disconnect certain
nodes, and the step is repeated. After  steps the algorithm terminates with an optimal solution
to the original class constrained resource allocation problem. The complexity of this algorithm is
O(D(D + D2 + M )). See [25] for further details.

4.2 Dynamic Scheme
With these preliminaries, we are now ready to discuss the dynamic algorithm itself. Clearly, stream
requests are increased by 1 when a customer starts a new video or resumes a currently paused video.
(Similarly, stream requests are decreased by 1 when a customer nishes a video or pauses a currently
playing video; we do not actively concern ourselves actively with these.) Normally, handling request
increases can be accomplished by employing the obvious greedy algorithm. In other words, if a new
stream of video i1 is to be added, that DSG j satisfying ai1 ;j = 1 whose rst di erence

Fj (

M
X
i=1

M
X

i;j + 1) ? Fj (

i=1

i;j)

(29)

is minimal is chosen. However, periodically this approach may degrade. To check this, we solve
the class constrained resource allocation problem above to obtain optimal DSG loadings given the
P
current video requests. Reindexing these DSGs according to decreasing values of M
i=1 i;j ? Xj
puts them in order of most overloaded to most underloaded, relative to optimal. (To x notation,
suppose that the rst D1 DSGs are relatively overloaded, and the last D2 DSGs are relatively
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P
underloaded.) If the values M
i=1 i;j ? Xj di er from zero by more than some xed threshold T
according to any reasonable norm, the DASD dancing component of the dynamic phase algorithm
P
will be initiated. (The excess M
i=1 i;1 ? X1 of the relatively most overloaded DSG is one such
norm.) We let B denote the value of this norm, an indicator of load balancing badness.)

The DASD dancing component is also graph-theoretic, maintaining at all times a directed graph G
de ned as follows: The nodes correspond to the DSGs. (There is no dummy node.) For each pair
j1 and j2 of distinct nodes, there is a directed arc from j1 to j2 provided there exists at least one
video i1 for which
(1) ai1 ;j1 = ai1 ;j2 = 1,
(2) i1;j1 > 0,
(3)

PM

i=1 i;j2

< Lj2 .

As before, the existence of a directed arc signi es the potential for reducing the load on one
DSG, increasing the load on another without exceeding the load capacity, and leaving the loads
on other DSGs una ected. We try, of course, to move load from relatively overloaded to relatively
underloaded DSGs. The algorithm has a main routine and one subroutine. The main routine wakes
up whenever the badness threshold is exceeded, and continues to call the subroutine until either the
load balancing is satisfactory or no further improvements can be made. The subroutine performs
the DASD dance from the most overloaded possible DSG to the most underloaded possible DSG.
Note that the requirement to proceed along a shortest directed path implies that each directed
arc involves the baton-passing transfer of a di erent video. For a single arc baton passing can be
accomplished using a synchronization primitive. This is not dicult to implement, but we omit
details here. The point is that this dynamic scheme will have the e ect of balancing the load to a
larger degree than would be possible without transfering videos dynamically.
We illustrate the DASD dancing dynamic load balancing scheme via a simple example. Consider
Figure 3, which shows the directed graph for a scenario with 6 DSGs and 4 videos. (In the gure
we show a single arc between DSGs whenever a video is stored on both of them. We draw in the
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DSG 2

DSG 1

DSG 3

DSG 6

DSG 4
Video A
Video B
Video C
Video D

DSG 5
Figure 3: Sample DASD Dance

arrows (two way, one way or no way) as appropriate. Suppose that DSG 1 is overloaded, while
DSG 6 is underloaded. Then a DASD dance to help x this imbalance might consist of transfering
of one stream for video A from DSG 1 to DSG 2, one stream for video B from DSG 2 to DSG 5,
and one stream for video C from DSG 5 to DSG 6.
We should observe that it is possible to shorten the execution time of the dynamic phase scheme by
eliminating the calls to the class constrained resource allocation problem algorithm. Speci cally,
consider the corresponding resource allocation problem in which the classes have been removed:
Thus we wish to minimize the objective function
D
X
j =1

Fj (xj )
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(30)

subject to the constraints

xj 2 f0; : : :; Lj g

(31)

xj = :

(32)

and

D
X
j =1

By de nition, the value of the objective function for this problem is less than or equal to the corresponding value for the class constrained problem. But if the video-to-DSG assignment algorithm
described in the next section is done well, the optimistic assumption that the values will be close
is generally justi ed. Thus we can use each value xj as a surrogate for Xj . This new optimization
problem is solvable by an algorithm [11] with computational complexity O(D +  log D). Because
of its incremental nature, this algorithm computes the optimal solution for all values between 1
and  as it proceeds. Thus these can be stored and simply looked up as needed, rather than being
computed each time. (There exist faster algorithms [12, 13] for this resource allocation problem,
but they are not incremental in nature. See also [17] for a further details.)
If all the disks are homogeneous in the sense that they have identical performance, we can do better
still. In this case we can assume that L = Lj and F = Fj for each DSG j , and then the resource
allocation problem solves trivially (modulo integrality considerations), with each xj = =D.

4.3 Static Scheme
As indicated, we will not have space to discuss the actual assignments of videos to DSGs. We
simply make the comment that in both the incremental and from scratch versions, the goal is to
obtain high connectivity in the graph H whose vertices are the DSGs and whose arcs correspond
to videos resident on both DSGs. This undirected graph mimics the directed graph G. The idea is
that if H is highly connected then G will be also at most instants in time. This is highly desirable
from the DASD dancing perspective. Full details on the static phase algorithm can be found
in [27]. Here we content ourselves with a discussion of the rst step in this process, namely the
computation of the number Ai  1 of required copies for each video i based on its forecasted request
frequency ^ i . Let A denote the (maximum) allowable number of video disk copies in the system.
P
The problem of making each Ai roughly proportional to ^ i with the constraint that A = M
i=1 Ai
is known as the apportionment problem, and arises naturally (as one might imagine) in the context
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of government representation. Many schemes have been proposed for this problem, and the DASD
dancing algorithm adopts Webster's Monotone Divisor Method. (Ingenious alternative schemes are
due, for example, to Hamilton, Adams and Je erson, all gures from the American revolution.
Details may be found in [17].)
We again refer the reader to [27] for further discussion of the DASD dancing algorithm. In addition
to presenting the algorithmic details and pseudocode missing here, that paper compares DASD
dancing via simulation experiments to a simple greedy load balancing algorithm. It also describes
certain system related issues which arise in the implementation of DASD dancing, and discusses a
VOD con guration problem which is in some sense dual to that of disk load balancing. See also
[10] for a disk load balancing algorithm which depends more heavily on striping. The optimization
of disk arm scheduling, while orthogonal to disk load balancing, is also an important topic. See
[5, 21] for details.

5 Summary
In this paper we have focused on three multimedia problems which can be tackled in part by solving
sophisticated optimization algorithms. The rst and third of these problems pertain to batching and
disk load balancing. The maximum factored queue length policy which solves the former problem
and the DASD dancing policy which addresses the latter both rely on the solutions to resource
allocation problems of one sort or another. The second problem pertains to adaptive piggybacking,
and the snapshot algorithm which handles this problem relies on dynamic programming. We believe
that VOD system designers may wish to become familiar with these optimization techniques.
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