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ing and classifying objects, reducing the cost of clas-si�cation (e.g., eliminating redundant tests in medicaldiagnosis), and improving the quality of classi�cation[1]. It is well known that searching for the smallestsubset of features in the feature space takes time thatis bounded by O(2lJ); where: l is the number of fea-tures, and J is the computational e�ort required toevaluate each subset. This type of exhaustive searchwould be appropriate only if l is small and J is com-putationally inexpensive. Greedy approaches like Se-quential backward/forward techniques [2, 3], and dy-namic programming [4] are some of the e�cient searchtechniques applied with some feature selection crite-rion. For near-optimal solutions or optimal solutionsin special cases, weights of either individual featuresor combinations of features are computed with respectto some feature selection criteria (or measures) suchas Bhattacharya coe�cient, divergence, Kolmogorovvariational distance, etc., in statistics [5, 6]; entropy orclassi�cation accuracy in pattern recognition and ma-chine learning [?, 7, 8]; classi�cation quality based onvariations of MZ metric in information retrieval sys-tems [9]. In such procedures, irrelevant features areeither eliminated or assigned small coe�cients.We present four feature selection algorithms of poly-nomial time complexity. The objective is to �nd asmall subset of features that are su�cient and neces-sary to de�ne target concepts with respect to a giventhreshold. The threshold value indicates how muchdegradation one is willing to allow in the quality ofclassi�cation. Controlled threshold value is inspiredby Salzberg's CSS algorithm [10]. Even though ourfeature selection algorithms are developed as a pre-processing stage for rough classi�ers, they can cer-tainly be integrated to any other data analysis tech-nique.The theory of rough sets in either algebraic or proba-bilistic approximation spaces has been used for a num-ber of real life applications; namely, in medicine, phar-macology, industry, engineering, control systems, so-cial sciences, switching circuits, image processing, etc.,[11, 12]. In this article we consider classi�cation meth-1



ods only in algebraic approximation spaces, which donot require any preliminary or additional informationabout data, as opposed to rough sets in probabilis-tic approximation spaces. We use upper classi�ersand decision tables to address some aspects of verylarge data that can be listed as redundant, incomplete,noisy, and dynamic data [13]. In the rough set liter-ature, the terms `inconsistent' and `nondeterministic'decision algorithms (or rules) are used interchangeably[14, 15], though they are di�erent concepts. As shownin Deogun et al. [16], inconsistent decision algorithms,under an appropriate representation structure, can beinterpreted deterministically as well as nondeterminis-tically. This is an important result, particularly whenthe background knowledge is incomplete and dynamic.We have proposed in Deogun et al. [17], ways to im-prove upper classi�ers { one of the classi�cation meth-ods in rough set theory. The enhancement is achievedby a sequential backward feature selection algorithmto preprocess a given set of features. This is importantbecause rough classi�cation methods are incapable ofremoving super
uous features. We also proved thatthe sequential backward selection algorithms �nd asmall subset of relevant features that are ideally suf-�cient and necessary to de�ne target concepts withrespect to a given threshold. This threshold value in-dicates acceptable degradation of classi�cation quality.In [17], only one heuristic was reported. In this paper,we present a comprehensive experimental study of fourdi�erent algorithms.2 Classi�cation Methods inRough Set TheoryA decision table is de�ned as a quadruple S = (U;Q =CON[DEC; V; �) where: U is the �nite set of objects;Q is the the union of condition, denoted by CON , anddecision attributes, denoted by DEC; V is the unionof domains of attributes in Q; and � : U � Q ) Vis a total description function. For all x 2 U anda 2 Q, �(x; a) = �x(a). For given P � Q, letjP j = m. For given P � Q, let jP j = m. Letus introduce following notations. ��x (P ) denotes ex-tended version of total description function, that is,��x (P ) =< v1; v2; : : : ; vm >, where vi = �x(Pi). ePdenotes the equivalence relation on U de�ned by thevalues of P; that is, eP = f(x; y) : x; y 2 U^ ��x(P ) =��y (P )g: U=eP denotes the set of blocks of eP onU: [x]eP = fy : ��x (P ) =��y (P )g denotes a block of

U=eP:Let X � U be a concept of interest. A decision al-gorithm, denoted by DA(X), is induced from S suchthat, for a given object x, it yields one of these threeanswers: a) x is in X , b) x is not in X , c) unknown.Let POSS(X) be the set of objects that is consideredto be a part of the concept X by the decision algo-rithm DS(X). Let BNDS(X) be the set of objects forwhich DS(X) gives the answer of unknown. Finally,let NEGS(X) be a set of objects that are not regardedas members of X by DS(X).The approximation accuracy of a decision algo-rithm DS(X), denoted by AD, is de�ned as the ra-tio of objects in POSS(X) that are correctly approx-imated to be in X to all objects in POSS(X); thus,AD = jPOSS(X) \X j = jPOSS(X)j : We also intro-duce a second accuracy measure that is called the ap-proximation accuracy of a concept X in S and is de-noted by AC. It is de�ned as the ratio of objects inX that are correctly approximated as POSS(X) to allobjects in X; AC = jPOSS(X) \X j = jX j : To get theoverall picture, we propose to consider the normalizedsize of intersection between POSS(X) and X: This in-tuitive idea, denoted by �S(X); can be formalized asfollows.�S(X) = 1s1 1AC + s2 1AD = jX \ POSA(X)js1 jX j+ s2 jPOSA(X)j ;where s1 and s2 are scaling factors and their sum mustbe equal to one. These scaling factors quantify theuser's preference as to amount of increment in accu-racy of DS(X) desired relative to a certain loss in ac-curacy of X (or vice versa). If s1 = s2 = 0:5; then themeasure becomes equal to what we call Dice's coe�-cient in information retrieval systems.In the following, we introduce positive regions of thethree approximation methods.1. The lower bound approximation: POSlS(X) =fx 2 U : [x]eP � Xg:2. The upper bound approximation: POSuS(X) =fx 2 U : [x]eP TX 6= ;g.3. The elementary set approximation: POSeS(X) =S jRi\XjjRij �� Ri; where � denotes a threshold valueranging in (0:5; 1] and Ri 2 U=gCON:For all approximation methods stated above, theboundary region BNDS(X) is equal to POSuS(X) �POSS(X):A classi�cation problem is described as generating adecision algorithm from S, DS(U=gDEC), that relates2



elements of U=gCON to that of U=gDEC. IfDS(U=gDEC)is a relation then it is called an inconsistent decisionalgorithm; otherwise, it is said to be a consistent de-cision algorithm. Let U=gDEC = fX1; X2; : : : ; Xng:Since POSS(U=gDEC) = SX2U=gDEC POSS(X), theextension of an approximation method to its counter-part in classi�cation problem is straightforward. Simi-larly, the classi�cation quality 'S(U=gDEC) is equal to1jUjPni=1 jXij�S(Xi).Our motivation is two fold. First, from the pointof database mining applications, knowledge discoverymethods must deal with incomplete or noisy data. Thelower classi�cation method, a traditional rough set ap-proach, induces a consistent decision algorithm thatcovers only certain data. On the other hand elemen-tary set classi�er provides us with a good consistentapproximation to unknown concepts when data is un-certain at the expense of more demand on disk space.Second, one of the characteristics of database miningis that data is dynamic. Neither lower nor elementaryset classi�cation methods provide a basis for adaptiveclassi�ers since they weed out some portion of back-ground knowledge. In contrast, the upper classi�ca-tion method assumes that such a decision is a matterof how its decision algorithm is interpreted; that is, anupper classi�er keeps track of inconsistency given ina background knowledge. Thus, an inconsistent deci-sion algorithm might be interpreted deterministicallyor nondeterministically. This feature of upper clas-si�cation method enable us to develop a truly adap-tive classi�ers. Additionally an upper classi�er, a de-cision algorithms produced by the upper classi�cationmethod, could be just as well interpreted as if it wereproduced by the classi�cation method using only lowerbounds or elementary sets1. We will elaborate thispoint in the Section 6.3 Statement of the ProblemLet S=P denotes a substructure of S such that S=P =(U;Q0 = P [DEC;Sa2P Va; �0); where P � CON; �0is a restriction of � to set U�q0:We say that CON�Pis �-super
uous in S i�'S=P (U=gDEC) = 'S(U=gDEC)(1� �);where 0 � � � 1: Similarly, we say that P is a �-reduct of CON i� CON � P is a �-super
uous in Sand no P 0 � P is �-super
uous in S=P: Note that if� = 0 we simply call them super
uous or reduct. As1Any [x]gCON in S is called elementary set.

we have stated before, the feature selection problem isto choose a small subset of features that is necessaryand su�cient to de�ne the target concept(s). In termsof these new de�nitions, feature selection problem canbe re-expressed as �nding a �-reduct of CON in S:4 Feature Selection AlgorithmsWe have developed and experimentally evaluated fouralgorithms for feature selection. All these algorithmsfall under the class of Sequential Backward Selection(SBS) algorithms. These methods are: 1.) Best �tSBS (BFS), 2.) Hybrid Heuristic SBS (HHS), 3.)Alternating Heuristic SBS (AHS), 4.) K-level BestSBS (KBS). For a given decision table S and thresh-old value �, let the state of a node in search spacebe made up of a subset of condition attributes CON;denoted by F; and quality of upper classi�cation, de-noted by 'uS=F (U=gDEC): State of the root node is, de-�ned by CON and 'uS(U=gDEC): Note that the super-script u is used to indicate that POSS(Xi) is de�nedas POSuS(Xi), for each Xi 2 U=gDEC. The feasibilitycondition for a current node to be expanded is imposedas'uS=F (U=gDEC) � 'uS(U=gDEC) � (1� �):In BFS one starts with the set of all features andfeatures are removed one at a time. To justify thatBFS algorithm �nds a �-reduct of CON in S; we recallthat the quality of upper classi�er decreases as thefeature set is pruned down[17, 18]. In BFS algorithm,we initialize the current node to the root node in thebeginning. Here the state of root node consists of thegiven set of features and quality of classi�cation usingthese features. We select as the current node a feasiblenode whose quality of classi�cation is the highest (best�t) in that level and then expand this node to get thenodes at the next level. This process is repeated untilthe node has a feature set of size at most one or no nodeat that level meets the feasibility condition. Let F bethe computational e�ort to compute theta-super
uousin given S, then, BFS was shown to be of order O(l2);complexity [18], where l = jCON j.For the HHS algorithm, in the beginning, the cur-rent node is initialized to root node. The current nodeis expanded to its successors which have one less con-dition attributes than its predecessors. We then makethe �rst node that meets feasibility condition (�rst �t)as the current node. If none of the successor nodesmeets the feasibility condition, then we backtrack onlyone level and try to �nd another current node. We con-tinue this process until the termination condition for3



the search process is reached. The termination condi-tion for the search process is either the cardinality ofcondition attributes becoming one or no feasible nodesare left to explore in this controlled search space.AHS algorithm initializes current node to rootnode. Then it alternatively uses two heuristics to de-termine the current node at alternate levels in thesearch tree. One of the heuristics is BFS, de�nedearlier. In the other heuristic, the �rst �t strategy isused to determine the current node at a level. Thisprocess is continued until either the node has only onecondition attribute or none of the nodes at the currentlevel meets the feasibility condition.KBS algorithm divides the search space from rootnode level (or level-1) to leaf node level (or level-jCON j) into d KjCONje groups. That is each group oflevels has k levels with an exception of last group whichwill have less than or equal to k levels. We call rootnode as the current node to begin with. Then we de-termine the best node in �rst group of levels by ex-haustive search and then kill all other nodes except thebest node at the end of searching this group of levels.Now this node becomes the root node for next groupof levels. This process of �nding the best node andeliminating all other nodes at the end of each group oflevels is repeated until the node has only one conditionattribute or no feasible nodes are left in the currentgroup of levels to expand.5 Experimental ResultsA set of experiments that use traditional machinelearning data sets were designed and used to test theperformance of upper classi�ers based on these algo-rithms. The data sets used are from the UC Irvine'smachine learning repository (Murphy and Aha) [19],except for parity 5+10 and XOR, which are arti�cialdata sets where the parity 5+10 is the concept of par-ity of �ve bits with ten irrelevant bits and XOR is theconcept of parity `exclusive or' with thirteen irrelevantbits. If the data set has a test set, then we use that,otherwise, we randomly choose two third of the objectsfrom each class of the corresponding data set.Table 1 shows the data sets used with their num-ber of attributes, training and test set sizes. Table2 shows the percentage of accuracy for di�erent datasets and di�erent methods using di�erent data setsfor test and training and same data sets for test andtraining. The test sets used in the �rst group of ex-periments are used both as training and test sets inthe second group. We call the �rst group of testsas Predictive Experiments and the second group of

tests as Upperbound Experiments. Upperbound Ex-periments are seen as providing upper bound on the ac-curacy achievable by the Predictive Experiments. Thistable gives the accuracies of the upper classi�er with-out and with the feature selection algorithms. Table 3and Table 4 present the feature subsets and percentageof reduction in feature sets for di�erent data sets usingdi�erent feature selection algorithms. Table 3 refers tothe results of Predictive Experiments whereas Table 4refers to the results of Upperbound Experiments. Ta-ble 5 shows the number of nodes visited for di�erentdata sets using di�erent methods. Table 5 has the re-sult for both groups of experiments. Tables 2 through5 appear in the last page, due to their size. Note thatfor all training sets we set the threshold � to 0:5%:When a data set contains a missing value, we as-sume that it is a non-quantitative value and distinctfrom any other value, including other occurrences ofmissing values. No domain knowledge on data sets isexploited, except the type of attributes, e.g., quanti-tative or non-quantitative. When the description of agiven object does not match to known concepts we use5NNR classi�cation scheme with Euclidean distancefunction to determine closest known concept. The dif-ference between two values of an attribute are com-puted as suggested in Relief algorithm [1]; that is, thedi�erence between two non-quantitative values is oneif they are di�erent and zero otherwise, and the dif-ference between two quantitative values is normalizedinto the interval [0,1].We �rst consider results from Table 2. Except forGlass, Monks, and Hepatitis data sets, the perfor-mance obtained in Predictive Experiments approachthose in the case of Upperbound Experiments. Thissuggests that for Glass, Monks, and Hepatitis datadata set Size No. of AttributesTraining set Test setGlass 66 148 9Breast cancer 211 488 9Parity 5+10 226 524 15Iris 45 105 4Monk 1 124 432 6Monk 2 169 432 6Monk 3 122 432 6Vote 132 303 16Soybean-s 15 32 35XOR 226 524 15Mushroom 2439 5685 22Hepatitis 47 108 19Table 1: Test and Training sets for di�erent variousdata sets.4



sets, the training sets are not well designed. Since re-duced training sets of XOR and Parity data sets werecomplete, in the sense that they contained all combina-tions of corresponding relevant attributes, BFS+UCand KBS+UC performed much better than UC did.For XOR data set, AHS + UC and HHS + UC alsoperformed much better than UC did. The only datasets for which BFS + UC performed worse than UCwere small soybean, and glass data sets. AHS + UC,and HHS + UC performed worse than UC on glass,monks1, and monks2 data sets. KBS+UC performedpoorly only in the case of glass data set. In the caseof Upperbound Experiments, only monk1 data set per-formed relatively worse in the case of all the heuristics.Considering Tables 3 and 4, on XOR data set, allalgorithms found the smallest reduct of the attributes.On the other hand, on Parity data sets, BFS andKBS algorithms found smallest reduct of attributes.The average percentage of the reduction in features ofdata sets is 68:83% in the cases of BFS + UC andAHS + UC, 60:25% in the case of AHS + UC and59:07% in the case of HHS + UC in the case of Pre-dictive Experiments. The average percentage of thereduction in features of data sets is 62% in the casesof BFS + UC and AHS + UC, 59:27% in the caseof AHS + UC and 60:27% in the case of HHS + UCin the case of Upperbound Experiments. When Par-ity and XOR were ignored, the average percentage ofthe reduction in features of data sets is 68:20%. Theseresults indicate that all the proposed algorithms �nda small subset of features that are su�cient to de�netarget (or unknown) concepts.Table 5 gives an indication of how fast the featureselection process is, for di�erent feature selection algo-rithms. These feature selection methods take time pro-portional to the number of the nodes they have to visitin order to obtain the smallest possible subset of at-tributes. Generally speaking, the number of nodes vis-ited is a function of training data sets, number of ini-tial attributes, and the feature selection method used.For example, if the initial number of attributes arefewer in number, then UC+AHS and UC+HHS arefaster for all the data sets except the parity, monk1,monk2, and monk3. We also notice that, the algo-rithms UC + BFS and UC + KBS have performedequally well, in terms of accuracy and the percent-age reduction in the size of the feature set, for all thedata sets. However, UC + KBS is more e�cient ascan be seen by the number of nodes visited by thisalgorithm compared to that visited by the algorithmUC + BFS. Hence, if initial set of features is large,then UC + KBS can be recommended as a suitable

choice. However, if feature set is small, then eitherUC +ABS or UC +HHS can be used depending onthe data set, used.6 Extended Decision TableThe classi�cation methods are data driven methods,and hence, it is unrealistic, in most cases, to expectthat the decision rules obtained from a snapshot/partof a database will stand up no matter how the databasechanges over time. Therefore, one usually associatessome frequency information with the decision rules tomake them incremental. We call such information in-cremental information.To incorporate incremental information into the de-cision table, we have introduced the notion of Ex-tended Decision Table (EDT) in which each row corre-sponds to a decision rule. We use EDT to represent adecision algorithm that is induced such that the ante-cent part of each rule corresponds to only one elemen-tary set in the base decision table. Details of EDT areomitted for lack of space and they can be found in[16].The important thing we would like to point out is thatEDT can be useful in three places.First, EDT enables us compute the accuracy mea-sure of a decision rule. Second, EDT is adaptive be-cause any data entry into ( or update on) its basedecision table is easily propagated to it. Third, EDTenable us to interpret inconsistent decision algorithmseither deterministically or nondeterministically. Adeterministic interpretation of an inconsistent EDTwould be to always select the row whose accuracy mea-sure is the maximum among the con
icting rows for agiven x 2 U . On the other hand, a nondeterministicinterpretation of inconsistent EDT would be to selecta row randomly when there is a domain con
ict amongthe rows for a given x 2 U . The random choice canbe biased in proportion to the relative values of theapproximation accuracy of the rows.7 ConclusionWe have proposed and experimentally evaluated fourfeature selection algorithms that �nd a �-reduct of agiven feature set in polynomial time. Based on our ex-periments, we are con�dent that we can �nd �-reductwith very little or almost no degradation in classi�ca-tion quality. In one group of experiments, the samedata is used to both train and test a classi�cation sys-tem, in order to determine an upper bound on theperformance of that system. It has been shown that5
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data set %Accuracy for Predictive Experiments %Accuracy for Upperbound ExperimentsUC UC+BFS UC+AHS UC+HHS UC+KBS UC UC+BFS UC+AHS UC+HHS UC+KBSGlass 64.3 36.5 53.4 50 36.5 100 100 100 100 100Breast 96.4 91.8 93.1 95 91.8 100 99.6 99.6 99.6 99.6Parity 55.5 100 52.9 55.9 100 100 100 98.7 98.7 100Iris 92.4 94.3 94.3 94.3 94.3 95.2 95.2 95.2 95.2 95.2Monk 1 86.1 100 70.4 70.4 100 100 83.3 75 75 83.3Monk 2 74.8 67.8 67.8 67.8 67.8 100 84.7 78.9 78.9 84.7Monk 3 90 93.5 93.8 93.8 93.5 100 100 100 100 100Vote 91.1 95.4 95.7 93.4 95.4 100 99.3 99.3 99.3 99.3Soybean-s 96.9 61.1 100 100 100 100 100 100 100 100XOR 78.1 100 100 100 100 100 100 100 100 100Mushroom 99.5 99.7 99.6 99.8 99.7Hepatitis 75.9 77.8 81.5 78.7 77.8 100 100 100 100 100Table 2: Comparison of classi�cation accuracies of UC and other heuristics on various data sets.data set UC+BFS UC+AHS UC+HHS UC+KBSAttr. Subset %Red. Attr. Subset %Red. Attr. Subset %Red. Attr. Subset %Red.Glass 0 89 5,6 78 5,6 78 0 89Breast 0,2 89 3,5,6 67 5,6,7,8 56 0,2 89Parity5+10 0,1,2,3,4 67 2-9,11-14 20 2,3,5,6,7,9-14 27 0,1,2,3,4 67Iris 2 75 2 75 2 75 2 75Monk 1 0,1,4 50 1,2,3,4,5 17 1,2,3,4,5 17 0,1,4 50Monk 2 1,2,3,4,5 17 1,2,3,4,5 17 1,2,3,4,5 17 1,2,3,4,5 17Monk 3 0,1,3,4 33 1,3, 4,5 33 1,3,4,5 33 0,1,3,4 33Vote 1,2,3,6,8 69 3,7,8,9,10 69 3,13,14,15 75 1,2,3,6,8 69Soybean-s 0,2,3,5 89 20,21 94 26,27,34 91 0,2,3,5 89XOR 3,8 87 3,8 87 3,8 87 3,8 87Mushroom 2,4,9,10,13 77 4,9,10,14 82 8-10,15,19-21 68 2,4,9,10,13 77Hepatitis 0,2,4 84 8,10,13 84 15,17,18 84 0,2,4 84Table 3: Comparison of reduction in attribute sets for heuristics for Predictive Experiments.data set UC+BFS UC+AHS UC+HHS UC+KBSAttr. Subset %Re. Attr. Subset %Re. Attr. Subset %Re. Attr. Subset %Re.Glass 0,1 78 4,5 78 5,6 78 0,1 78Breast 0,2,3,4 56 3,4,5,6 56 5,6,7,8 56 0,2,3,4 56Parity 0,1,2,3,4 67 1-5,7-14 13 1-2,4-14 13 0,1,2,3,4 67Iris 2,3 50 2,3 50 2,3 50 2,3 50Monk 1 0,1 67 4 83 4 83 0,1 67Monk 2 0,1,2,3,5 17 1,2,3,4,5 17 1,2,3,4,5 17 0,1,2,3,5 17Monk 3 1,3,4 50 1,3,4 50 1,3,4 50 1,3,4 50Vote 0-3,9-11 56 2,3,6,7,9,11,14,15 50 2,3,10-12,14,15 56 0-3,9-11 56Soy-s 0,2,3 91 20,21 94 21,28 94 0,2,3 91XOR 3,8 87 3,8 87 3,8 87 3,8 87Hepatitis 0,2,4,5,7-9 63 8,9,10,11,13 74 12,15,17,18 79 0,2,4,5,7-9 63Table 4: Comparison of reduction in attribute sets for heuristics for Upperbound Experiments.data set No. of nodes visited for Predictive Experiments No. of nodes visited for Upperbound ExperimentsUC+BFS UC+AHS UC+HHS UC+KBS UC+BFS UC+AHS UC+HHS UC+KBSGlass 45 26 21 25 44 26 21 26Breast cancer 44 30 25 26 39 33 25 25Parity 5+10 110 149 198 60 110 184 212 60Iris 10 6 7 6 9 8 8 6Monk 1 18 26 31 13 20 12 9 12Monk 2 11 26 31 11 11 26 31 11Monk 3 15 22 27 10 18 17 28 13Vote 126 89 45 71 115 120 117 67Soybean-s 624 325 62 324 627 325 62 323XOR 119 69 39 65 119 69 16 65Mushroom 243 149 123 131Hepatitis 187 105 32 99 169 116 47 91Table 5: Comparison of number of nodes visited by the heuristics on various data sets.7


