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Abstract
In this paper we introduce an approach and algorithms for model mixing in large prediction problems with correlated predictors. We focus on the choice of predictors in linear
models, and mix over possible subsets of candidate predictors. Our approach is based
on expressing the space of models in terms of an orthogonalization of the design matrix. Advantages are both statistical and computational. Statistically, orthogonalization
often leads to a reduction in the number of competing models by eliminating correlations. Computationally, large model spaces cannot be enumerated; recent approaches are
based on sampling models with high posterior probability via Markov chains. Based on
orthogonalization of the space of candidate predictors, we can approximate the posterior
probabilities of models by products of predictor-speci c terms. This leads to an importance sampling function for sampling directly from the joint distribution over the model
space, without resorting to Markov chains. Compared to the latter, orthogonalized model
mixing by importance sampling is faster in sampling models, and is also more ecient
in nding models that contribute signi cantly to the prediction. Further advantages are
in the speed of convergence and the availability of more reliable convergence diagnostic
tools.
We illustrate these in practice, using a data set on prediction of crime rates. The
model space is small enough that enumeration of all models is available for comparison
and convergence checks. Also, we demonstrate the feasibility of orthogonalized model
mixing in a large size problem, which is very dicult to attack by other methods. The
data set is from a designed experiment dealing with predicting protein activity under
di erent storage conditions. The model space is large (the rank of the design matrix is
88) and very dicult to explore if expressed in terms of the original variables. We obtain
prediction intervals and a probability distribution of the setting that produces the highest
response.
KEY WORDS: Variable Selection, Model Uncertainty, Importance Sampling, Bayesian
Linear Models.

1. INTRODUCTION
Advances in statistical methodology and computing have made available powerful modeling tools in a variety of areas. Along with the added modeling exibility, increasing
attention needs to be directed to assessing the consequences of modeling assumptions,
and to propagating model uncertainty to conclusions. Debates on the e ect of modeling
assumptions on crucial scienti c and policy prediction, such as global warming and the
health impact of toxic waste, have reached the mass media. In such complex modeling
problems, predictions based on choosing a single model are often not satisfactory, a fact
that has been long recognized in the literature (see for example Weisberg, 1985).
Bayesian methods o er a very e ective and conceptually appealing alternative: predictions can be based on a set of plausible models rather than a single model; each model
contributes to the prediction proportionally to the support it receives from the observed
data and prior knowledge. As the predictive distribution is a mixture distribution, we
refer to this approach as model mixing, as opposed to the more conventional approach
of model selection. Model mixing has a long history (de Finetti 1937, Leamer 1978),
but its use in applications is only recently being explored, following the recent advances
in Bayesian computing, and, in particular, in Markov chain Monte Carlo methods. Recent articles include Draper (1994) and Raftery, Madigan and Volinsky (1995), both with
discussion and extensive references.
One aspect of statistical modeling that is typically dicult, and also crucial in in uencing predictions, is the selection of the predictor variables to be included in a model.
In realistic formulations, the list of candidate predictors includes transformations of the
variables originally recorded and interactions between them, and is necessarily large. Even
for problems of moderate size, it may be computationally infeasible to make predictions
based on all models, or even to select useful models based on complete enumeration of all
models. The challenge is, therefore, that of nding ecient ways of exploring the space of
models, selecting plausible ones, and attributing to each of them a weight (approximating
the posterior probability) for the mixing-based prediction.
In recent years, several very e ective methods have been proposed for nding models
with high posterior probability, without enumerating the model space. For example,
variable selection methods based on sampling from the model space using Markov chains
are the Stochastic Search Variable Selection, or SSVS (George and McCulloch 1993, 1994),
1

the Markov chain Monte Carlo Model Composition, or MC3 (Madigan and York 1993)
and the methods of Carlin and Chib (1995), Geweke (1994), Phillips and Smith (1994)
and Green (1995). A deterministic algorithm is Occam's window (Madigan and Raftery
1994). The resulting collection of models, or sometimes a further subset, can then be
used for model mixing. Examples include applications of Occam's Window and MC3 to
linear models (Raftery, Madigan and Hoeting 1993), proportional hazard models (Raftery,
Madigan and Volinsky 1995) and graphical models (Madigan and York 1993, Madigan
and Raftery 1994, and Madigan, Gavrin and Raftery 1994) and applications of SSVS to
designed experiments (Chipman, 1994 and Clyde and Parmigiani, 1994) generalized linear
models (George, McCulloch and Tsay 1994) and population models in pharmacokinetics
(Bennett and Wake eld, 1994); related analyses are also discussed by Draper (1994) and
Higdon (1994).
The focus of this paper is on model mixing for prediction. In this context, there are
opportunities for constructing models and algorithms that can be substantially more effective than those originally designed for variable selection. From the point of view of
prediction, mixing over models with di erent predictor sets can be seen as a more general
and powerful model. Practically, the added generality o ers more realistic uncertainty
assessment, as well as ways of incorporating information from all predictors without over
tting the data. The latter is achieved by a data-based shrinkage of the regression coecients (see also George, 1986a, 1986b). In this paper we propose to approach model
mixing by expressing the model space in terms of an orthogonal transformation of the
matrix of predictors. This strategy de nes a new class of mixture models: the orthogonalized model mixing class. Advantages of this over mixing in the original variable space
occur in at least two fundamental ways: First, it is simpler and substantially faster to
sample models; Second, the number of competing plausible models is usually smaller as
a result of eliminating near-multicollinearity. A drawback is the more dicult elicitation
of the prior probability distribution over the model space.
The plan of the paper is the following. In section 2, we introduce orthogonalized
model mixing by giving the basic notation and de nitions. In section 3, we propose an
algorithm for sampling models. We approximate the posterior probability of a model
by a product of independent Bernoulli random variables, each indicating whether an
element of the orthogonal basis is included or not. Such probabilities are then used as an
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importance sampling function over the new model space. Independence allows for ecient
coverage of the model space. In particular, a crucial advantage of this approach is that
one can sample directly from the approximate posterior distribution, so that many of the
problems associated with Markov chains (Clyde and Parmigiani, 1994) are substantially
mitigated. These include large time requirements for the adequate simulation of large
chains, diculty in traversing the model space because of correlation between variables
and between successive draws in MCMC, and diculty in assessing convergence.
Quantities of interest, such as predictive distributions and expected utilities, depend
on all models, but need to be evaluated based on the subset of sampled models. In section
4, we review and compare simple alternative estimation strategies, based on viewing the
problem as discovery sampling.
Next we examine the performance of orthogonalized model mixing in two applications.
The rst application, presented in Section 5, is to the crime data of Vandaele (1978). The
model space is relatively small (215 = 32; 768 models), so that enumeration of all models
is available for comparison and convergence checks. We compare orthogonalized model
mixing with alternatives based on Markov chain approaches. We illustrate the fact that
orthogonalized model mixing with importance sampling is faster in sampling models, and
in addition it tends to focus on models with high posterior probability. We also include
a brief comparison of prediction estimators based on the sample of discovered models.
The second data set, presented in Section 6, is from a designed experiment dealing with
predicting protein activity under di erent storage conditions. The model space is large
(the rank of the design matrix is 88) and very dicult to explore if expressed in terms of
the original variables. We use this example to illustrate the feasibility of orthogonalized
model mixing in problems with very large dimensionality. We obtain prediction intervals
and a probability distribution of the design setting that produces the highest response.
2. ORTHOGONALIZED MODEL MIXING
21. Prior Distributions and Orthogonalization for the Full Model
We begin by giving the basic notation and de nitions. Let Y be the n  1 vector of
observed values of the response variable, and X the n  p design matrix including all
candidate predictors. X can include transformations of the variables originally recorded.
3

We begin by assuming that

Y j ; 2  Nn (X ; 2In);

(1)

where is p  1, 2 is a scalar, and In is the n  n identity matrix. We term this the
full model, as it includes all candidate predictors. We take the prior distribution for the
model parameters to be the natural conjugate prior:

j2  Np(b0; 2B )
=2  2 ;
where B , b0,  and  are xed hyper-parameters. Elicitation of these parameters is
discussed by Kadane et al. (1980) and by Garthwaite and Dickey (1992) in the context
of variable selection.
Consider now a transformation, Z = XW , of the design matrix, such that the columns
of Z are orthogonal. The mean space is represented as a collection of subspaces spanned by
the columns of Z . The linear model in (1) can be rewritten in terms of the orthogonalized
variables as
Y = Z + e;
where = W ?1 , and e  N (0; 2In). The transformed prior distribution on , conditional on inclusion of all predictors is:

j2  Np(a0; 2A);

(2)

where a0 = W ?1b0 and A = W ?1B (W ?1)0. The prior distribution on  is unchanged
by the transformation to orthogonal variables. In implementing an importance sampler,
we will exploit the orthogonality of Z . Further simpli cations are obtained when A is
diagonal, and we will require this throughout. When B is speci ed a priori based on expert
opinion, a diagonal A results from suitably choosing the orthogonalization strategy. This
is the approach taken here. When the orthogonalization needs to be arbitrary, a diagonal
A can be achieved by restricting the choices for B .
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In model mixing, di erent orthogonal bases can lead to di erent predictive distributions, and speci cation of the basis is an open ended modeling problem. In some cases
the basis may be driven by the problem, as is the case with some designed experiments.
In other cases, speci cation can be guided by features of the basis, such as smoothness in
wavelet-based curve tting. In general, di erent orthogonalizations may result in di erent
degrees of parsimony in the representation of the mean space of Y . One would like the
orthogonalization to achieve closeness to \target" or \optimal" subspaces. This may be
better achieved by an orthogonalization based on Y , such as partial least squares (Wold
et al. 1984) or sliced inverse regression (Li 1991). This, however, means introducing
uncertainty due to sampling variation in the orthogonal basis, and, in this setup, data
dependence in the prior distribution on . In Clyde and Parmigiani (1995) we present
several alternative orthogonalization strategies in detail. Further discussion is also in
Section 7.
The remainder of this paper is based on constructing W via generalized principal
components (Rao 1964), a well understood basis, for which computing routines are readily
available. The resulting orthogonal variables are invariant under reordering and rescaling
the original predictors, and do not require knowledge of the response Y . This feature
is appealing in non-orthogonal designed experiments, as it frees the orthogonalization
process from sampling variation.
In standard principal components analysis, the matrix W is given by the eigenvectors
of X 0X . In generalized principal components, W is orthonormal with respect to an
inner product determined by a given p  p positive de nite matrix. In our context, it is
convenient to choose this matrix to be B ?1, where B is the covariance matrix of . Let
B = CC 0, where C is a square root of B . The requirement that A is diagonal can always
be achieved by taking W to be CU , where U corresponds to the eigenvectors of C 0X 0XC .
This amounts to rst rotating X to XC and to C ?1 , so that the rotated parameters
are now independent, and then determining Z based on standard principal components in
the rotated variables. The resulting prior covariance for is 2Ip. This provides a simple
way of accommodating an arbitrarily speci ed B .
In summary, our preferred strategy for the speci cation of the prior on the full model is
based on assigning a prior distribution on , which determines both the inner product in
the generalized principal components and the prior distribution for . Alternatives based
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on specifying the prior distribution directly on are discussed in Clyde and Parmigiani
(1995).
22. Model Mixing
The process of selecting columns of Z for prediction is modeled via a further hierarchical
level in the prior distribution. In particular, de ne the p  1 vector to be a sequence
of binary random variables, each indicating whether the corresponding column of Z is
included in the model. The set of all possible 's will be referred to as the orthogonalized
model space when ambiguity with the original model space may occur. This speci cation
is equivalent to assuming that the prior distribution on is a mixture of (2) and a point
mass at zero. Similar priors are used for variable selection on the original model space by
Mitchell and Beauchamp (1988) and Madigan and York (1993), among others, and are a
limiting case of the more general formulation of George and McCulloch (1993, 1994).
The prior distribution on is denoted by ( ). In section 3, we will make the additional
assumption that ( ) factors as

( ) =

p
Y
i=1

( i) 

p
Y
i=1

i i (1 ? i)1? i :

(3)

Elicitation of the i's can be guided by the degree of parsimony in representing the target
subspaces for the mean response or by the resulting amount of shrinkage, as discussed
further in section 2.3. In particular, taking i's less than .5 enforces a penalty for each
additional term in the model (see Clyde and Parmigiani, 1995).
Our prior speci cation identi es prior distributions for the coecients and given
any . Importantly, even if, as we suggest, one rst assigns the prior distribution on
given = 1, and then derives the prior distribution on from it, the implied prior
distribution on given 6= 1 will depend on the representation of the model space via the
columns of Z . When the orthogonalization is constructed based on contrasts of interest,
it is appealing to assign a point mass to some of the i's being 0, rather than to i's
being 0. In general, however, it may be hard to interpret conditional prior distributions
in the original space. As our goal is prediction, the primary concern is the selection of
columns of Z , which identify interesting subspaces to represent the mean response. We
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nd it attractive to give priority to this, both from a modelling and a computational
perspective. In variable selection, other strategies may be preferable.
Under this choice of orthogonalization and the conjugate prior distributions, computation of posterior and predictive distributions can be carried out using standard least
squares regression techniques, by augmenting the Y and Z matrices as follows:
2 3
6Y 7
Y~ = 664 775

and

a0

2 3
6Z 7
Z~ = 664 775

Ip

where Y~ is (n + p)  1 and Z~ is (n + p)  p. Next, let z~i be the i-th column of Z~ . De ne
SSR2i as the regression sum of squares from the regression of Y~ on z~i. In particular, then
SSR2i = jjPz~i Y~ jj2, where Pz~i = z~iz~i0=(~zi0z~i) is the projection operator on the column z~i.
Also, the matrix Z~ 0Z~ is diagonal with generic element di. The posterior probabilities of
models are available in closed form up to a normalizing constant, that is:

( jY ) = P p(pY(Yj j)0)(() 0) = P q q 0 :
0
0

(4)

Conjugate updating and straightforward manipulations lead to the following convenient
expression for q :
log(q ) =

p "
X
i=1

i

!

#

!

p
X
log 1 ?  ? 12 log di ? (n +2  ) log  + Y~ 0Y~ ? i SSR2i : (5)
i
i=1

i

We now have all the necessary elements for addressing predictive problems, such as
nding the multivariate predictive distribution f (jY; X ), where X  is a speci ed matrix,
the mean Y^ (X ) of this distribution, the expected utility U associated with a decision 
whose outcome depends on future values of Y , or other quantities of interest. Denote the
quantity of interest by , possibly a vector. In many cases, computations can proceed by
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determining  (the quantity of interest conditional on ) for each , and then evaluating

=

X

 ( jY ):

(6)

For example, (6) can be used to determine the predictive distribution for future observations, which is a mixture of the predictive distributions based on the individual models.
Computing ( jY ) from (4) or  in (6), involves summing over all possible models, which
is computationally infeasible for relatively large p. This motivates interest for stochastic
searches of the model space, discussed in Section 3.
23. Multiple Shrinkage
In model mixing, all columns of Z contribute to some extent to the prediction. The
prior speci cation a ects the smoothness of the predicted response. Prior distributions
that put large weights on models with a small number of columns encourage more shrinkage. On the other extreme, a prior distribution concentrating on = 1 corresponds to
the full model, which often over ts the points. Regression on a subset of size k of the
principal components based on the k largest eigenvalues is sometimes used to alleviate
over tting and multicollinearity. One potential drawback is that it can lead to exclusion
of important directions that have small eigenvalues but are highly correlated with Y . See
Jolli e (1982) for examples. On the contrary, model mixing does not su er from this, as
all possible subsets of principal components are incorporated in the regression.
To give the avor of the shrinkage implication of model mixing, it is interesting to
consider the form of the Bayes estimator of . Under the full model, this is given by:
~ = (Z~ 0Z~)?1 Z~ Y~ . Since the columns of Z are orthogonal, the matrix   Z 0Z is diagonal
and the Bayes estimate of under the full model can be computed coordinate-wise as
~ i =  +i 1 ^i +  1+ 1 a0i;
i
i
where ^ is the OLS estimator of , i is the i-th diagonal element of , and a0i is the
i-th element of a0. There is di erential shrinkage of each component to the prior mean.
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If z = xCU , where x is p-dimensional row vector, the predictive mean of y at x
under model is P zi i ~ i. Under model mixing, E ( i ~ijY ) = ( i = 1jY )~i, and the
predictive mean is P zi( i = 1jY )~i. This emphasizes the multiple shrinkage nature of
model mixing. Some shrinkage is incorporated in ~ i, which depends on  and B . Further
shrinkage is determined by the posterior model probabilities, that depend on , B , and
also on the model speci c regression sum of squares SSRi, the prior model probabilities i,
and the prior hyperparameters  and  for the error variance. The role of these parameters
in determining the amount of shrinkage from the model probability can be understood
from formula (5). Evaluating the amount of shrinkage for some key models can provide
insight on the strength of the prior speci cation being used. See George (1986a and
1986b) for further discussion of multiple shrinkage estimators.
3. AN IMPORTANCE SAMPLING FUNCTION FOR THE MODEL SPACE
For moderate to large p, enumeration of the model space is impossible in practice. In
this section we discuss a stochastic search algorithm based on importance sampling for
the model space. In summary, exploiting the orthogonalization, the importance sampler
draws elements of the orthogonal basis independently, with probability that approximates
very closely the actual posterior model probability. Importance sampling results in three
main advantages over conventional Markov chains for stochastic search:
a) speed: it is faster to sample each model, as one QR decomposition is necessary
overall for the entire sampler. In the original model space, sampling a new model requires
updating the regression at each step of the chain;
b) convergence: we are interested in convergence of the sample-based predictive distribution to the exact predictive distribution based on enumeration in the space of models.
This typically occurs earlier with orthogonalized model mixing, especially if the original
model space is dicult to traverse because of high correlations which may induce slow
mixing of MCMC methods;
c) diagnostics: the importance sampling probabilities are available exactly (rather than
up to a normalizing constant); therefore at any point in the sampler one can compute
an estimate of the total mass sampled by adding the importance sampling probabilities
for the sampled models. This can be used for inference and possibly for convergence
diagnostics.
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Importance sampling by drawing elements of the orthogonal basis independently requires an approximate product-form representation for the q in (4). This can be obtained
by expressing (5) as a linear function of . We achieve this via a Taylor series expansion
of the last term in (5). In particular, expanding around  + Y~ 0Y~ , we have
log  + Y~ 0Y~ ?

p
X
i=1

i SSRi

2

!

#
k 1 " Pp
2 j
X
SSR
i
i
=1
i
= log( + Y~ 0Y~ ) ?
+ Ak
j =1 j

( + Y~ 0Y~ )

(7)

where Ak is a remainder term. Ignoring the cross product terms after expanding the
expression in square brackets,
log

 + Y~ 0Y~

?

p
X
i=1

!

2j
k Pp
i=1 i SSRi
j =1 j ( + Y~ 0 Y~ )j

X
0
i SSRi = log( + Y~ Y~ ) ?
2

+ Ak :

Ignoring the remainder term, this expression would lead to a factorization of q permitting
independent importance sampling on the columns of Z . However, while this approximation would work well with models with low dimension (it is exact for the model including
only the intercept), it worsens as the dimensionality increases, inducing an undesirable
systematic bias. One simple alternative is to calibrate the expansion by making it exact
for the full model as well. This can be done as follows. Let SSR21 be the regression sum
of squares for the regression of Y~ on the intercept only. Also, let

LN = log( + Y~ 0Y~ ? SSR21) !
p
X
LF = log  + Y~ 0Y~ ? SSR2i
i=1

SSR
j =1 j ( + Y~ 0 Y~ )j
k Pp SSR2j
X
i=1
i :
=
0
~
~
j =1 j ( + Y Y )j

L~ N =
L~ F

2j
1

k
X
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The calibrated factorizable expansion is then
log

 + Y~ 0Y~

?

p
X
i=1

3

2

!

2j
k Pp
X
L
N ? LF 4
i
=1 i SSRi 5
0
~
~
(8)
log( + Y Y ) ?
i SSRi  ~
LN ? L~ F
j =1 j ( + Y~ 0 Y~ )j
2

Replacing (8) into (5) we obtain:
2
p
X
log(q )  Q + i 4log
i=1

3

!

k
SSR2i j 5 (9)
1 log d + (n +  ) LN ? LF X
?
i
1 ? i
2
2 L~ N ? L~ F j=1 j ( + Y~ 0Y~ )j

i

where Q is a quantity that does not depend on . Equation (9) de nes the approximate
posterior distribution up to a proportionality constant. Exploiting the product form of
the approximate posterior distribution, it is straightforward to work out the normalizing
constant. This leads to the following approximate posterior model probability:

~ ( jY ) =
where:

p
Y
i=1

pi i (1 ? pi)1? i



(10)


i
i exp ? 21 log di + LL~NN ??LL~FF Pkj=1 (2nj+()+SSR
Y~ 0 Y~ )j

pi =
Pk (n+ ) SSRi j 
L
?
L
1
N
F
1 ? i + i exp ? log di + ~ ~ j=1
~0~ j
2j

2

LN ?LF

2

2j (+Y

Y)

Generating a sample of models from ~ is straightforward. It can be done independently
on each of the elements of the orthogonal basis by generating Bernoulli random variables
and does not require Markov chain Monte Carlo methods. After the initial computation
of the orthogonal basis and the SSRi's, sampling is done directly from ~ and is very fast.
The sampling eciency of the importance sampler will increase with the variability of
the ~i's. The easiest model space to sample is one where all the ~i's are 0 except for one.
On the other hand, if ~i  :5, little is gained by sampling from ~ . The orthogonalization
strategy can therefore be important in determining the eciency of the sampler. Orthog11

onalizations that identify interesting target subspaces will lead to a mix of columns of Z
with large ~i and small ~i. Thus, summary measures of the variability of the ~i's provide
an indirect way of assessing the eciency of the orthogonalization strategy adopted.
Also, when the prediction problem can be cast in terms of a one dimensional quantity
of interest, such as the predicted Y at some speci ed predictor vector x0, one may be
interested in searching for models that contribute highly to this particular prediction. This
is related to, but not identical to, having a high posterior probability. The importance
sampling function could be tailored more speci cally to this situation.
In developing the importance sampling probabilities,  was integrated out to obtain
P ( jY ). In the orthogonal variable model space, an alternative can be developed by
sampling from P ( jY; ), which factors exactly into the product of p independent Bernoulli
random variables. The full conditional distributions for the Gibbs sampler for  and
are easy to generate from, and permit sampling the whole vector jointly, as is the case
in the importance sampler. This strategy can also be expected to provide rapid mixing
in the model space.
4. ANALYSIS OF SIMULATION OUTPUT
After N draws from ~ , there are m discovered models available for analysis. Call this
set D. For each model in D, we have available the unnormalized posterior probability
q , and often the quantities  relevant to prediction. We can also keep count of the
frequency f of model in the N draws. Based on this information we want to estimate

=

P

2D q 
P
2D q

+ P 2D q 
+ P 2D q

(11)

which depends on the undiscovered models.
The set D can be thought of as a sample without replacement from a nite population,
with sampling proportional to the size of ~ . Methods for analyzing similar data are
discussed in the literature (see for example West, 1994) and can be used to derive posterior
distributions for  based on the discovered models. These typically require additional
simulation to make inference about . In this context we seek approaches that require
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a minimal amount of computation, as computing time can be more eciently used to
obtain a larger set D.
For convenience of exposition, we focus on the predictive mean vector at the observed
design matrix, so that  = Y^ . In particular, we consider estimators of  of the form
X
^ = w Y^
2D

(12)

where w are normalized weights. The choices that we consider for empirical comparison
in Section 5 are as follows:
1. Monte Carlo estimator. The weight w is the relative frequency f =N of model
in the N draws. This approach is appropriate for Markov chain output when q are
not available (Geweke, 1994, Carlin and Chib, 1995). In our formulation, using a simple Monte-Carlo average ignores the information contained in q and in the sampling
mechanism. As a result, one can construct more ecient estimators.
2. Window estimator. A simple but e ective alternative is renormalization of the
un-normalized posterior probabilities within the set D. Formally:

w = P 0q q 0 :
2D
This has precedents in Madigan and Raftery (1994), for example in Occam's Window.
3. Importance Sampling estimator. A further alternative is to adopt the standard
importance sampling weights. Then the weight of model is given by

w = P 0 f qf =0 q~ (0 =)~( 0) :
2D
This choice can be troublesome when the importance sampling function works poorly.
In particular, when a ~ ( ) is very small, but the corresponding ( ) is large, the resulting weight will be close to one, so that this model dominates in the mixture estimator.
Descriptive summaries of the weights can indicate when this is a problem.
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5. CRIME DATA
51. Background
The crime data of Vandaele (1978) is commonly used as a test case in variable selection problems (see also Raftery, Madigan and Hoeting, 1993). There are 15 candidate
predictors, leading to 32; 768 models. Enumeration of all models is available for comparison and convergence checks. As in Raftery, Madigan, and Hoeting (1994), we used the
natural logs of all continuous variables in the analysis. We are interested in the following: a) comparison of alternative algorithms for stochastic search of orthogonalized model
spaces, b) comparison of alternative rules for estimating the predictive mean based on the
sampled models, and c) comparison of stochastic search algorithms in the original and
orthogonalized space in terms of eciency in estimating the respective predictive means
for the two spaces.
The prior on the coecients is proper but dispersed. The matrix C is diagonal;
we chose the elements cii as follows. We rst selected a large interval of size  in the
scale of the response variable. Then for each of the predictors, the prior mean was set
to 0, as in George and McCulloch (1993), and the variance chosen by assuming that
E ()cii = =IQR(Xi ) is 3 standard deviations away from 0. For the one dummy variable,
we used the range instead of the interquartile range. In this way the 3-SD interval on
the marginal distribution of each coecient includes \large" values of the coecient. By
this we mean values that would be sucient to explain completely the variation of the
response, based on one unit of typical variation in Xi . This procedure for prior elicitation
of cii's is appealing to us for two reasons: rst it is done entirely in terms of observables
(the response); second it reduces the elicitation of p quantities to just one, handling all
candidate predictors homogeneously. The prior hyperparameters for the distribution on
2 are  = 3 and  = :5=3. The degrees of freedom  are kept small to re ect lack of
information, while having a distribution with a nite mean and variance. The value of 
was selected based on the anticipated range of the response, and was designed to allow for
options ranging from good to very poor t. The same prior distribution for and 2 was
used in the original and orthogonalized model space. In both cases we used the uniform
prior on model spaces, with the intercept being included with probability one.
52. Algorithms
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We considered ve stochastic search schemes in the orthogonalized space. The rst
two are based on importance sampling. The remaining three are Markov chains. Other
choices of Markov chain could be constructed: we used some that are successful based on
the current literature. The ve schemes are:
1. Importance sampling as described in Section 3.
2. Random Sampling. Columns of the orthogonal basis are included with probability
:5, independently of each other. In our setting, this is equivalent to using the prior
distribution as an importance function for the model space.
3. SSVS. This is based on George and McCulloch (1994). In this implementation of
SSVS, the chain moves from a current model to the next model 0 by rst selecting a
random permutation of the variables. Then, for variable j

q
P ( j0 = 1 ? j j (j)) = q +j q
j
[ ]

[ ]

where (j) is with the j -th element deleted, and [j] is with j replaced by 1 ? j .
Repeating for all other coordinates in the randomly selected order gives 0.
4. MC3 . This is based on Madigan and York (1995). The chain moves from a current
model to the next model 0 by selecting one coordinate j at random and updating based
on:
q j!
0
P ( j = 1 ? j j (j)) = min 1; q :
[ ]

5. Hybrid. This combines elements of the two previous algorithms. The chain moves
from a current model to the next model 0 by rst selecting a random permutation of
the variables. Then, for variable j , updating is done as in MC3 , as opposed to the Gibbs
update in SSVS. The motivation for considering a hybrid algorithm of integrated SSVS
and MC3 is the following. In the MC3 the transition probability of moving to the new
model, 0 is min(1; q 0 =q ) which is always greater than or equal to the transition probabilities of the SSVS algorithm. Using this transition probability in the SSVS algorithm
might result in better mixing over the space of models. The MC3 algorithm selects a
random coordinate to change at each step while the SSVS approach goes through all p
coordinates in either a deterministic or random order. The probability that a coordinate
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is visited in p steps for the MC3 algorithm is
1 ? p ?p 1

!p

which in the limit as p goes to in nity is 1 ? e?1. This means that some coordinates are
changed several times within the p steps. This may not be the most ecient way to cover
the model space, and going through all p coordinates may result in better mixing.
The importance sampler de ned here is limited to orthogonalized spaces. Random sampling and the three MCMC algorithms provide a method for sampling from nonorthogonal
situations as well.
53. Results
All computations in this section were done on a DEC workstation AXP3000/400 and
programmed in XLISP-STAT. Enumeration was done both in the original and orthogonalized model space. Enumeration times were 78 and 13 minutes respectively. This
comparison depends on a number of speci c factors, but we expect a similarly substantial
advantage to apply to most problems. Orthogonalized model mixing provided a closer t
to the observed data with a MSE of :0313 versus :0432 for model mixing in the original
space. This comparison depends crucially on the data set, and possibly on the speci c
orthogonal basis and cannot be generalized.
a) Comparison of stochastic search algorithms in the orthogonalized space.
The 5 algorithms of Section 5.2 are compared in Figures 1 and 2. In Figure 1, we compare eciency in discovering models with high posterior probability by considering the
distribution of the logarithms of the probabilities of the models discovered by the various algorithms. The number of models sampled is 30; 000. The population distribution,
given at the top left, is bimodal, and can be roughly divided into good and bad models.
Importance sampling is the only method that focuses exclusively on the good models.
The gures on total probability mass discovered, added at the bottom of each histogram,
emphasize that importance sampling centers in on the models with higher posterior probability. After 30,000 iteration all algorithms have similar predictive accuracy, with a small
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advantage in favor of importance sampling. The total number of models is 32; 768 and we
found that the enumeration time is similar to the running time for importance sampling,
both being much smaller than the time necessary to run the Markov chains.
With large p, the number of runs that one can a ord is a small fraction of the total
number of models. To reproduce such situations we analyzed runs of N = 300 iterations,
replicated 100 times to obtain distributions. To bypass burn-in time in the Markov chain
algorithms, we used random draws from ~ ( jY ), an approximation of the ergodic distribution of the chain, as a starting point. We compared algorithms based on: integrated
squared error on the predictive means, Kullback-Leibler divergence of the predictive distributions, and total mass sampled.
Let  denote the exact predictive mean vector at the design matrix X . By exact,
we mean obtained by complete enumeration of the model space as in calculation of 
in equation (6). The conditional posterior predictive mean is  = Y^ . Let ^A be the
approximation based on a stochastic search sample, with the superscript A indexing the
algorithms. We use the window weights in equation (12) to calculate ^A for all search
methods. Then the integrated squared error is: ISEA = Pnj=1 (^Aj ? j )2=n.
The ISE comparison depends only on the means of the exact and approximate predictive distributions. To assess the quality of the approximation of the whole distribution, we
computed the Kullback-Leibler divergence between the exact distribution and the approximations based on stochastic search. For simplicity we focused on observation 6, chosen
because of the variation in the model speci c predictive distributions. If x6 is the row
vector of X corresponding to observation 6, and p(yjY; x6) and pA (yjY; x6) are the exact
and approximate predictive distributions at x6, then the appropriate divergence is:
Z

!

x6) p(yjY; x )dy;
log ppA((yyjY;
6
jY; x6)

which was evaluated based on a trapezoidal rule. As in the ISE comparison, the window
weights were used to weight the model speci c predictive distributions in calculating
pA (yjY; x6),
X
pA (yjY; x6) = w pA (yjY; x6; ):
2D
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The resulting comparisons using the ISE and the Kullback{Leibler divergence are
shown in Figure 2. This also includes boxplots of the total posterior mass sampled under
the di erent sampling methods. The orthogonalized importance sampling algorithm outperforms the other alternatives. At least in orthogonalized spaces, random sampling leads
to an algorithm that performs similarly to Markov chains. Results from importance sampling with smaller sample sizes have been also included. These underscore the advantages
of the fast convergence granted by the independent importance sampling scheme. Both
the ISE and the Kullback-Leibler divergence are smaller with 9 iterations of importance
sampling than with 300 Markov chain iterations. Similar results for the Kullback{Leibler
divergence were obtained using other design points.
One technical point in comparing the Markov chain algorithms is that the de nition
of one iteration for MC3 is di erent from that for SSVS and the Hybrid. We opted for
keeping the same number of model transitions over all MCMC methods. In this case, this
is achieved by running MC3 p = 15 times longer than the alternatives, and taking every
15-th model.
b) Comparison of alternative rules for estimating the predictive mean.
Figure 3 shows a comparison of the estimators of the predictive mean discussed in Section
4. As in comparison a), we use the ISE to compare the estimator to the exact predictive
mean under enumeration of the orthogonalized model space. Estimators are based on the
same samples of models generated from the importance sampler. The window estimator
and the importance sampling estimator appear to perform better than the Monte Carlo
average.
c) Comparison of algorithms in the original and orthogonalized space.
Finally, Figure 4 compares 1) orthogonalized model mixing using importance sampling, 2)
orthogonalized model mixing using a hybrid Markov chain, and 3) standard model mixing
using a hybrid Markov chain in the original space. Again, the goal of the comparison is
accuracy in recovering the exact predictive distribution, obtained by enumeration in the
respective model spaces. As orthogonalized model mixing and standard model mixing
generate a di erent set of exact predictive means, each of the integrated squared errors
is computed with respect to the respective exact predictive mean. Boxplots are based on
100 replications of samples of 300 models. In this example, orthogonalized model mixing
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shows the best performance. Also, the MCMC algorithm displays a better performance
when it is applied to the original variables than when it is applied to the orthogonalized
variables. However, it should be noted that importance sampling and MCMC applied to
the orthogonalized variables are substantially faster than MCMC in the original variables,
so that one can typically a ord a larger Monte Carlo sample. It would be inappropriate
to conclude from this comparison that orthogonalized model mixing gives a better representation of the mean response compared to model mixing in the original variable. The
appropriate comparison to evaluate t is that based on enumeration mentioned earlier in
this section.
6. PROTEIN CONSTRUCT DATA
The next application is to a data set with a large model space, and is included to
illustrate the feasibility of orthogonalized model mixing in complex problems. The goal
of the experiment, designed and performed by Glaxo Research Institute, is to determine
optimal conditions for storing proteins while maintaining a high level of protein activity.
There are many factors a ecting storage conditions and eight variables were identi ed
as having a potentially important impact on storage conditions. A complete factorial
experiment would have required 18; 144 runs. The 96 runs actually performed had been
selected based on a space lling design algorithm, as implemented by the SAS procedure
OPTEX. One of the design goals had been to achieve identi ability of main e ects and
two-way interactions. The 96 storage conditions were reproduced in the laboratory, and
an aliquot of puri ed protein was added to each of the storage conditions. Protein activity
was determined after 4 weeks using an enzymatic assay. Further details can be found in
Menius et al. (1994).
Coding the categorical variables as indicator variables, and including interaction terms
and second order terms for the continuous independent variables, the total number of
candidate predictors is p = 88. The resulting data set is challenging and seems to defy
most of the standard model selection techniques. Clyde and Parmigiani (1994) discuss
Markov chain methods. Here we apply the orthogonalized model mixing approach to
address one of Glaxo's main questions: the selection of optimal storage conditions. We
answer by building a predictive distribution with orthogonalized model mixing and using
it to evaluate the probability that each one of a set of candidate storage conditions is
optimal. The general strategy is similar to Higdon (1994).
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The prior on is i = :8. This re ects the prior knowledge that the variables chosen
for the experiments were considered important by chemists, so that the response curve in
the orthogonalized space is likely a priori to require a high number of terms. A standard
ANOVA analysis would treat the dummy variables as grouped variables, and have all
variables that represent a factor enter the model together. We are interested in avoiding
sensitivity to variable selection in prediction and in the ranking of settings, and we do
not need to impose strong parsimony via the prior on model space.
One design point was replicated. This gave an estimate of pure error of approximately
0.01. The hyper-parameters for the prior distribution of 2 were taken as  = 50 and
 = :01 so that the mean was roughly the same as the pure error estimate and the degrees
of freedom gave a reasonable range of values for 2, based on the chemists opinion. The
elicitation of the prior on the regression coecients proceeded along the same lines of
Section 4. Since we dealt with a designed experiment, we used the range of the design
variables, rather the interquartile range.
Our goal is to determine predictive means, predictive probability intervals and probabilities of yielding the highest protein activity for each of the settings. We sampled 23000
models using the importance sampler. The predictive distribution of the future response
vector Y  at the n  p design matrix X  can be estimated from the sample of models as

p^(Y jY ) =

X
2D

w p(Y jY; );

where w are the window weights.
In particular, for a given model , let Z~ be the matrix obtained by selecting the
columns of Z~ that correspond to a 1 in the vector . Also, let ~ be the vector obtained
by selecting the elements of ~ that correspond to a 1 in the vector . From orthogonality,
~ = (Z~ 0 Z~ )?1Z~ 0 Y~ . Let Z  denote the design matrix in the transformed space, Z  =
X CU and Z  denote the matrix obtained by selecting the columns of Z  that correspond
to a 1 in the vector . Since we are interested in evaluating the settings used in the original
experiment, we will take X  = X and n = n.
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The random vector Y jY; has a n{dimensional multivariate t distribution, that is
2
3? n
T

?
1

T
?
1
(I + Z (Z~ Z~ ) Z )   5
p(yjY; Z ; ) / 4(n +  ) + (y ? Z  ^ )T
(y ? Z ^ )
2
(

+n+ )
2

( + S )=(n +  )

(13)
with S =
? i=1 i SSRi . Evaluation of the desired probabilities can proceed by
point-wise evaluation of p^ followed by numerical integration, or by a new simulation based
on resampling models according to their weight w and then generating an observed vector
from (13). The rst approach is preferable if marginal probabilities are of interest. The
second, adopted here, is better suited to handle higher dimensional integrals, such as the
probabilities that each setting will have the highest protein activity.
Figure 5 shows the predictions based on the mixture of models, together with centered
95% posterior probability regions, obtained by simulation. It also illustrates the sensitivity
of the predicted values to the choice of the model. Figure 6 gives the estimated probability
that each of the settings used in the present experiment generates the maximum protein
activity level. A similar technique can be applied to extrapolate for other potentially
interesting settings based on (13).
We performed various diagnostic checks. In particular, we monitored the residual vector
and the ISE of the predictions based on model mixing, the total mass sampled and the
relationship between the ~ ( ) and the q 's. These stabilize satisfactorily. Interestingly,
the predictions based on model mixing stabilize earlier compared to the total mass of
model space actually sampled, which we found applies in many other examples.
2

Y~ 0Y~

Pp

2

7. DISCUSSION
Bayesian model mixing o ers a fruitful theoretical framework for making predictions
that account for uncertainty in the selection of predictor variables. In this paper we introduce an approach and algorithms for implementing model mixing in large prediction
problems with correlated predictors. Our approach is based on expressing the space of
models in terms of an orthogonalization of the design matrix. Two key elements of this
approach are: a) the orthogonalization method and b) the prior probability distributions
assigned to both the models and the coecients. In Clyde and Parmigiani (1995) we
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look at the predictive distributions resulting from model mixing under alternative orthogonalizations. The example we consider is simulated, but interesting and realistic. In
particular, the true model used for generating the data does not belong to the model
space, and there is a wide range of correlations among the original variables. The predictive distributions are quite close, and remain close under a range of reasonable priors and
simulated data sets.
However, both the choice of prior and orthogonal basis can a ect the predictive distribution substantially. Experimental cases indicate that results seem to be more sensitive
to the choice of prior parameters, than to the choice of basis. In particular, a key choice
is that of the prior distribution on , because a tight control on the amount of noise in
the model results in a control over the parsimony of the curve used. Also, the e ects of
the prior and the orthogonalization can be very strongly related, as might be expected.
If the prior distribution on is xed, say based on shrinkage considerations, and the
priors on both model spaces are uniform, di erent orthogonalizations can lead to widely
di erent amounts of shrinkage of the predictions. One example arises when the \true"
model is a subset of the original variables. The tted values can be recovered for most
orthogonalizations under the full model. However, if the prior on the model spaced is
assigned to favor parsimony in terms of the number of predictors, then orthogonalization
can lead to a worse t.
For these reasons, orthogonalized model mixing cannot be recommended as a black-box
prediction method. However, advantages of careful implementations are both statistical
and computational. Orthogonalization leads to a better behaved problem, as the number
of competing models is reduced by eliminating correlations. Also, compared to Markov
chains methods, orthogonalized model mixing by importance sampling is faster in sampling models, and is also more ecient in nding models that contribute signi cantly to
the prediction. Further advantages over standard Markov chain methods are related to
the speed of convergence and the availability of more reliable convergence diagnostic tools.
We illustrated these points using the crime data. We also demonstrated the feasibility of
orthogonalized model mixing in a large problem which is very dicult to attack by other
methods.
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Figure 1: Comparison of algorithms: Distributions of the logarithm of the posterior
probabilities of the sampled models based on 30000 iterations of each stochastic algorithm.
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Figure 2: Comparisons of algorithms based on log ISE, Kullback{Leibler Divergence for
the predictive distribution for case 6, and total posterior probability of sampled models.
Boxplots are based on 100 samples of 300 iterations of each stochastic algorithm. Gains
from importance sampling, labeled IMP, are substantial. To underscore this, we have
also included results from importance sampling based on 9 iterations, IMP (9), and 50
iterations, IMP (50).
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vector. Boxplots refer, from left to right, to the Monte Carlo estimator, the importance
sampling estimator and the window estimator. Results are based on 100 replications using
50 samples from the importance sampler.
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Figure 5: Mixture based predictions for the Protein Construct example. The solid diamonds represent the predictive means from model mixing. The vertical lines correspond
to 95% probability intervals from model mixing. Also, stars represent the means of the
model-speci c predictive distributions for the 50 most probable models discovered. The
variability induced by model uncertainty on each individual prediction amounts to a substantial fraction of the variability of the response.
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