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1.1 Abstract
This paper is concerned with variable elimination methods in linear inequation systems, related to Fourier's elimination[8]. Our aim is to make
visible the links between the di erent contributions of S.N. C ernikov
[3], D.A. Kolher [17], R.J. Dun [6], JL.J. Imbert [10], and J.Ja ar,
M.J. Maher, P.J. Stuckey and R.H.C. Yap [14]. We show that the three
methods proposed by C ernikov, Kolher and Imbert produce exactly the
same output (without more or less redundant inequations), up to multiplying by a non-zero positive scalar. We present and discuss the improvements of C ernikov, Dun, Imbert and Ja ar et al., and propose
a new improvement. We give a short analysis of the complexity of the
main improvements and discuss the choice of the method in relation to
the problem at hand. We propose a pattern algorithm. Finally, we conclude with a comparative assessment through a brief example and a few
remarks.

1.2 Introduction
Variable elimination is of major interest for Constraint Logic Programming Languages [12], and Constraint Query Languages [15], where we
would like to eliminate auxiliary variables introduced during the execution of a program. This elimination is always suitable for nal results.
It can also increase the eciency of the intermediary processes. We focus on linear inequalities of the form ax  b, where a denotes a n-real
vector, x an n-vector of variables, b a real number, and the juxtaposition
ax denotes the inner product. This type of constraint occurs in CLP
languages such as CHIP [7, 22], CLP(<) [13], and Prolog III [4, 5]. A
constraint system is a conjunction of constraints. Using matrix notation,
an inequation system faix  bi j i = 1; . . .; mg can be written Ax  b,
where A denotes an (m x n)-matrix, and b an m-real vector. The main
problem we face during the variable elimination process in linear inequation systems, is the size of the output. It is doubly exponential.
Variable elimination in inequation systems has been extensively investigated. Among these investigations one can cite the C. and JL. Lassez
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method [18], which globally eliminates in one single operation the set
of unwanted variables. It is based on semantic properties of projection
and of convex hull. It makes it possible to obtain approximations. Nevertheless, so far, mainly methods derived from Fourier's elimination [8]
are used in CLP languages. For example, the programming language
CLP(<) outputs its results after eliminating undesirable variables using a method related to Fourier [14]. This kind of method carries out
an incremental elimination of variables, one after another. The major
problem comes from the size of intermediary systems.
In this paper, our interest will be exclusively focused on methods
derived from Fourier's elimination. Among the improvements in these
eliminations are the contributions of S.N. C ernikov [3], D.A. Kolher [17],
R.J. Dun [6], JL.J. Imbert [10], and J.Ja ar, M.J. Maher, P.J. Stuckey
and R.H.C. Yap [14]. There are basically three approaches represented
in these methods: the general algebraic approach of C ernikov, the matricial algebraic approach of Kohler, and the graph, or more speci cally,
the tree approach of [10]. These trees re ect the way in which the new
inequations are constructed as the elimination proceeds. This last approach shows clearly that the methods proposed by C ernikov, Kohler
and Imbert are equivalent. This is far from being obvious as Kohler
remarks (see Section 1.5).
The aim of this paper is to make visible the links between these di erent above-mentioned contributions. This study, which has not been done
before, is of great interest. We show that the three methods proposed
by C ernikov, Kolher and Imbert produce exactly the same output (without more or less redundant inequations), up to multiplying by a non-zero
positive scalar. We present and discuss improvements by C ernikov, Dufn, Imbert and Ja ar et al., and propose a new improvement. We give
a short analysis of the complexity of the main improvements and discuss the choice of the method depending on the problem at hand. We
propose a pattern algorithm. Finally, we conclude with a comparative
assessment using a brief example and a few remarks.
The rest of this paper is organized in the following way: Section 1.3
presents basic concepts necessary for understanding the other Sections.
In Section 1.4, we introduce the parts of the initial system (called minimal parts) which can produce a relevant nal inequation, and present
the C ernikov-Fourier algorithm [3]. In Section 1.5, we introduce the
characterization of minimal parts and give the Kohler-Fourier algorithm
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[17]. Moreover, in this Section, we show that the algorithms of C ernikovFourier and Kohler-Fourier produce exactly the same nal system (without more or less redundant inequations), up to multiplying each inequation by a non-zero positive scalar. Section 1.6 successively presents improvements by C ernikov, Dun, Imbert and Ja ar et al., and introduces
some new precisions about redundancy. Furthermore, we show (subsection 1.6.4) a new improvement of the C ernikov minimal part method,
dividing in half the average number of comparisons. In Section 1.7, we
discuss the complexity of the various improvement contributions and
the choice between the minimal part method (C ernikov) and the matricial method (Kohler). Then we give a pattern variable elimination
algorithm for inequation systems. Section 1.8 compares, through a brief
example, the contributions of C ernikov, Kohler and Imbert [10]. Finally,
in Section 1.9, we conclude with a few remarks.

1.3 Preliminaries
Let x denote the vector (x1 ; . . .; xn). Let x be the vector of variables
to be retained, and let x be the vector of variables to be eliminated.
We will abuse the language by writing x = (x ; x ). In the same way,
a = (a1 ; . . .; an) denotes a real or rational vector, and a will be written
(a ; a ), respective of the subscripts of x and x . The inequation system
Ax  b can then be written A x +A x  b. To eliminate the variables
of x , the problem at hand is to nd a system Cx  d as concise as
possible for which, if (a ; a ) is in the solution set of A x +A x  b, then
a is in the solution set of Cx  d, and reciprocally, if a is a solution of
system Cx  d, then there is a such that (a ; a ) is a solution of system
A x + A x  b. We will say that Cx  d and A x + A x  b are
equivalent on x . It can be shown that each inequation of the nal system
Cx  d is a linear combinatory with positive coecients of inequations
of initial system (this is a consequence of Fourier's elimination).
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1.3.1 Fourier's Algorithm
Let a1 x  b1 and a2x  b2 be two inequations, and let a1;1 and a2;1

be the coecients of the variable x1 respectively in the rst and second
inequations. Let us assume that a1;1 > 0 and a2;1 < 0. Then
? a2;1(a1x) + a1;1(a2 x)  ?a2;1b1 + a1;1b2
(1.3.1)
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is a consequence of the two initial inequations, and x1 does not occur
in it. Let Ax  b be an inequation system, and V the variables which
e  eb be the system obtained from Ax  b, by
occur in it. Let Ax
removing all inequations which x1 occurs in, and replacing them with
all the inequations of type (1.3.1) above, we can construct from any pair
e  eb and Ax  b are
of removed inequations. It can be proven that Ax
equivalent on V ? fx1g. This operation must be successively repeated
for each variable to be eliminated.

1.3.2 Redundancy and size of the intermediary systems

A drawback of Fourier's elimination is the production of redundancies
which overwhelms the system. It is here that the improvements of
S.N. C ernikov [3], D.A. Kolher [17], R.J. Dun [6], JL.J. Imbert [10],
and J.Ja ar, M.J. Maher, P.J. Stuckey and R.H.C. Yap [14], come. One
way to mitigate this drawback is to associate each inequation with information to memorize the way in which it has been produced. This
information deals with: the inequations of the initial system used to
produce this inequation, the variables which are e ectively eliminated
during pair gathering, and, nally, the other variables eliminated during
the previous variable eliminations. Some relations between the quantities of elements occuring in these three kinds of variables, make it
possible to detect whether a new inequation is redundant or not.
Another drawback of Fourier's method is the large increase in the number of constraints in the intermediary systems. One of the main reasons
is that the historic method quickly detects most of the redundancies, but
it does not detect all of them (only those due to the construction, i.e.
due to A x , but not those due to A x ). Besides, redundancies have
a tendency to spread because they multiply very quickly. The other
reason concerns the nature of Fourier's method: independently of the
redundancies, the number of inequations has a tendency to increase, before decreasing when few variables remain to be eliminated. A remedy
for the rst cause is to use a general method of redundancy removing
[20, 16, 19, 11]. As for the second cause, which is structural, it cannot
be suppressed. Other methods are necessary for remedying this inconvenience. Numerous methods have been proposed, including one already
cited and set out in [18] which is particularly interesting as it creates a
minimal representation of the nal system and does not use intermediary
systems.
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1.3.3 Some results

Let S be the linear inequation system fa1x  b1 ; . . .; anx  bng. It is
known (Farkas [21, p87-90]), that the inequation cx  d is a consequence
of S if and only if there exist positive coecients ( 0) 0 ; 1; . . .; n,
such that c = 1 a1 + . . . + nan and d = 0 + 1b1 + . . . + nbn .
The inequation cx  d is said to be an ane combinatory with positive
coecients of inequations of S. A linear combinatory is an ane combinatory such that 0 = 0. Hence, an inequation of S is redundant in S
if and only if it is an ane combinatory with positive coecients of the
other inequations of S. It is weakly redundant if 0 = 0 in each ane
combinatory, strongly redundant in other cases.
Lastly, let us notice that, from Fourier's elimination, each inequation
obtained after variable elimination in an inequation system S, is a linear
combinatory with positive coecients of the inequations of S.

1.4 Minimal subset
As a result of Fourier's elimination (the last remark of Section 1.3.3),
each inequation of the nal system Cx  d is a linear combinatory
with non-negative coecients of inequations of the initial system A x +
A x  b. Hence, we look at the real-vectors w = (w1 ; . . .; wm) such
that wA = 0 . (0 denotes the vector a with all its components equal
to zero. The vector a has been introduced in Section 1.3. We will abuse
the language by writing 0 instead of 0 if there is no ambiguity. In the
same way, we will write 0 instead of 0 ). A vector w1 is less than or
equal to a vector w2 (written w1  w2 ), if each component of w1 is less
than or equal to its corresponding component of w2. Let F be the cone1
of non-negative solutions 0  w of wA = 0. From the last remark of
Section 1.3.3, it is evident that:
Lemma 1 The system fwA x  wb j w 2 F g is equivalent to the nal
system Cx  d.
However, this system is unnecessarily large. Indeed, on the one hand,
if w1 and w2 are two elements of F identical up to multiplying by a nonzero scalar, then the inequations w1A x  w1b and w2A x  w2b are
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1 a cone is a point set containing all the linear combinatories with positive coecents of any nite number of its elements.
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equivalent. On the other hand, from [1, Section 3 p 297-298] it suces
that the number of non-zero components of w is less than or equal to
the number of non-zero components of x plus 1. As a matter of fact,
according to [3], it is sucient to take a base of F. A base of F is an
irreducible subset of elements of F which generates F. Here, irreducible
is for inclusion. Since F is a cone, a vector is generated by other vectors
if it is a linear combinatory with non-negative coecients of these other
vectors.
Two elements of F are essentially di erent if they do not di er from
one another by a positive scalar multiple. A minimal vector is a non-zero
vector of F such that the only essentially di erent vector of F less than
itself, is the zero-vector. Let G be a base of essentially di erent minimal
vectors of F. Then, using lemma 1, it is evident that:
Theorem 1 The systems Cx  d and fwA x  wb j w 2 Gg are
equivalent.
Moreover,
Corollary 1 If w1 and w2 are two elements of G, the zero-components
of which coincide with each other, then w1 = w2 .
Proof 1 If w1 6= w2, there is a linear combinatory of these two vectors
which produces a non-zero element of F less than each of them. Indeed,
it can be found k > 0, such that kw1  w2 . Then, continuously increase
k with kw1  w2 , until at least one non-zero component of kw1 is equal
to the corresponding component of w2. Then, w2 ? kw1 is non-zero
positive and is in F. So, w1 and w2 are not minimal and are not in G.
Each minimalvector of F or G, is associated with an inequation subset
of A x + A x  b (the lines of the initial subset corresponding to the
non-zero components of the minimal vector). This subset is said to be
minimal for x , or simply minimal if there is no ambiguity.
From [1, section 3 p 297-298] and [3], theorem 1 can be used at each
step in Fourier's elimination, yielding a correct algorithm. Then, for
each inequation i, we memorize the subset Hi of initial inequations (i.e.,
of initial system Ax  b) which produced i. Hi is called a historical
subset (a label in [14]). Clearly, for each initial inequation i, Hi = fig.
In Fourier's algorithm, only inequations with minimal historical subsets
are retained. An algorithm using these properties is given in Figure 1.1.
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Input: Ax  b, a system of inequations.
Assume that x = (x ; x ), where x = (x1; . . .; xk) is the
vector of variables to be eliminated.
Output: A system Cx  d equivalent to Ax  b on x
0

00

00

0

begin

0

1. At the start, the inequation system S is equal to Ax  b.
2. For xj being successively the variables x1; . . .; xk ,
2.1. Remove from S, each inequation with a non-zero coecient of xj .
2.2. For each pair of removed inequations a1x  b1 and
a2x  b2, with components aj;1 and aj;2 of xj respectively positive and negative, insert the inequation aj;1a2 x ? aj;2a1x  aj;1b2 ? aj;2b1 in S. If the
historical subsets of the inequations of the pair are
H1 and H2 respectively, then,
S the historical subset
of the new inequation is H1 H2.
2.3. Remove from S each inequation with a historical subset including at least one historical subset of the remaining inequations.
3. Return the system S which is then of the form Cx  d.
0

end

Figure 1.1

C ernikov-Fourier's Algorithm

Notice that the historical subset of the new inequation, and the comparison can be processed before producing the inequation. Hence, the
inequation is not created if at least one existing historical subset is included in its historical subset.
Example 1 Let us consider the following system:

(1) x1 ? x4 ? x5  2
(2) x2 ? 2x4 + x5  0
(3) ?x1 + x2 + x4 ? x5  0
(4) ?x3 + x4 + 2x5  0
Assume that x = (x1; x2; x3) and x = (x4 ; x5). This system can be
written in matricial form:
0

00
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0 1 0
BB 0 1
@
?1

0

0
0
1 0
0 ?1

1 0 1 0 ?1 ?1 1
021


x
1
CC @ x A + BB ?2 1 CC x4  BB 0 CC
A 2
@ 1 ?1 A x5
@0A
x3

1

2

0

The vectors w1 = (3; 0; 1; 2), w2 = (5; 2; 5; 4), w3 = (1; 1; 2; 1) and
w4 = (0; 3; 5; 1) are in F. The vector w1 is minimal in F because each
non-zero vector w of F in which the second component is 0, is of the
form (3k; 0; k; 2k) where k is a real. The corresponding minimal part is
formed of the three inequations (1), (3) and (4). The vectors w2 and
w3 are not minimal since the vector 1=3 w1 is less than and essentially
di erent from each of them. And for any non-negative real k, the vector
k w1 is in F.
Moreover, G = fw1; w4g is a base of F, since w2 = 5=3 w1 + 2=3 w4
and w3 = 1=3 w1 + 1=3 w4.

1.5 Characterization of minimal subsets
The main problem we face in the previous method is that the historical
subset of each inequation of Cx  d must be compared to the historical
subset of every other inequation of Cx  d. The following theorem
makes it possible to overcome this drawback. In the following, the notion
of rank of vector space, ane space, vector system and matrix is assumed
known.
0

0

Theorem 2 Let A x + A x
0
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00

00

 b be an inequation system. Let F be

the cone de ned in Section 1.4. An element w of F is minimal i the
sub-matrix Aw formed from lines of A related to non-zero components
of w has as its rank, the number of lines of Aw minus 1.
00

00

00

Proof 2 Since wA = 0, this rank is at most the number of lines of Aw
00

00

minus 1. If it is smaller, there exists a vector v of F with at least one
non-zero positive component, such that for each non-zero component of
v, the corresponding component of w is non-zero, and such that vA = 0.
Without loss of generality, v can be assumed less than or equal to w,
with equality for at least one non-zero component (if necessary, multiply
by an appropriate scalar). As a result, w ? v is a non-zero vector of F,
then w is not minimal.
00
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Example 2 Let us take up again the previous example. Then w1 is

minimal since the matrix
0 ?1 ?1 1
Aw1 = @ 1 ?1 A ;
1 2
evidently has rank 2 with three rows.
But, w2 is not a minimal vector, since the matrix
0 ?1 ?1 1
B ?2 1 CC ;
Aw2 = B
@ 1 ?1 A
1 2
has rank 2 and four rows.
In fact, C ernikov de nes a minimal vector (which he calls fundamental
element) as a vector w for which the rank of the matrix Aw is the
number of its lines minus 1 [3, p 1520]. He then says that the maximal
systems of essentially di erent minimal elements of F are identical with
its bases. Kohler used this result in Fourier's elimination algorithm. In
the algorithm of Figure 1.2, if H is the historical subset associated with
an inequation, AH will denote the matrix formed from lines and columns
of A which respectively correspond to elements of H and to columns
of x1 ; . . .; xj .
Note that, contrary to the C ernikov-Fourier Algorithm, the detection
of minimal subsets is performed at the time of the creation of the new inequations. That is to say, whether a subset is minimal or not is detected
at the time of its creation. This is the opposite of the C ernikov-Fourier
Algorithm, in which some inequations are temporarily kept until a new
inequation with a smaller historical subset is created. As a result, time
used for creating non-retained inequations, and an non-negligible place
used for intermediary storage can be saved.
However, it can be asked whether this method detects when the same
inequation can be obtained from the same minimal subset in more than
one way. Kohler [17, p 23]: \I have been unable to prove that we can
00
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discount the possibility of the Fourier-Motzkin Method generating more
than one extreme vector from the same half-line. Should this occur we
need only keep one of them". The tree approach of [10] makes it possible
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Input: Ax  b, an inequation system.
Assume that x = (x ; x ), where x = (x1; . . .; xk) is the
vector of variables to be eliminated.
Output: A system Cx  d equivalent to Ax  b on x
0

begin

00

00

0

0

1. we begin with the system of inequations S equal to Ax  b.
2. For xj being successively the variables x1; . . .; xk ,
2.1. Remove from S, each inequation with a non-zero coecient of xj .
2.2. For each pair of removed inequations a1 x  b1
and a2 x  b2 , with components aj;1 and aj;2
of xj respectively positive and negative,
2.2.1 If the historical subsets of the inequations of the pair are H1 and H2 respectively, then, the historical
S subset of the
new inequation is H1 H2.
2.2.2 If the rank of AH is its number of lines
minus 1, insert in S the new inequation
aj;1a2x ? aj;2a1x  aj;1b2 ? aj;2b1.
3. Return the system S which is then of the form Cx  d.
00

end

0

Figure 1.2

Kohler-Fourier's Algorithm

to give a simple answer to this question using its unicity theorem (p 121).
This theorem can be translated as follows:
Theorem 3 (Unicity theorem) For each minimal subset, Fourier's
algorithm, modi ed by C ernikov or Kohler, can produce only one inequation and only in one way.
Corollary 2 The C ernikov-Fourier and Kohler-Fourier algorithms rigorously produce the same nal system without more or less redundant
inequation.
Proof 3 It is an immediate consequence of the previous theorem, since,
as a result of Theorem 2, the Kohler-Fourier algorithm produces all the
inequations produced by the C ernikov-Fourier algorithm, and eventually,
some double inequations.
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Remark : Theorem 3 is valid only if, at each Fourier step, each in-

equation associated with a non-minimal historical subset is discarded.
Otherwise uniqueness is not guaranteed and the C ernikov method is preferred. In addition, it can be remarked that this theorem involves the
result of corollary 1.
Another very interesting result shown in [10] is the independence of
the order in which the variables are eliminated:
Theorem 4 Whatever the order in which the variables are eliminated,

the C ernikov-Fourier algorithm or the Kohler-Fourier algorithm rigorously produce the same nal system (up to multiplied by a positive
scalar), without more or less redundant inequation.

1.6 Quick detection of minimal or non-minimal subsets
The main problem we face in the previous two methods is that the
minimal subset detection operation is very costly. In this section, we
present various known solutions to this problem and we give some new
answers. Most of these improvements can be applied independently to
both methods.

1.6.1 Upper limit of the rank

The rst improvement was provided by the precursor of the previous
two methods. Though C ernikov presents the following improvement in
[3], we can nd its foundation in [1, p 296 corollary 2].
Theorem 5 After k variable eliminations, if the historical subset as-

sociated with an inequation has more than k + 1 elements, then this
historical subset is not minimal.

Proof 4 It can be immediately deduced from theorem 2, and from the

fact that the matrix Aw has k columns, and then its rank is less than or
equal to k.
In this case, the detection cost is very low. C ernikov and Kohler
included this detection in their algorithms.
00
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1.6.2 Passive variables
Dun, in [6, p 90], introduces the active or passive variable concept. A
variable is active during its elimination if there is at least one pair of
inequations in the sense of Fourier's elimination. Otherwise the variable
is said to be passive. Let xj be a passive variable. Its elimination
can suppress some inequations from the system, but does not add any.
This comes from the fact that the coecients of xj in the inequations
are either all positive (0 ) or all negative ( 0). Then if we delay
the elimination of such a variable, since Fourier's elimination uses only
linear combinatories with positive coecents, the coecients of xj will
all have the same sign in all generated inequations. In particular, the
inequations with non-zero coecients of xj , generate inequations with
non-zero coecients of xj . These inequations will all be rejected in a
subsequent elimination of this variable. Thus,
Theorem 6 After the elimination of k variables, p of which are passive,
if in a historical subset more than k + 1 ? p elements occur, then this
historical subset is not minimal.

1.6.3 Upper and lower limits of the rank

So far, we have looked at the improvements at a global level. However,
the minimal subset is a local concept in that a minimal part depends
only on what is included within it. Hence, it is sucient to look at the
eliminated variables occuring in at least one inequation of the historical
subset [10].
Assume that the variables eliminated from the initial system are
x1; . . .; xk . We will say that they are ocially eliminated, and will
write Ok the set of these variables. For each inequation i produced,
the set Ok can be divided into three disjointed subsets: the subset of
e ectively eliminated variables denoted Ei , the subset of implicitly eliminated variables denoted Ii , and the other variables. A variable is said to
be e ectively eliminated for i, if its ocial elimination produces at least
one of its ancestors (initial or intermediate inequations used to produce
i). A variable is said to be implicitly eliminated for i, if the following
three conditions are satis ed: it occurs in at least one inequation of Hi ,
it does not occur in i, it is not e ectively eliminated for i. In practice,
in Ii we also nd some implicitly eliminated variables which are not in
Ok .

Fourier's Elimination: Which to Choose ?
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Example 3 Let us consider the following system from which we want to

eliminate the variables x1, x2 , x3 and x4:
(1) x1 ? 2x3 ? x4 + x6 + x7  2
(2) ?x1 + 2x3 ? x5 ? x6  1
(3) x1 + x3 + x4 + 2x7  0
(4) ?x1 ? x3  ?1
Among the inequations produced by the elimination of x1 are the two
following ((5) = (1) + (2) and (6) = (3) + (4)).
(5) ?x4 ? x5 + x7  3
(6) +x4 + 2x7  ?1
The variables x2 and x3 do not occur in the inequations (5) and (6).
The elimination of these two variables retains these two inequations. To
eliminate x4, we only have to add (5) and (6).
(7) ?x5 + 3x7  2
The ocially eliminated variables are x1 , x2, x3 and x4 . The variables
e ectively eliminated for the inequation (7) are x1 and x4 . The variable
x3 has been implicitly eliminated for the inequation (7), as has been
the variable x6 which is not ocially eliminated. The variable x2 is
eliminated neither e ectively nor implicitly for (7), since it does not
occur in any of the four original inequations used to produce (7).
In [10] the following two theorems are shown, where Card(S) denotes
the number of elements of S:
Theorem 7 (First acceleration theorem) If Hi is a minimal subset, then the following relation is satis ed:
[ \
1 + Card(Ei)  Card(Hi)  1 + Card(Ei (Ii Ok ))

In this same paper it is shown that whatever Hi, minimal part or
not, the left inequality is satis ed. The right inequality gives an upper
limit less than or equal to the one of Theorem 5 above. In fact, from
Theorem 2, Theorem 5 says that the rank of the Aw matrix can be more
than the number of columns. Theorem 7 suppresses from this number
the zero columns. Moreover, the Dun improvement is always global
00

14

Chapter 1

and still applicable: we only have to suppress passive variables from Ok .
When the rst acceleration theorem quickly detects non-minimal parts,
the second acceleration theorem quickly detects minimal parts:
Theorem 8 (Second acceleration theorem) Let i be an inequation such that 1 + Card(Ei) = Card(Hi), then Hi is minimal.
This theorem avoids a heavy veri cation burden. The cost of these two
theorems is very low. It linearly depends on the number of eliminated
variables. The costly research operation of minimal subsets, either by
comparison of minimal parts, or by computing a matrix rank, needs to
be done only when
[ \
1 + Card(Ei) < Card(Hi)  1 + Card(Ei (Ii Ok )):
Thus, if there is no implicitly eliminated variable, these two theorems
are sucient. Usually, this happens when the constraints are randomly
generated. In return, the algorithm performances decrease when the
number of implicitly eliminated variables increases.
An example using these two theorems is given in section 1.8.

1.6.4 Comparison number

The followingimprovement deals only with the C ernikov-Fourier method.
The set G is a base of F, and there is a one-to-one map between G and
the set of minimal subsets. Then, for each element j of a non-minimal
subset P, there is a minimal part included in P, in which j occurs. As a
result, if we take an ordering on the initial inequations, the comparison
between subsets with the same rst element is sucient. So, the average
number of comparisons is divided in half. However, more storage space
is needed for intermediary results.
Example 4 Let us take up again Example 1. The vector w2 produces the
inequation 7x2 ?4x3  10 associated with the historical set f(1); (2); (3);
(4)g. This historical set is not minimal. Then it includes a minimal
historial set in which occurs the inequation (1). Indeed, the vector w1
produces the inequation 2x1 +x2 ? 2x3  6 associated with the historical
set f(1); (3); (4)g. In fact, if the original
S system is without redundancy,
it can be shown that Hw2 = Hw1 Hw4 , since w2 = 5=3 w1 + 2=3 w4
and since the vector w4 produces the inequation ?5x1 + 8x2 ? x3  0
associated with the historical set f(2); (3); (4)g.
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1.6.5 Redundancies

Let us consider the initial inequation system A x + A x  b. So far,
the only redundancies suppressed during the elimination process of x ,
are the ones due to A . However, if we take into account A x , other
redundancies may appear. I do not know a method which suppresses
all redundancies, compatible with one of Fourier elimination methods
presented above. However, in some cases, coexistence is possible. In [14],
it is shown that strong redundancies2 produced by Fourier's algorithm
with the previous improvements, can be suppressed without subsequent
damage.
0

0

00

00

00

00

0

0

Theorem 9 Every inequation, at least one ancestor of which is strongly
redundant, is strongly redundant.

Proof 5 Let ux  v be a strongly redundant inequation.PLet us assume

that
this inequation is equal to the linear combinatory ( ii==1p iai )x 
P
i
=
( i=1p i bi) + 0 . The proof is then trivial since uv  v ? 0 is a logical
consequence of the inequation system and since each produced inequation is a linear combinatory with positive coecients of the inequations
of the system.

The systematic detection of strong redundancies is very costly. However, there are some cases in which the detection cost is lower. The
quasi-redundancy is a special case of strong redundancy. An inequation
ux  v is quasi-redundant in Ax  b if there is another inequation of
that system written ux  v ? r up to multiplied by a positive scalar,
where r is a non-zero positive constant [19]. The quasi-redundancy detection is not excessively expensive because it is roughly a one-to-one
comparison of constraints with each other.
Remark : Assume that all or part of the strong redundancies are suppressed from an intermediary system Ci , and that Ci is obtained by a
derived Fourier's elimination method M. Let Ki be the subsystem of
Ci so obtained. To take advantage of this, we have to be sure that in
the next steps all the redundancies detected by M applied on Ci , will
not occur in Ki+1 when this same method is applied on Ki . If this is
2 the supporting hyperplane of which is far from the solution set of the inequation
system.
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the case, we will say that the method M is fully compatible with the
partial or full deletion of strong redundancies. Otherwise we have to
nd a means to detect all strong redundancies at each step, and this
detection is too costly, and thus impracticable.
The methods of C ernikov-Fourier and Kohler-Fourier, are opposed in
that the rst detects the minimal subset by comparison with each of
the others, whereas the second only needs to know the inequations of its
historical subset. As a result, if some minimal subsets are missing due
to strong redundancy deletions, the comparison method can be put on
the wrong track. On the contrary, this is not the case for the matricial
method. In conclusion we have the following result
Proposition 1 Any partial deletion of strong redundancies is fully
compatible with the Kohler-Fourier elimination method but is not fully
compatible with the C ernikov-Fourier elimination method.
Thus, the partial deletion of strong redundancies is not suitable for
the C ernikov-Fourier elimination method.

1.7 Comparison or matricial computation ?
1.7.1 Complexity
The incorporation of improvements from theorems 5, 6, 7 and 8, results
in a great reduction in the cost of the elimination algorithm. If m0 is
the number of inequations of the initial system, and if k is the number
of variables to be eliminated, the cost of theorems 5, 7 and 8 is at most
O(m0 + k) for each produced inequation. Note that the detection of the
minimality of historical subsets can always be done before the creation
of the new inequations. Thus, time can be saved in cases of rejection.
The cost of minimal subset detection using comparison is, at most,
O(m0 m) for each produced inequation where m is the maximal number
of inequations occurring in the intermediary system during the process
of elimination. It must be noted that in the case of the C ernikov-Fourier
method, the comparison must be done in both directions of the inclusion.
If we use the improvements of theorems 7 and 8, the comparison must
be done only for inequations satisfying theorem 7: in both directions of
the inclusion between historical subsets of two new inequations which
do not satisfy theorem 8, only in one direction when one of the new
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inequations satis es theorem 8, no comparison is needed when the two
inequations satisfy this same theorem.
The cost of minimal subset detection using matricial computation is,
for each produced inequation, at most O(k5) in in nite precision, O(k3)
otherwise. Thus, when k is low, it is better to use matricial computation and to change methods during the elimination process when k and
m move. Theorem 3 and its corollary allow for this change at every
moment.
Furthermore, in the choice of method, we have to take into account
the fact that the matricial method allows for an independent process of
produced inequations. Conversely, if during the eliminationof a variable,
the comparison is used, there will be comparisons to do until the end of
the elimination of that variable. Moreover, the comparison method does
not always immediately detect redundancies, as a result, this leads to
an additional cost because of the intermediary storage. Consequently,
the matricial method allows for a degree of parallelism higher than the
comparison method. And then, the matricial method is better suited to
an additional redundancy deletion such as quasi-redundancy than the
comparison method is. In all cases, these two methods need to be used
only when both theorems 7 and 8 fail.

1.7.2 Modi ed Fourier's Algorithm

In order to take into account the results of theorems 7 and 8, each
inequation i is associated with three sets: the set Hi of initial inequations
from which i is produced, the set Ei of its e ectively eliminated variables,
and the set Ii of its implicitly eliminated variables. When i is an initial
inequation, Hi = fig, and Ei and Ii are empty. The pattern algorithm
is described in Figure 1.3.
In practice, it does not matter that some variables not implicitly eliminated occur in Ii , if each of these variables occur in at least one inequation of Hi. This comes from the fact that Ii is used only in thereom 7.
So, these variables which are ocially eliminated, are e ectively eliminated, and then occur in Ei.
Note that steps 2.3.4 and 2.3.5 can be interchanged. Particularly, if
the inequations are ordered, one can quickly see when an inequation
is quasi-redundant and avoid the minimality detection for its historical
subset [14].
If the strong redundancies are suppressed, (step 2.3.5), it is advisable
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Input: S an inequation system Ax  b.
Let us assume that x = (x ; x ), where x = (x1; . . .; xk ) is
the vector of variables to be eliminated.
Output: A system Cx  d equivalent to Ax  b on x
0

begin

00

00

0

0

1. The set O of ocially eliminated variables, is empty.
2. For xj being successively the variables x1; . . .; xk ,
2.1. Suppress from S all the inequations in which the coecient
of xj is non-zero.
2.2. If there is at least one pair of suppressed inequations with
opposite sign coecients of xj , put xj into O (Dun improvement), and continue to 2.3, otherwise continue to 2.
2.3. For each pair of suppressed inequations a1x  b1 and
a2 x  b2, of which the coecients aj;1 and aj;2 of xj are
respectively positive and negative,
2.3.1 Assume that the sets associated with these inequations are respectively
S H , EH=1;EE1S; I1EandandHI2;=E2I; IS2. ICompute H = H
2
1 2.
1
S1 T 2
2.3.2 If Card(E (I O)) < Card(H) then continue to 2.3.
(Theorem 7).
2.3.3 If Card(E) = Card(H) then go to 2.3.5. (Theorem 8).
2.3.4 Analyze using comparison 3 or matricial computation
the set H. If it is a minimal part then go to 2.3.5, else
continue to 2.3.
2.3.5 Suppress some strongly redundant inequations (Theorem 9). If the new inequation is strongly redundant
then continue to 2.3, else continue to 2.3.6.
2.3.6 Put in S the inequation
aj;1a2x ? aj;2a1x  aj;1b2 ? aj;2b1.
3. Return the system S which is then of the form Cx  d.

end

0

3
When the comparison method is chosen, also suppress from the system the inequations of which the historical subsets include that of the new
inequation.
Figure 1.3

Pattern Modi ed Fourier's Algorithm
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to use the matricial computation at step 2.3.4.

1.8 An example
In the following example, each inequation is associated with a triplet
(H; E; I). H is the historical subset of the inequation, E the set of its
implicitly eliminated variables and I the set of its implicitly eliminated
variables. In the following notation, a hyphen will denote the empty-set,
and a non-empty set will be denoted by the juxtaposition of its elements
separated by dots. Let xi , i = 1; . . .; 5 be the variables to be eliminated
in the following system:
0  ?1x3 ? 1x4 ? 1x5 + 1
(1; ?; ?)
0  +1x1 + 2x4 ? 1y2 + 2
(2; ?; ?)
0  +1x2 + 2x5 ? 1y3 + 2
(3; ?; ?)
0  ?2x2 ? 3x5 + 1y3 ? 1
(4; ?; ?)
0  +1x2
(5; ?; ?)
0  +1x3
(6; ?; ?)
0  ?1x1 ? 1x2 + 2x3 ? 1y1 + 3
(7; ?; ?)
0  ?1x1 ? 1x2 ? 2x3 ? 2x4 ? 2x5 + 1y1 + 1y2 + 1y3 ? 5
(8; ?; ?)
(9) 0  ?1x2 ? 1x5 + 2y2
(9; ?; ?)
(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)

The elimination of x1 gives O1 = fx1g, suppresses the inequations (2),
(7) and (8), and proposes two pairs to create new inequations. These
two new inequations are all accepted as a result of theorem 8. The cost
is then minimal. The new system is:
0  ?1x3 ? 1x4 ? 1x5 + 1
0  +1x2 + 2x5 ? 1y3 + 2
0  ?2x2 ? 3x5 + 1y3 ? 1
0  +1x2
0  +1x3
0  ?1x2 ? 1x5 + 2y2
0  ?1x2 + 2x3 + 2x4 ? 1y1 ? 1y2 + 5
0  ?1x2 ? 2x3 ? 2x5 + 1y1 + 1y3 ? 3

(1; ?; ?)
(3; ?; ?)
(4; ?; ?)
(5; ?; ?)
(6; ?; ?)
(9; ?; ?)
(2:7; x1; ?)
(2:8; x1; x4)

The elimination of x2 gives O2 = fx1; x2g, suppresses six inequations,
and proposes eight pairs to create new inequations. These eight new
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inequations are all accepted as a result of theorem 8. The new system
is:
0  ?1x3 ? 1x4 ? 1x5 + 1
(1; ?; ?)
0  +1x3
(6; ?; ?)
0  +1x5 ? 1y3 + 3
(3:4; x2; ?)
0  +1x5 + 2y2 ? 1y3 + 2
(3:9; x2; ?)
0  +2x3 + 2x4 + 2x5 ? 1y1 ? 1y2 ? 1y3 + 7 (2:3:7; x1:x2; ?)
0  ?2x3 + 1y1 ? 1
(2:3:8; x1:x2; x4 :x5)
0  ?3x5 + 1y3 ? 1
(4:5; x2; ?)
0  ?1x5 + 2y2
(5:9; x2; ?)
0  +2x3 + 2x4 ? 1y1 ? 1y2 + 5
(2:5:7; x1:x2; ?)
0  ?2x3 ? 2x5 + 1y1 + 1y3 ? 3
(2:5:8; x1:x2; x4 )
So far, each pair produces a retained inequation. The elimination
of x3 gives O3 = fx1; x2; x3g and proposes nine pairs for the creation
of inequations. Among these nine pairs, two are rejected according to
theorem 7. The other seven pairs are accepted as a result of theorem 8.
The new system is then:
0  +1x5 ? 1y3 + 3
0  +1x5 + 2y2 ? 1y3 + 2
0  ?3x5 + 1y3 ? 1
0  ?1x5 + 2y2
0  ?1x4 ? 1x5 + 1
0  +1y1 ? 1
0  ?2x5 + 1y1 + 1y3 ? 3
0  ?1y1 ? 1y2 ? 1y3 + 9
0  +2x4 + 2x5 ? 1y2 ? 1y3 + 6
0  ?2x5 ? 1y1 ? 1y2 + 7
0  +2x4 ? 2x5 ? 1y2 + 1y3 + 2

(3:4; x2 ; ?)
(3:9; x2 ; ?)
(4:5; x2 ; ?)
(5:9; x2 ; ?)
(1:6; x3 ; ?)
(2:3:6:8; x1:x2:x3; x4:x5)
(2:5:6:8; x1:x2:x3; x4)
(1:2:3:7; x1:x2:x3; x4:x5)
(2:3:7:8; x1:x2:x3; x4:x5)
(1:2:5:7; x1:x2:x3; x4)
(2:5:7:8; x1:x2:x3; x4)

The elimination of x4 gives O4 = fx1; x2; x3; x4g and proposes two
pairs for the creation of inequations. According to theorem 7 no new
inequation is created. The new system is then:
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0  +1x5 ? 1y3 + 3
(3:4; x2; ?)
0  +1x5 + 2y2 ? 1y3 + 2 (3:9; x2; ?)
0  ?3x5 + 1y3 ? 1
(4:5; x2; ?)
0  ?1x5 + 2y2
(5:9; x2; ?)
0  +1y1 ? 1
(2:3:6:8; x1:x2:x3; x4 :x5)
0  ?2x5 + 1y1 + 1y3 ? 3 (2:5:6:8; x1:x2:x3; x4 )
0  ?1y1 ? 1y2 ? 1y3 + 9 (1:2:3:7; x1:x2:x3; x4 :x5)
0  ?2x5 ? 1y1 ? 1y2 + 7 (1:2:5:7; x1:x2:x3; x4 )
The elimination of x5 gives O5 = fx1; x2; x3; x4; x5g and proposes
eight pairs for the creation of inequations. Two are accepted according
to theorem 8. Two are rejected according to theorem 7. And four are
rejected using comparison or matricial computation methods. The nal
system is:
0  +1y1 ? 1
(2:3:6:8; x1 :x2:x3; x4:x5)
0  ?1y1 ? 1y2 ? 1y3 + 9 (1:2:3:7; x1 :x2:x3; x4:x5)
0  ?1y3 + 4
(3:4:5; x2 :x5; ?)
0  +4y2 ? 1y3 + 2
(3:5:9:; x2:x5; ?)
Let us compare, on this small example, the cost of the C ernikovFourier and Kholer-Fourier Algorithms using Theorem 5 (column entitled \C ernikov/Kohler" in the table below), and the cost of these algorithms by replacing Theorem 5 by Theorem 7 and Theorem 8 (column
entitled \+ Theorems 7 and 8"). The detailed account of realized operations is given in the table below. In the C ernikov or Kholer methods
column, the rst number represents the usage number of Theorem 5, the
right number is the usage number of comparison or matricial method. In
the right column, the rst number represents the usage number of Theorem 7, the second number represents the usage number of Theorem 8,
and the third number represents the usage number of the comparison or
matricial method.
step C ernikov/Kohler + Theorems 7 and 8
1
0/2
0/2/0
2
0/8
0/8/0
3
2/7
2/7/0
4
2/0
2/0/0
5
0/8
2/2/4
total
4 / 25
6 / 19 / 4
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It can be seen, in this example, that the proportions of heavy detection methods used, are completely exchanged depending on the use of
theorem 7 and 8: (4=29), or theorem 5: (25=29). The advantage supplied
by the two acceleration theorems is greater insomuch as the number of
implicitly eliminated variables is lower. The extreme case is the one
where this number is zero. In this extreme case, only these two theorems are needed for all decisions. This is generally the case when the
coecients of the constraints are randomly generated.

1.9 Conclusion
After presenting the approaches of C ernikov and Kohler for improving
the Fourier elimination algorithm, we have shown that these two approaches produce exactly the same nal inequation system. The use of
theorems 7 and 8 introduced in [10] considerably decreases the use of
costly minimal subset detection methods. We have seen that the matricial minimal subset detection method is better suited to an additional
redundancy deletion than the comparison detection method.
In addition, we have tested the heuristic which eliminates, at each
Fourier step, the variable with the least production of inequations. The
results obtained are clearly not as good as with any other choice, even
at random. In some cases, the computation time increases from half a
minute to more than an hour, with an overwhelming production. The
lower initial production can quickly become disastrous.
Finally, the generalization of the passive variable concept to variables
which only produce non-retained constraints, is incorrect, as is shown in
the following example. Let the initial system be:
(1) 0  +x + y + z + t (1; ?; ?)
(2) 0  ?x ? y + z
(2; ?; ?)
(3) 0  +x ? y ? z
(3; ?; ?)
(4) 0  ?x + y ? z
(4; ?; ?)
The elimination of x gives
0  +2z + t (1:2; x; y)
0  ?2z
(3:4; x; y)
0  +2y + t (1:4; x; z)
0  ?2y
(2:3; x; z)
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The elimination of y gives the system
0  +2z + t (1:2; x; y)
0  ?2z
(3:4; x; y)
and the elimination of z gives the nal system
0  t (1:2:3:4; x:z; y).
If we had not taken the variable y into account, the inequation 0  t
would be rejected. Then the nal system would be incorrect. This also
shows the importance of the implicitly eliminated variables.
For new improvements of the Fourier algorithm, it would be interesting to see under which conditions the weakly redundant inequations (the
ones for which the supporting hyperplanes are adjacent to the solution
set of the inequation system) can be deleted without putting the previous
improvements of the Fourier elimination on the wrong track. Whatever
the future improvements however, we cannot prevent the Fourier elimination from producing a great deal of constraints, with a signi cant
increase in the intermediary steps, before this number decreases when
few variables remain in the system.
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