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Abstract: This paper continues our work on in nite, recursive structures. We investigate the descrip-

tive complexity of several logics over recursive structures, including rst-order, second-order, and xpoint
logic, exhibiting connections between expressibility of a property and its computational complexity. We
then address 0{1 laws, proposing a version that applies to recursive structures, and using it to prove several
non-expressibility results.

0 Introduction
In nite recursive structures, with recursive graphs as a special case, have been studied quite extensively in the past. Most interesting properties of recursive graphs have been shown to be undecidable,
and many are actually outside the arithmetic hierarchy; see, e.g., [AMS, Be1, Be2, BG, H, HH1].
In [HH2] we considered recursive structures to be generalizations of nite relational data bases,
and investigated the class of computable queries over them, the motivation being borrowed from
[CH1]. A computable query is a (partial) recursive function that is also generic, i.e., it preserves
isomorphisms. One of the results of [HH2] is that quanti er-free rst-order logic is complete for
recursive data bases, meaning that it expresses precisely the recursive generic queries. Part 1 of
this paper deals with languages that can express non-recursive queries.
If we return for a moment to the world of nite structures, classical complexity classes can
often be characterized in terms of their descriptive complexity, i.e., the ability of certain logics to
express properties in the class. The rst important result was that of Fagin [F1], who showed that
existential second order logic (that is,  formulas) expresses exactly the properties in NP. An
analogous match holds between each level of the second-order hierarchy and the corresponding level
of the polynomial-time hierarchy. In Part 1 of the paper we carry out an analogous investigation
over recursive structures, analyzing the expressibility of several logics, such as rst-order logic,
second-order logic and xpoint logic. We are able to exhibit many connections between descriptive
and computational complexity, such as the following result, which is analogous to that of Fagin:
the properties of recursive structures expressible by a k formula, for k 2, are exactly the generic
properties in the complexity class k of the analytic hierarchy.
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In Part 2 of the paper we address the issue of whether there are useful 0{1 laws for recursive
structures. Some classical results and methods developed for general models, such as completeness
and compactness, fail for nite and recursive structures, while others, such as Ehrenfeucht/Fraisse
games, hold for these too. However, one tool that appears to be unique to nite model theory is
the 0{1 law, that asserts that certain properties (such as those expressible in rst-order logic) are
either almost surely true or almost surely false [F3]. This notion seems to require that structures
be nite, since the notion of \almost surely" relies on asymptotic behavior as the structures grow
in size. We propose an extension of this notion to recursive structures, and show that the new kind
of 0{1 law holds for several logics, such as rst-order logic, strict  and strict  . We then use
this to show non-expressibility of properties in such logics.
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Each of the two parts of the paper starts with a more detailed background and overview section.

1 Descriptive Complexity
1.1 Background and Overview
First, some de nitions taken from [HH2]. Throughout the paper we replace the term \data base"
by \structure", although for all our purposes they are synonymous.
De nition 1.1 Let D be a countably in nite recursive set, and let R1 ; : : :; Rk , k > 0, be relations,
such that for all 1  i  k, Ri  Dai . We say that B = (D; R1 ; : : :; Rk ) is a recursive relational
structure of type a = (a1; : : :; ak ) (an r-st for short 1) if each Ri is a recursive relation. We often
use D(B ) to denote D, the domain of B .

Each Ri is recursive relation, and can be represented by a Turing machine, which on input u
decides whether u R. Throughout the paper we view an r-st B as being represented by a sequence
of Turing machines that represent its relations.
2

De nition 1.2 Let B1 = (D1 ; R1 ; : : :; Rk ) and B2 = (D2 ; R01 ; : : : ; R0k ) be two r-st's of type a =

(a ; : : : ; ak), and let u Dn and v Dn . We say that B and B are isomorphic by isomorphism h,
if h : D D is a bijection, and h(Ri) = R0i for each 1 i k. B and B are isomorphic, written
B = B , if B and B are isomorphic by some isomorphism. We also write (B ; u) = (B ; v), for
tuples u and v if B and B are isomorphic by an isomorphism that maps u to v, and u =B v if
(B; u) = (B; v).
2
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De nition 1.3 An r-st query of type a (or an r-query for short) is a partial function Q, which,

for each r-st B of type a, yields an output (if any) that is a recursive relation over D(B ). We let
Gr(Q) denote the set f(B; u) j u 2 Q(B )g.

We now want to de ne recursive queries over r-st's. There are various possibilities for this.
One is to require the existence of a Turing machine, which, on an input containing (codes for) the
Turing machines of the relations in the input structure, produces as output the (code of) the Turing
machine for the output relation. We prefer the following oracle-based de nition:
1

In [HH2] an r-st is called an r-db.

2

De nition 1.4 An r-query Q is recursive if there is an oracle Turing machine which, given a tuple

u, uses oracles for the relations of the input structure B to decide whether u Q(B ). If Q(B ) is
2

unde ned, the machine does not halt on any input tuple.

De nition 1.5 An r-query Q is called generic if it preserves isomorphisms for all structures (not

necessarily recursive ones), under the assumption that there exist oracles for their relations. In
symbols, for any relational structures B1 and B2, if B1 
= Q(B2)
= B2 by isomorphism h then Q(B1) 
by h, where Q(B ) is the result of applying Q to oracles for the relations in B .
De nition 1.6 An r-query is called computable if it is recursive and generic. A query language is

r-complete if it expresses precisely the computable r-queries.

Given a query language L, we adapt the following from Vardi [V1]:
De nition 1.7 The data complexity of a language L is the computational complexity of the sets

Gr(Qe ), where e ranges over the expressions of L, and Qe is the query expressed by e. A language
L is data-complete (or d-complete for short) for a complexity class C if for every expression e in
L, Gr(Qe) is in C , and there is an expression e in L such that Gr(Qe0 ) is hard for C .
0

In Section 1.2, we show that rst-order logic expresses arithmetical generic queries from the
entire arithmetical hierarchy, but it does not express them all. In Section 1.3, E- , which consists
of the existential second-order formulas over some vocabulary, is shown to be d-complete for the
complexity class  of the analytic hierarchy, but there are even arithmetical generic queries that
are not expressible in E- . For k 2, we have a stronger result in Section 1.4, which is similar
to the known result of Fagin [F1] on the equivalence between NP and the existential second-order
properties. Namely, E-k expresses precisely the generic properties that are in the complexity
class k . This means that every generic query over some vocabulary  that is in k is expressible
by an uninterpreted formula in E-k over , not only by a k formula over interpreted recursive
predicates.
It is worth saying a little more about this result. The second-order quanti ers are used in the
proof to de ne a total order and predicates + and , which, in turn, are used to de ne the required
elementary arithmetic expression. Also, the de ned order must contain a minimal element for every
subset of elements, a requirement that needs a universal second-order quanti er. This explains why
the result requires k 2. In fact, there are arithmetical properties that are not expressible in E- ,
such as the one stating that a recursive structure satis es all the extension axioms (see Part 2 of the
paper and [F3]). However, if a built-in total order is added to the vocabulary, all the  properties
are expressible in E- .
In Sections 1.5 and 1.6 we consider two special cases of E- : monadic E- , where the secondorder quanti ers are over sets only, is d-complete for  , and strict E- is d-complete for  .
In Section 1.7 we show that the data-complexity of iterative logic, which is obtained by adding
while loops to rst-order logic [CH2, KV1], is  , but it does not express all the  properties.
Section 1.8 deals with xpoint logic, which is obtained by adding least xpoint operators to
rst-order formulas [CH2, Mos]. FP denotes positive xpoint logic, which is obtained from rstorder logic by adding the least xpoint operator to positive formulas only. The full logic FP is
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We use the pre x \E-", standing for \expression", to denote syntactic classes.
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Figure 1: Summary of results in Part 1
obtained by combining the least xpoint operator with the formation rules of rst-order formulas.
When xpoint logic is applied to nite structures, the hierarchy of compositions of least xpoint
operations with rst-order constructs (noticeably negation) collapses, and a single xpoint operator
suces, as shown by Immerman [I]. This is not the case for recursive structures: it turns out that
FP is d-complete for  , and hence FP (containing the negations of expressions in FP ) is dcomplete for  . The data complexity of FP is exactly  , and we exhibit a sample query that is
expressible in FP but is hard for  and  .
Finally, in Section 1.9 we investigate the complexity of queries computable by generic Turing
machines with oracles for detecting the emptiness of relations. These machines (related to those
of [AV2]), which we call GTM;'s, are shown to have data complexity of  . GTM;'s compute all
the arithmetical queries, and some non-arithmetical ones too. Also, while we do not know if there
is an e ective language for expressing queries computable by a GTM;, we show that there is no
BP-complete language for expressing the relations de ned by them.
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Figure 1 summarizes some of the results of this part of the paper.

1.2 First-order logic
De nition 1.8 Let

be the language of rst-order logic, considered as a query language with
queries of the form f(x1; : : : ; xn) j (x1; : : : ; xn ; R1; : : : ; Rm)g; where  is a rst-order formula over
some vocabulary  = (P1; : : :; Pm ). Here, R1 ; : : :; Rm denote the relations of the input r-st of type
a = (a1; : : :; am), where each ai is the arity of Pi, and x1; : : :; xn are 's free variables. The allowed
L
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...

Figure 2: Two graphs
atomic formulas are xi = xj , for 1  i; j  n, and (xj1 ; : : :; xjai ) 2 Ri, for 1  j1; : : :; jai  n and
1  i  m. In particular, if R is of rank 0, then () 2 R is a legal atomic formula.
De nition 1.9 Denote by E-0k , for k  1, the restriction of L to bounded-quanti er formulas of

the form (9y1)(8y2)    (y k ) (y1 ; : : :; y k ); where  is 9 or 8, depending on the parity of k, and 
is a quanti er-free formula over some vocabulary . E-0k is de ned similarly, but with the formulas
starting with a universal quanti er.
Proposition 1.1 For each k , E-0k is d-complete for 0k , and E-0k is d-complete for 0k .
Proof: Let k > 0. Let Q be an r-query that is expressible in E-0k over a vocabulary  . Gr(Q) =

(B; x) (x; B ) ; where (x; B ) is a formula in E-k over . Since B is recursive, Gr(Q) is in the
complexity class k .
We now exhibit a k -complete r-query that is expressible in E-k . Let
f

j

0

g

0

0

0

A = x ( z )( z )
f

j

9 1

8 2 

(zk ) S (x; z ; : : :; zk )

g

1

be a k -complete set over , where S is a recursive predicate and  is or , depending on the
parity of k. De ne the following query Q on r-st's of type a = (k + 1):
0

N

9

Q(B ) = x ( z )( z )
f

j

9 1

8 2 

8

(zk ) R(x; z ; : : : ; zk ) :
g

1

We show now that Gr(Q), which is clearly in k , is also hard for k . Let B  = ( ; S ), where S
is the recursive predicate from the de nition of A, considered as a relation. Now Q(B ) = A and
Gr(QB ) = (B ; x) x Q(B ) . Since B  is xed, A = Gr(QB ), and hence Gr(QB ) is also
k -complete. But Gr(QB ) is trivially reducible to Gr(Q). Hence Gr(Q) is k -complete too. The
case of E-k is dual.
Prop. 1.1 states that , when applied to recursive structures, expresses queries from the entire
arithmetical hierarchy. However, not all the arithmetical queries are expressible in . For example,
connectivity of recursive graphs, which is arithmetical, is not expressible by a rst-order formula.
This can be shown by using Ehrenfeucht-Fraisse games (see the Appendix) to prove that no rstorder formula can distinguish between the two recursive graphs in Figure 2.
Another example is the formula EA, de ned in Part 2 of the paper, which states that a recursive
structure satis es all the extension axioms. We shall show that EA is not expressible even in E- ,
although it can easily be shown to be in  .
Note that while rst-order logic is closed under negation E-k and E-k , for k > 0, cannot be,
due to their d-completeness in the appropriate complexity classes.
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1.3 E-11 and E-11
De nition 1.10 Denote by E-1k , for k

1, the restriction of second-order logic to formulas of
the form ( S )( S ) (S k ) (S ; : : :; Sk ); where  is or , depending on the parity of k, and
 is a formula in rst-order logic over some vocabulary . E-k is de ned similarly, but with the
formulas starting with a universal quanti er.
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Proposition 1.2 E-11 is d-complete for 11 , and E-11 is d-complete for 11.
Proof: Clearly, if Q is an r-query expressible in E-11 , then Gr(Q) 2 11 . In addition, 1-CLIQUE,
which asks whether a recursive graph has an in nite clique, and is known to be 11-complete [HH1], is
expressible in E-11 as follows:
Gr(1-CLIQUE) = f(V; E ) j (9 <) (9C ) (<) ^
8x; y((x 2 C ^ y 2 C ) ! (x; y) 2 E ) ^ 8x9y (x < y ^ y 2 C )g
Here (<) veri es that < contains an in nite chain x1 < x2 <    without loops, and can be expressed as
follows:
8x8y8z (:(x < x) ^ (x 6= y ! x < y _ y < x) ^ :(x < y ^ y < x) ^
((x < y ^ y < z ) ! x < z ))
The case of E-11 is dual. 4

Thus, E-11 expresses queries that are in the class 11 of the analytic hierarchy; but, again, not all of
them, since from Example 2.2 it follows that EA is not expressible in E-11 although it is arithmetical.
Similarly, E-11 does not express all the 11 queries. In contrast, in the presence of a built-in successor
relation S and a total order <, all the 11 and 11 queries over  are expressible by formulas in E-11 or
E-11 , respectively, as we now show. Denoting these extensions by E-11 (; S; <) and E-11 (; S; <), we
have:

Proposition 1.3 An r-query over some vocabulary  is in the complexity class  (respectively,  ) if
and only-if it is expressible in E- (; S; <) (respectively, E- (; S; <)).
1
1

1
1

1
1

1
1

Proof: Let Q be an r-query expressible in E- (; S; <). Gr(Q) 2  , since  can clearly de ne a
1
1

1
1

1
1

recursive successor and order for every recursive structure. Conversely, assume that Gr(Q) 2 11 . Gr(Q)
can be de ned as follows:
Gr(Q) = f(B; x) j (9R)(9x1)(8x2 )    (8xm) (B; R; x; x1; x2; : : :; xm )g
where is in elementary arithmetic [R]. Gr(Q) can also be written using a built-in successor and order,
as follows:
Gr(Q) = f(B; x) j (9+)(9)(90)(9R)(9x1 )(8x2 )    (8xm)
( (S; <; +; ; 0) ^ 0(B; S; <; +; ; 0; R; x; x1 ; x2 ; : : :; xm ))g
where  is a rst-order formula stating that + and  satisfy the appropriate axioms and that 0 is the minimal
element. 0 is written by using the de ned relation symbols instead of the elementary arithmetical
operations. The entire formula is now in E-11 (; S; <).
The case for E-11 (; S; <) is dual, since Gr(Q) is expressible in E-11(; S; <) i Gr(Q) is expressible
in E-11 (; S; <), i Gr(Q) 2 11 , i Gr(Q) 2 11 . 4

6

1.4 E-1k and E-1k, for k  2
In contrast to E-11 and E-11 , we now show that the higher-levels of the second-order syntactic hierarchy,
E-1k , for k  2, express, respectively, all the 1k generic queries. In other words, each query in the
complexity class 1k that preserves isomorphisms can be expressed by a formula in E-1k over its own
vocabulary. The same holds for the universal classes.

Proposition 1.4 Let Q be a generic r-query over , and let k  2. Gr(Q) 2 k i Q is expressible in
1

E-k , and Gr(Q) 2 k i Q is expressible in E-k .
1

1

1

Proof: The \if" direction is clear. For the \only-if" direction, assume that Gr(Q) 2 k , and hence it can
1

be expressed as follows:

Gr(Q) = f(B; x) j (9R1)(8R2 )    (Rk )(9x1)(8x2 )    (B; R1; R2; : : :; Rk ; x; x1 ; x2; : : :)g
where  is 9 or 8, depending on the parity of k, and is in elementary arithmetic. In addition, let E be
the following set:

E = f(B; x) j (9S )(9 <)(9+)(9)(90)(9R1 )(8X )(8R2 )    (Rk )
(9y )(8z )(9x1)(8x2 )    ( (S; <; +; ; 0; X; y; z ) ^ 0(  ))g
Here,  states that S is a successor relation, < is a total linear order that agrees with S , + and  satisfy
the appropriate axioms, 0 is the minimal element and y is the smallest element in the set X . In addition,
0 is

written using the de ned relation symbols instead of the the usual arithmetical operations. The
entire formula is now in 1k over  .
We show that Gr(Q) = E , due to the genericity of Q. Clearly, Gr(Q)  E . Let (B; u) 2 E and let <0
be the order relation that exists by the formula in E . Let  be the isomorphism obtained by associating <0
with the standard order < on N . Let (B 0 ; v ) be the structure and tuple obtained by applying  to (B; u).
Now, (B 0 ; v ) 2 Gr(Q), since all conditions appearing in the formula of Gr(Q) are satis ed in the same way
as the corresponding ones in E are satis ed for (B; u). Since (B 0 ; v ) 
= (B; u), we have (B; u) 2 Gr(Q).
The case for 1k follows by duality. 4
Thus, the situation for E-1k , for k  2, is similar to that for E-11 (; S; <). We use the second-order
quanti ers to de ne the successor and order. Since E-11 does not express all the generic 11 queries (EA,
for example) a total order cannot be expressed using only existential second-order quanti ers, and requires
a universal quanti er which is used to verify that every subset has a least element.
However, there is an essential di erence between the way E-11(; S; <) captures 11 and the way E-1k
captures 1k , for k  2. E-11 (; S; <) expresses all the 11 queries, whereas E-1k express only generic 1k
queries. E-11 (; S; <) does not preserve the isomorphisms of the original structure because of the given
order. In contrast, the successor and order that are required to exist for E-1k can di er from one structure
to another, and isomorphic r-st's will have isomorphic successor and order relations.

Note that the relationship established in Prop. 1.4 between E-1k and 1k is stronger than d-completeness,
which follows as a corollary:

Corollary 1.5 E-k and E-k , for k  2, are d-complete for k and k , respectively.
1

1

1

1

Corollary 1.6 Let Q be a generic r-query over , and let k  2. Gr(Q) 2 k i Q is expressible in both
1

E-k and in E-k .
1

1
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1.5 Monadic E-11

De nition 1.11 Monadic E- is the query language containing formulas of the form 9A   9Ak (A ; : : :; Ak ),
1
1

where each of the Ai is unary and  is a rst-order formula over some vocabulary  .

1

1

Proposition 1.7 Monadic E- is d-complete for  .
1
1

1
1

Proof: Clearly, a query expressible in monadic E- is in the complexity class  . To prove completeness,
1
1

1
1

we use 1-CLIQUE-2, which is a variant of 1-CLIQUE. (1-CLIQUE itself is not expressible in monadic
E-11 , as we show in Prop. 1.8.) Let  = (V; E; H ), where V is unary and E and H are binary. De ne
1-CLIQUE-2 to be the class of recursive structures over  that contain an in nite clique, and in which H
is an order (not necessarily with a minimal element for every subset) satisfying:

8x; y; z (:(x; x) 2 H ^ (x 6= y ! (x; y) 2 H _ (y; x) 2 H ) ^ :((x; y) 2 H ^ (y; x) 2 H ) ^
((x; y ) 2 H ^ (y; z ) 2 H ) ! (x; z ) 2 H )
If we denote this requirement by (H ), we may now express 1-CLIQUE-2 in monadic E- as follows:
Gr(1-CLIQUE-2) = f(V; E; H ) j 9C ((H ) ^ 8x8y ((x 2 C ^ y 2 C ) ! (x; y) 2 C )
^ 8x9y (H (x; y) ^ y 2 C ))g
1
1

It is easy to see that 1-CLIQUE is reducible to 1-CLIQUE-2, by applying 1-CLIQUE-2 to a recursive
graph with some recursive order. Hence 1-CLIQUE-2 is also 11 -complete. 4
Ehrenfeucht-Fraisse-type games are a popular tool for showing non-expressibility of properties of nite
structures in monadic E-11 (see the Appendix). The theorems appearing in the Appendix, which are
adapted from other people's work on nite structures, hold also for recursive structures. In fact, the proofs
can be applied here with almost no change. We now use this technique to exhibit some 11 -properties that
are not expressible in monadic E-11.

Proposition 1.8 1-CLIQUE is not expressible in monadic E- .
1
1

Proof: Assume that 1-CLIQUE is expressible in monadic E- . By Prop. A.3 of the Appendix, there
1
1

are c; r such that the spoiler has a winning strategy in the Ajtai-Fagin (c; r)-game over 1-CLIQUE.
Let c; r be given. We show that the duplicator can win this game. The duplicator chooses G0 to be a
recursive graph consisting of an in nite clique and an in nite independent set. The spoiler now colors G0
with colors C1 ; : : :; Cc. Assume that ij points from the clique have been colored with Cj , for 1  j  c
(here ij can be 1). The duplicator now chooses G1 to be a graph consisting of a nite clique of size c  r
and an in nite independent set. He rst colors the independent set in the same way as the spoiler colored
the independent set of G0 . Now, for each 1  j  c, if ij  r the duplicator colors ij points from the clique
with Cij , and if ij > r he colors only r points with Cij . The rest of the points are colored with a color
that appears more than r times in the clique. They now play the r-game, and clearly the duplicator can
win. 4

Proposition 1.9 1-CLIQUE is not expressible in monadic E- .
1
1

8

Proof: Given c and r, the duplicator chooses G to be a recursive graph consisting of a clique H of size c  r
0

and an in nite independent set. After the spoiler colors G0 , the duplicator chooses G1 to be a recursive
graph consisting of an in nite clique and an in nite independent set, and colors it as follows. For each
1  j  c, the duplicator colors ij points of the clique with Cj if the spoiler colored ij  r points of H
with Cj . Otherwise, he colors r points of the clique with Cj . The rest of the points of the clique are
colored with a color appearing at least r times in H . The independent set is colored in the same way as
the independent set of G0. The duplicator can now win the r-game. 4
Denote by ISO the problem of whether two recursive graphs are isomorphic.

Proposition 1.10 ISO is not expressible in monadic E- .
1
1

Proof: Assume that ISO is expressible in monadic E- . Let c and r be given. We use the graphs
1
1

appearing in the proof of Fagin, Stockmeyer and Vardi [FSV] that connectivity in nite graphs is not in
monadic NP.
Let H0 be the long cycle chosen by the duplicator in the Ajtai-Fagin (c; r)-game appearing in their
proof. In our game, the duplicator chooses the pair of isomorphic graphs to be hG0; G0i, where G0 is a
disjoint union of H0 and an in nite independent set. The spoiler then colors them with colors C1; : : :Cc.
Let H1 be a disjoint union of two cycles that were chosen by the duplicator in the game described in [FSV],
after the spoiler colors the rst cycle. In our game, the duplicator chooses the next pair of non-isomorphic
graphs to be hG1; G0i, where G1 consists of a disjoint union of H1 and an in nite independent set. The
duplicator then colors H1 in the same way as the duplicator colored it in the game of [FSV], and he colors
the rest of the points in the same way as the spoiler colored the analogous ones in the rst pair. Now, the
duplicator has a winning strategy in the r-game over the two pairs of graphs. 4

Proposition 1.11 ISO is not expressible in monadic E- .
1
1

Proof: Assume that ISO is expressible in monadic E- . Let c and r be given. We devise a (c; r)-game
1
1

that uses the graphs used by Fagin [F4] in the (c; r)-game appearing in the proof of the non-containment
of connectivity on nite graphs in monadic 11 .
Let H0 be the rst cycle chosen by the duplicator in Fagin's (c; r)-game, and let H1 be the second graph
chosen by the duplicator, which contains two cycles. Our duplicator chooses a pair of non-isomorphic graphs
to be hG0; G1i, where G0 (respectively, G1 ) is the union of H0 (respectively, H1) with an in nite independent
set. The second pair of isomorphic graphs chosen by our duplicator is hG01; G001 i, where G01 = G001 = G1.
Now, the spoiler colors the rst pair hG0; G1i, and then the duplicator colors the cycles appearing in G01
precisely in the same way as the duplicator colored H1 in the previous game, and he colors the independent
set of G01 in the same way as it was colored in G0. In addition, he colors G001 in the same way as the spoiler
colored G1. Now, the duplicator has a winning strategy in the r-game over the two pairs of graphs. 4
In [FSV] it is shown that connectivity of nite graphs is not in monadic 11 . We now show the same
for recursive graphs.

Proposition 1.12 Connectivity of recursive graphs is not expressible in monadic E- .
1
1

Proof: Assume that connectivity is expressible in monadic E- . Let C be the class of connected recursive
1
1

graphs and let c; r be given. We show that the duplicator wins the Ajtai-Fagin (c; r)-game over C . Let d
be the constant existing by Corollary A.5 of the Appendix for this r. The duplicator chooses G0 to be the
graph (V; E ), where V = fai j i 2 Zg and E = f(ai; ai+1 ); (ai+1; ai ) j i 2 Zg:
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a (m - 2 )

a (m - 1 )

am

a(m + 1 )

a (m+ 2 )

a (n - 2 )

a (n - 1 )

b (n +1 )

b (n +2 )

an

a (n +1 )

a (n +2 )

G0

b (m - 2 )

bm

b (m - 1)

bn

b (n - 1 )

b (m + 1 )

b (n - 2 )

b (m + 2)

b ( m + d- 1)

b (m - ( d- 1 ))

G1

Figure 3: The graphs G and G
0

1

The spoiler now colors G0 with c colors. Let (ai ) denote the color of ai . The d-type of the point ai
in the resulting structure is fully described by the following list of 2d ? 1 colors:

h(ai? d? ); : : :; (ai? ); (ai); (ai ); : : :; (ai
(

1

1)

+1

d?1) )i

+(

The number of possible d-types is c(2d?1), which is a constant. So there must exist points am and an that
have the same d-type and are at least at distance 2d apart. (Actually, there are in nitely many such points
in G0 .) The duplicator now chooses G1 to be the graph G1 = (V 0 ; E 0), where V 0 = fbi j i 2 Zg and
E 0 = E1 [ E2, with:

E1 = f(bi; bi+1); (bi+1; bi) j i < m _ i > ng [ f(bm; bn+1 ); (bn+1; bm)g
E2 = f(bj ; bj+1); (bj+1; bj ) j m < j < ng [ f(bn; bm+1 ); (bm+1; bn)g:
Figure 3 illustrates these graphs. The duplicator now colors G1 such that (bi) = (ai ) for all i. Note
that ai and bi have the same d-type for all i, so that G0 and G1 are d-equivalent. It follows from Corollary
A.5 of the Appendix that G0 r G1, and hence the duplicator wins the r-game over the two colored graphs.

4

Disconnectivity of recursive structures can be de ned in monadic E-11 as follows:

9C 9C 9x9y8z 8z (x 2 C ^ y 2 C ^ ((z 2 C ^ z 2 C ) ! (z ; z ) 62 E ))
1

2

1

2

1

2

1

1

2

2

1

2

where E is the set of edges of the input graph. This example (and, independently, the d-completeness of
monadic E-11 in 11) implies that the collection of monadic E-11 properties is not closed under negation.
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1.6 Strict E-11

De nition 1.12 Strict E- is the query language containing formulas of the form 9S 9x8y (S; x; y),
1
1

where  is a quanti er-free formula over some vocabulary  .

Proposition 1.13 Strict E- is d-complete for  .
1
1

0
2

Proof: Let Q be an r-query over  whose graph is Gr(Q) = f(B; u) j 9S 9x8y (B; S; u; x; y)g; where

 is a quanti er-free formula over . Let B be an r-st over  and let u be a tuple. Let fx1 ; x2; : : :g
and fy 1; y2 ; : : :g be all the feasible values of x and y . Consider the sequence consisting the formulas
f(B; S; u; xi; yj ) j i; j  1g.
Recall that  is quanti er-free and contains terms of the forms R(w), for R 2 B , and S (z), for S 2 S .
Here w and z are projections of u, x and y . Since B is given, we may view  as a Boolean formula with
\variables" of the form S (z). Now, in order to determine whether u 2 Q(B ), it suces to nd some xi for
which all the formulas f(B; S; u; xi ; yj )g1
j =1 are satis ed by a common S . We now show how, after xing
some i, checking the existence of a common S can be reduced to checking the existence of an in nite path
in a recursive binary tree, which is co-r.e. It follows that Gr(Q) is in 02 .
The reduction is carried out as follows. Let fz n g1
n=1 be all the variables of S in some order. Each z n
belongs to some S 2 S , and its rank is that of S . For each n, level n of the tree is related to z n . Branching
left or right represents evaluating the corresponding S (z n ) to 0 or 1. A node on level n is determined to
be a leaf if evaluating S (z1 ); : : :; S (zn ) with the values according to the corresponding path, yields a false
formula among the rst n formulas, (B; S; u; xi ; yj ), for 1  j  n. Note that the tree is recursive and
contains an in nite path i there exists a \good" evaluation for all the variables.
We claim that the completeness follows from the d-completeness of E-02 for 02 . Since E-02 is contained
in strict E-11, the existing 02 -complete query that is expressible in E-02 is also expressible in strict E-11.
In particular, let  be a vocabulary containing a binary and a unary relation symbol. Let Q be an r-query
whose graph is Gr(Q) = f(R1; R2) j 9x8y (R1(x; y ) ! :R2 (y ))g: Determining whether a recursive set is
nite | a well known 02-complete problem | is reducible to Gr(Q), as follows. Given a recursive set A,
check if (<; A) 2 Gr(Q), where < is a recursive linear order. Clearly, (<; A) 2 Gr(Q) i A is nite. 4

Corollary 1.14 An r-query that is not in  cannot be expressed in strict E- .
1
1

0
2

In particular, none of the 11 -complete problems over recursive structures (for example, those appearing
in [HH1]) are expressible in strict E-11 . The 0{1 laws for recursive structures introduced in Part 2 of the
paper constitute an additional tool for showing non-expressibility of properties in strict E-11 . Several
examples of this are given later, and among them is EA, which is in 02 . Actually, we will show that EA
is not expressible by any E-11 formula over  , hence EA is not expressible in strict E-11, although it is in
02 .

Corollary 1.15 Strict E- does not express all the  generic r-queries.
1
1

0
2

Kolaitis and Vardi [KV1] proved that Hamiltonicity and connectivity of nite graphs cannot be expressed in strict E-11 . We show that this is true for recursive structures too. For Hamiltonicity, this
follows from Corollary 1.14 and the fact that the problem is 11-complete [H]. The proof for connectivity
is similar to that of [KV1] for the nite case:

Proposition 1.16 Connectivity of recursive graphs is not expressible in strict E- .
1
1

11

Proof: Let = 9S 9x8y(S; x; y) be a strict E- formula de ning connectivity on recursive structures.
1
1

Each graph that satis es the 2-extension axioms is connected. In particular, the countable random
graph A is connected, and hence has to be true on A. As in the proof of Lemma 2.8, let A0 be the nite
subgraph of A with universe consisting of the elements fa1; : : :; an g that witness the rst-order existential
quanti ers 9x in A.
Let G be a non-connected recursive countable graph containing A0 . G is isomorphic to a subgraph of
A because A is universal. Since universal statements are preserved under subgraphs and A satis es , G
satis es too (x is interpreted by a and S is interpreted by the restriction to G of the relations on A that
witness the existential second-order quanti ers). This contradicts the fact that G is not connected. 4
Now, since the monadic E-11 formula given above for disconnectivity is also in strict E-11, the class
of properties expressible in strict E-11 is not closed under negation.

1.7 Iterative Logic

Iterative logic is obtained by adding while loops to rst-order logic [CH2, KV1]. We shall not provide a
formal de nition here, except to say that formulas in iterative logic are of the form (X )S , where S is a
program and X is a relation variable containing the answer.

Proposition 1.17 The data-complexity of iterative logic is  .
1
1

Proof: Let Q be an r-query over  expressed by a formula (X )S in iterative logic. Note that (B; x) 2 Gr(Q)

if the program S terminates when applied to B , and upon termination x 2 X . If S does not terminate
when applied to B , or if x 62 X upon termination, (B; x) 62 Gr(Q). These possibilities can be expressed as
follows:
(B; x) 2 Gr(Q) i
(B; x) 62 Gr(Q) i

9P ( (P; B) ^ (x; P; B))
9P ( 0(P; B) _ ( (P; B) ^ :(x; P; B)));
where (P; B ) checks that P is a legal terminating computation of S on B , 0(P ; B ) checks that P is a
legal in nite computation of S on B , and (x; P; B ) checks that x is contained in the answer.
Here is how P represents computations. If X ; : : :; Xk are the variables appearing in the program S ,
P will be a sequence of second-order variables P ; : : :; Pk , such that each Pi represents the contents of
Xi during the computation. If Xi's rank is n, Pi 's will be n + 2. Now, (j; k; x ; : : :; xn ) 2 Pi i j is the
index of a con guration, k is a location in the program S , and (x ; : : :; xn) is contained in Xi in the j -th
con guration. The set of all tuples in Pi with the same con guration index represents the content of Xi
1

1

1

1

in the relevant con guration.
Since all the internal conditions are arithmetical, Gr(Q) 2 11.

4

Iterative logic does not express all the 11 r-queries. For example, we show in Section 2.5 that iterative
logic cannot express the arithmetical property stating that a recursive graph has a clique of size k, for
arbitrarily large k.
Iterative logic is closed under negation, since for every program in iterative logic we can easily construct
a program that simulates the original and then computes the complement of the result.
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1.8 Fixpoint logic
Fixpoint logic is obtained by adding least xpoint operators to rst-order formulas (see [CH2, I, Mos]).
FP1 denotes positive xpoint logic, which is obtained from rst-order logic by adding the least xpoint
operator to positive formulas. FP denotes the hierarchy obtained by combining the least xpoint operator
with the formation rules of rst-order logic. It is clearly closed under negation.

Proposition 1.18 FP is d-complete for  .
Proof: Let Q be an r-query over  expressible in FP . Gr(Q) can be expressed as follows [Mos]:
1

1
1

1

Gr(Q) = f(B; x) j 8S ((8x0[(x0; S; B) ! x0 2 S ]) ! x 2 S )g;
where  is a rst-order formula over  . This expression is in E-11 , hence Gr(Q) is in 11 .
In addition, we exhibit a 11-complete query that is expressible in FP1. Let  = fT g, where T is a
binary relation symbol. Let Q be a query yielding the set of nodes from which there is no in nite path.

We thus have:

Gr(Q) = f(T; x) j 8y((x; y) 62 T _ ((x; y) 2 T ! (T; y) 2 Gr(Q)))g:
Since (T; y ) 2 Gr(Q) appears positively, this formula is in FP1. Gr(Q) is 11 -complete, since the well-

foundedness of recursive trees, the quintessential 11 -complete problem [R], is trivially reducible to it.

4

For the next proposition recall that by Corollary 1.6 the generic queries in the complexity class 12 of
the analytic hierarchy are precisely those queries expressible in E-12 and in E-12 .

Proposition 1.19 The data complexity of FP is  .
Proof: Let  = (P ; : : :; Pk ). We prove the claim by induction on the number of compositions of least
1
2

1

xpoint operations appearing in the formula. If a query Q is expressed by a rst-order formula, or by
applying a single least xpoint operation to a positive rst-order formula, then Q is expressible in E-11 ,
and hence it is in 12. Also, closures of E-11 formulas under rst-order operations are either in E-11 or in
E-11 .
Assume now that any query over  that is expressible by applying n compositions of least xpoint
operations to a rst-order formula is in 12 , and that the same is true for the closure of such formulas
under rst-order operations. Let Q be an r-query obtained by applying a least xpoint operation to
 (x; S; B; R), where  is rst-order, B denotes the structure over  and R is expressible both in E-12 and
in E-12 . As in the previous proof, Gr(Q) can be expressed as follows:
Gr(Q) = f(B; x) j 8S ((8x0 [ (x0 ; S; B; R) ! x0 2 S ]) ! x 2 S )g
= f(B; x) j 1(x; B; R)g:
R can be expressed as follows:
R = fx j 8E 9F 1 (x; E; F; B)g = fx j 9C 8D 2 (x; C; D; B)g;
where 1 and 2 are rst-order. (For simplicity we refer to E and F as single second-order variables instead
of tuples thereof.)
Now, in order to show that Gr(Q) can be expressed in both E-12 and E-12 , we rst translate 1, the
formula expressing Gr(Q), into prenex disjunctive normal form, 2 . Now Gr(Q) can be expressed in two
ways as follows:

13

1. Each positive appearance of x 2 R in 2 is replaced by 8E 9F 1 (x; E; F; B ); and every appearance
of x 62 R is replaced by 8C 9D :2 (x; C; D; B ): If there is more than one appearance of x 2 R or
x 62 R, then we use di erent names for E; F; C and D, such as E1; E2; : : : for the appearances of E ,
and F1 ; F2; : : : for F , etc. We then rearrange the quanti cation, obtaining:
8S 8E19F18E29F2   8C19D18C29D2    3(  )
Since the only dependencies between the variables are those of the F 's on the E 's and the D's on
the C 's, we may change the order of the quanti ers, obtaining the following E-12 formula:
8S 8E18E2   8C18C2   9F19F2   9D19D2    3(  ):
2. Each appearance of x 2 R in 2 is replaced by 9C 8D 2 (x; C; D; B ); and each appearance of x 62 R
is replaced by 9E 8F :1 (x; E; F; B ): Proceeding like in step 1, we get:
8S 9E19E2   9C19C28F18F2   8D18D2    4(  ):
Since no second-order variables depend on S , we can move the quanti cation of S , to obtain the
E-12 formula:
9E19E2   9C19C28S 8F18F2   8D18D2    4(  ):
Thus, Q is expressible in E-12 and in E-12 , and by Corollary 1.6, Gr(Q) 2 12. Clearly, the closures of
sets in 12 under rst-order operations are also in 12. 4

Proposition 1.20 There is a query expressible in FP that is hard for both  and  .
Proof: Let  = fT; E g be a vocabulary for alternation trees, where T is binary and E is unary. The nodes
1
1

1
1

in E are 9-nodes and the others are 8-nodes. Let Q1 be a query, which, for an alternation tree, yields all
8-nodes and all nodes from which there is no in nite path of 9-nodes. We may thus write:
Gr(Q1) = f(T; E; x) j x 62 E _ 8y ((x; y) 2 T ! (T; E; y) 2 Gr(Q1))g:
Let Q2 be a query that yields all the 8-nodes that are leaves or all of whose successors are in Q2(T; E ),
and all the 9-nodes that have some successor in Q2 (T; E ) or have an in nite path of 9-nodes emanating
from them.
Gr(Q2) = f(T; E; x) j (x 62 E ^ 8y ((x; y) 62 T _ ((x; y) 2 T ! (T; E; y) 2 Gr(Q2))))
_ (x 2 E ^ ((9y(x; y) 2 T ^ (T; E; x) 2 Gr(Q2)) _ (T; E; x) 62 Gr(Q1)))g
Gr(Q2) can be expressed by applying a xpoint operator to the negation of a xpoint operator, and hence
is expressible in FP. In addition, Gr(Q2) is hard for both 11 and 11, since a recursive tree T over N is
well-founded i (T; ;; root) 2 Gr(Q2), and it is not well-founded i (T; N ; root) 2 Gr(Q2). 4
In Section 2.4 we show that the 0{1 law proposed for recursive structures holds for FP, and there are
properties (even arithmetical ones) for which the 0{1 law does not hold. Hence, FP does not express all
the generic 12 queries.
Over nite structures many thing are known about FP and iterative logic. For example, iterative logic
in no weaker than FP. Also, FP is d-complete for PTIME and iterative logic is d-complete for PSPACE
[CH2]. Actually, iterative logic is equivalent to FP i PTIME = PSPACE [AV1, AV2]. If structures have
a built-in order, then FP expresses exactly PTIME and iterative logic expresses exactly PSPACE [I, V2].
In contrast, over recursive structures, FP is stronger than iterative logic. The reason is that in nite while
loops can yield unde ned r-queries, whereas formulas in FP are everywhere de ned even when the xpoint
operator is applied for ! iterations. An example is the query Q appearing in the proof of Prop. 1.18, that
yields the set of nodes in a recursive tree that have no in nite path emanating from them. When Q is
applied to the tree in Figure 4, it actually carries out ! iterations.
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...

Figure 4: A simple tree

1.9 Turing machines with oracles for emptiness

De nition 1.13 An emptiness oracle is an oracle, which, given a code for a relation R (recursive relations

obviously have nite codes), decides whether R = ;. We denote by R; the smallest set of relations that
contains the recursive ones and is closed under the use of emptiness oracles. A TM; is a Turing machine,
which, given codes for the Turing machines of the relations of the input structure and a tuple u, may use
emptiness oracles for relations in R; to decide whether u is in the output relation. A GTM; is a TM; that
computes a generic r-query.

Proposition 1.21 In the framework of TM;'s, projections and emptiness checking are interchangable, in

the sense that one can be computed given the other.

Proof: For a recursive relation R of rank n, let R # be de ned as in [CH1] to project out the rst component
of R. In order to check whether R = ;, simply check whether () 2 R#n , where () is the unique tuple of
rank 0. For the other direction, note that
(x1; x2; : : :; xn?1 ) 2 R# () 9x0 (x0 ; x1; : : :; xn?1 ) 2 R
() D  f(x1; x2; : : :; xn?1)g \ R 6= ;

4

Among the operations of the relational algebra [C], it is the projections (which are really just existential
quanti ers) that do not preserve recursiveness of relations [HH2]. Hence, once oracles for checking emptiness
are present, relational algebra becomes computable. The equivalence of relational algebra and rst-order
logic [C] then yields:

Corollary 1.22 First-order logic is computable over r-st's with an oracle for emptiness.
Thus, a query computed by a GTM; will be recursive over r-st's that have oracles to check the emptiness
of relations, but without such oracles, GTM;'s can compute non-recursive queries. In fact, since Prop.
1.21 implies that projections are GTM;-computable, we have:

Corollary 1.23 GTM;'s compute all arithmetical generic r-queries.
The non-recursive relations that GTM;'s may give rise to, can be represented on the tape by nite
strings that describe the operations leading to them from the original recursive relations.

Proposition 1.24 The data complexity of queries expressible by GTM;'s is  .
1
1
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Proof: Let Q be an r-query expressible by a GTM; M . We may write:
Gr(Q) = f(B; x) j x 2 Q(B) ^ Q(B) is de nedg
Gr(Q) = f(B; x) j x 2 Q(B)g [ f(B; x) j Q(B) is unde nedg:
Now, (B; x) 2 Gr(Q) i there is a nite computation of M on (B; x) that accepts x. In addition, (B; x) 62
Gr(Q) i there is a nite computation of M on (B; x) that does not accept x or an in nite computation
of M on (B; x).
The computations assumed to exist in these statements may contain in nite relations that M can check
for emptiness. Since all the internal conditions are arithmetical, Gr(Q) 2 11 \ 11 = 11 : 4

Proposition 1.25 There is a non-arithmetical generic query that is computed by a GTM;.
Proof: Let A be a recursive set. Consider A ! = fhx; yi j x 2 A y g, which is de ned in [R], where A y
( )

( )

is de ned by A(0) = A and A(n+1) = (A(n))0 . Here,

( )

A0 = fx j 'Ax(x) is convergentg = fx j 9z9w U A(x; z; x; w)g;
where U A (x; z; u; w) is the universal function that checks whether the output of a Turing machine encoded
by x is w when it runs z steps on input u using an oracle for A.
We de ne a query Q that works on r-st's containing a binary relation R:
( (!)
if R is a total order
Q(B) = ;;
otherwise
Here ;(!) = fz j 9hx; y i 2 ;(!) such that z is the hx; y i'th element in the order Rg.
Note that Q is generic, and it is also GTM;-computable, since checking if R is a total order is arithmetical. (This does not contradict the fact that total order is not expressible in E-11.) Now, since ;(!) is
not arithmetical [R], neither is ;(!) , and hence Gr(Q) is not arithmetical either. 4
In [HH2] we proved that quanti er-free rst-order logic is r-complete, i.e., it expresses precisely all
the generic and recursive r-queries. In the same spirit we may ask whether there are e ective complete
languages that capture precisely the arithmetical generic queries, or the 11 queries? How about the
GTM;-computable queries?

De nition 1.14 A query language is ;-r-complete if it expresses precisely the generic queries that are
computable by a GTM; .

The following is a recursive variant of the notion of completeness for expressing relations due to Bancilhon [B] and Paredaens [P], which was called BP-completeness in [CH1]:

De nition 1.15 A language for expressing relations is BP-;-r-complete if for each r-st B it expresses
precisely the TM;-computable relations that preserve the isomorphisms of B .

Proposition 1.26 If the test (B ; u) = (B ; v), for r-st's B ; B and tuples u; v, is GTM;-computable,
1

2

1

then there is an e ective ;-r-complete language.
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Proof: Assume that this isomorphism test is indeed GTM;-computable. Given a Turing machine M with

an oracle for emptiness, construct a GTM; M 0 as follows: on input (B; x), M 0 uses the assumed to exist
GTM; to compute the least (B 0 ; y) (in some well ordering) that is isomorphic to (B; x). M 0 then accepts
the input (B; x) i M accepts (B 0 ; y). 4

Proposition 1.27 The following claims are equivalent:
1.
2.
3.
4.

given two r-st's B1 ; B2 , the test B1 
= B2 is GTM; -computable;
given an r-st B and tuples u and v , the test (B; u) 
= (B; v ) is GTM;-computable;
given two r-st's B1 and B2 and tuples u and v , the test (B1; u) 
= (B2 ; v ) is GTM; -computable;
there is an e ective BP-;-r-complete language.

Proof: It is easy to verify that (1) ! (3) and (3) ! (2).

We now show (2) ! (1). Assuming (2), let B1 = (D1; R1; : : :; Rk ) and B2 = (D2; R01; : : :; R0k ) be r-st's.
We may assume that the domains D1 and D2 are disjoint. Consider the following r-st:
B = (D1 [ D2 [ fa; bg; S; Rel1; : : :; Relk ; fa; bg)
where S = (fag D1) [ (fbg D2) and Reli = (fag Ri) [ (fbg R0i). It follows that (B; a) 
= (B; b) i B1 
=
;
B2 . By the assumption, there is a GTM that computes B and checks that (B; a) 
= (B; b).
We now show (3) ! (4). By Prop. 1.26, assuming (3) is true there is an e ective ;-r-complete language;
denote it by L. We show that L is also BP-;-r-complete. Clearly, for each  2 L and r-st B , (B ) preserves
the isomorphisms of B . For the other direction, let B be some r-st, and let R be a relation that preserves
the isomorphisms of B , and is computable by some TM; M . We have to show that there is an expression
in L that yields R when applied to B . De ne the following query:
8
>
< R if B 0 = B
0
Q(B ) = > R0 if B 0 
=B
: ; otherwise

Here, R0 is the relation computed by the following TM;, M 0 : given B 0 and input x, M 0 computes the least
y satisfying (B 0 ; x) 
= (B; y ), and then accepts x i M accepts y . M 0 can check (B 0 ; x) 
= (B; y ) by the
assumption.
By statement (1) (which we can assume, since we already know (3) ! (1)), the test B 0 
= B is GTM;computable, and so is the test B 0 = B , which is arithmetical. In addition, R and R0 are TM;-computable.
Since Q is also generic, there is an expression in L, denoted , that expresses Q. But then (B ) = R.
Finally to prove (4) ! (2), assume that there is an e ective BP-;-r-complete language L. Let B be
some r-st, and let u and v be tuples over D(B ). De ne B 0 = B [ fRg, where R is the relation fu; v g.
Similarly to the proof of Prop. 6.1 of [HH2], in which we show that there is no BP-r-complete language,
in order to determine that (B; u) 6
= (B; v ), it suces to check that there exists an expression 2 L
0
0
such that u 2 (B ) but v 62 (B ). This is GTM;-computable, since the search is arithmetical and is
GTM;-computable. 4
Now, the isomorphism problem for recursive structures is known to be 11 -complete [Mo], and since
GTM;'s compute only queries in 11, they cannot be used for the isomorphism problem. We may thus
conclude:

Corollary 1.28 There is no e ective BP-;-r-complete language.
The problem of whether there is an e ective ;-r-complete language remains open.
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2 Zero-One Laws

2.1 Background and Overview
Many of the classical theorems of model theory fail for nite models [G1, G2], and also for recursive
ones. For example, in Section 2.2 we show that this is the case for the completeness theorem and the
compactness theorem. (This, and other failures of classical theorems, was shown independently also by
Stolboushkin; see [S].) In contrast, the technique of Ehrenfeucht/Fraisse games [E, Fr] holds for these
classes too. Another important technique, considered unique to nite model theory, is that of 0{1 laws,
which concern the asymptotic probability of properties of nite structures. (In the following, the parts
concerning nite structures are adapted from [KV1].)
If C is a class of nite structures over some vocabulary  , and if P is a property of some of the structures
in C , then the asymptotic probability (P ) on C is the limit as n ! 1 of the fraction of the n-element
structures in C that satisfy P , provided that the limit exists. That is, to obtain (P ) on C , we divide
the number of n-element structures in C that satisfy P by the total number of n-element structures in C .
We say that P is true almost everywhere on C if (P ) = 1. If (P ) = 0, we say that P is false almost
everywhere on C .
Fagin [F3] and Glebskii et al. [GKLT] were the rst to establish a fascinating connection between
logical de nability and asymptotic probabilities. More speci cally, they showed that if C is the class of all
nite structures over some relational vocabulary and if P is any property expressible in rst-order logic,
then (P ) exists and is either 0 or 1. This result, which is known as the 0{1 law for rst-order logic, became
the starting point of a series of investigations aimed at discovering the relationship between expressibility
in a logic and asymptotic probabilities. Several additional logics, such as xpoint logic, iterative logic and
strict E-11 , have been shown to satisfy the 0{1 law [BGK, TK, KV1, KV2, KV3]. See also the survey by
Compton [Co].
A standard method for establishing 0{1 laws on nite structures, originating in Fagin [F3], is to prove
that the following transfer theorem holds: there is an in nite structure A over  such that for any property
P expressible in L we have:
A j= P i (P ) = 1 on C:
It turns out that there is a common countable structure A that satis es this equivalence for rst-order
logic, xpoint logic, iterative logic and strict E-11. Moreover, this structure A is characterized by an
in nite set of extension axioms, which, intuitively, assert that any type can be extended to obtain any other
type. In other words, for each nite set X of points, and each possible way that a point y 62 X could relate
to X in terms of atomic formulas over the appropriate vocabulary, there is an extension axiom stating that
indeed such a point exists. For example, the following is an extension axiom over a vocabulary containing
one binary relation symbol R:

8x 8x ( x 6= x )
9y (y 6= x ^ y 6= x ^ (y; x ) 2 R ^ (x ; y) 62 R ^ (y; x ) 62 R ^ (x ; y) 2 R) )
1

1

2

2

1

1

2

1

2

2

Fagin [F3] realized that the extension axioms are relevant to the study of probabilities on nite structures
and proved that on the class C of all nite structures of vocabulary  , ( ) = 1 for any extension axiom
 . The theory of all extensions axioms, denoted T , was proven to be !-categorical (that is, every two
countable models are isomorphic) by Ehrenfeucht and Ryll Nardzeweski [Ry] and by Gaifman [Ga]. Hence,
A, which is a model for T , is unique up to isomorphism. This structure is called the random countable
structure (or the random countable graph if  has just one binary relation symbol), since it is generated,
with probability 1, by a random process in which we start with a countable set of points, and where
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each possible tuple appears with probability 21 , independently of the other tuples. The random graph was
studied by Rado [Ra], and is sometimes called the Rado graph.
Since all countable structures of type  are isomorphic to A with probability 1, the asymptotic probability of any (generic) property P on countable structures has to be 0 or 1, depending on whether A
satis es P or not. Hence, the subject of 0{1 laws over all countable structures is not interesting.
Turning to recursive structures, one is faced with the diculty of de ning asymptotic probabilities,
since structure size is no longer applicable. In Section 2.3 we address this issue, suggesting an extension of
0{1 laws to recursive structures. First, we de ne a T -sequence F of recursive structures to be a sequence
in which all the extension axioms are almost surely true. For a property P we then de ne F (P ) to be the
asymptotic fraction of the structures that satisfy P as we make progress along F . We then de ne the 0{1
law for recursive structures relative to a logic L, if F (P ) exists and is equal to 0 or 1 for all properties
P expressible in L, and for any T -sequence F . In Section 2.4 we show that this law holds for rst-order
logic, iterative logic, xpoint logic, strict E-11 and strict E-11 , but not for general E-11.
Our results can be used to show non-expressibility in several logics. For example, in Section 2.5 we
show that the following properties are not expressible in xpoint logic, iterative logic, strict E-11 or E-11 :
1-CLIQUE, which requires the existence of an in nite clique in a recursive structure; EA, which states that
a recursive structure satis es all the extension axioms, and ISO, which states that two recursive structures
are isomorphic.

2.2 Completeness and compactness fail
The completeness theorem on general structures states that if is a rst-order sentence and  is a set of
rst-order sentences, then  j= ()  ` . The compactness theorem on general structures, which
follows from completeness, states that a set  of rst-order sentences is satis able if every nite subset of 
is satis able. The completeness and compactness theorems fail for nite structures (see [F4]). Grumbach
and Su show in [GS] that they fail also for nitely representable models, which are di erent from recursive
structures. Here we show that these theorems fail also for recursive structures, as proved independently
by Stolboushkin [S].

Proposition 2.1 The compactness theorem fails for recursive structures.
Proof: As a counter example, let B be a non-recursive set over N , and let  = fA; <; S; U g, where <

and S are binary and A and U are unary. For each integer k, we de ne k to be the following rst-order
sentence:


9x   9xk 8y8z (y 2 A $ y = x ) ^ order(<) ^ suc(S ) ^
:(y < x ) ^ (x ; x ) 2 S ^    ^ (xk? ; xk) 2 S ^ 
((z =
6 x ^ : : : ^ z 6= xk ) ! (xk < z)) ^ (U; x ; : : :; xk )
1

1

1

1

2

1

1

1

where order(<) checks that < is an order (without checking if each subset has a minimal element), suc(S )
checks that S is a successor relation, and (U; x1; : : :; xk ) is a conjunction of the atomic formulas xi 2 U
if i 2 B , and xi 62 U if i 62 B , for each 1  i  k,
Now, each nite subset of f k g1
k=1 is satis able by a recursive structure consisting of an order, successor
and an appropriate nite set. However, f k g1
k=1 itself is not satis able by any recursive structure, since
then B would be recursive. 4
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Proposition 2.2 The completeness theorem fails for recursive structures.
Proof: (Adapted from the proof for nite structures given in [F4].) We show that completeness implies

compactness on recursive structures too, which yields the result. Assume that the completeness theorem
holds for recursive structures; i.e.,  j=r i  ` , where  j=r means that is true for every recursive
model of , and  ` means that there is a nite proof of from  in some e ective proof system.
Let  be a set of rst-order sentences that is not satis able in any recursive structure. Then  j=r false,
where false is some logically false sentence such as p ^:p. By the completeness theorem,  ` false. Since
the proof is of nite length, only a nite subset 0   is used in the proof. So 0 ` false. Again, by
the completeness theorem, 0 j=r false. Since false is not satis able, 0 is not satis able by a recursive
structure.
It follows that if every nite subset 0 of  is satis able by a recursive structure then  is also satis able
by a recursive structure, which is compactness for recursive structures. 4

2.3 De ning 0{1 laws for recursive structures

Proposition 2.3 For any given vocabulary  there is a recursive countable random structure over .
Proof: Let  be some vocabulary. The required structure is de ned in levels as follows. The rst level

contains the rst element of the domain. Assume that levels 1 to n contain the elements a = a1 ; : : :; am,
and that we have already de ned which tuples over a are in the relations of  . Level n + 1 is now de ned
inductively as follows. For every tuple x = (x1; : : :; xn ), with fx1 ; : : :; xn g 2 a, and for every (n +1)- -type
s(x; z) that extends the n--type t(x), we add a point z to level n +1, and de ne the containment of tuples
over fx1; : : :; xn ; z g in the relations of  according to type s(x; z ). Note that there are only nitely many
types that extend a given type, so that the construction is recursive. In order to determine whether a tuple
y is in some relation, it suces to construct the structure up to a level that contains y. 4
We now extend the notion of asymptotic probability to recursive structures.

De nition 2.1 Let F = fFig1i be a sequence of recursive structures over some vocabulary, and let P be
=1

a property of some structures in F . Then the asymptotic probability F (P ) is de ned as:

jfFi j 1  i  n; Fi j= P gj :
F (P ) = nlim
!1
n
We can arrange all the recursive structures in sequences F such that for every property P we will
have F (P ) = 0 or F (P ) = 1. For example, let G be some non-trivial recursive graph. Arrange all the
recursive graphs as follows: G; H1; G1; G2; H2; G3; G4; G5; : : :, where fGi g1
i=1 are all isomorphic to G, and
fHig1
are
all
the
rest.
i=1

De nition 2.2 Let F = fFig1i be a sequence of recursive structures over some vocabulary . We say
=1

that F is a T -sequence if F ( ) = 1 for every extension axiom  over  .

Example 2.1 The following are T -sequences:
1. A sequence of graphs that are all isomorphic to the countable random graph A. We shall use U to
denote one of these sequences.
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2. F = fFn g1
n=1 , where each Fn is a graph satisfying all the n-extension axioms and is built in levels as
follows. The rst level contains n distinct points, which form an independent set of size n. Level k is
then de ned to contain a point z for every set fx1 ; : : :; xn g from lower levels and for every possible
extension of it. The new point z is then connected to them according to the extension.
3. F 0 = fFn g1
n=1 , where Fn is the complement of Fn (i.e., the edge sets are complements).

De nition 2.3 Let P be a property of recursive structures. We say that the 0{1 law holds for P if for

every T -sequence F , F (P ) exists and is uniformly equal to 0 or 1 (i.e., it is 0 for all F or 1 for all F ).
In such a case, we say that P is almost surely false or almost surely true, respectively. For a logic L, we
say that the 0{1 law holds for L if the 0{1 law holds for every property expressible in the logic L.

According to these de nitions, since U is a T -sequence, the transfer theorem holds whenever the 0{1
law holds for L; i.e., A j= P i F (P ) = 1, for every T -sequence F and for every property P expressible
in L.

2.4 0{1 laws for recursive structures
We use 1-CLIQUE to denote the class of recursive graphs that contain an in nite clique, and 1-IND to
denote the class of recursive graphs that contain an in nite independent set.

Proposition 2.4 The 0{1 law on recursive structures does not hold for 1-CLIQUE and 1-IND.
Proof: Let F = fFn g1n and F 0 = fF n g1n be the T -sequences de ned in Example 2.1. Each Fn contains
=1

=1

a maximal clique of size n + 1 and an in nite independent set. Hence, each F n contains a maximal
independent set of size n + 1 and an in nite clique. Therefore, F (1-CLIQUE) = 0, F (1-IND) = 1,
F 0 (1-CLIQUE) = 1, and F 0 (1-IND) = 0. Thus, according to Def. 2.3, the 0{1 law does not hold. 4

Corollary 2.5 The 0{1 law on recursive structures does not hold for general E- -properties.
1
1

The next lemma follows from the de nition of a T -sequence.

Lemma 2.6 Let F be a T -sequence, and let be a conjunction of a nite number of extension axioms.
Then F ( ) = 1.

Lemma 2.7 [KV1] Let A be the countable random structure over the vocabulary , and let  be an
arbitrary E- sentence over  of the form 8S(S ). If A j= , then there is a rst-order sentence over
1
1

, such that the 0{1 law holds for and

j= ! :

In particular, every E-11 sentence that is true on A has probability 1 on every T -sequence.

According to the proof in [KV1], is a conjunction of a nite number of extension axioms, which has
probability 1 on every T -sequence.
The next lemma extends a lemma of [KV1] from nite structures to countable structures. We write

j=c to denote that is true on all countable structures.
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Lemma 2.8 Let A be the countable random structure over the vocabulary , and let  be an arbitrary
strict E- sentence over  of the form 9S 9x8y (S; x; y). If A j= , then there is a rst-order sentence
1
1

over  , such that the 0{1 law holds for

and

j=c ! :
In particular, every strict E-11 sentence that is true on A has probability 1 on every T -sequence.

Proof: (Based on the proof in [KV1].) Let a = (a ; : : :; an) be a sequence of elements of A that witness the
rst-order existential quanti ers 9x in A. Let A be the nite substructure of A with universe fa ; : : :; an g,
1

0

1

and let be the conjunction of all the (n ? 1)-extension axioms. Note that every model of contains
a substructure A00 isomorphic to A0 . Now, assume that B is a countable model of . We can nd
a substructure B  of A that contains A0 and is isomorphic to B , by mapping A0 to the appropriate
substructure A00 of B , and using the extension axioms as follows. Assume that the remaining elements
of B are fb0; b1; : : :g. For each i, map an element in A to bi using the (n + i)-extension axioms. Since
universal statements are preserved under substructures, we conclude that B j= 9S 9x8y (S; x; y): Here,
x is interpreted by a, and S is interpreted by the restriction to B of the relations on A that witness the
existential second-order quanti ers. 4
Lemma 2.7 implies that the 0{1 law holds for rst-order logic, since it is contained in E-11 and is
closed under negation. In addition, from Lemmas 2.7 and 2.8 it follows that the 0{1 law holds for strict
E-11 and strict E-11 too:

Proposition 2.9 The 0{1 law on recursive structures holds for rst-order logic, strict E- and strict
E- over a vocabulary  . Moreover, if A is the countable random structure, P is a property expressed in
rst-order logic, strict E- or strict E- , and F is a T -sequence, then A j= P i F (P ) = 1:
1
1

1
1

1
1

1
1

Proposition 2.10 The 0{1 law on recursive structures holds for iterative logic over a vocabulary . Moreover, if A is the countable random structure, P is a property expressed in iterative logic, and F is a
T -sequence, then A j= P i F (P ) = 1:
Proof: (Based on the proof in [KV1], which generalizes the argument in [BGK] for xpoint logic. See

also [AHV]). We show that every sentence in iterative logic that is de ned on all nite structures is in
fact equivalent almost surely to a rst-order sentence on recursive structures. The proposition then follows
from the 0{1 law of rst-order logic.
For simplicity, we start with a sentence  = (X ) while Y do S , where S is while-free. Let X1; : : :; Xk
be the variables appearing in the program S . There are rst-order formulas ij over  , for 1  i  k and
j  0, such that ij describes the assignment to Xi after the j -th iteration of S . Consider the sequence
fS i(A)gi>0, where S i(A) means applying S on A for i iterations. After each iteration, the content of each
variable in S must be a union of full equivalence classes of 
=A . Since for each n, there are only nitely
many equivalence classes of 
for
tuples
of
rank
n
[Ry,
Va,
HH2], the sequence fS i(A)gi>0 is periodic;
=A
i.e., there exists n0 and p such that for each n  n0 , S n (A)  S n+p (A). (The values of the variables after
n0 iterations are the same as their values after n0 + p iterations.)
Using this fact, we show that (i) the sequence fS i(A)gi>0 converges, and (ii) the sentence  =
(X ) while Y do S is equivalent almost surely to some rst-order sentence.
For proving (i), let ij = ((1i  1j ) ^ : : : ^ (ki  kj )) be the rst-order sentence asserting that the
values of X1; : : :; Xk after i iterations of S are the same as their values after j iterations. Suppose that
fS i(A)gi>0 does not converge. The period of the sequence must thus be greater than 1, so there exist
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m; j; l; m < j < l, such that A satis es the rst-order sentence = (

ml ^: mj ): By the transfer property
for nite structures, is almost surely true on nite structures. It follows that the sequence fS i(I )gi>0
diverges almost surely. In particular, there exists a nite I for which fS i (I )gi>0 diverges. But we assume
that  converges for all nite inputs. Hence, fS i(A)gi>0 converges.
Now, by (i), the sequence fS i (A)gi>0 becomes constant after nitely many iterations, say n0 . Let n0
be a rst-order formula over  that is equivalent to (X )S n0 . Suppose A satis es  . Thus, A satis es n0 ,
since fS i(A)gi>0 becomes constant at the n0 -th iteration. Furthermore, A satis es n0 (n0 +1) . Thus A
satis es n0 ^ n0 (n0 +1) . By the transfer property for rst-order logic, n0 ^ n0 (n0 +1) is almost surely true
for nite, and also for recursive, structures. For each structure I for which n0 (n0 +1) holds, fS i(I )gi>0
converges after n0 iterations, so  is equivalent to n0 . The case where A does not satisfy  is similar. It
follows that  is almost surely equivalent to n0 , proving (ii).
Up to this point, we have dealt with sentences that contain a single occurrence of while. We now show
that every sentence in iterative logic is equivalent almost surely to a rst-order sentence, by induction
on the structure of the sentence. If  = (X ) 1; while Y1 do S1 ; 2 ; while Y2 do S2 ; : : :, where
rst-order logic, we can nd a rst-order sentence 1 that is equivalent almost surely to
1 ; 2 ; : : : are in
(X ) 1; while Y1 do S1 , and we can then nd a rst-order sentence 2 that is equivalent almost surely to
(X )1; 2; while Y2 do S2, etc. It follows that  is equivalent to (X )1; 2; : : : which contains no while
loops.
Let  be a sentence in iterative logic containing a nesting of n + 1 while loops. We can assume that
 = (X ) 1; while Y do S ; 2 , where S is a nesting of n loops, and 1 is in rst-order logic. (Otherwise,
if 1 contains while looping, we can use the inductive hypothesis to get an almost surely equivalent rstorder sentence.) Consider 1 ; fS igi>0 . Each 1 ; S i is a program containing up to n nestings of while
loops. Hence, by the inductive hypothesis, it is almost surely equivalent to a rst-order sentence, and we
can apply the above proof technique to prove that the entire sentence  is almost surely equivalent to a
rst-order sentence. 4

Proposition 2.11 [BGK] Let  be a formula in FO+IFP (which is actually FP ) over vocabulary .
1

There exists a rst-order  -formula 0 and a nite subset G of the extension axioms, such that  and 0
are equivalent in all models of G.

In fact,  and 0 are almost surely equivalent in recursive structures, since almost all the structures in
every T -sequence satisfy G.
We now extend this theorem from FP1 to the entire xpoint hierarchy FP. Let FPk be the set of
formulas in FP consisting of up to k compositions of xpoint operators.

Proposition 2.12 Let  be a formula in FP over . There exists a rst-order -formula 0 and a nite
subset G of the extension axioms, such that  and 0 are equivalent in all models of G.

Proof: The proof is by induction on the structure of the formula. For FP we have Prop. 2.11, and
1

this clearly holds also for :FP1 . Assume that the result holds for FPk . Let  be a formula in FPk+1 , of
the form (B; (B )), where B is the input structure and is in FPk . By the inductive hypothesis, is
equivalent to a rst-order formula 0 in all models of some nite set of extension axioms G. Now replace
each appearance of x 2 (B ) in the formula  by x 2 0(B ). We obtain a formula 0 in FP1 . By Prop.
2.11, 0 is equivalent to a rst-order formula 00 in all models of a nite set G0 of extension axioms. It
follows that  is equivalent to 00 in all models of G [ G0. 4
The 0{1 law for FP now follows from the 0{1 law for rst-order logic:
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Proposition 2.13 The 0{1 law on recursive structures holds for FP over a vocabulary . Moreover,
A is the countable random structure, P is a property expressed in FP, and F is a T -sequence, then
A j= P i F (P ) = 1:
if

It follows from the de nitions, that all the logics for which the 0{1 law for recursive structures holds
also satisfy the transfer property for recursive structures. Considering nite structures, there might be
logics that satisfy the 0{1 law but do not satisfy the transfer property, but the logics we consider here all
satisfy the 0{1 laws for both nite and recursive structures, as well as the transfer property for both.

Proposition 2.14 Let  be a sentence in rst-order logic, strict E- , strict E- , iterative logic, or FP.
1
1

The following are equivalent:

1
1

 A satis es .
 C () = 1 for the class C of nite structures.
 F () = 1 for every T -sequence F .
Due to this proposition, we can determine the complexity of the decision problem for values of the
probabilities of properties expressible in these logics from the results appearing in [KV1] for the nite case.

2.5 Non-expressibility by 0{1 laws
By Props. 2.9, 2.10 and 2.13, properties for which the 0{1 law does not hold are not expressible in rstorder logic, strict E-11, strict E-11 , iterative logic or FP. Moreover, we can conclude from Lemma 2.7
non-expressibility of properties in E-11 too:

Corollary 2.15 Every property on recursive structures that is true on A but does not have probability 1
on some T -sequence, is not expressible in rst-order logic, iterative logic, FP, strict E-11 or E-11 .

Let bg-CLIQUE be the set of recursive graphs that have arbitrarily large cliques.

Example 2.2 1-CLIQUE, 1-IND, bg-CLIQUE, EA and ISO are not expressible in rst-order logic,
iterative logic, FP, strict E-11 or E-11 .

1. 1-CLIQUE and 1-IND:
A j= 1-CLIQUE and A j= 1-IND, since the random countable graph A is universal [F4], which
means that every countable graph is embeddable in it.3 In particular, in nite cliques and in nite
independent sets are embeddable in A. However, 1-CLIQUE and 1-IND do not have probability
1 on the T -sequences F and F 0, respectively, that were de ned in Example 2.1.
2. bg-CLIQUE:
A j= bg-CLIQUE, since A contains an in nite clique. But bg-CLIQUE has probability 0 on the
T -sequence F = fFng1
n=1 that was de ned in Example 2.1, since each Fn contains a maximal clique
of size n + 1.
3 A graph H is embeddable in graph G if H is isomorphic to a subgraph of G.
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3. EA:
A j= EA, but EA does not have probability 1 on the T -sequence F = fFng1n=1, that was de ned in
Example 2.1. Otherwise, if F (EA) = 1, there would be many isomorphic graphs in F , since T , the
theory of all extension axioms, is ! -categorical. But for all i < j , Ai is not isomorphic to Aj , since
Aj contains a clique of size j + 1, but Ai does not. In fact, for all i, Ai satis es all the i-extension
axioms but it does not satisfy some (i + 1)-extension axiom.
4. ISO:
Let  = fP1; P2g and let  0 = fE g, for binary P1 ; P2 and E . Let A = fA0 ; A00g be a countable
random structure over  . In particular, A0 and A00 are countable random graphs over  0. Since all
countable random graphs are isomorphic, A0 
= A00 ; i.e., A j= ISO.
We now exhibit a T -sequence F over  , for which F (ISO) = 0. Let F = fhAn ; A0nig1
n=1 be a sequence
of recursive structures over  , constructed as follows. Level 1 of hAn ; A0n i contains n points. Assume
that levels 1 to n of hAn ; A0n i exist. For each set of n points x = (x1; : : :; xn ) from lower levels we
add a new point z for each possible (n + 1)- -type s(x; z ) that extends the n- -type t(x). We de ne
the containment of pairs of the form (xi ; z ) and (z; xi), for 1  i  n, in An and in A0n according to
s(x; z). In addition, for each set of n + 1 points y = (y1 ; : : :; yn; yn+1 ) from lower levels, we add an
additional new point v for each possible (n + 1)- 0 -type s(y; v ) extending the n- 0 -type t0 (y ), and we
de ne the containments of pairs over fy; v g in A0 accordingly. Now, F must be a T -sequence, since
each hAn ; A0ni satis es all the n-extension axioms over  . In addition, when considering An and A0n
separately, An does not satisfy all the (n + 1)-extension axioms over  0, whereas A0n does. Hence, for
each n, An 
6= A0n .

4
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A Appendix: Ehrenfeucht-Fraisse Games
(Note: This appendix is mostly adapted from [FSV].)
An r-round rst-order Ehrenfeucht-Fraisse game (or r-game for short), where r is a positive integer, is
the following game. There are two players, called the spoiler and the duplicator, and two colored graphs,
G0 and G1. In the rst round, the spoiler selects a point in one of the two graphs, and the duplicator
selects a point in the other one. Let a1 be the point selected in G0 , and let b1 be the point selected in
G1. The second round is similar, with the spoiler again selecting a point in one of the two graphs, and
the duplicator selecting a point in the other one. Let a2 be the point selected in G0, and b2 be the point
selected in G1. This continues for r rounds. The duplicator wins if the colored subgraph of G0 induced by
fa1; : : :; arg is isomorphic to the colored subgraph of G1 induced by fb1; : : :; brg, under the function that
maps ai to bi for 1  i  r.
Ajtai and Fagin [AF] consider r-games over a class of graphs S . The rules of this game are as follows:
The duplicator begins by selecting a member of S to be G0 , and a member of S to be G1. The players
then play an r-game on these two graphs, and the duplicator wins the general game if he wins the r-game.

Proposition A.1 [E, Fr, FSV] S is rst-order de nable i there is r such that the spoiler has a winning
strategy in the r-game over S .

A more complicated game, which is a c-colored, r-round, monadic NP game, (or a (c; r)-game for short)
was introduced in [F3] to prove that connectivity of nite graphs is not in monadic NP (which is really
just monadic E-11). A (c; r)-game over a class S is de ned as follows:
1.
2.
3.
4.
5.

The duplicator selects a member of S to be G0 .
The duplicator selects a member of S to be G1 .
The spoiler colors G0 with the c colors.
The duplicator colors G1 with the c colors.
The spoiler and the duplicator play an r-game.

The winner is decided as before.

Proposition A.2 [F2, FSV] S is in monadic NP i there are c and r such that the spoiler has a winning
strategy in the (c; r)-game over S .
A variant of this game, in which the steps 2 and 3 above are reversed (so that the duplicator gets to
see the spoiler's coloring of G0 before selecting G1 ), was de ned by Ajtai and Fagin in [AF]. For this game
we have:

Proposition A.3 [AF, FSV] S is in monadic NP i there are c and r such that the spoiler has a winning
strategy in the Ajtai-Fagin (c; r)-game over S .

The following de nitions are due to Hanf [Ha], and appear also in [FSV]. Let A be a structure and let
a and b be two points in A. We say that a and b are adjacent (in A) if either a = b or there is some relation
Ri in A and some tuple t, such that t 2 Ri and such that a and b are entries in t. The neighborhood of
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a of radius d, nbd(d; a), consists of all points whose distance from a is strictly less than d. It is de ned
recursively as follows:

nbd(1; a) = fag
nbd(d + 1; a) = fx j x is adjacent to some b 2 nbd(d; a)g
The d-type of a point a in a structure A is the isomorphism type of the neighborhood of radius d about
a. Thus, two points a and b in A have the same d-type precisely if A restricted to nbd(d; a) is isomorphic
to A restricted to nbd(d; b), under an isomorphism mapping a to b.
The structures A and B are (d; m)-equivalent, if for every d-type  , either A and B have the same
number of points with d-type  , or else both have at least m points with d-type  . They are d-equivalent
if for every d-type  , they have exactly the same number of points with d-type  .
We write A r B if the duplicator has a winning strategy in an r-game. In this case, A and B are
indistinguishable by an r-game.
The following result is from [FSV]. The proof is based on a technique of Hanf [Ha]:

Proposition A.4 Let r and f be positive integers. There are positive integers d and m, where d depends

only on r, such that for any (d; m)-equivalent structures A and B , in which every point has degree at most
f , we have A r B.

Since d in Prop. A.4 depends only on r, and since two d-equivalent structures are (d; m)-equivalent for
any m, the following is immediate:

Corollary A.5 Let r be positive integer. There is a positive integer d, such that for any d-equivalent

structures A and B , we have A r B .
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