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ABSTRACT Experimental comparisons between statistical and machine learning methods appear
with increasing frequency in the literature. However, there does not seem to be a consensus on how
such a comparison is performed in a methodologically sound way. Especially the e ect of testing
multiple hypotheses on the probability of producing a "false alarm" is often ignored.
We transfer multiple comparison procedures from the statistical literature to the type of study
discussed in this paper. These testing procedures take the number of tests performed into account,
thereby controlling the probability of generating "false alarms". The multiple comparison procedures
selected are illustrated on well-known regression and classi cation data sets.

26.1 Introduction
Recent interactions between the statistical and arti cial intelligence communities (see e.g.
[Han93, CO94]), have led to many studies that compare the performance of empirical
statistical and machine learning methods on real-life data sets; examples are the StatLog
project ([MST94]), the Santa Fe Time Series Competition ([WG94]), and comparisons
reported in numerous journal articles (e.g., [KWR93, RABCK93, WHR90, TAF91, TK92,
FG93]).
We observe that there is no consensus in the research community on how such a comparative study is performed in a methodologically sound way.
The ranking of k preselected methods is usually performed by training (estimating in
statistical terminology) the methods on a single data set, and estimating their respective
mean prediction errors (mpe) from a hold-out sample. The methods are subsequently
ranked according to their estimated mpes. Some studies use, in our view appropriately,
statistical signi cance testing in order to make this ranking. However, the e ect that
comparing multiple methods has on the probability of generating a "false alarm" (claiming
1
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that one method is better than another, when in fact it is not) is to our knowledge ignored
in the literature.
The statistical analysis of comparative studies, method-ranking in particular, is addressed in this paper. Speci cally, we address methodological issues of studies in which
the performance of several regression and classi cation methods are compared on real-life
data sets.

26.2 Ranking Methods by Signi cance Testing
The ranking of methods by simply ordering them by the point estimates of their prediction
errors should be extended by statistical signi cance testing. Appropriate tests are those
concerned with the di erence between means (regression) and proportions (classi cation).
The standard t-test for testing the di erence between two sample means Y and Y which
come from independent normal distributed populations, leads to the following con dence
interval for the di erence
1

q

1 ? 2 2 [(Y 1 ? Y 2 )  t(

^di
=2; ) 

]

2

(26:1)

where ^di equals ^Y 1 + ^Y 2 . Here, denotes the probability of making a Type I error,
i.e. of claiming that the population means are di erent, when in fact they are not. In
the standard comparative experiment, however, the mpes are all estimated from the same
test sample, which makes them highly correlated. Therefore, a paired sample t-test should
be used instead. The dependence within the pairs only changes the standard error of the
di erence ^di , which now becomes
2

2

r

^di = ^Y2 1 + ^Y2 2 ? 2 cov(Y 1; Y 2 )

(26:2)

When the variables are positively correlated, the covariance will have a positive value
and thus the variance and standard error of a di erence between means will be less
for matched than for unmatched samples. Consequently, the con dence intervals become
smaller (given the same value), which results in more powerful tests. In conclusion,
neglecting the dependence between the samples generally results in tests that are too
conservative.
Often the estimated mpes of more than two, say k, methods are being compared. The
rst idea that comes to mind is to test each possible di erence by a paired t-test with
probability of Type I error of size . The problem with this approach is that the probability
of making at least one Type I error over the whole family of t-tests (one test per pair of
methods being compared) exceeds by an amount that increases with the number of tests
made. For J statistically independent tests the probability of making at least one Type I
error, better known as the familywise error rate (FWE), is 1?(1? )J . When J is large, say
20, this can be a large probability; for = 0:05 there is a probability of 0.64 for one or more
Type I errors. This means that the probability that we incorrectly claim to have found one
or more signi cant di erences is 64%. Such an incorrect claim is called a "false alarm".
When the tests are statistically dependent of each other, such as pairwise di erence tests,
the FWE becomes even larger. Thus, when enough pairwise tests are performed one will
with high probability nd one or more "signi cant" di erences, i.e. false alarms. This
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TABLE 26.1. One-way repeated measures lay-out.

problem is known as the multiplicity e ect or selection e ect. Statistical procedures have
been designed to take into account and properly control for the multiplicity e ect; they
are called multiple comparison procedures.
A crude approach to deal with the multiplicity e ect is the Bonferroni method , which
rejects the pairwise null hypothesis i ?i0 = 0 when the p-value is less than =J , where is
the preset FWE level and J is the number of tests. This method neglects the dependency
between the pairwise di erence tests, and it further assumes normality of the data.
There are many alternative tests, ranging from slight adjustments of the Bonferroni
method to very sophisticated techniques. The existing comparison procedures can roughly
be categorised as analytical [HT87] or resampling based [WY93]. The former approach
requires certain distributional assumptions of the underlying statistical model and typically uses table lookup to make a probability statement. The latter approach generates
empirical distributions of the relevant statistics by resampling from the data set at hand,
thereby removing the risk of making faulty statements due to unsatis ed assumptions.
Evidently, the resampling approach involves much more computation than the analytical
approach. In this paper we restrict ourselves to the analytical approach.
The characteristics of a particular experimental design often prescribe adjustments to
general tests for di erences or make special purpose tests necessary. The experimental
design that captures the subject of this study is the one-way repeated measures design,
which is displayed in Table 26.1. In such designs, blocks consisting of a random sample
of, say, n experimental units drawn from a large population constitute the random factor.
Each unit is measured under k di erent conditions. The conditions of measurements are
xed in advance, and constitute the treatment factor. In the terminology of this study,
experimental units correspond to the observations from the test set, and the treatment
factor corresponds with the regression or classi cation model type.
2

This method orginally due to R.A. Fisher ([Fis35]) is popularly known as the Bonferroni method
since it uses the Bonferroni inequality (which says that the probability of a union of events is less than
the sum of the individual event probabilities).
2
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26.3 Pairwise Comparisons for Regression
The general setting of this section is Table 1 (the one-way repeated measures design with
k di erent prediction models that predict the observations from the same random test
set of size n). The deviation of the predicted value from the true value is assumed to be
measured as squared error, but any other error measure could be inserted equally well (e.g.
absolute error). When the observations are not randomly drawn from a population, but
result from a (highly) autocorrelated time series, the subsequent approach seems not to be
justi ed. Diebold and Mariano [DM94] discuss the comparison of predictive accuracy of
two time series models; they leave the multiple comparison problem for further research.
Let Yj = (Yj ; Yj ; : : : ; Yjk ) denote the vector of prediction errors for the j th observation
(1  j  n). The following model is assumed:
1

2

Yj = Mj + Ej (1  j  n)
(26:3)
where all the Mj = (Mj ; Mj ; : : : ; Mjk ) and Ej = (Ej ; Ej ; : : : ; Ejk ) are distributed
independently of each other as k-variate normal vectors, the former with mean vector
 =( ;  ; : : : ; k ) (the vector of model e ects) and variance-covariance matrix  , and
the latter with mean vector 0 and variance-covariance matrix  I. Thus the Yj 's are
independent and identically distributed (i.i.d.) N (; ) random vectors where  =  +
 I.
Exact procedures for making pairwise comparisons among the i's can be constructed if
we impose special restrictions on the form of . The least restrictive of such models is the
1
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spherical model, which assumes that all pairwise di erences of the sample means of the
regression models have the same variance (for more details see [HT87, CH90, WBM91,
Hay88]). In practice, however, this assumption will rarely be satis ed [HT87, Hay88].
Therefore Hochberg and Tamhane [HT87, page 215] propose a test, in case one is unsure
about the sphericity assumption. They propose the following approximate 100(1 ? )%
simultaneous con dence intervals for the pairwise di erences i ? i0 :
2
3
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(1  i < i0  k)

(26:4)

where jM jk;n? is the upper point of the Studentized maximum modulus distribution
(see [HT87, Table 6]) with parameter k = k(k ? 1)=2 and degrees of freedom n ? 1; and
where Sii0 , is the estimated (co)variance between Y:i and Y:i0 :
( )

1

Sii0 =

Pn

j =1 (Yji

? Y :i)(Yji0 ? Y :i0 ) (1  i; i0  k)
n?1

(26:5)

The Studentized maximum modulus distribution is de ned as the distribution of
max
jT j
ik i

1

where jTij is the modulus of the k-variate t-distribution with  degrees of freedom and
common correlation of zero.

On the Statistical Comparison of Inductive Learning Methods

275

We use an empirical analysis of the Boston housing data to illustrate this procedure.
We compare the performance of four regression models, designated f through f . The
rst model f is a linear model trained with OLS; models f through f are feed-forward
neural networks with two, four, and six hidden units respectively. The data set is split
into two parts: the rst part (400) is used to estimate the parameters of the model; the
second part (106) is used to measure the model's performance. The observed average
squared prediction error Y :i for method fi (i = 1; 2; 3; 4) are Y : =6.38e-3; Y : =3.49e-3;
Y : =2.94e-3; and Y : =3.00e-3.
3
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2
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4

4
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f1
f1
f2
f3
f4

f2

f3

f4

1.68e-04 3.76e-05 3.46e-05 4.02e-05
{
3.01e-05 1.54e-05 1.27e-05
{
{
2.24e-05 2.67e-05
{
{
{
4.15e-05

TABLE 26.2. The S matrix for the Boston housing case.
ii0

2
1
2
3

3

4

[5.9e-4 , 5.2e-3] [1.1e-3 , 5.7e-3] [1.1e-3 , 5.8e-3]
{
[-4.3e-4 , 1.5e-3] [-9.2e-4 , 1.9e-3]
{
{
[-7.2e-4 , 6.2e-3]

TABLE 26.3. All pairwise con dence intervals.

Suppose that it is of interest to make all pairwise comparisons among the four methods,
using a Type I familywise error rate = 0:10. In Table 26.2 the Sii0 :values are displayed in
the cells, calculated according to (26.5). Obviously, we have jM j ; , which equals 2.135
([HT87, Table 6]), and we construct the con dence intervals for the pairwise di erences
i ? i0 according to (26.4). Table 26.3 shows that the linear model performs signi cantly
worse than the three neural network models: the con dence intervals cover positive values
only. Among the neural network models no signi cant di erences can be observed; there
is no statistical evidence for preferring neural network models with more than two hidden
units.
(0 1)
6 105

26.4 Pairwise Comparisons for Classi cation
In this section we discuss signi cance testing for the comparison of two or more classi cation methods. Again we notice that it is not appropriate to use a standard test based on
the assumption of independent samples. Instead, we use, as suggested by Ripley ([Rip93]),
McNemar's test ([MM77]), when only two classi cation methods are compared. This test
is normally used to test for di erences between proportions in paired sample designs. The
comparisons performed in this section should not be considered as serious evaluations of
the methods involved; they are purely illustrative.
3

This data set can be obtained by anonymous ftp from lib.stat.cmu.edu with user statlib
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Inn Cnn Total

61 23
32 268
Total 93 291
Ilda
Clda

84
300
384

TABLE 26.4. Incorrect and Correct classi cations of lda and nn

26.4.1 Testing a single hypothesis
A hypothesis test involving the application of linear discriminant analysis and a feedforward neural network to the diabetes data set4 illustrates the use of McNemar's test.
The 768 observations in this dataset were divided in a training set and a test set of 384
observations each.
Table 26.4 summarizes the result of using the linear discriminant function (lda) and a
neural network (nn) estimated on the training set to classify the observations in the test
set. The cells (Clda, Cnn ) and (Ilda, Inn ) contain the number of cases classi ed correctly and
incorrectly by both the linear discriminant function and the neural network respectively.
Since we want to test
H0 : MPElda = MPEnn

Ha : MPElda 6= MPEnn ;

against

only the cells (Ilda, Cnn ) and (Clda, Inn ) of this table are of interest. Here MPE is de ned
as the proportion of misclassi cations made on the population of interest. When an observation falling in the (Ilda, Cnn ) cell of this table is de ned as a success, then the number
of successes is binomially distributed with n = (Ilda; Cnn ) + (Clda; Inn ) = 55 and  = 0:5,
under the null hypothesis. Observing 23 successes out of 55 trials (with  = 0:5) has a
p-value 0.28; this p-value was calculated using an exact binomial test. According to any
conventional signi cance level, we should conclude that H cannot be rejected. Whether
or not conventional signi cance levels are appropriate in this kind of hypothesis test is
debatable. It is not clear that a Type I error is the most severe error one can make.
0

26.4.2 Testing Multiple Hypotheses
We will now consider the case where k > 2 classi cation functions are compared. In this
comparison we use the same training and test set as in the above example. We performed
a comparative study, including linear discriminant analysis (f1), quadratic discriminant
analysis (f2), a classi cation tree (f3), and two feed-forward neural networks (f4 and
f5 respectively) which di er only in the value of the weight decay parameter used. All
pairwise comparisons are performed, which amounts to a total of k = 10 pairwise comparisons. Table 26.1 presents the general lay-out of a study that compares k classi cation
functions. In this matrix Yji has the value zero if fi classi es observation j correctly, and
one otherwise.
For our comparative study we have: n = 384, k = 5, Y :1 = 0.219, Y :2 = 0.232, Y :3 =
0.31, Y :4 = 0.211, Y :5 = 0.229.
4

This data set can be obtained by anonymous ftp from

pub/machine-learning-databases

ics.uci.edu

in the directory
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5

[{0.071,0.045] [{0.149,{0.033] [{0.05,0.066] [{0.068,0.048]
{
[{0.136,{0.02] [{0.037,0.079] [{0.055,0.061]
{
{
[0.041,0.157] [0.023,0.139]
{
{
{
[{0.076,0.04]

TABLE 26.5. 95% con dence intervals for all pairwise di erences.

The pooled variance of any pairwise di erence Y :i ? Y :i0 for this design can be written as
([MM77], p. 180)
2(knj Yj: ? nj Yj: )
^ di =
n k (k ? 1)
We can now construct 100(1 ? )% simultaneous con dence intervals for all pairwise
di erences i ? i0 as follows
2

=1

=1

2

2

h

i ? i0 2 Y :i ? Y :i0  Zk :1? =2^di

i

(1  i < i0  k)

where i denotes the population proportion of incorrect classi cations of fi , and  = n ? 1
denotes degrees of freedom. The distribution of Z is based on the Student t distribution,
adjusted for the number of comparisons k involved ([Dun61]). Tables for this statistic
can be found in ([MM77],[Dun61]). As one would expect, the value of Zk ? = increases
with the number of comparisons k, leading to wider con dence intervals.
Table 26.5 provides 95% con dence intervals for all pairwise di erences. We used
1
Z : = 2.81 and ^di = 0.0205, leading to con dence intervals that are 2  (2:81 
0:0205) = 0:116 wide. If the interval of i ? i0 contains zero, then there is no signi cant
evidence that classi cation functions fi and fi0 di er in their true prediction error. From
Table 26.5 we conclude that f (the classi cation tree) performs signi cantly worse than
all other functions; among these other functions no signi cant di erence has been found.
:1

2

10:0 975

3

26.5 Conclusion and future research
In this paper we proposed statistical procedures to perform studies which compare the
predictive accuracy of several regression or classi cation functions. These procedures explicitely take into account the fact that multiple comparisons are made, and control for
the probability of giving a "false alarm". We have attempted to show the relevance of
multiple comparison procedures to a type of study that we encountered frequently in the
recent Arti cial Intelligence (AI) and Machine Learning literature.
Although the general diculties induced by the multiplicity e ect and by the dependency among observations are easy to grasp, nding \the right" testing procedure is much
more dicult. The literature on the subject is somewhat ambiguous, and requires a high
level of statistical knowledge, which AI-researchers do not always possess.
We do not claim that the methods presented here are the best for the given purpose:
they are examples of tests that can be used for the comparison of the prediction accuracy
of di erent functions. We hope that in future research more attention will be given to this
subject, and perhaps more appropriate methods will be found.
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One interesting approach may be to expand the empirical analyses by incorporating resampling based multiple comparison techniques. This will enhance the practical relevance
for the machine learning engineer, since the assumptions made by analytical approaches
may not be satis ed in practical situations. With the computer power currently available, the computational e ort required by resampling techniques does not seem to be an
obstacle anymore.
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