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We survey re ent and not so re ent results related to the
omputation of exa t and approximate distan es, and orresponding
shortest, or almost shortest, paths in graphs. We onsider many di erent
settings and models and try to identify some remaining open problems.
Abstra t.

1 Introdu tion
The problem of nding distan es and shortest paths in graphs is one of the most
basi , and most studied, problems in algorithmi graph theory. A great variety
of intri ate and elegant algorithms were developed for various versions of this
problem. Nevertheless, some basi problems in this area of resear h are still open.
In this short survey, I will try to outline the main results obtained, and mention
some of the remaining open problems.
The input to all versions of the problem is a graph G = (V; E ). The graph G
may be dire ted or undire ted, and it may be weighted or unweighted. If the graph
is weighted, then ea h edge e 2 E has a weight, or length, w(e) atta hed to it.
The edge weights are either arbitrary real numbers, or they may be integers. In
either ase, the weights may be nonnegative, or may allowed to be negative.
We may be interested in the distan es and shortest paths from a single sour e
vertex s to all other verti es of the graph, this is known as the Single-Sour e
Shortest Paths (SSSP) problem, or we may be interested in the distan es and
shortest paths between all pairs of verti es in the graph, this is known as the AllPairs Shortest Paths (APSP) problem. We may insist on getting exa t distan es
and genuine shortest paths, or we may be willing to settle for approximate distan es and almost shortest paths. The errors in the approximate distan es that
we are willing to a ept may be of an additive or multipli ative nature.
If we insist on expli itly obtaining the distan es between any pair of verti es
in the graph, then the size of the output is (n2 ), where n is the number of
verti es of the graph. Perhaps this is not what we had in mind. We may be
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interested, for example, only in a on ise impli it approximation to all the distan es. This may be a hieved, for example, by nding a sparse subgraph that
approximates all the distan es in G. Su h a subgraph is alled a spanner.
Finally, perhaps the impli it approximation of all the distan es o ered by
spanners is not enough. We may want a on ise representation of approximate
distan es, together with qui k means of extra ting these approximations when
we need them. This leads us to the study of approximate distan e ora les.
This summarizes the di erent problems onsidered in this survey. We still
need to spe ify, however, the omputational models used. We use two di erent variants of the unit ost Random A ess Ma hine (RAM) model (see [1℄).
When the edge weights are real numbers, the only operations we allow on the
edge weights, and the numbers derived from them, are addition and omparison .
These operations are assumed to take O(1) time. No other operations on real
numbers are allowed. We all this the addition- omparison model. It is reminis ent of the algebrai omputation tree model (see, e.g., [10℄), though we are
ounting all operations, not only those that manipulate weights, and want a single on ise program that works for any input size. When the edge weights are
integral, we adopt the word RAM model that opens the way for more varied
algorithmi te hniques. In this model, ea h word of memory is assumed to be
w-bit wide, apable of holding an integer in the range f 2w 1; : : : ; 2w 1 1g.
We assume that every distan e in the graph ts into one ma hine word. We also
assume that w  log n, so that, for example, the name of vertex an be stored in
a single ma hine word. Other than that, no assumptions are made regarding the
relation between n and w. We are allowed to perform additions, subtra tions,
omparisons, shifts , and various logi al bit operations, on ma hine words. Ea h
su h operation takes only O(1) time. (Surprisingly, shifts, ANDs, XORs, and the
other su h operations, that seem to have little to do with the problem of omputing shortest paths, do speed up algorithms for the problem, though only by
sub-logarithmi fa tors.) In some ases, we allow operations like multipli ation ,
but generally, we try to avoid su h non-AC0 operations. See [39℄ for a further
dis ussion of this model.
Most of the algorithmi te hniques used by the algorithms onsidered are
ombinatorial. There are, however, some relations between distan e problems
and matrix multipli ation. Thus, some of the algorithms onsidered, mostly for
the APSP problem, rely on fast matrix multipli ation algorithms (see, e.g., [18℄).
Some of the algorithms onsidered are deterministi while others are randomized.
There are many more interesting variants of problems related to distan es
and shortest paths that are not onsidered in this short survey. These in lude:
Algorithms for restri ted families of graphs, su h as planar graphs (see, e.g., [43,
72℄); Parallel algorithms (see, e.g., [49, 13, 15℄); Algorithms for dynami versions
of the problems (see, e.g., [48, 21℄); Routing problems (see, e.g., [20, 57, 74℄);
Geometri al problems involving distan es (see, e.g., [28, 54, 55℄); and many more.
Also, this short survey adopts a theoreti al point of view. Problems involving
distan es and shortest paths in graphs are not only great mathemati al problems,
but are also very pra ti al problems en ountered in everyday life. Thus, there

is great interest in developing algorithms for these problems that work well in
pra ti e. This, however, is a topi for a di erent survey that I hope someone else
would write. For some dis ussion of pra ti al issues see, e.g., [11, 12℄.

2 Basi de nitions
Let G = (V; E ) be a graph. We let jV j = n and jE j = m. We always assume
that m  n. The distan e Æ (u; v ) from u to v in the graph is the smallest length
of a path from u to v in the graph, where the length of a path is the sum of
the weights of the edges along it. If the graph is unweighted then the weight of
ea h edge is taken to be 1. If the graph is dire ted, then the paths onsidered
should be dire ted. If there is no (dire ted) path from u to v in the graph, we
de ne Æ (u; v ) = +1. If all the edge weights are nonnegative, then all distan es
are well de ned. If the graph ontains (dire ted) y les of negative weight, and
there is a path from u to v that passes through su h a negative y le, we let
Æ(u; v) = 1.
Shortest paths from a sour e vertex s to all other verti es of the graph an
be ompa tly represented using a tree of shortest paths. This is a tree, rooted
at s, that spans all the verti es rea hable from s in the graph, su h that for
every vertex v rea hable from s in the graph, the unique path in the tree from s
to v is a shortest path from s to v in the graph. Almost all the algorithms we
dis uss return su h a tree (or a tree of almost shortest paths), or some similar
representation. In most ases, produ ing su h a tree is straightforward. In other
ases, doing so without substantially in reasing the running time of the algorithm
is a non-trivial task. Due to la k of spa e, we on entrate here on the omputation
of exa t or approximate distan es, and only brie y mention issues related to the
generation of a representation of the orresponding paths.

3 Single-sour e shortest paths
We begin with the single-sour e shortest paths problem. The input is a graph
G = (V; E ) and a sour e s 2 V . The goal is to ompute all the distan es Æ(s; v),
for v 2 V , and onstru t a orresponding shortest paths tree. The following
subse tions onsider various versions of this problem.
3.1

Nonnegative real edge weights

If the input graph G = (V; E ) is unweighted, then the problem is easily solved
in O(m) time using Breadth First Sear h (BFS) (see, e.g., [19℄). We suppose,
therefore, that ea h edge e 2 E has a nonnegative real edge weight w(e)  0
asso iated with it. The problem an then be solved using the lassi al Dijkstra's
algorithm [22℄. For ea h vertex of G, we hold a tentative distan e d(v ). Initially
d(s) = 0, and d(v) = +1, for every v 2 V fsg. We also keep a set T of unsettled
verti es . Initially T = V . At ea h stage we hoose an unsettled vertex u with

minimum tentative distan e, make it settled, and explore the edges emanating
from it. If (u; v ) 2 E , and v is still unsettled, we update the tentative distan e
of v as follows: d(v ) minfd(v ); d(u) + w(u; v )g. This goes on until all verti es
are settled. It is not diÆ ult to prove that when a vertex u be omes settled we
have d(u) = Æ (s; u), and that d(u) would not hange again.
An eÆ ient implementation of Dijkstra's algorithm uses a priority queue to
hold the unsettled verti es. The key asso iated with ea h unsettled vertex is
its tentative distan e. Verti es are inserted into the priority queue using insert
operations. An unsettled vertex with minimum tentative distan e is obtained
using an extra t-min operation. Tentative distan es are updated using de reasekey operations.
A simple heap-based priority queue an perform insertions, extra t-min and
de rease-key operations in O(log n) worst ase time per operation. This gives
immediately an O(m log n) time SSSP algorithm. Fibona i heaps of Fredman
and Tarjan [30℄ require only O(1) amortized time per insert and de rease-key
operation, and O(log n) amortized time per extra t-min operation. This gives an
O(m + n log n) time SSSP algorithm. (Relaxed heaps of Dris oll et al. [24℄ may
also be used to obtain this result. They require O(1) worst ase (not amortized)
time for per de rease-key operation, and O(log n) worst ase time per extra t-min
operation.) The only operations performed by these algorithms on edge weights
are additions and omparisons. Furthermore, every sum of weights omputed by
these algorithms is the length of a path in the graph. The O(m + n log n) time
algorithm is the fastest known algorithm in this model.
Dijkstra's algorithm produ es the distan es Æ (s; v ), for v 2 V , in sorted order.
It is lear that this requires, in the worst ase, (n log n) omparisons. (To sort n
elements, form a star with n leaves and atta h the elements to be sorted as
weights to the edges.) However, the de nition of the SSSP problem does not
require the distan es to be returned in sorted order. This leads us to our rst
open problem: Is there an algorithm for the SSSP problem in the additionomparison model that beats the information theoreti (n log n) lower bound
for sorting? Is there su h an algorithm in the algebrai omputation tree model?
3.2

Nonnegative integer edge weights { Dire ted graphs

We onsider again the single-sour e shortest paths problem with nonnegative
edge weights. This time we assume, however, that the edge weights are integral
and that we an do more than just add and ompare weights. This leads to
improved running times. (The improvements obtained are sub-logarithmi , as
the running time of Dijkstra's algorithm in the addition- omparison model is
already almost linear.)
The fa t that the edge weights are now integral opens up new possibilities.
Some of the te hniques that an be applied are s aling, bu keting, hashing, bitlevel parallelism, and more. It is also possible to tabulate solutions of small
subproblems. The des ription of these te hniques is beyond the s ope of this
survey. We merely try to state the urrently best available results.

Most of the improved results for the SSSP problem in the word RAM model
are obtained by onstru ting improved priority queues. Some of the pioneering
results here were obtained by van Emde Boas et al. [75, 76℄ and Fredman and
Willard [31, 32℄. It is enough, in fa t, to onstru t monotone priority queues,
i.e., priority queues that are only required to support sequen es of operations in
whi h the value of the minimum key never de reases.
Thorup [71℄ des ribes a priority queue with O(log log n) expe ted time per
operation. This gives immediately an O(m log log n) expe ted time algorithm for
the SSSP problem. (Randomization is needed here, and in most other algorithms,
to redu e the work spa e needed to linear.) He also shows that the SSSP problem
is not harder than the problem of sorting the m edge weights. Han [42℄ des ribes a
deterministi sorting algorithm that runs in O(n log log n log log log n) time. This
gives a deterministi , O(m log log n log log log n) time, linear spa e algorithm for
the SSSP problem. Han's algorithm uses multipli ation. Thorup [68℄ des ribes
a deterministi , O(n(log log n)2 ) time, linear spa e sorting algorithm that does
not use multipli ation, yielding a orresponding SSSP algorithm.
Improved results for graphs that are not too sparse may be obtained by
onstru ting (monotone) priority queues with onstant (amortized) time per
de rease-key operation. Thorup [71℄ uses this approa h to obtain an O(m +
(n log n)=w1=2  ) expe ted time algorithm, for any  > 0. (Re all that w is the
width of the ma hine word.) Raman [61℄, building on results of Ahuja et al. [2℄
and Cherkassky et al. [12℄, obtains an O(m + nw1=4+ ) expe ted time algorithm,
for any  > 0. Note that the rst algorithm is fast when w is large, while the
se ond algorithm is fast when w is small. By ombining these algorithms, Raman
[61℄ obtains an O(m + n(log n)1=3+ ) expe ted time algorithm, for any  > 0.
Building on his results from [60℄, he also obtains deterministi algorithms with
running times of O(m + n(w log w)1=3 ) and O(m + n(log n log log n)1=2 ).
It is interesting to note that w may be repla ed in the running times above
by log C , where C is the largest edge weight in the graph.
Finally, Hagerup [40℄, extending a te hnique of Thorup [69℄ for undire ted
graphs, obtains a deterministi O(m log w) time algorithm.
Is there a linear time algorithm for the dire ted SSSP problem in the word
RAM model? Note that a linear time sorting algorithm would give an aÆrmative
answer to this question. But, the SSSP problem may be easier than sorting.
3.3

Nonnegative integer edge weights { undire ted graphs

All the improved algorithms mentioned above (with one ex eption) are `just'
intri ate implementations of Dijkstra's algorithm. They produ e, therefore, a
sorted list of the distan es and do not avoid, therefore, the sorting bottlene k.
In a sharp ontra t, Thorup [69, 70℄ developed re ently an elegant algorithm
that avoids the rigid settling order of Dijkstra's algorithm. Thorup's algorithm
bypasses the sorting bottlene k and runs in optimal O(m) time! His algorithm
works, however, only on undire ted graphs. It remains an open problem whether
extensions of his ideas ould ould be used to obtain a similar result for dire ted
graphs. (Some results along these lines were obtained by Hagerup [40℄.)

3.4

Positive and negative real edge weights

We now allow, for the rst time, negative edge weights. The gap, here, between
the best upper bound and the obvious lower bound is mu h wider.
Dijkstra's algorithm breaks down in the presen e of negative edge weights.
The best algorithm known for the problem in the addition- omparison model
is the simple O(mn) time Bellman-Ford algorithm (see, e.g., [19℄): Start again
with d(s) = 0 and d(v ) = +1, for v 2 V fsg. Then, perform the following n
times: For every edge (u; v ) 2 E , let d(v ) minfd(v ); d(u) + w(u; v )g. If any of
the tentative distan es hange during the last iteration, then the graph ontains
a negative y le. Otherwise, d(v ) = Æ (s; v ), for every v 2 V .
The problem of de iding whether a graph ontains a negative y les is a
spe ial ase of the problem for nding a minimum mean weight y le in a graph.
Karp [47℄ gives an O(mn) time algorithm for this problem.
Is there a o(mn) time algorithm for the single-sour e shortest paths problem
with positive and negative weights in the addition- omparison model?
3.5

Positive and negative integer edge weights

Goldberg [38℄, improving results of Gabow [33℄ and of Gabow and Tarjan [34℄,
uses s aling to obtain an O(mn1=2 log N ) time algorithm for this version of the
problem, where N is the absolute value of the smallest edge weight. (It is assumed
that N  2.) Goldberg's algorithm, like most algorithms dealing with negative
edge weights, uses potentials (see Se tion 4.2). No progress on the problem was
made in re ent years. Is there a better algorithm?

4 All-pairs shortest paths { exa t results
We now move to onsider the all-pairs shortest paths problem. The input is
again a graph G = (V; E ). The required output is a matrix holding all the
distan es Æ (u; v ), for u; v 2 V , and some on ise representation of all shortest
paths, possibly a shortest path tree rooted at ea h vertex.
4.1

Nonnegative real edge weights

If all the edge weights are nonnegative, we an simply run Dijkstra's algorithm
independently from ea h vertex. The running time would be O(mn + n2 log n).
Karger, Koller and Phillips [46℄ and M Geo h [52℄ note that by or hestrating the operation of these n Dijkstra's pro esses, some unne essary operations
may saved. This leads to an O(m n + n2 log n) time algorithm for the problem,
where m is the number of essential edges in G, i.e., the number of edges that
a tually parti ipate in shortest paths. In the worst ase, however, m = m.
Karger et al. [46℄ also introdu e the notion of path-forming algorithms. These
are algorithms that work in the addition- omparison model, with the additional
requirement that any sum of weights omputed by the algorithm is the length

of some path in the graph. (All the addition- omparison algorithms mentioned
so far satisfy this requirement.) They show that any path-forming algorithm for
the APSP problem must perform, in the worst ase, (mn) operations.
4.2

Positive and Negative real edge weights

When some of the edge weights are negative, Dijkstra's algorithm annot be used
dire tly. However, Johnson [45℄ observed that if there are no negative weight
y les, then new nonnegative edge weights that preserve shortest paths an be
omputed in O(mn) time. The idea is very simple. Assign ea h vertex v 2 V a
potential p(v ). De ne new edge weights as follows wp (u; v ) = w(u; v )+p(u) p(v ),
for every (u; v ) 2 E . It is easy to verify that the new distan es satisfy Æp (u; v ) =
Æ(u; v) + p(u) p(v), for every u; v 2 V . (The potentials along any path from u
to v an el out, ex ept those of u and v .) Thus, the shortest paths with respe t
to the new edge weights are also shortest paths with respe t to the original
edge weights, and the original distan es an be easily extra ted. Now, add to G
a new vertex s, and add zero weight edges from it to all other verti es of the
graph. Let p(v ) = Æ (s; v ). If there are no negative weight y les in the graph
then these distan es are well de ned and they ould be found in O(mn) time
using the Bellman-Ford algorithm. The triangle inequality immediately implies
that wp (u; v )  0, for every u; v 2 V . Now we an run Dijkstra's algorithm from
ea h vertex with the new nonnegative weights. The total running time is again
O(mn + n2 log n).
As m may be as high as (n2 ), the running time of Johnson's algorithm may
be as high as (n3 ). A running time of O(n3 ) an also be a hieved using the
simple Floyd-Warshall algorithm (see [19℄). We next onsider the possibility of
obtaining faster algorithms for dense graphs.
The all-pairs shortest paths problem is losely related to the fmin; +g-produ t
of matri es. If A = (aij ) and B = (bij ) are n  n matri es, we let A ? B be the
n  n matrix whose (i; j )-th element is (A ? B )ij = mink faik + bkj g. We refer to
A ? B as the distan e produ t of A and B .
Let G = (V; E ) be a graph. We may assume that V = f1; 2; : : :; ng. Let
W = (wij ) be an n  n matrix with wij = w(i; j ), if (i; j ) 2 E , and wij = +1,
otherwise. It is easy to see that W n , where the exponentiation is done with
respe t to distan e produ t, gives the distan e between any pair of verti es in
the graph. Furthermore, the graph ontains a negative y le if and only if there
are negative elements on the diagonal of W n . Thus, the APSP problem an be
easily solved using O(log n) distan e produ ts. In fa t, under some reasonable
assumptions, this logarithmi fa tor an be saved, and it an be shown that the
APSP problem is not harder than the problem of omputing a single distan e
produ t of two n  n matri es (see [1, Theorem 5.7 on p. 204℄).
Distan e produ ts ould be omputed naively in O(n3 ) time, but this is of
no help to us. Algebrai , i.e., f+; g-produ ts of matri es ould be omputed
mu h faster. Strassen [65℄ was the rst to show that it ould be done using
o(n3 ) operations. Many improvements followed. We let ! be the exponent of
matrix multipli ation, i.e., the smallest onstant for whi h matrix multipli ation

an be performed using only O(n!+o(1) ) algebrai operations, i.e., additions,
subtra tions , and multipli ations. (For brevity, we `forget' the annoying o(1)
term, and use ! as a substitute for ! + o(1).) Coppersmith and Winograd [18℄
showed that ! < 2:376. The only known lower bound on ! is the trivial lower
bound !  2.
Could similar te hniques be used, dire tly, to obtain o(n3 ) algorithms for
omputing distan e produ ts? Unfortunately not. The fast matrix multipli ation algorithms rely in an essential way on the fa t that addition operations
ould be reversed, via subtra tions. This opens the way for lever an ellations
that speed up the omputation. It is known in fa t, that matrix multipli ation
requires (n3 ) operations, if only additions and multipli ations are allowed. This
follows from lower bounds on monotone ir uits for Boolean matrix multipli ation
obtained by Mehlhorn and Galil [53℄ and by Paterson [56℄.
Yuval [77℄ des ribes a simple transformation from distan e produ ts to standard algebrai produ ts. He assumes, however, that exa t exponentiations and
logarithms of in nite pre ision real numbers ould be omputed in onstant time.
His model, therefore, is very unrealisti . His ideas ould be exploited, however, in
a more restri ted form, as would be mentioned in Se tion 4.3. (Several erroneous
follow-ups of Yuval's result appeared in the 80's. They are not ited here.)
Fredman [29℄ des ribes an elegant way of omputing distan e produ ts of
two n  n matri es using O(n5=2 ) additions and omparisons in the algebrai
omputation tree model. There does not seem to be any an eÆ ient way of
implementing his algorithm in the RAM model, as it require programs of exponential size. However, by running his algorithm on small matri es, for whi h
short enough programs that implement his algorithm ould be pre omputed,
he obtains an O(n3 (log log n= log n)1=3 ) time algorithm for omputing distan e
produ ts. Takaoka [66℄ slightly improves his bound to O(n3 (log log n= log n)1=2 ).
Is there a genuinely sub- ubi algorithm for the APSP problem in the additionomparison model, i.e., an algorithm that runs in O(n3  ) time, for some  > 0?
4.3

Integer edge weights { dire ted graphs

We next onsider the all-pairs shortest paths problem in dire ted graphs with
integer edge weights. Even the unweighted ase is interesting here. The rst to obtain a genuinely sub- ubi algorithm for the unweighted problem were Alon, Galil
and Margalit [4℄. Their algorithm runs in O~ (n(3+!)=2) ) time.1 Their result also extends to the ase in whi h the edge weights are in the range f0; : : :; M g. The running time of their algorithm is then O~ (M (! 1)=2 n(3+!)=2 ), if M  n(3 !)=(!+1) ,
and O~ (Mn(5! 3)=(!+1) ), if M  n(3 !)=(!+1) (see Galil and Margalit [36, 37℄).
Takaoka [67℄ obtained an algorithm whose running time is O~ (M 1=3 n(6+!)=3 ). The
bound of Takaoka is better than the bound of Alon et al. [4℄ for larger values
of M . The running time of Takaoka's algorithm is sub- ubi for M < n3 ! .
1

We use O~ (f ) as a shorthand for f  (log n)O(1) . In the SSSP problem we are ghting
to shave o sub-logarithmi fa tors. In the APSP problem the real battle is still
over the right exponent of n, so we use the O~ () notation to hide not so interesting
polylogarithmi fa tors.

The algorithms of Galil and Margalit [36, 37℄ and of Takaoka [67℄ were improved by Zwi k [78, 79℄. Furthermore, his algorithm works with edge weights
to be in the range f M; : : : ; M g. The improvement is based on two ingredients.
The rst is an O~ (Mn! ) algorithm, mentioned in [4℄, for omputing distan e
produ ts of n  n matri es whose nite elements are in the range f M; : : : ; M g.
This algorithm is based on the idea of Yuval [77℄. It is implemented this time,
however, in a realisti model. The algorithm uses both the fast matrix multipliation algorithm of [18℄, and the integer multipli ation algorithm of [62℄. (Note
that an O~ (Mn! ) time algorithm for distan e produ ts does not give immediately an O~ (Mn! ) time algorithm for the APSP problem, as the range of the
elements is in reased by ea h distan e produ t.) The se ond ingredient is a sampling te hnique that enables the repla ement of a distan e produ t of two n  n
matri es by a smaller re tangular produ t. The algorithm uses, therefore, the
fast re tangular matrix multipli ation algorithm of [17℄ (see also [44℄).
To state the running time of Zwi k's algorithm, we need to introdu e exponents for re tangular matrix multipli ation. Let ! (r) be the smallest onstant su h that the produ t of an n  nr matrix by an nr  n matrix ould
be omputed using O(n!(r)+o(1) ) algebrai operations. Suppose that M = nt .
Then, the running time of his algorithm his O~ (n2+(t) ), where  = (t) satis es
!() = 1 + 2 t. The best available bounds on !(r) imply, for example, that
(0) < 0:575, so that the APSP problem for dire ted graphs with edge weights
taken from f 1; 0; 1g an be solved in O(n2:575 ) time. The algorithm runs in
sub- ubi time when M < n3 ! , as was the ase with Takaoka's algorithm.
The algorithms mentioned above di er from almost all the other algorithms
mentioned in this survey in that augmenting them to produ e a ompa t representation of shortest paths, and not only distan es, is a non-trivial task. This
requires the omputation of witnesses for Boolean matrix multipli ations and
distan e produ ts. A simple randomized algorithm for omputing witnesses for
Boolean matrix multipli ation is given by Seidel [63℄. His algorithm was derandomized by Alon and Naor [6℄ (see also [5℄). An alternative, somewhat slower
deterministi algorithm was given by Galil and Margalit [35℄.
Obtaining improved algorithms, and in parti ular sub- ubi algorithms for
larger values of M for this version of the problem is a hallenging open problem.
Finally, Hagerup [40℄ obtained an O(mn + n log log n) time algorithm for the
problem in the word RAM model. Could this be redu ed to O(mn)?
4.4

Integer edge weights { undire ted graphs

Galil and Margalit [36, 37℄ and Seidel [63℄, obtained O~ (n! ) time algorithms for
solving the APSP problem for unweighted undire ted graphs. Seidel's algorithm
is mu h simpler. Both algorithms show, in fa t, that this version of the problem is
harder then the Boolean matrix multipli ation problem by at most a logarithmi
fa tor. (Seidel's algorithm, as it appears in [63℄, uses integer matrix produ ts,
but it is not diÆ ult to obtain a version of it that uses only Boolean produ ts.)
Again, witnesses for Boolean matrix produ ts are needed, if paths, and not only
distan es, are to be found.

Seidel's algorithm is extremely simple and elegant. There seems to be no simple way, however, of using his ideas to obtain a similar algorithm for weighted
graphs. The algorithm of Galil and Margalit an be extended, in a fairly straightforward way, to handle small integer edge weights. The running time of their algorithm, when the edge weights are taken from f0; 1; : : :; M g, is O~ (M (!+1)=2 n! ).
An improved time bound of O~ (Mn! ) for the problem was re ently obtained by
Shoshan and Zwi k [64℄. They show, in fa t, that the APSP problem for undire ted graphs with edge weights taken from f0; 1; : : :; M g is harder than the
problem of omputing the distan e produ t of two n  n matri es with elements
taken from the same range by at most a logarithmi fa tor. (As mentioned in
Se tion 4.3, this is not known for dire ted graphs.)
Obtaining improved algorithms, and in parti ular sub- ubi algorithms for
larger values of M for this version of the problem is again a hallenging open
problem. For undire ted graphs this is equivalent, as mentioned, to obtaining
faster algorithms for distan e produ ts of matri es with elements in the range
f0; 1; : : :; M g.

5 All-pairs shortest paths { approximate results
The ost of exa tly omputing all distan es in a graph may be prohibitively
large. In this se tion we explore the savings that may be obtained by settling
for approximate distan es and almost shortest paths. Throughout this se tion,
we assume that the edge weights are nonnegative.
We say that an estimated distan e Æ^(u; v ) is of stret h t if and only if Æ (u; v ) 
^Æ (u; v )  t  Æ (u; v ). We say that an estimated distan e Æ^(u; v ) is of surplus t if
and only if Æ (u; v )  Æ^(u; v )  Æ (u; v ) + t. All our estimates orrespond to a tual
paths in the graph, and are thus upper bounds on the a tual distan es.
5.1

Dire ted graphs

It is not diÆ ult to see [23℄ that for any nite t, obtaining stret h t estimates
of all distan es in a graph is at least as hard as Boolean matrix multipli ation.
On the other hand, Zwi k [78℄ shows that for any  > 0, approximate distan es
of stret h 1 +  of all distan es in a dire ted graph may be omputed in time
O~ ((n! =) log(W=)), where W is the largest edge weight in the graph, after the
edge weights are s aled so that the smallest nonzero edge weight is 1.
5.2

Unweighted undire ted graphs

Surprisingly, perhaps, when the graph is undire ted and unweighted, estimated
distan e with small additive error may be omputed rather qui kly, without using
fast matrix multipli ation algorithms. This was rst shown by Aingworth et al.
[3℄. They showed that surplus 2 estimates of the distan es between k spe i ed
pairs of verti es may be omputed in O(n3=2 (k log n)1=2 ) time. In parti ular,
surplus 2 estimates of all the distan es in the graph, and orresponding paths,

may be omputed in O(n5=2 (log n)1=2 ) time. Aingworth et al. [3℄ also give a
2=3-approximation algorithm for the diameter of a weighted dire ted graph that
runs in O(m(n log n)1=2 + n2 log n) time.
Elkin [25℄ des ribes an algorithm for omputing estimated distan es from a
set S of sour es to all other verti es of the graph. He shows that for any  > 0,
there is a onstant b = b(), su h that an estimated distan e Æ^(u; v ) satisfying
Æ(u; v)  Æ^(u; v)  (1+ )Æ(u; v)+ b, for every u 2 S and v 2 V , may be omputed
in O(mn + jS jn1+ ) time. Furthermore, the orresponding shortest paths, use
only O(n1+ ) edges of the graph. (See also Se tion 6.2.) Note, however, that
although the term multiplying Æ (u; v ) above an be made arbitrarily lose to 1,
the errors in the estimates obtained are not purely additive.
Dor et al. [23℄ obtained improved algorithms for obtaining nite surplus estimates of all distan es in the graph. They show that surplus 2 estimates may
be omputed in O~ (n3=2 m1=2 ) time, and also in O~ (n7=3 ) time. Furthermore, they
exhibit a surplus-time tradeo showing that surplus 2(k 1) estimates of all distan es may be omputed in O~ (kn2 1=k m1=k ) time. In parti ular, surplus O(log n)
estimates of all distan es may be obtained in almost optimal O~ (n2 ) time.
5.3

Weighted undire ted graphs

Cohen and Zwi k [16℄ adapted the te hniques of Dor et al. [23℄ for weighted
graphs. They obtain stret h 2 estimates of all distan es in O~ (n3=2 m1=2 ) time,
stret h 7/3 estimates in O~ (n7=3 ) time, and stret h 3 estimates, and orresponding
stret h 3 paths, in almost optimal O~ (n2 ) time. Algorithms with additive errors
are also presented. They show, for example, that if p is a any path between u
and v , then the estimate Æ^(u; v ) produ ed by the O~ (n3=2 m1=2 ) time algorithm
satis es Æ^(u; v )  w(p) + 2wmax (p), where w(p) is the length of p, and wmax (p)
is the weight of the heaviest edge on p.

6 Spanners
6.1

Weighted undire ted graphs

Let G = (V; E ) be an undire ted graph. In many appli ations, many of them
related to distributed omputing (see [57℄), it is desired to obtain a sparse subgraph H = (V; F ) of G that approximates, at least to a ertain extent, the
distan es in G. Su h a subgraph H is said to be a t-spanner of G if and only if
for every u; v 2 V we have ÆH (u; v )  tÆG (u; v ). (This de nition, impli it in [8℄,
appears expli itly in [58℄.)
Althofer et al. [7℄ des ribe the following simple algorithm for onstru ting
a t-spanner of an undire ted graph G = (V; E ) with nonnegative edge weights.
The algorithm is similar to Kruskal's algorithm [51℄ (see also [19℄) for omputing
minimum spanning trees: Let F . Consider the edges of G in nonde reasing
order of weight. If (u; v ) 2 E is the urrently onsidered edge and w(u; v ) <
t  ÆF (u; v), then add (u; v) to F . It is easy to see that at the end of this pro ess

H = (V; F ) is indeed a t-spanner of G. It is also easy to see that the girth of H
is greater than t + 1. (The girth of a graph G is the smallest number of edges
on a y le in G.) It is known that any graph with at least n1+1=k edges ontains
a y le with at most 2k edges. It follows that any weighted graph on n verti es
has a (2k 1)-spanner with O(n1+1=k ) edges. This result is believed to be tight
for any k  1. It is proved, however, only for k = 1; 2; 3 and 5. (See, e.g., [73℄.)
The fastest known implementation of the algorithm of Althofer et al. [7℄ runs
in O(mn1+1=k ) time. If the graph is unweighted, then a (2k 1)-spanner of
size O(n1+1=k ) an be easily found in O(m) time [41℄. Thorup and Zwi k [73℄,
improving a result of Cohen [14℄, give a randomized algorithm for omputing a
(2k 1)-spanner of size O(n1+1=k ) in O(kmn1=k ) expe ted time.
Approximation algorithms and hardness results related to spanners were obtained by Kortsarz and Peleg [50℄ and Elkin and Peleg [27℄.
6.2

Unweighted undire ted graphs

Following Elkin and Peleg [26℄, we say that a subgraph H of an unweighted
graph G is an (a; b)-spanner of G if and only if ÆH (u; v )  aÆ (u; v ) + b, for every
u; v 2 V . (For a related notion of k-emulators, see [23℄.) Elkin and Peleg [26℄
and Elkin [25℄, improving and extending some preliminary results of Dor et al.
[23℄, show that any graph on n verti es has a (1; 2)-spanner with O(n3=2 ) edges,
and that for any  > 0 and Æ > 0 there exists b = b(; Æ ), su h that every graph
on n verti es has a (1 + ; b)-spanner with O(n1+Æ ) edges.
The intriguing open problem here is whether the (1+ ; b)-spanners of [26, 25℄
ould be turned into (1; b)-spanners, i.e., purely additive spanners. In parti ular,
it is still open whether there exists a b > 0 su h that any graph on n verti es
has a (1; b)-spanner with o(n3=2 ) edges. (In [23℄ it is shown that any graph on n
verti es has a Steiner (1; 4)-spanner with O~ (n4=3 ) edges. A Steiner spanner,
unlike standard spanners, is not ne essarily a subgraph of the approximated
graph. Furthermore, the edges of the Steiner spanner may be weighted, even if
the original graph is unweighted.)

7 Distan e ora les
In this se tion we onsider the following problem: We are given a graph G =
(V; E ). We would like to prepro ess it so that subsequent distan e queries or
shortest path queries ould be answered very qui kly. A naive solution is to solve
the APSP problem, using the best available algorithm, and store the n  n matrix
of distan es. Ea h distan e query an then be answered in onstant time. The
obvious drawba ks of this solution are the large prepro essing time and large
spa e requirements. Mu h better solutions exist when the graph is undire ted,
and when we are willing to settle for approximate results.
The term approximate distan e ora les is oined in Thorup and Zwi k [73℄,
though the problem was onsidered previously by Awerbu h et al. [9℄, Cohen [14℄
and Dor et al. [23℄. Improving the results of these authors, Thorup and Zwi k [73℄

show that for any k  1, a graph G = (V; E ) on n verti es an be prepro essed
in O(kmn1=k ) expe ted time, onstru ting a data stru ture of size O(kn1+1=k ),
su h that a stret h 2k 1 answer to any distan e query an be produ ed in
O(k) time. The spa e requirements of these approximate distan e ora les are
optimal for k = 1; 2; 3; 5, and are onje tured to be optimal for any value of k .
(This is related to the onje ture regarding the size of (2k 1)-spanners made
in Se tion 6.1. See dis ussion in [73℄.)
Many open problems still remain regarding the possible tradeo s between the
prepro essing time, spa e requirement, query answering time, and the obtained
stret h of approximate distan e ora les. In parti ular, is it possible to ombine
the te hniques of [16℄ and [73℄ to obtain a stret h 3 distan e ora le with O~ (n2 )
prepro essing time, O~ (n3=2 ) spa e, and onstant query time? Whi h tradeo s
are possible when no randomization is allowed? Finally, all the distan e orales urrently available have multipli ative errors. Are there non-trivial distan e
ora les with additive errors?

Addendum
After the preparation of the amera ready version of the survey, a paper by
Pettie and Rama handran [59℄ was brought to my attention. Pettie and Rama handran [59℄ also de ne the addition- omparison model and make a further
distin tion between RAM and pointer ma hine algorithms. Their main result
is an algorithm for the all-pairs shortest paths (APSP) problem for undire ted
graphs whi h runs on a pointer ma hine in O(mn (m; n)) time while making
only O(mn log (m; n)) additions and omparisons. (Here m is the number of
edges, n is the number of verti es, and (m; n) is Tarjan's inverse-A kermann
fun tion.) The main ingredient used to obtain this new algorithm is a singlesour e shortest paths (SSSP) algorithm for undire ted graphs with positive
edge weights that runs in O(m (m; n) + n log log R) time on a pointer ma hine,
where R is the ratio between the maximum and minimum edge weights. They
also obtain an algorithm for the SSSP problem in dire ted graphs that runs in
O(m + n log R) time on a pointer ma hine.
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