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Sequentially continuous linear mappings inconstructive analysisDouglas Bridges Ray Mines1 IntroductionA mapping u : X ! Y between metric spaces is sequentially continuous if foreach sequence (xn) converging to x 2 X , (u(xn)) converges to u(x): It is wellknown in classical mathematics that a sequentially continuous mapping betweenmetric spaces is continuous; but, as all proofs of this result involve the law ofexcluded middle, there appears to be a constructive distinction between sequen-tial continuity and continuity. Although this distinction is worth exploring inits own right, there is another reason why sequential continuity is interesting tothe constructive mathematician: Ishihara [8] has a version of Banach's inversemapping theorem in functional analysis that involves the sequential continuity,rather than continuity, of the linear mappings; if this result could be upgradedby deleting the word \sequential", then we could prove constructively the stan-dard versions of the inverse mapping theorem and the closed graph theorem.Troelstra [9] showed that in Brouwer's intuitionistic mathematics (INT) asequentially continuous mapping on a separable metric space is continuous. Onthe other hand, Ishihara [6], [7] proved constructively that the continuity ofsequentially continuous mappings on a separable metric space is equivalent toa certain boundedness principle for subsets of N; in the same paper, he showedthat the latter principle holds within the recursive constructive mathematics(RUSS) of the Markov School. Since it is not known whether that principle holdswithin Bishop's constructive mathematics (BISH), of which INT and RUSS aremodels and which can be regarded as the constructive core of mathematics, theexploration of sequential continuity within BISH holds some interestIn this paper we derive some results about sequentially continuous linearmappings within BISH. These results tend to reinforce our hope that such map-pings may turn out to be bounded (continuous) after all. For background ma-terial on BISH, see [1], and for information about the relation between BISH,INT, and RUSS, see [2].2 Sequential continuity preserves CauchynessThe main result of this section and of the entire paper is Theorem 1 below,in which we show that a linear mapping is sequentially continuous if and onlyif it preserves the Cauchyness of sequences.1 To do this we shall need theconstructive least-upper-bound principle:1It is trivial to show that a bounded linear mapping preserves Cauchyness.1



Let S be a nonempty set of real numbers that is bounded above. ThensupS exists if and only if for all real numbers a; b with a < b; eitherb is an upper bound of S or else there exists s 2 S such that s > a([1], Ch. 2, (4.3)).Lemma 1 Let u : X ! Y be a sequentially continuous linear mapping betweennormed spaces, (xn) a Cauchy sequence in X; and let 0 < a < b: Then eitherku(xn)k < b for all n or else there exists n such that ku(xn)k > a:Proof. In view of the linearity of u; we may assume that b � a > 1:Choosing a strictly increasing sequence (Nk)1k=1 of positive integers such thatkxm � xnk < 2�3k for all m;n � Nk; writesk = maxfku(xn)k : 1 � n � Nkg :Construct an increasing binary sequence (�k)1k=1 such that�k = 0 ) 8j � k (sj < b� 2�2j);�k = 1 ) 9j � k (sj > b� 2�2j+1)We may assume that �1 = �2 = 0: Now construct a sequence (zk) in X asfollows. If �k+1 = 0; or if �k+1 = �k = 1; set zk = 0 : If �k+1 = 1 and �k = 0;then ku(xNk)k � sk < b� 2�2kand sk+1 > b � 2�2k�1; so we can choose j such that Nk < j � Nk+1 andku(xj)k > b� 2�2k�1; setting zk = 22k(xj �xNk), we note that kzkk < 2�k andku(zk)k = 22k ku(xj)� u(xNk)k� 22k (ku(xj)k � ku(xNk)k)> 22k �b� 2�2k�1 � (b� 2�2k)� = 12This completes the construction of a sequence (zk) converging to 0 in X: So,by the sequential continuity of u; limk!1 u(zk) = 0: Now choose K such thatku(zk)k < 1=2 for all k � K; then �k 6= 1� �k for all k � K: If �K = 1, thenthere exists n � NK such thatku(xn)k > b� 2�2n+1 > a:If �K = 0, then �k = 0 for all k � K and therefore for all k; so ku(xk)k < b forall k: 2Lemma 2 Let u : X ! Y be a sequentially continuous linear mapping betweennormed spaces, and (xn) a Cauchy sequence in X: Then supn�1 ku(xn)k exists.Proof. We �rst show that the sequence (ku(xn)k) is bounded. To do so,choose R > 0 such that kxnk � R for all n: Taking a = 1 and b = 2 in Lemma1, we may assume that there exists n1 such that ku(xn1)k > 1: Set �1 = 0: UsingLemma 1 repeatedly, we now construct an increasing binary sequence (�n); andan increasing sequence (nk)1k=1 of positive integers, such that�k = 0 ) ku(xnk )k > k and nk > nk�1;�k = 1 ) (u(xn)) is a bounded sequence and nk+1 = nk:2



Assume that we have found �k and nk: If �k = 1; we set �k+1 = �k andnk+1 = nk: If �k = 0; then u(xnj ) > j for all j � k: We then apply Lemma1 to the Cauchy sequence (xj)j>nk : Either we obtain nk+1 > nk such thatu(xnk+1) > k + 1; or else ku(xj)k < k + 2 for all j > nk. In the �rst casewe set �k+1 = 0; and in the second, noting that (u(xn))1n=1 is bounded, we set�k+1 = 1 and nk+1 = nk:If �k = 0; set zk = k�1xnk ; if �k = 1; set zk = 0: Then kzkk � Rk�1 foreach k; so zk ! 0 and therefore, by the sequential continuity of u; u(zk) ! 0:Choose K such that ku(zk)k < 1 for all k � K: If �K = 0; then ku(zk)k =k�1 ku(xnk )k > 1; a contradiction. Hence �K = 1 and so (ku(xn)k) is bounded.It follows immediately from this, Lemma 1, and the constructive least-upper-bound principle that supn�1 ku(xn)k exists. 2Theorem 1 A linear mapping u : X ! Y between normed spaces is sequen-tially continuous if and only if it maps Cauchy sequences to Cauchy sequences.Proof. Assume �rst that u is sequentially continuous. Given a Cauchy se-quence (xn) in X; choose a strictly increasing sequence (Nk)1k=1 of positiveintegers such that kxm � xnk < 2�k for all m;n � Nk: For each k letsk = supn�Nk ku(xn)� u(xNk)k ;which exists in view of Lemma 2. Given " > 0; we show that sk < " for somek: To this end, construct an increasing binary sequence (�k) such that�k = 0 ) sk > "=4�k = 1 ) sk < "=2:Wemay assume that �1 = 0: If �k = 0; choose j � Nk such that ku(xj)� u(xNk)k >"=4 and set zk = xj � xNk : If �k = 1; set zk = 0: Then kzkk < 2�k for each k;so zk ! 0: Since u is sequentially continuous, u(zk) ! 0 and we can choose Ksuch that ku(zk)k < "=4 for all k � K: If �K = 0; then ku(zK)k > "=4; which isabsurd; so �K = 1 and therefore sk < "=2: It follows that for all j; k � NK ;ku(xj)� u(xk)k � ku(xj)� u(xNk )k+ ku(xk)� u(xNk )k< "2 + "2= ":Since " is arbitrary, (u(xn)) is a Cauchy sequence in Y:Now assume, conversely, that umaps Cauchy sequences to Cauchy sequences.If (xn) is a sequence converging to 0 in X; then (u(xn)) is a Cauchy sequence inY ; so in order to prove that (u(xn)) converges to 0; it will su�ce to �nd a sub-sequence of it that converges to 0: Accordingly, choose a subsequence (xnk )1k=1of (xn) such that kxnkk < 1=k2 for each k: Then (kxnk )1k=1 converges to 0in X; so (u(kxnk ))1k=1 is a Cauchy sequence in Y . Hence there exists M > 0such that, for each k; kku(xnk )k � M and therefore ku(xnk )k � M=k: Thuslimk!1 u(xnk ) = 0 and our proof is complete. 2Theorem 1 enables us to extend a sequentially continuous linear map to thecompletion of its domain. 3



Proposition 1 Let u be a sequentially continuous linear mapping of a normedspace X into a Banach space Y: Then u extends to a sequentially continuouslinear mapping of X] into Y; where X] is the completion of X:Proof. Let (xn); (x0n) be sequences in X that converge to the same limitx 2 X]. The foregoing theorem shows that(u(x1); u(x01); u(x2); u(x02); : : :)is a Cauchy sequence in Y: Since Y is complete, this Cauchy sequence convergesto a limit y 2 Y: Hence each of the sequences (u(xn)) and (u(x0n)) converges toy; so u](x) � limn!1u(xn)does not depend on the sequence (xn) of elements of X converging to x: It isstraightforward to show that u] is linear and coincides with u on X . Now let(xn) be any sequence in X] converging to 0: By the de�nition of u]; for eachn there exists x0n 2 X such that kx0n � xnk � 1=n and ku(x0n)� u(xn)k < 1=n:Then limn!0 x0n = 0; so0 = u](0) = limn!1u(x0n) = limn!1u(xn):Hence u] is sequentially continuous: 23 Additional results on sequential continuityTo end the paper, we gather together some results connecting sequential conti-nuity, boundedness, and normability for linear mappings.Proposition 1 Let u : X ! Y be a sequentially continuous linear map be-tween normed spaces, such that ker(u) is located. If x0 2 X and u(x0) 6= 0;then �(x0; ker(u)) > 0:Proof. Construct an increasing binary sequence (�n) such that�n = 0 ) �(x0; ker(u)) < 1=n2;�n = 1 ) �(x0; ker(u)) > 1=(n+ 1)2:If �n = 0; choose yn 2 ker(u) such that kx0 � ynk < 1=n2 and set zn = n(x0 �yn): If �n = 1; set zn = 0: Then kznk < 1=n for each n; so zn ! 0: By thesequential continuity of u; (u(zn)) converges to 0 and therefore there exists Nsuch that ku(zn)k < 1 for all n � N: If �N = 0; thenu(zN ) = N(u(x0)� u(yN)) = N(1� 0) = N > 1;a contradiction. Hence �N = 1 and therefore �(x0; ker(u)) > 0: 2Corollary Let u : X ! Y be a nonzero sequentially continuous linear map-ping with �nite-dimensional range. Then u is compact if and only if ker(u) islocated.Proof. Inspection of the proof of Theorem 1 in [3] shows that we need onlyprove that if x0 2 X and u(x0) = 1; then �(x0; ker(u)) > 0; but this followsimmediately from Proposition 2. 2 4



Corollary Let u : X ! C be a nonzero sequentially continuous linear func-tional. Then u is normable if and only if ker(u) is located.Proof. This is a special case of the preceding corollary. 2Finally, we have a criterion for the boundedness of a sequentially continuouslinear mapping. Note that if S is a subset of a normed space X; then�S = fx 2 X : kx� sk > 0 for all s 2 Sg :Proposition 3 A sequentially continuous linear mapping u : X ! Y betweennormed spaces is bounded if and only if for each " > 0 either there exists x 2�u�1(B) or else �u�1(B) is bounded away from 0; where B is the closed unitball of Y:Proof. Use a simple modi�cation of the proof of Proposition 2 of [4]; we omitthe details. 2All the foregoing results reinforce the hypothesis that sequential continuityand boundedness are equivalent properties of linear mappings within BISH.However, we should note that there is a sheaf model in which a certain linearmapping is sequentially continuous but not bounded (see page 293 of [5]); butthe principle of countable choice does not hold in that model, and the foregoingproofs strongly suggest that we would have to use that principle in order toprove, within BISH, that sequential continuity entails boundedness for a linearmap.References[1] Errett Bishop and Douglas Bridges, Constructive Analysis, Grundlehren dermath. Wissenschaften Bd. 276, Springer-Verlag, Berlin, 1985.[2] Douglas Bridges and Fred Richman, Varieties of Constructive Mathematics,London Math. Soc. Lecture Notes 95, Cambridge University Press, London,1987.[3] Douglas Bridges, Allan Calder, William Julian, Ray Mines, and Fred Rich-man, \Bounded linear mappings of �nite rank", J. Functional Anal. 43(2),1981, 143-148.[4] Douglas Bridges, \Sequential, pointwise, and uniform continuity: A con-structive note", Math. Logic Quarterly 39 (1993), 55-61.[5] J.M.E. Hyland and M.P. Fourman, \Sheaf models for analysis", in Aspectsof Sheaves (Proceedings of Durham Research Symposium on Applicationsof Sheaves to Logic, Algebra, and Analysis, M.P. Fourman, C.J. Mulvey,and D.S. Scott, eds.), Lecture Notes in Mathematics 753, Springer-Verlag,Heidelberg, 1979.[6] Hajime Ishihara, \Continuity and nondiscontinuity in constructive mathe-matics", J. Symbolic Logic 56 (1991), 1349-1354.[7] Hajime Ishihara, \Continuity properties in constructive mathematics", J.Symbolic Logic 57 (1992), 557-565.5
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