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nodes. As the size of the QAP grew the CPU time ratio of the time taken by
the new code to the time taken by the GLB based code decreased dramatically.
However, for problems of the dimensions considered, it is still faster to use the
GLB-based branch and bound algorithm.
In a forthcoming paper, we expect to produce examples for which the new
approach, besides scanning much fewer nodes, is also much faster. For this, we
plan several extensions to our implementation. Since linear programs on di erent branches of the search tree are essentially independent of each other, it is
possible to solve them in parallel. We are implementing a distributed algorithm
that solves di erent linear programs on di erent processors, broadcasting the
value of a new upper bound whenever one is found. In the version of the ADP
code used in this paper, the algorithm does not have the capability to do warm
starts, i.e. start from an advanced solution. The linear programs are always
solved from the start, even when one LP varies from the other by a single column in the dual program. We are implementing a version of ADP that can start
from a warm solution. With this, we expect to speed up the solution process
signi cantly.
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Table 5: CPU time ratios for QAPs of consecutive sizes
n
tn tn=tn?1
2
0.93
3
1.08
1.09
4
1.35
1.09
5
1.95
1.51
6
3.08
1.47
7
5.03
1.54
8
7.39
1.66
9 12.34
1.54
10 21.04
1.52
1.49
11 39.13
12 49.86
1.67
13 126.51
1.54
14 280.44
1.53
for n = 2; 3; : : :; 14, where tn is the average time taken to solve a problem
of dimension n. As can be observed, for problems in this experiment, it
takes slighltly over 50% longer to solve a problem of dimension n as it
takes to solve a problem of dimension n ? 1.

6 Concluding Remarks
In this paper, we presented implementation details and computational results of
a new branch and bound algorithm for solving the quadratic assignment problem. The branch and bound algorithm uses a branching scheme discussed in
[28] with a lower bounding scheme that uses linear programming described in
[31]. An ecient implementation [15] of an interior point algorithm is used
to compute the lower bounds. The use of interior point methods in the context of branch and bound methods for integer programming was rst described
by Mitchell and Borchers [2]. See Mitchell [25] for a survey on interior point
algorithms for integer programming.
Our implementationsuccessfully solved to optimalityall instances of QAPLIB
[4] with dimension n  15. The main observation is that the lower bounds are
good, resulting in the search of very few branch and bound search tree nodes
compared to the same branching scheme using the classical Gilmore-Lawler
lower bound [12, 18, 28]. The number of nodes scanned grew less than a cubic
function of n, the dimension of the QAP. The instance with the largest number of nodes (nug15 of dimension n = 15) required the solution of 1195 linear
programs. Other instances of the same size required much fewer (as few as 15)
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Figure 3: B&B tree nodes scanned and functions n2, n2:5, and n3

 The code solved all 24 instances of QAPLIB of dimension less than or

equal to 15.
 Compared with the branch and bound algorithm using the classical GilmoreLawler lower bound, the number of branch and bound search tree nodes
examined by the algorithm is small and grows slowly as a function of the
dimension n of the QAP.
 Because no level 0 nodes (the QAP linear programming relaxation for the
original problem) were done, the minimum number of nodes examined by
the algorithm is n, the number of level 1 nodes in the tree. Level 0 nodes
were solved for all the instances solved in this paper in [31]. In 10 of the
24 problems solved in this paper (nug05, nug06, nug07, esc08c, esc08f,
chr12a, chr12b, chr12c, chr15b, and chr15c) the level 0 lower bound
produced was tight and thus all but one of the problems could be solved
at level 0, since the inital upper bounds produced were optimal. The only
exception is nug05 for which the GRASP upper bound initially produced
is not optimal.
 The times to solve the linear programming relaxations grows as indicated
in Figure 2. Table 5 shows the ratios tn=tn?1 of average running times
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Table 4: QAP test instances: B&B tree search
nodes of B&B tree
percentage of nodes of level
problem scan good bad
1
2
3
4 5
nug05 14
10
4 35.7 28.6 21.4 14.3 0.0
nug06
6
6
0 100.0 0.0 0.0 0.0 0.0
nug07
7
7
0 100.0 0.0 0.0 0.0 0.0
nug08
8
8
0 100.0 0.0 0.0 0.0 0.0
nug12 220 200 20 5.5 45.0 45.5 4.1 0.0
nug15 1195 1103 92 1.3 17.6 56.6 21.1 3.5
scr10
19
18
1 52.6 47.4 0.0 0.0 0.0
scr12 252 228 24 4.8 43.7 23.8 21.4 6.3
scr15 228 211 17 6.6 49.1 11.4 10.5 22.4
rou10
54
46
8 18.5 16.7 14.8 13.0 37.0
rou12 154 137 17 7.8 57.1 6.5 5.8 22.7
rou15 991 912 79 1.5 21.2 69.5 1.2 6.6
esc08a
8
8
0 100.0 0.0 0.0 0.0 0.0
esc08b 208 176 32 3.8 26.9 69.2 0.0 0.0
esc08c
8
8
0 100.0 0.0 0.0 0.0 0.0
8
8
0 100.0 0.0 0.0 0.0 0.0
esc08d
esc08e
64
56
8 12.5 87.5 0.0 0.0 0.0
esc08f
8
8
0 100.0 0.0 0.0 0.0 0.0
chr12a
12
12
0 100.0 0.0 0.0 0.0 0.0
chr12b
12
12
0 100.0 0.0 0.0 0.0 0.0
chr12c
12
12
0 100.0 0.0 0.0 0.0 0.0
chr15a
15
15
0 100.0 0.0 0.0 0.0 0.0
chr15b
15
15
0 100.0 0.0 0.0 0.0 0.0
chr15c
15
15
0 100.0 0.0 0.0 0.0 0.0

11

Table 3: QAP test instances: LP-based vs. GLB-based B&B algorithms
LP-based B&B GLB-based B&B time nodes
problem dim nodes
time
nodes time ratio
ratio
nug05
5
12
11.7
44
0.1 117.0
3.7
nug06
6
6
9.5
82
0.1 95.0
13.7
nug07
7
7
16.6
115
0.1 166.0
16.4
nug08
8
8
35.1
895
0.2 175.5 111.9
nug12 12 220 5238.2 49063 14.6 358.8 223.0
nug15 15 1195 87085.7 1794507 912.4 95.4 1501.7
scr10 10
19
202.1
1494
0.6 336.8
78.6
scr12 12 252 5118.7 12918
4.8 1066.4
51.3
scr15 15 228 3043.3 506360 274.7 11.1 2220.9
rou10 10
52
275.7
2683
0.8 344.6
51.6
rou12 12 152 2715.9 37982 12.3 220.8 249.9
rou15 15 991 30811.7 4846805 2240.3 13.8 4890.8
esc08a
8
8
37.4 57464
7.0
5.3 7183.0
esc08b
8 208
491.1
7352
0.7 701.6
35.3
esc08c
8
8
42.7
2552
0.3 142.3 319.0
8
38.1
2216
0.3 127.0 277.0
esc08d
8
esc08e
8
64
251.0 10376
1.0 251.0 162.1
esc08f
8
8
37.6
1520
0.3 125.3 190.0
chr12a 12
12
312.0
672
0.7 445.7
56.0
chr12b 12
12
289.4
318
0.6 482.3
26.5
chr12c 12
12
386.1
3214
1.5 257.4 267.8
chr15a 15
15 1495.9 413825 235.5
6.4 27588.3
chr15b 15
15 1831.9 396255 217.8
8.4 26417.0
chr15c 15
15 1908.5 428722 240.0
8.0 28581.5
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explored. If the data is integer, as is the case for all of the QAPLIB instances
considered in this paper, the dual interior solution can be rounded up to check
for termination. This is done in our code. A detailed description of the ADP
code as used in this application is given in Resende, Ramakrishnan, and Drezner
[31].

5 Computational Results
In this section, we present preliminary experimental results with our code. The
new branch and bound algorithm is tested on a set of standard QAP instances
from the QAPLIB. We compare the new algorithm with an algorithm that is
identical, except that it uses the classical Gilmore-Lawler lower bound in place
of the LP-based bounds.
The experiments were conducted on a Silicon Graphics (SGI) Challenge (150
MHz MIPS R4400 processor, 1920 Mbytes of main memory, 16 Kbytes of data
cache, and 16 Kbytes of instruction cache). The branch and bound control
module and the GRASP are implemented in Fortran and compiled with the f77
compiler using compiler ags -O2 -Olimit 800. The interior point solver ADP
is written in C and was compiled with the cc compiler using compiler ags -O2
-Olimit 800.
We tested the codes on several instances from the QAP library QAPLIB.
Table 3 summarizes the runs on both algorithms. For each instance it displays
the name and dimension of the problem, as well as the solution times and number
of branch and bound search tree nodes examined by each of the algorithms. The
ratio of CPU times is also displayed.
The number of GRASP iterations was set to 100,000 for all runs.
Table 4 shows statistics for the LP-based algorithm. For each run, the table
lists the number of nodes examined, the number of nodes on which the lower
bound obtained was greater than the best upper bound at that moment, the
number of nodes on which the lower bound obtained was less than or equal to
the best upper bound at that moment, and the percentage of nodes examined
that were of levels 1, 2, 3, 4, and 5 or greater.
Figure 2 shows the CPU times taken by the ADP solver to solve QAP lower
bound linear programming relaxations as a function of QAP dimension. The
gure shows the average time with a point and indicates the interval of running
time values. Note that QAP instances of di erent sizes are solved during the
branch and bound solution process. As the search goes deeper into the tree, the
algorithm must compute lower bounds for smaller QAPs.
Figure 3 shows number of of the branch and bound search tree scanned by
the algorithm as a function of the dimension (n) of the QAP being solved. The
gure also displays the functions n2 , n2:5, and n3 to give an idea as to how fast
the growth rate is.
We make the following remarks regarding the computational results.
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As an example of the branch and bound algorithm, consider the QAPLIB
instance nug05. The iterations of the branch and bound algorithm are summarized in Table 2. The GRASP approximation algorithm produced a solution
(UB) having cost 52. The branch and bound algorithm examined 14 nodes of
the search tree. In the rst ve nodes, each facility was xed to location 1 and
the lower bounds of each branch computed. The lower bounds corresponding to
branches rooted at nodes 1 through 4 were all greater than or equal to the upper
bound, and thus those branches of the tree could be pruned. At node 6 a level-2
branching begins with a lower bound less than the upper bound produced at
node 7. Deeper branchings are done at nodes 8, 11, and 12, at which point a
new upper bound is computed having value 50. Nodes 13 and 14 complete the
search. The same branch and bound algorithm using the GLB scans 44 nodes
of the tree to prove optimality.

4 Implementation
In this section, we outline the branch and bound implementation used in this
study. The system is composed of four components: a branch and bound control
module; a greedy randomized adaptive search procedure (GRASP) module to
produce the initial upper bound; an AMPL modeling language [10] module to
manage the linear programming models; and the linear programming solver
ADP to produce the lower bounds for the branch and bound algorithm.
The branch and bound control module controls the solution process. It
inputs the problem data, calls the GRASP to produce an initial upper bound,
and manages the search of the branch and bound tree. At each node of the tree,
it spawns an AMPL process that generates the linear program to be solved at
that node. The linear program, along with the current best upper bound and
the xed cost associated with the partial assignment of the node, are passed
to the LP solver ADP. The optimal permutation is output by the branch and
bound module.
The GRASP is called before any search of the branch and bound tree begins
so that an initial upper bound can be produced. The GRASP is described in
Li, Pardalos, and Resende [20] and its source code is described in Resende,
Pardalos, and Li [30]. The branch and bound module passes to the GRASP
the problem data and the number of GRASP iterations and gets back the best
permutation found over the GRASP iterations and its corresponding cost (the
upper bound).
At each node of the branch and bound tree ADP iterates on the LP, producing a sequence of lower bounds, until the dual objective function is greater
than the current upper bound minus the xed cost of the partial assignment,
in which case the branch rooted at the current node of the branch and bound
tree can be pruned, or if the relative improvement of the dual objective function
falls below a speci ed tolerance, in which case the branch needs to be further
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Table 2: Branch and bound algorithm on nug05
node UB LB permutation
1 52 58 1 - - - 2 52 55 2 - - - 3 52 52 5 - - - 4 52 57 3 - - - 5 52 50 4 - - - 6 52 57 4 3 - - 7 52 50 4 5 - - 8 52 56 4 5 3 - 9 52 56 4 5 2 - 10 52 50 4 5 1 - 11 52 60 4 5 1 3 12 52 50 4 5 1 2 50
- 4 5 1 2 3
13 50 56 4 2 - - 14 50 50 4 1 - - right children, as follows:

i 62 SA
= SA
= SE [ fig
= SA [ fig
= ;
= q
= q and q(i) = p(i); where p is the incumbent;
and the key of left child is the same as the key of the current node and
the key of the right child is the newly computed lower bound.
 Elimination: The elimination procedure compares the newly computed
lower bound of the right child to the incumbent and deletes the right child
if its key is greater than the incumbent, thus pruning the entire subtree
rooted at the right child.
 Termination Test: The algorithm stops if, and only if, the heap is empty.
In the nal step, a best permutation found is taken as the global optimal
permutation.
pick
SAl
SEl
SAr
SEr
ql
qr
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 Elimination: A newly created subproblem is deleted if its lower bound is

greater than or equal to that of the incumbent (the best feasible solution
discovered up to that point of the search).
 Termination Test: In some cases, with restrictive constraints, it may be
possible to de ne a number of auxiliary rules that help identify infeasible
partial solutions.
In the selection procedure, the best-bound and depth- rst search strategies
are used in most situations. Best-bound search minimizes the number of partial
problems decomposed prior to termination. However, it tends to consume an
amount of memory that is an exponential function of the problem size. On
the other hand, depth- rst search consumes an amount of space that is only
a linear function of the problem size, and its implementation is relatively easy.
The branch-and-bound algorithm terminates when the list of active subproblems
is empty, and the incumbent is the optimal solution of the original problem.
The branch and bound algorithm in this paper uses the branch-and-bound
technique above. The term solution and permutation are used interchangeably
in the discussion. The algorithm consists of three steps.
In the rst step, an initial upper bound is computed and an initial branchand-bound search tree is set up. Our branch and bound tree is a binary tree,
each node having a left and right child. For the purpose of describing the
branching process, let us denote, at any node of the branch and bound tree,
SA to be the set of already assigned facilities in the partial assignment, SE the
facilities that will never be in the partial assignment in any node of the subtree
rooted at the current node. Let SAl , SEl and SAr , SEr be the corresponding sets
for the left and right children of the current node. Let q denote the partial
assignment at the current node. Each node of the branch and bound tree is
organized as a heap with a key that is equal to the lower bound on the solution
to the original QAP obtainable by any node in the subtree rooted at this node.
The binary tree is organized in maximum order, i.e. the node with the largest
lower bound is rst.
The initial best known upper bound is computed by the GRASP heuristic
described in [20, 30]. The initial search tree consists of n nodes with SA = fig
and SE = ; for i = 1; : : :; n, and q(i) = p(i), where p is the permutation
obtained by the GRASP and for k 6= i, q(k) = 0 and a key of 0.
In the second step, the four procedures of the branch-and-bound as described
earlier are:
 Selection: The selection procedure simply chooses the partial permutation
stored in the root of the heap, i.e. we pick the node with the maximum
key.
 Branching: The branching procedure creates two children, the left and
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The notation of Ibaraki [14] is employed to formally de ne a branch-andbound algorithm that will be needed in the sequel. Let P0 denote an optimization problem and f denote the objective function to be minimized. The
decomposition process applied to P0 is represented by a rooted tree R = (P ; E ),
where P is a set of nodes and E is a set of arcs. The root of R, denoted P0,
corresponds to the given problem P0, and other nodes Pi correspond to partial
problems Pi. The arc (Pi; Pj ) 2 E if, and only if, Pj is generated from Pi by
a decomposition. The set of terminal nodes of R, denoted T , are those partial
problems that are solved without further decomposition. The level of Pi 2 R,
denoted L(Pi), is the length of the path from P0 to Pi in R. P0 has level 0. R
is assumed to be a nite graph.
A branch-and-bound algorithm attempts to solve P0 by examining only a
small portion of P . This is accomplished by no longer proceeding along the
branches rooted at those nodes Pi that are either solved or found by test not to
yield an optimal solution of P0 (i.e., f (Pi ) > f (P0 )). A lower bound function g
is calculated for each subproblem as it is created, to help eliminate unnecessary
search. This lower bound function represents a smallest possible cost of a solution to that subproblem, given the subproblem's constraints. Its values satisfy
the following conditions

 g(Pi )  f (Pi ) for Pi 2 P ,
 g(Pi ) = f (Pi ) for Pi 2 T ,
 g(Pj )  g(Pi ) if Pj is a descendant of Pi.
A typical branch-and-bound algorithm consists of four major procedures:
selection, branching, elimination, and termination test.
 Selection: At any step during the execution of the algorithm there exists
a set A of problems that have been generated but not yet examined. The
selection procedure selects a single subproblem from the set A, based on a
selection heuristic function h. The set A is maintained in an ordered list
by increasing values of h. The following three heuristic searching strategies
are commonly used:
{ Best-bound search: h  g,
{ Depth- rst search: h  ?L, or
{ Breadth- rst search: h  L, where L is the node level in R.
 Branching: A problem speci c branching rule is used to generate new
smaller subproblems from the one selected by the selection procedure.
Lower bounds for the newly generated subproblems are calculated accordingly.
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of QAP test problems. On the majority of the instances tested, the LP-based
lower bound was the new best known lower bound. In 87 percent of the cases,
the best lower bound was produced. On several instances, including some of
dimension n  20 the LP-based lower bound is tight.
The linear programs were solved with ADP, an implementation of a dual
interior point algorithm, with centering, that uses a preconditioned conjugate
gradient algorithm to compute the directions taken at each iteration by the interior point method [15]. Attempts at using the simplex and (direct factorization
based) interior point codes of CPLEX 1 were successful only for the smallest
instances.
Since the interior point algorithm used solves the dual linear program, it
produces a sequence of lower bounds (dual interior solutions), each of which can
be compared with the best upper bound to decide if pruning of the search tree
can be done at the node on which the lower bound is computed. In the next
section, we discuss the branch and bound algorithm in detail. Figure 1 illustrates
the sequence of lower bounds produced by ADP, compared to the sequence of
feasible primal solutions produced by the primal simplex code of CPLEX on
QAPLIB test problem nug15. The gure suggests that the algorithm can be
stopped many iterations prior to convergence to the optimal value and still be
close in value to the optimal solution. This is important in branch and bound
codes, where often a lower bound needed to prune the search tree is less than
the value of the best lower bound.

3 Branch-and-bound algorithm
Pardalos, Ramakrishnan, Resende, and Li [28] describe a branch and bound
algorithm used to study the e ectiveness of a variance reduction based lower
bound proposed by Li, Pardalos, Ramakrishnan, and Resende [19]. In this
paper, we use this branch and bound algorithm in conjunction with the LPbased lower bound described in Section 2. We next describe the branch and
bound algorithm and illustrate the algorithm by applying it on a small instance
of the QAP.
The underlying idea of a branch-and-bound algorithm is to partition a given
initial problem into a number of intermediate partial problems of smaller sizes.
Every subproblem is characterized by the inclusion of one or more constraints
corresponding to one or more facilities being assigned to speci c sites. The
decomposition is repeatedly applied to the generated subproblems until each
unexamined subproblem is decomposed, solved, or shown not to lead to an
optimal solution to the original problem. Branch-and-bound is essentially a
variant, or re nement, of backtracking that can take advantage of information
about the optimality of partial solutions to avoid considering solutions that
cannot be optimal, hence to reduce the search space signi cantly.
1

CPLEX is a Registered Trademark of CPLEX Optimization, Inc.
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Table 1: Dimension of lower bound linear programs
n constraints variables
2
12
6
3
42
27
4
104
88
5
210
225
6
372
486
7
602
931
8
912
1632
9
1314
2673
10
1820
4150
2442
6171
11
12
3192
8856
13
4082
12337
14
5124
16758
subject to:

X yirjs + (j<i)
X yjsir = xir; i 2 I; r 2 I; s 2 I (s 6= r);

(j>i)
j 2I

j 2I

X yirjs = xir; i 2 I; r 2 I; j 2 I (j > i);
s2I
(rX
6=s)
yjsir = xir ; i 2 I; r 2 I; j 2 I (j < i);
s2I
X xir = 1; r 2 I;
Xi2I xir = 1; i 2 I;

(r6=s)

r2I
0  xir  1; i 2 I; r 2 I;
0  yirjs  1; i 2 I; r 2 I; j 2 I; s 2 I;

where the set I = f1; 2; : : :; ng. This linear program has n2(n ? 1)2 =2 + n2
variables and 2n2(n ? 1) + 2n constraints. Table 1 shows the dimension of
theses linear programs for several values of n.
Resende, Ramakrishnan, and Drezner [31] tested the LP-based lower bound
on the 63 instances of dimension n  30 from QAPLIB [4], a standard library
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where  is the set of all permutations of f1; 2; : : :; ng, A = (aij ) 2 Rnn,
B = (bij ) 2 Rnn. Applications of the QAP are abundant [1, 11, 13, 17, 20, 24,
29]. Many classical combinatorial optimization problems, such as the traveling
salesman problem, graph partitioning, and maximum clique are special cases of
the QAP.
A wide range of heuristics have been applied to nd approximate solutions
to the QAP [5, 9, 20, 23, 26, 33, 34, 35]. Exact solution approaches have been
limited to instances of dimension n  15. General QAPs of dimension n > 15
are considered dicult large-scale problems.
Branch and bound algorithms have been the most successful methods for
proving optimality of quadratic assignment problems. Branch and bound algorithms for the QAP have been studied in [8, 3, 32, 27, 22, 21, 6, 28]. Other
exact approaches are described in [29].
Lower bounds are key to the computational eciency of branch and bound
algorithms. Recently, Resende, Ramakrishnanm, and Drezner [31] used an efcient implementation of an interior point algorithm to compute lower bounds
for the QAP by solving the linear programming (LP) relaxation of a classical
integer programming formulation of the QAP. They showed that the solution
time of the LP depended heavily on the algorithm and implementation being
used. That study also showed that the quality of the lower bounds produced was
good, suggesting that they be incorporated in a branch and bound algorithm.
Drezner [7] had previously studied this lower bound.
In this paper, we show how this lower bound performs when implemented in a
branch and bound algorithm for the QAP. We report computational experiments
on a set of test problems using a branch-and-bound algorithm with the LPbased bounds, as well as a branch-and-bound algorithm that uses the identical
branching scheme with the classical Gilmore-Lawler lower bounds (GLB).
The paper is organized as follows. In Section 2 we review the linear programming based lower bounds used in this implementation. The branch and
bound algorithm is outlined in Section 3. The implementation is described in
Section 4. Computational results are summarized in Section 5 and concluding
remarks are made in Section 6.

2 Linear programming lower bounds
Resende, Ramakrishnan, and Drezner [31] consider the following linear program
as a lower bound to the optimal solution of a QAP.
min

X X X X(aij brs + ajibsr)yirjs

(i<j) (r6=s)

i2I r2I j 2I s2I

A Branch and Bound Algorithm for
the Quadratic Assignment Problem
using a Lower Bound Based
on Linear Programming
K.G. Ramakrishnany

M.G.C. Resendez

P.M. Pardalosx

Abstract

In this paper, we study a branch and bound algorithm for the quadratic
assignment problem (QAP) that uses a lower bound based on the linear
programming (LP) relaxation of a classical integer programming formulation of the QAP. Computational experience with the branch and bound
algorithm on several QAP test problems is reported. The linear programming relaxations are solved with an implementation of an interior
point algorithm that uses a preconditioned conjugate gradient algorithm
to compute directions. The branch and bound algorithm is compared
with a similar branch and bound algorithm that uses the Gilmore-Lawler
lower bound (GLB) instead of the LP-based bound. The LP-based algorithm examines a small portion of the nodes explored by the GLB-based
algorithm.

1 Introduction
The quadratic assignment problem (QAP), rst proposed by Koopmans and
Beckmann [16], can be stated as
min
p2

Xn Xn aij bp(i)p(j);
i=1 j=1
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