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Abstract

The problem of nding the closest point in highdimensional spaces is common in computational vision.
Unfortunately, the complexity of most existing search algorithms, such as k-d tree and R-tree, grows exponentially with dimension, making them impractical for dimensionality above 15. In nearly all applications, the
closest point is of interest only if it lies within a user
speci ed distance . We present a simple and practical
algorithm to eciently search for the nearest neighbor
within Euclidean distance . Our algorithm uses a projection search technique along with a novel data structure to dramatically improve performance in high dimensions. A complexity analysis is presented which can help
determine  in structured problems. Benchmarks clearly
show the superiority of the proposed algorithm for high
dimensional search problems frequently encountered in
machine vision, such as real-time object recognition.

1 Introduction

Searching for nearest neighbors continues to prove itself as an important problem in many elds of science
and engineering. The nearest neighbor problem in multiple dimensions is stated as follows: given a set of n
points and a novel query point Q in a d-dimensional
space, \Find a point in the set such that its distance
from Q is lesser than, or equal to, the distance of Q
from any other point in the set" [Knuth-1973]. A variety of search algorithms have been advanced since Knuth
rst stated this (post-oce) problem. Why then, do we
need a new algorithm? The answer is that existing techniques perform poorly in high dimensional spaces. The
complexity of most techniques grows exponentially with
the dimensionality, d. By high dimensional, we mean
when, say, d > 25. Such high dimensionality occurs
commonly in applications that use eigenspace based appearance matching, such as real-time object recognition
[Nayar et al.-1996b], visual positioning, tracking and inspection [Nayar et al.-1994], feature detection [Nayar
et al.-1996a], and face recognition [Turk and Pentland1991]. Moreover, these techniques require that nearest
neighbor search be performed using the Euclidean distance (or L2) norm. This can be a hard problem, especially when dimensionality is high.

In this paper, we propose a simple algorithm to eciently search for the nearest neighbor within distance
. We shall see that unlike existing techniques, the complexity of the proposed algorithm does not grow exponentially with d and further, for small , the complexity
is almost constant for any d. Our algorithm is successful
because it does not tackle the nearest neighbor problem
as originally stated; it only nds points within distance
 from the novel point. This property is sucient in the
applications mentioned above and for that matter, for
most real world problems1 , because successful recognition generally requires the novel point to be suciently
close to a database point. At times, it is not possible to
assume that  is known, so we suggest a method to automatically choose . A C language implementation of our
algorithm is available by sending mail to the authors at
search@cs.columbia.edu. A pseudo-code version of the
algorithm can be found in [Nene and Nayar-1995].

2 Previous Work

Search algorithms can be broadly divided into the
following categories: (a) exhaustive search, (b) hashing
and indexing, (c) static space partitioning, (d) dynamic
space partitioning, and (e) randomized algorithms. Our
algorithm falls in category (d). A detailed description
of search algorithms that fall in the above categories
can be found in [Nene and Nayar-1995]. Our algorithm
is based on the projection search paradigm rst used
by Friedman [Friedman et al.-1975]. Friedman's technique did not however perform well in high dimensions.
Our algorithm, while still using the notion of projection
search, dramatically improves high dimensional performance. A number of algorithms have been advanced
in category (c), which include the widely used k-d tree
[Bentley-1975] and R-tree [Guttman-1984] techniques.
These algorithms construct a data structure which partitions space into bins that hold the database points.
Given a novel point, a search is performed by rst using
the data structure to nd the bin which contains the
novel point. An exhaustive search is then performed
within this bin (and if necessary, in the surrounding
bins) to nd the closest point. A detailed description
of these techniques can again be found in [Nene and
Nayar-1995].
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Figure 2: Data structures used for constructing and trimming the candidate list. The point set corresponds to the raw
list of data points, while in the ordered set each coordinate
Figure 1: The proposed algorithm eciently nds points is sorted. The forward and backward maps enable ecient
inside a cube of size 2 around the novel query point Q. correspondence between the point and ordered sets.
The closest point is then found by performing an exhaustive
search within the cube using the Euclidean distance metric.
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3 The Algorithm

We illustrate the proposed high dimensional search
algorithm using a simple example in 3-D space, shown
in gure 1. We call the set of points in which we wish to
search for the closest point as the point set. Then, our
goal is to nd the point in the point set that is closest
in a Euclidean sense and within a distance  from a
novel query point Q(x; y; z ) (marked by a cross). Our
approach is to rst nd all the points that lie inside a
cube (see gure 1) of side 2 centered at Q. Since 
is typically small, the number of points inside the cube
is also small. The closest point is found by performing
an exhaustive search on these inside points using the
Euclidean distance metric. If there are no points inside
the cube, we know that there are no points within .
The points within the cube can be found as follows.
First, we nd the points that are sandwiched between
a pair of parallel planes X1 and X2 (see gure 1) and
add them to a list, which we call the candidate list. The
planes are perpendicular to the rst axis of the coordinate frame and are located on either side of point Q
at a distance of . Next, we trim the candidate list by
discarding points that are not also between the parallel
pair of planes Y1 and Y2 . This procedure is repeated for
planes Z1 and Z2 , at the end of which, the candidate list
contains only points within the cube of size 2 centered
at Q.
The data structure shown in gure 2 helps us to
quickly nd the sandwiched points. It is assumed that
the point set is static and hence, for a given point set,
the data structure needs to be constructed only once.
The point set is stored as a collection of d 1-D arrays,
where the j th array contains the j th coordinate of the

points. Thus, in the point set, coordinates of a point lie
along the same row. This is illustrated by the dotted
lines in gure 2. Now, suppose that novel point Q has
coordinates Q1 ; Q2 ;    ; Qd . In order to construct the
candidate list, we need to nd points in the point set
that lie between a pair of parallel hyperplanes separated
by a distance 2, perpendicular to the rst coordinate
axis, and centered at Q1 ; that is, we need to locate points
whose rst coordinates lie between the limits Q1 ?  and
Q1 + . This can be done with the help of two 1-D binary searches [Aho et al.-1974], one for each limit, if the
coordinate array were sorted beforehand.
To this end, we sort each of the d coordinate arrays
in the point set independently to obtain the ordered set.
Unfortunately, sorting raw coordinates does not leave
us with any information regarding which points in the
arrays of the ordered set correspond to any given point
in the point set, and vice versa. For this purpose, we
maintain two maps. The backward map maps a coordinate in the ordered set to the corresponding coordinate in the point set and, conversely, the forward map
maps a coordinate in the point set to a coordinate in
the ordered set. Notice that the maps are simple integer arrays; if P [d][n] is the point set, O[d][n] the ordered set, F [d][n] and B [d][n] the forward and backward maps respectively, then O[i][F [i][j ]] = P [i][j ] and
P [i][B [i][j ]] = O[i][j ].
As mentioned above, binary search helps us to efciently nd (in time O(log2 n)) the coordinates in the
ordered set that lie between the parallel hyperplanes positioned at Q1 ?  and Q1 + . Using the backward map,
we nd the corresponding points in the point set (shown
as dark shaded areas) and add the appropriate points to
the candidate list. With this, the construction of the
candidate list is complete. Next, we trim the candidate
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Figure 3: The projection of the point set and the novel point
onto one of the dimensions of the search space.
list by iterating through k = 2; 3;    ; d, as follows. In
iteration k, we check every point in the candidate list,
by using the forward map, to see if its kth coordinate lies
within the limits Qk ?  and Qk + . Each of these limits are also obtained by binary search. Points with kth
coordinates that lie outside this range (shown in light
grey) are discarded from the list. At the end of the nal
iteration, points remaining on the candidate list are the
ones which lie inside a hypercube of side 2 centered at
Q.

4 Complexity

j Qc], is easily determined to be
E [Mc j Qc ] = nPc :
(1)
Note that E [Mc j Qc] is itself a random variable that
[

E Mc

Q

The major computational cost is in the process of
candidate list construction and trimming. The number
of points initially added to the candidate list depends
not only on , but also on the distribution of data in the
point set and the location of the novel point Q. For the
purpose of analysis, we structure the problem by assuming widely used distributions for the point set. The following notation is used. Random variables are denoted
by uppercase letters and vectors are in bold. Suxes
are used to denote individual elements of vectors, for instance, Qk is the kth element of vector Q. Probability
density is written as P fQ = qg if Q is discrete, and as
fQ (q ) if Q is continuous.
Figure 3 shows the novel point Q and a set of points
in 2-D space drawn from a known distribution. Recall
that the candidate list is initialized with points sandwiched between a hyperplane pair in the rst dimension, or more generally, in the cth dimension. This corresponds to the points inside bin B in Figure 3, where
the entire point set and Q are projected to the cth coordinate axis. The boundaries of bin B are where the
hyperplanes intersect the axis c, at Qc ?  and Qc + .
Let Mc be the number of points in bin B. In order to
determine the average number of points added to the
candidate list, we must compute E [Mc]. De ne Zc to
be the distance between Qc and any point on the candidate list. The distribution of Zc may be calculated from
the the distribution of the point set. De ne Pc to be the
probability that any projected point in the point set is
within distance  from Qc ; that is,

depends on c and the location of Q. If the distribution
of Q is known, the expected number of points in the
bin can be computed as E [Mc ] = E [E [Mc j Qc]]. Since
we perform one lookup in the backward map for every
point between a hyperplane pair, and this is the main
computational e ort, equation (1) directly estimates the
cost of candidate list construction.
Next, we derive an expression for the total number
of points remaining on the candidate list as we trim
through the dimensions in the sequence c1 ; c2 ; : : : ; cd .
Recall that in the iteration k, we perform a forward
map lookup for every point in the candidate list and see
if it lies between the ck th hyperplane pair. How many
points on the candidate list lie between this hyperplane
pair? Once again, equation (1) can be used, this time
replacing n with the number of points on the candidate
list rather than the entire point set. For this, we assume
that the point set is independently distributed. Hence,
if Nk is the total number of points on the candidate list
before the iteration k,
Nk = Pck Nk?1 ; N0 = n
=

n

k
Y
i=1

(2)

Pci :

De ne N to be the total cost of constructing and trimming the candidate list. For each trim, we need to perform one forward map lookup and two integer comparisons. Hence, if we assign one cost unit to each of these
operations, an expression for N can be written with the
aid of equation (2) as
N = N1 + 3N1 + 3N2 +    + 3Nd?1
=

n

Pc1

+3

d?1 Y
k
X
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!
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which, on the average is
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(3)

:

#
Pci
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(4)

Equation (4) suggests that if the distributions fQ (q )
and fZ (z) are known, we can compute the average cost
E [N ] = E [E [N j Q]] in terms of . In the next section, we shall examine two cases of particular interest:
(a) Z is uniformly distributed, and (b) Z is normally
distributed. Note that we have left out the cost of exhaustive search on points within the nal hypercube,
Pc = P f?  Zc   j Qc g:
which is Nd d. This is very small and can be neglected
in most cases when n  d. If it needs to be considered,
From the above, the average number of points in bin B, it is simply added to equation (4).
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Figure 4: The average cost of the algorithm is independent of d and grows only linearly for small . Uniformly
distributed point set containing 100,000 points in 5-D, 10-D,
15-D, 20-D and 25-D spaces.

Figure 5: The average cost of the algorithm is independent

4.1 Uniformly Distributed Point Set

4.2 Normally Distributed Point Set

We now look at the speci c case of a point set that
is uniformly distributed. If X is a point in the point
set, we assume an independent and uniform distribution
with extent l along each of its coordinates as

1=l if ?l=2  x  l=2;
fXc (x) =
(5)
0 otherwise:
Using equation (5) and the fact that Zc = Xc ? Qc , an
expression for the density of Zc can be written as

1=l if ?l=2 ? Qc  z  l=2 ? Qc ; (6)
fZc jQc (z ) =
0 otherwise:
Pc can now be written as
Pc

=

P

f?  Zc   j Qcg =

 2l :

Z



?

()

fZc jQc z dz

(7)

Substituting equation (7) in equation (4) and considering the upper bound (worst case), we get

of d and grows only linearly for small . Normally distributed
point set containing 100,000 points in 5-D, 10-D, 15-D, 20-D
and 25-D spaces (Q = 0).

Next, we look at the case when the point set is normally distributed. If X is a point in the point set, we
assume an independent and normal distribution with
variance  along each of it's coordinates:
1 exp ?x2 :
fXc (x) = p
22
2
As before, using Zc = Xc ? Qc, an expression for the
density of Zc can be obtained as
1 exp ?(z ? Qc)2 :
fZc jQc (z ) = p
22
2
Pc can then be written as
Pc

Z



f?  Zc   j Qc g = fZc jQc (z )dz
?

= 21 erf  ?pQc + erf  +pQc :

=

P

2
 2
This expression can be substituted into equation (4) and
!!
? 
evaluated numerically to estimate cost for a given Q.
1 ? 2l d
2

+3
E [N ]  n
?1 :
(8) Figure 5 shows the cost as a function of  for Q = 0
l
1 ? 2l
and  = 1. As with uniform distribution, we observe
that
when  < 1, the cost is nearly independent of d and
If =l  1, the above expression can be simpli ed to
grows linearly with n. In a variety of pattern classi ca8n :
tion problems, data take the form of individual Gaussian
E [N ] 
clusters
or mixtures of Gaussian clusters. In such cases,
l
the
above
Hence, for small , we see that the cost is independent analysis. results can serve as the basis for complexity
of d. In gure 4, equation (8) is plotted against  for
di erent d and l = 1. Observe that as long as  < :25, 5 Determining 
It is apparent from the analysis in the preceding secthe cost varies little with d and is linearly proportional
to n. Keeping  small is crucial to the performance of tion that the cost of the proposed algorithm depends
the algorithm. As we shall see later,  can be kept small critically on . Setting  too high results in a signi for most problems. Hence, even though the cost grows cant increase in cost with d, while setting  too small
linearly with n, the constant is small enough that in may result in an empty candidate list. Although the
many real problems it is better to pay this price, rather freedom to choose  may be attractive in some applications, it may prove non-intuitive and hard in others. In
than an exponential dependence on d.
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7:  can be computed using two methods: (a) By
Figure 6: An exhaustive search within a hypercube may Figure
nding the radius hs of the smallest hypersphere that will
yield an incorrect result. (a) P2 is closer to Q than P1 , but contain
at least one point with high probability. A search
just an exhaustive search within the cube will incorrectly is performed
setting  to hs and constraining the exidentify P1 as the closest point. (b) This can be remedied haustive searchbywithin
. (b) By nding the size 
of the
hc
by imposing the constraint that the exhaustive search should smallest hypercube that will contain at least one point
with
consider only points within an L2 distance  from Q (given high
probability.
When
searching,
 is set to hc . Additional
that the length of a side of the hypercube is ).
searches are performed in the areas marked in bold.

such cases, can we automatically determine  so that the
closest point can be found with high certainty? If the
distribution of the point set is known, we can.
The L2 norm occurs most frequently in real world
problems. Unfortunately, candidate list trimming in our
algorithm does not nd points within L2, but within
L1 (i.e. the hypercube). Since L1 bounds L2 , one can
naively perform an L2 search inside L1 . However, as
seen in gure 6(a), this does not always correctly nd
the closest point. Notice that P2 is closer to Q than
P1 , although an exhaustive search within the cube will
incorrectly identify P1 to be the closest. There is a
simple solution to this problem. When performing an
exhaustive search, impose an additional constraint that
only points within an L2 radius  should be considered
(see gure 6(b)). This, however, increases the possibility
that the hypersphere is empty. In the above example, for
instance, P1 will be discarded and we would not be able
to nd any point. Clearly then, we need to consider this
fact in our automatic method of determining  which we
describe next.
We propose two methods to automatically determine
. The rst computes the radius hs of the smallest
hypersphere that will contain at least one point with
some (speci ed) probability p.  is set to this radius hs ,
and the algorithm proceeds to nd all points within a
circumscribing hypercube of side 2hs . This is illustrated
in gure 7(a). The following is an expression for hs
obtained from the results of section 4 for a uniformly
distributed point set.




 1=d

?(
d=2)
1=n
:
1 ? (1 ? p)
hs =
2d=2
A detailed derivation of the above expression can be
found in [Nene and Nayar-1995]. The method described
above is however not ecient in very high dimensions;
the reason being as follows. As we increase dimensionld d

ality, the di erence between the hypersphere and hypercube volumes becomes so great that the hypercube \corners" contain far more points than the inscribed hypersphere. Consequently, the extra e ort necessary to perform L2 distance computations on these corner points is
eventually wasted. So rather than nd the circumscribing hypercube, in our second method, we simply nd the
length of a side hc of the smallest hypercube that will
contain at least one point with some (speci ed) probability p.  can then be set to hc. The following is an
expression for hc obtained from the results of section 4
when the point set is uniformly distributed.


hc

= 2l 1 ? (1 ? p)1=n

1=d

:

A detailed derivation of the above expression can again
be found in [Nene and Nayar-1995]. The above method,
however, leads to the problem we described earlier that,
when searching some points outside a hypercube can
be closer in the L2 sense than points inside. This can
be remedied by performing additional searches in the
hyper-rectangular regions shown in bold in gure 7(b).

6 Benchmarks

We have performed an extensive set of benchmarks on
the proposed algorithm. A C language implementation
of the algorithm is available by sending mail to the authors at search@cs.columbia.edu. We looked at two representative classes of search problems that may bene t
from the algorithm. In the rst class, the data has some
structure. This is the case, for instance, when points
are uniformly or normally distributed. The second class
of problems are unstructured, for instance, when points
lie in a high dimensional multivariate manifold, and it
is dicult to say anything about their distribution.
The benchmarks were conducted rst for the unstructured case, and next for the structured case. In the
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Figure 8: The average execution time of the proposed algorithm is benchmarked for an unstructured problem. The point

set is constructed by sampling a high dimensional trivariate manifold to obtain 31,752 points. (a) The proposed algorithm is
compared with the R-tree, exhaustive, and projection search techniques and found to be more than two orders of magnitude
faster. (b) The proposed algorithm is compared with the k-d tree algorithm and found to perform signi cantly faster in
high dimensions.
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Figure 9: The average execution time of the proposed algorithm is benchmarked for structured problems. (a) Point set

is normally distributed and contains 30,000 points with variance 1.0. (b) Point set is uniformly distributed and contains
30,000 points with extent 1.0. In both cases, the proposed algorithm performs better than the k-d tree and exhaustive
search techniques.

rst case, we used a high dimensional trivariate manifold with complex structure. This manifold was used in
the appearance matching experiments conducted by Nayar et al. [Nayar et al.-1994]. In gure 8(a) the proposed
algorithm is compared with exhaustive, projection and
R-tree search algorithms, for xed n and d varying from
5 to 35. The manifold was sampled at 42x54x14 equally
spaced locations to obtain 31,752 discrete points. The
execution time per search was found by averaging the
total execution time required to perform 10,000 closest
point searches. The test set of 10,000 points was obtained by sampling the manifold at random locations
and adding white noise with standard deviation .01 to
emulate a realistic setting. It can be seen that in high
dimensions the proposed algorithm is at least two orders
of magnitude faster than all the other search techniques.
Figure 8(b) compares the proposed algorithm with the

-d tree algorithm with d varying from 5 to 25. The
proposed algorithm is signi cantly faster than the k-d
tree algorithm in high dimensions.
In the second set of benchmarks, we tested the algorithm with structured data for d varying from 5 to 25.
Two commonly occurring distributions, normal and uniform were used. The proposed algorithm was compared
with the k-d tree and exhaustive search algorithms. Figure 9(a) shows the execution times when the point set
is normally distributed with variance 1.0 and containing
30,000 and 100,000 points, respectively. The execution
time was calculated by averaging over the total time required to perform 10,000 closest point searches. This
test set of 10,000 points was also normally distributed
with variance 1.0.  was computed using the analysis in
Section 5. Observe that the proposed algorithm is faster
than the k-d tree algorithm for all d in gure 9(a).

k

the di erent algorithms. The search time was calculated
by averaging the total time taken to perform 100,000
closest point searches. This set of 100,000 recognition
test points were obtained by sampling the 100 manifolds
at random points and adding white noise with standard
deviation .01 to account for ane distortions in image
projection and image sensor noise. It can be seen that
the proposed algorithm outperforms all the other techniques.
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Figure 10: The proposed algorithm was used to recognize

and estimate pose of hundred objects. (a) Twenty of the hundred objects from the Columbia Object Image Library [Nene
et al.-1996] are shown. The point set consisted of 36,000
points (360 for each object) in 35-D eigenspace. (b) The
average execution time per search is compared with other
algorithms.

Figure 9(b) shows the execution times when the point
set is uniformly distributed with unit extent (l = 1) and
contains 30,000 points. As before, the execution time
was calculated by averaging over the total time required
to perform 10,000 closest point searches. This test set of
10,000 points was also uniformly distributed with unit
extent. In both cases,  was computed based on the analysis in the Section 5. It can be seen that our algorithm
performs better in high dimensions. The performance
is, however, not as good as with the trivariate manifold
because of the extreme sparseness of a uniform distribution of 30,000 points in high dimensional space. The kd tree algorithm performs worse than exhaustive search
because of the overhead associated with traversing the
k -d tree to look for points in surrounding bins.

7 Real-time Object Recognition

We used the Columbia Object Image Library [Nene et
al.-1996] along with the SLAM software package for appearance matching [Nene and Nayar-1994] to compute
100 univariate manifolds in a 35-D eigenspace. These
manifolds correspond to appearance models [Murase and
Nayar-1995] of the 100 objects shown in Figure 10(a).
Object recognition is performed by rst projecting a
novel image to eigenspace to obtain a single point and
then searching for the closest manifold (object identity)
and the closest point on that manifold (object pose).
Each of the 100 manifolds were sampled at 360 equally
spaced points to obtain 36,000 discrete points in 35-D
space. Figure 10(b) shows the time taken to search by

We wish to thank Simon Baker and Dinkar Bhat of
Columbia University for their detailed comments and
suggestions which have helped to improve this paper.
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